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Abstract—We discuss the use of cochlear models for spec-
trum analysis at radio frequencies. We describe performance
characteristics of such models, including noise, dynamic range,
and frequency resolution. We show that the addition of phase
information improves frequency estimation as compared to the
use of amplitude information alone. In particular, the use of
both amplitude and phase information in a novel nonlinear
bio-inspired center-surround coincidence-detection stage si-
multaneously improves frequency estimation and implements
a lowpass-to-bandpass transformation on cochlear outputs. In
order to further improve frequency estimation we propose a novel
wireless receiver architecture that is a broadband generalization
of narrowband heterodyning systems commonly used in radio.
We term this architecture cochlear heterodyning. It exploits the
efficiency of cochlear spectrum analysis to perform parallel,
multi-scale analysis of wideband signals and can be constructed
with cochlea-like traveling-wave structures. When combined
with our prior work on an RF cochlea, such architectures may
be useful in cognitive radios for creating RF foveas that select
narrowband components present within wideband, but spec-
trally sparse signals. The operation of RF foveas is analogous to
how the eye foveates on narrow but interesting portions of an
image. Analogies between spectrum analysis and the process of
successive-subranging analog-to-digital conversion illustrate how
successively finer frequency resolution is achieved in an RF fovea.
Finally, we show that RF foveas can be used in feedback loops to
perform interference cancellation.

Index Terms—Cochlear heterodyning, cognitive radio, fre-
quency estimation, frequency resolution, phase analysis, radio
frequency (RF) cochlea, RF fovea, software radio, spectrum
analysis.

I. INTRODUCTION

W E have recently demonstrated a single-chip radio-fre-
quency (RF) spectrum analyzer based upon a model

of the biological cochlea, or inner ear, that we termed an RF
cochlea [1]. The RF cochlea extends previous work on biolog-
ically-inspired audio-frequency spectrum analysis [2]–[5] into
the GHz range. The RF cochlea chips shown in Fig. 1 perform
spectrum analysis over a broad range of RF frequencies (600
MHz to 8 GHz in this implementation) with low-power, wide
dynamic range, low latency, and efficient hardware usage as dis-
cussed in [1].
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Fig. 1. (top) Die photographs of the bidirectional and (bottom) unidirectional
RF cochlea chips described in [1]. Each chip was fabricated in the UMC
0.13-�m CMOS process and measures 3 mm� 1.5 mm in size.

The RF cochlea provides real-time sensing of the RF spectrum,
which is important for a range of wireless applications. The
commercially interesting range of frequencies extends over
approximately three orders of magnitude from 100 MHz to
100 GHz. Nevertheless, this natural resource is becoming
increasingly crowded. At the same time, customers want higher
quality of service, particularly increased reliability, and higher
data rates. In order to satisfy these conflicting goals, radios
must utilize the RF spectrum in a more efficient manner. The
cognitive radio paradigm has been proposed as a solution to
this important problem [6]–[8].

Cognitive radios add intelligence to traditional wireless
communication systems. They are designed to sense their
local RF environment, learn from it, and dynamically adapt
their operating parameters, such as transmit power, carrier
frequency and modulation strategy, appropriately. In particular,
they actively search for spectrum holes, i.e., locations in the
time-frequency plane that are suitable for communication, and
operate there. As a result, they must be built upon dynamically
reconfigurable hardware platforms, such as software-defined
receivers and transmitters [9]–[13]. Such transceivers present
numerous hardware design challenges that demand innovation
at every step of the signal chain, including power amplifiers
[14], antennas [15], mixers [16], filters [17]–[19], clocks [20],
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spectrum sensors [21]–[23], and analog-to-digital converters
[24].

Unused VHF and UHF TV channels (54–806 MHz in the
United States) currently provide most of the spectrum holes that
cognitive radios seek to exploit [25]. As a result, the recent IEEE
802.22 cognitive radio standard focuses on this part of the wire-
less spectrum. However, in the future a much wider range of fre-
quencies will need to be monitored for potentially usable holes,
making the RF cochlea attractive as a rapid, broadband spec-
trum sensor.

In this paper, we first analyze noise, dynamic range, and
frequency-resolution limits of cochlea-like traveling-wave
architectures such as the RF cochlea. This analysis shows that
the use of phase information significantly improves frequency
resolution. We suggest two phase-based lowpass-to-bandpass
transformations on the RF cochlear outputs to improve the
frequency resolution of the RF cochlea. We also develop a
novel multi-resolution spectrum-analyzer architecture based
on the RF cochlea, which effectively implements a broadband
generalization of heterodyning. We refer to this architecture
as a cochlear heterodyning architecture. When combined with
our prior work on an RF cochlea, such architectures may be
useful in cognitive radios for creating RF foveas that select
the narrowband components present within wideband, but
spectrally sparse signals. We show that analogies between
spectrum analysis and the process of successive-subranging
analog-to-digital conversion illustrate how successively finer
frequency resolution is achieved in an RF fovea. We also
show that RF foveas can be used in feedback loops to per-
form interference cancellation. Our architectures can benefit
software-defined receivers by providing real-time estimates of
interesting portions of the local RF spectrum with scalably high
precision and low hardware and power costs.

This paper is organized as follows. In Section II, we ana-
lyze the performance of cochlea-like traveling-wave architec-
tures such as the RF cochlea. In Section III, we describe low-
pass-to-bandpass transformation techniques on cochlear outputs
that are useful for spectrum analysis. In Section IV, we first de-
scribe how the problem of frequency estimation is analogous
in many ways to analog-to-digital conversion. We then describe
the concepts behind cochlear heterodyning and show how it can
be used to build an efficient multi-resolution spectrum analyzer
that we refer to as the RF fovea. In Section V, we conclude the
paper by summarizing our contributions. A brief version of our
work has been presented at a conference [26]. In this invited
journal submission, we expand on and enhance the material in
the conference version.

II. ANALYSIS OF THE RF COCHLEA

Cochlear models form the basis of our frequency estimation
algorithms. To first order, the cochlea can be modeled as a 1-D
transmission line with properties that scale exponentially with
position. A particular position on the line responds selectively to
a characteristic, or best frequency that decreases exponentially
with distance from the input terminal. This property generates
a frequency-to-place mapping that forms the basis of cochlear
spectrum analysis.

Cochlear models can be implemented in hardware at
radio frequencies by assuming linearity and using the
Wentzel-Kramers-Brillouin (WKB) approximation to solve
the resultant spatially-varying wave equation on the transmis-
sion line. This step is followed by spatial discretization and
appropriate scaling of element values. Spatial discretization
refers to the process by which the continuous transmission line
is approximated by a discrete line with lumped stages
per e-fold in frequency range, or stages
per octave. We refer to this architecture as the bidirectional
cochlea. The propagation of backward, or reflected, waves in
the cochlea can usually be neglected. In this case small sections
of the transmission line can be approximated as unidirectional
filters, resulting in an alternate architecture known as the uni-
directional cochlea. It consists of a cascade of filters that are
frequency-scaled versions of a single normalized prototype.
We have implemented both models in integrated-circuit form at
RF [1], as shown in Fig. 1.

In this section, we describe important properties of the unidi-
rectional cochlea. With relatively minor differences, which are
summarized in the last subsection, our conclusions are appli-
cable to the bidirectional cochlea as well [27].

A. Transfer Functions

The transfer function of the unidirectional cochlea after the
th stage is the product of the transfer functions of the first

cochlear filters, i.e., . The values
of at a fixed frequency form a set that is known as the
spatial response of the cochlea.

The transfer functions of exponentially-scaled transmission
lines or filter cascades, such as our cochlear models, can be
expressed in terms of a single normalized frequency variable

, instead of frequency and position separately [28]. Here
, where

is the characteristic frequency of the th
stage. This is an interesting and important property. In log-fre-
quency space the normalized frequency is given by

(1)

The space and frequency-dependent terms add linearly in this
combined variable. Thus cochlear spatial responses (constant

), when normalized by , are identical to cochlear fre-
quency responses (constant ) when plotted on a logarithmic
frequency scale. Similarly, spatial and frequency derivatives of
cochlear transfer functions are proportional to each other

(2)

The normalized transfer function of each filter in our unidi-
rectional cochlea was derived by approximating the WKB solu-
tion [1]. It is given by

(3)

where is the normalized frequency variable, and ,
and , along with , are design parameters. The function

has a low-frequency value of 1, a maximum value of
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Fig. 2. Typical transfer functions of the unidirectional cochlea for stages � �

� apart. Phase is shown in cycles, i.e., units of �� radians. Parameters used
to draw this plot were: � � ��� � � ���� � � ���� and � � ���.

Fig. 3. Behavior of the unidirectional cochlea transfer functions as a function
of position � along the cascade. Top: peak gain; bottom: 3 and 10 dB quality
factors. Parameters used to draw this plot were:� � ��� � � ���� � � ���,
and � � ���.

, and asymptotes to at high
frequencies. This filter function has several advantages, such as
reduced group delay and improved frequency resolution, over
other cochlear filters described in the literature [1]. However, the
results that follow are qualitatively independent of the precise
choice of cochlear filter.

Cochlear transfer functions are characterized by peak gain
and quality factors and (defined as

the center frequency divided by the 3 or 10 dB bandwidth, re-
spectively). Because of exponential scaling of center frequen-
cies, each cochlear transfer function may be approximated as
the product of identical filter transfer functions. Thus we
expect for to be constant and given by

. Since the peak gain increases rapidly
with . This behavior is independent of the precise shape
of the filter transfer function. Typical unidirectional cochlear
transfer functions are shown in Fig. 2 for different values of .
Bidirectional models have qualitatively similar behavior.

Fig. 3 shows simulated values of and
for , and typical filter parameters

( , and ). The peak filter gain

Fig. 4. Simplified cochlear filter circuit, used for noise calculations.

(5.8 dB) for these parameter values. We see that
asymptotes to a fixed value for . Similarly, the

quality factors asymptote for . This asymptoting
behavior occurs because of exponential scaling, and is insensi-
tive to the values of , and .

We define the asymptotic gain and quality factor of
the cochlear transfer functions as their values at large . Simu-
lations show that , while increases
approximately as . These quantities also vary as a func-
tion of , and for a fixed value of . Decreasing
and cause to increase, while has much less effect
on . Thus, both and increase sharply as and
decrease, but are approximately independent of .

B. Noise

Each cochlear filter is assumed to be strictly unidirectional.
The th stage filters the output noise voltage pro-
duced by the previous, th stage, and adds some noise of
its own, so we get

(4)

where is the noise PSD produced by the th stage, and
is its transfer function. Because is an exponen-

tially-frequency scaled version of a common prototype , we
have . For simplicity, we assume
that all the filtering within each stage is provided by a passive
impedance which contributes a negligible amount of
noise to . A single transistor , shown in Fig. 4, provides
buffering and voltage gain. It converts input voltage into current
such that it can be filtered by , and is modeled as an ideal
transconductance of value . The value of is assumed to
be the same for each filter.

There is only one active component in the filter circuit shown
in Fig. 4, namely the transistor . The linear range of ,
given by , is approximately equal to that of the filter.
Here is the DC bias current flowing through . The value of

is independent of when operates in subthreshold, and is
given by [4]. It increases proportionately with above
threshold.

Ignoring noise, each transistor adds a white noise current
with to the output node, where , known
as the excess noise factor, has a value of 2/3 for long-channel
transistors. Practical on-chip cochlear filters will be somewhat
different from the circuit shown in Fig. 4 [1]. However, we shall
study this simplified circuit, because its noise properties are very
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Fig. 5. Effective noise magnitude transfer function in the unidirectional
cochlea as a function of position � along the cascade for various values of
� . Parameters fixed for this plot were: � � ���� � � ���, and � � ���.

similar to more practical circuits, while requiring considerably
less algebra to analyze.

The voltage PSD contributed by the simplified filter circuit to
its output node is given by

(5)

where is the filter’s transfer function. Com-
bining (4) and (5), we get the net PSD at the output of the th
filter

(6)

We can use the fact that (i.e., the input is noiseless)
and the iteration formula shown in (6) to explicitly derive

(7)
where is defined as the noise transfer function of
the th stage. These functions are similar, but not identical,
to the squared magnitude of the signal transfer functions. The
total noise voltage can be found by integrating the PSD over all
frequencies

(8)

where . The quantity , which is also a function
of , has dimensions of bandwidth, and is plotted for typical
filter parameters and various values of in Fig. 5.

The variation in total noise voltage with position is largely
independent of , and . The noise PSD increases with
increasing because all stages before it contribute noise, but
the noise bandwidth decreases as . As a result the
total noise voltage, which is proportional to , increases
with , reaches a maximum around , and then slowly
decreases. However, the maximum is very gentle such that like

the noise may also be approximated as being nearly con-
stant with for , as found in prior audio-frequency

Fig. 6. Normalized minimum detectable signal in the unidirectional cochlea as
a function of position� along the cascade for various values of� . Parameters
used to draw this plot were: � � ���� � � ���, and � � ���.

cochlea designs [2]. Because this behavior is determined by
exponential scaling, it is largely independent of the particular
choice of filter parameters.

The minimum detectable signal, is defined as the am-
plitude of the smallest input signal that just exceeds the output
noise of the th stage. The value of reaches a minimum
when the frequency of this signal is equal to the center frequency
of the th stage. In this case, we have .

Since , we can burn power to increase
, lower the minimum detectable signal and increase sensi-

tivity. For the purpose of comparing cochlear designs with dif-
ferent parameter values we can eliminate this dependence on
by defining a normalized version of .
Fig. 6 plots this quantity as a function of for various values of

. Changing leaves the minimum detectable signal un-
changed to within 4 dB, because affects the signal and
noise transfer functions in similar ways, but leaves their ratio,
which sets , fixed. However, when examined in finer detail,

does vary in a complex way with , in general decreasing
slowly as increases. This behavior occurs because the signal
and noise transfer functions vary in similar, but not identical,
ways with spatial position .

C. SNR and Dynamic Range

The range of signals that can be handled by the unidirectional
cochlea is limited at the low end by noise, and at the high end by
the linear range of the filters within it. All cochlear models use
gain control to increase dynamic range. In the presence of gain
control, the gain seen by a small-amplitude tone (frequency
component) will be reduced by the simultaneous presence
of a large-amplitude tone, because the latter will dominate
the total amplitude, which usually determines the amount of
gain compression. Thus, the sensitivity of the system to the
smaller tone will be diminished. This phenomenon is known as
tone-to-tone suppression, and, in the auditory system, causes a
psycho-acoustic phenomenon known as masking. The traveling
wave structure of the cochlea leads to asymmetric masking:
Low-frequency tones pass through most of the cochlea before
peaking, and therefore suppress the gain of the filters that are
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tuned to higher frequencies. On the other hand, high-frequency
tones peak early and are then filtered out, and therefore cannot
affect the gain of later filters tuned to lower frequencies. As a
result of masking, frequency discrimination worsens when the
two signals have very different amplitudes.

The maximum undistorted signal amplitude at the output of
the -filter is . As a result, the maximum signal-to-noise ratio
(SNR) of the cochlear outputs is given by

(9)

As long as the cochlea remains completely linear the dynamic
range (DR) of input signals it can handle is equal to .
However, gain control can be used to increase input-referred
dynamic range [2], [3]. Gain reduction at high input amplitudes
reduces harmonic distortion at the cost of reduced sensitivity to
small signals.

The peak gain of the cochlear transfer functions can be
reduced for large input signals. This strategy is a form of dis-
tributed, or parallel gain control that uses the filtering provided
by the cochlea to compress different frequency components by
different amounts. An important advantage of the filter transfer
function shown in (3) is that it allows gain control to be imple-
mented in a very simple way: the single parameter can be in-
creased with local signal amplitude , thus decreasing
for large signals. For example, we can increase linearly with

, i.e., as , where is a constant. It can be
shown, as long as , that this purely local technique keeps
the timing of zero-crossings in the cochlear impulse responses
invariant with [29].

We can define the dynamic range of the cochlea by supposing
that, at the maximum acceptable level of gain compression the
gain of the th stage is reduced from , its value for small
signals, to a new value . The maximum allowable
input signal amplitude is then increased from to

, while the minimum detectable signal is un-
changed, and given by . Thus the input-referred
dynamic range becomes

(10)

Equation (10) is only valid for the largest tone in the input
spectrum. The simultaneous presence of other large tones will
reduce , and hence the dynamic range.

In RF systems the limit of linear operation is often defined
as the 1 dB compression point, i.e., the input amplitude when

1 dB. This is an overly pessimistic limit
for the cochlea, which is fundamentally nonlinear. A convenient
upper bound for DR, which we will henceforth denote as DR,
is obtained by setting , i.e., assuming that there
is no peaking in the cochlear transfer functions. Fig. 7 shows
simulated values of and DR as a function of position

for various values of and typical values of other param-
eters. We see that decreases as decreases, be-
cause the noise transfer functions increase while remains
fixed. However, DR is largely independent of , because

, and, as shown by Fig. 6, is

Fig. 7. Maximum SNR and input-referred DR of the unidirectional cochlea as a
function of position � along the cascade for various values of � . Parameters
fixed for this plot were: � � ���� � � ���� � � ���� � � �� 	 � �
�� �
� � 150 mV and a maximum cochlea frequency of 6 GHz.

approximately independent of . For the typical parameter
values used to draw Fig. 7, the average value of is approx-
imately 50 V.

Fig. 7 shows that we have to rely on increasing amounts of
gain compression to get the full dynamic range available from
the cochlea as increases. We expect similar behavior if
the filter parameters and are decreased for a fixed value
of , because in either case increases, causing more
peak gain in both the signal and noise transfer functions and
reducing .

D. Frequency Resolution

is important because it limits the maximum fre-
quency resolution of the cochlea. Consider a single input tone

with a amplitude of and a frequency . We can mea-
sure by using an envelope detector (ED) at the input of the
cochlea. In order to find we measure the amplitude and/or
phase of the cochlear outputs. The output of the th stage,
is given by

(11)

where and are, respectively, the amplitude and
phase of the cochlear transfer function at the input fre-
quency . From (11), the sensitivity of the cochlear output to
is given by

(12)

Since and are known quantities, we can use am-
plitude and/or phase sensitive detectors at the cochlear outputs
to estimate . Any measurement of is corrupted by noise,
making our estimate of uncertain and limiting the cochlea’s
frequency resolution. Assuming that the output noise has a mag-
nitude of (RMS), the frequency resolution is

(13)
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Fig. 8. Calculated frequency estimation error of the RF cochlea for amplitude
and phase-based detectors (dashed and solid lines, respectively). The input am-
plitude was 500 �V, corresponding to a maximum SNR of �20 dB. Other pa-
rameters used to draw this plot were: � ��� � 6 GHz, � � ��� � � ����
� � ���, and � � ���.

where is the output signal-to-noise ratio,
with the factor of 2 being due to the usual difference between
peak and RMS energies of a sinusoid. For an amplitude-sensi-
tive detector, such as an ED, the second term in the denominator
of (13) will be zero. Similarly, for a phase-sensitive detector
such as a saturated mixer or firing-rate-saturated phase-locked
neuron [30] the first term will be zero. The fractional frequency
resolution in either case is shown in Fig. 8 for several
input frequencies. Typical cochlear parameter values were
assumed.

Fig. 8 shows that phase-based detection outperforms ampli-
tude-based detection. Intuitively, SNR is highest near the peaks
of the cochlear transfer functions. In this region changes
slowly with frequency because we are near a maximum (see
Fig. 2). As a result, the sensitivity of amplitude-based detectors
is relatively low. On the other hand, changes rapidly in this
region, thus increasing the sensitivity of phase-based detectors.
It has been shown that timing-synchrony features in cochlea-like
filter bank outputs are more robust in the presence of noise than
amplitude features [31]. In addition, Fig. 8 shows that the min-
imum estimation uncertainty decreases as the input frequency
decreases from 4 to 2 GHz, and then remains constant. This be-
havior occurs because and initially in-
crease with before reaching asymptotic values for ,
as seen in Fig. 2.

We have assumed that a single cochlear output is being used
to estimate the input frequency. However, the cochlea provides
many, highly overlapping outputs, and the information from sev-
eral outputs can be combined to reduce estimation error. In fact,
overlapping filter banks have been shown to be a computation-
ally-efficient way to perform frequency estimation [32]. In the
simplest case the estimates from multiple outputs can simply be
averaged. However, the optimal strategy is to weigh the outputs
by , i.e., the expected precision of the measurement, be-
fore averaging. This strategy is analogous to a matched filter.
The expected values of can be determined by utilizing any
prior information that may be available about the input signal.

When the frequencies of the input signals are well-separated,
a very simple fitting procedure known as peak picking can be
used for coarse frequency estimation. In this technique, each
amplitude peak in the cochlear spatial response is assumed to
correspond to a different signal. The known frequency-to-space
mapping of the cochlea is used to transform the measured spatial
locations of the peaks into frequencies. The center frequencies
of adjacent stages are separated by , where is the
center frequency. Thus peak picking can localize the frequency
corresponding to a spatial-response peak to a worst-case frac-
tional bandwidth of . If the unknown fre-
quency is uniformly distributed in this interval, the resulting
RMS estimation error is

(14)

E. Bidirectional RF Cochlea

In this section we briefly describe some unique features of
the bidirectional cochlea. Our design consists of a lumped
transmission line with exponentially-decreasing characteristic
frequency. The normalized series impedance and shunt
admittance of each section determine cochlear properties.
Zweig derived these functions by fitting measurements of
biological cochleas [28], but they were non-rational and hence
difficult to implement. We found simple rational approxima-
tions of Zweig’s functions and used them in our design [1].
They are given by

(15)

where , and are parameters. Intuitively, controls
the peak magnitude of , while controls the group delay. As-
suming linearity, the spatial responses of the cochlea can be cal-
culated in sinusoidal steady state by using the finite-difference
equations for voltage and current on a lumped transmission line

(16)

where are the line voltage and current at the th
stage, is the differential voltage across the th stage,
and and are the series impedance and shunt admit-
tance within this stage. This set of equations can be solved iter-
atively once the ratio is set by a known impedance.

The impedance at any position , denoted by , can
also be found iteratively. We decompose the transmission line
into two segments, one extending from location to the apex
(low-frequency end), and the other from to the base (input, or
high-frequency end). The input impedances of these segments
are given by and , respectively, and can be
found using the following equations:

(17)
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Fig. 9. Simplified equivalent circuit of a bidirectional cochlea stage used for
noise calculations.

The equations above can be solved when the termination im-
pedances at the base and apex of the cochlea, i.e., and

, are known, where is the total number of stages.
The impedance at is . The input
impedance of the entire cochlea, i.e., , is denoted by
for convenience and usually designed to be 50 [1].

The transfer functions of the bidirectional cochlea are largely
similar to those of the unidirectional cochlea. Differences arise
from the bidirectional nature of the structure, in particular be-
cause of reflected waves that propagate backwards. In general,
the bidirectional cochlea transfer functions have lower peak
gains, but higher quality factors. In addition, the peak gains are
invariant with , while the quality factors increase slightly.
The high frequency roll-off slope of the transfer functions is

dB/decade, i.e., equal to that of a filter of order .
At very low values of they are not smooth functions of
frequency, but exhibit ripple because of inter-stage reflections.

In the bidirectional cochlea both peak gain and quality factor
increase with spatial position before saturating to constant
values for , i.e., much faster than in the unidirec-
tional cochlea. Asymptotic values of peak gain and quality
factor are both strongly increasing functions of the pa-
rameter . The bidirectional cochlea is not unconditionally
stable, unlike the unidirectional cochlea. The maximum allow-
able value of is set by increased inter-stage reflections and
the eventual onset of instability [1].

A simplified equivalent circuit of a single cochlear stage,
useful for noise calculations, is derived from [1] and shown
in Fig. 9. Here represents the local shunt admittance

, while the other components comprise the local series
impedance . The nodes on voltages and are
denoted by , and , respectively. Nodes

and are shared with adjacent stages, while node
is internal to . The input impedances of the sections of
transmission line basal and apical to stage are denoted by

and , respectively. We can find the values
of and iteratively, as shown in (18).

The noise generated by and is represented by the cur-
rent sources and . However, is an active, negative
resistor, and contains additional noise sources, such as transis-
tors that act as current sources or sinks [1]. The effects of such
noisy devices have been lumped into the additional noise cur-
rent source . This source also models the noise produced by

any resistance in parallel with . Since
and the values of the various resistors, inductors, and capacitors
in Fig. 9 are known, we can analytically find transfer imped-
ances from the noise sources to the nodes and . The
transfer impedance is defined the ratio of the voltage pro-
duced at node in a network when a current is fed into node .
The two nodes may be identical, in which case is known as
the driving-point impedance.

By using superposition, we can find the PSD of the total noise
voltage produced at node . The result is

(18)
The discrete transmission line equations shown in (16) are

used to find transfer functions . Each transfer function
is defined as the voltage produced at node in response to an
input source placed at node , divided by the voltage at node .
Signal transfer functions consist of the subset for which ,
i.e., the source is placed at the first node of the transmission line.
When the voltage at node is the noise , from (16) we have

(19)

where is the output noise of the th stage due to noise
produced by the th stage. Here the output nose of stage is
defined as the differential noise voltage between transmission
line nodes and . The PSD of the total noise voltage across
the th stage is the superposition of noise from all stages, i.e., for

, where is the total number of stages. Thus,
the PSD of the th output of the cochlea is given by

(20)
where is given by (18). The total noise voltage of
the th stage can be found by integrating the relevant PSD over
all frequencies if the noise current PSDs , and are
known. Ignoring flicker noise, each noise current PSD is white
and equal to . Here is the small-signal transconduc-
tance of a transistor, or the conductance of a resistor, while is
an excess noise factor that accounts for the presence of multiple
noisy devices. Fig. 10 shows the results of calculating
for a maximum operating frequency of 10 GHz
and various values of . The total number of cochlear stages
was . The figure also shows that the results of a
SPICE simulation of an on-chip bidirectional cochlea, which
had , agree with theoretical calculations. We see that,
as in the unidirectional case shown in Fig. 5, the noise in the
bidirectional cochlea is non-monotonic with . However, the
decrease in noise for large values of is steeper for the bidi-
rectional cochlea than the unidirectional cochlea.

III. LOWPASS-TO-BANDPASS TRANSFORMATIONS

IN THE RF COCHLEA

The RF cochlea is a rapid spectrum analyzer that provides a
fast big-picture view of a broad frequency range using a low-
pass representation. We have analyzed some of its properties in
Section II including noise, dynamic range, and frequency reso-
lution. Frequently, in a spectrum analyzer, a lowpass represen-
tation is not convenient since the analyzed frequency bins have
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Fig. 10. Output noise voltages of the bidirectional cochlea at various values of
�. Theoretical values are shown as dashed lines, while the solid line is the result
of a SPICE simulation of the integrated circuit implementation. Parameters used
to draw the theoretical curves were � � ����� � � ���� � � ����, and
� � ��.

Fig. 11. Lowpass to bandpass transformations for the RF cochlea: (a) a linear
differencing scheme and (b) a nonlinear center-surround scheme inspired by the
action of coincidence-detecting cells in the biological cochlear nucleus.

overlapping content. In this section, we discuss how a lowpass
cochlear representation can be converted into a bandpass repre-
sentation using both linear and nonlinear methods. These low-
pass-to-bandpass transformations are applicable to both unidi-
rectional and bidirectional cochleas.

A simple method for implementing a lowpass-to-bandpass
transformation in the cochlea is to perform discrete spatial dif-
ferentiation as shown in Fig. 11(a). Thus, if we set

and perform some algebra, we obtain

(21)

Equation (2) shows that frequency and spatial derivatives in
the cochlea are proportional to each other. Thus spatial differ-

Fig. 12. Simulated outputs (spatial response using a linear differencing
scheme) of the unidirectional RF cochlea to three input tones spaced one octave
apart. The middle tone is 30 dB larger than the other two.

entiation converts a lowpass cochlear frequency response into a
bandpass response. Some simulated spatial responses are shown
in Fig. 12 for the unidirectional cochlea when three input tones
are present. The small, highest-frequency tone is normally al-
most drowned out; however it is resolved clearly when stage
differences are used as outputs.

In addition to linear differencing operations on the RF
cochlea outputs, nonlinear techniques can also be used to
implement a lowpass-to-bandpass transformation. These tech-
niques can further improve the frequency selectivity of the
system by utilizing spatiotemporal correlations between the
outputs of cochlear stages [33]. One simple center-surround
coincidence-detection strategy, inspired by the action of co-
incidence-detecting “octopus” cells in the biological cochlear
nucleus (CN), is shown in Fig. 11(b) [34]. The CN receives
inputs from the cochlea via the auditory nerve, and projects
to structures higher up in the auditory pathway, such as the
superior olivary complex and the inferior colliculus. Its main
task is to extract simple spatio-temporal features, such as the
onset of a sound and the direction of frequency sweeps (chirps).

In our strategy, outputs of cochlear stages two positions
apart in the cascade are multiplied together to produce the
bandpass output. The multipliers act as analog correlators that
detect phase-coincidence, thus combining phase and magnitude
information present in the cochlear outputs. The average output
of a multiplier driven by two sinusoidal inputs with a phase
difference between them is given by

(22)

where the averaging operation is carried out over a complete
input cycle. We see that the average output magnitude is max-
imal, and equal to the average power of each input signal, when

, i.e., when . The output is zero when
the inputs are in quadrature, i.e., .

In our case corresponds to the sum of the phase differences
across two adjacent cochlear stages. At frequencies much lower
than the local center frequency is small and the output mag-
nitude is maximal. The phase shift increases with frequency,
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Fig. 13. Simulated unidirectional cochlea transfer functions at different spatial
locations before and after center-surround coincidence detection of the cochlear
outputs.

causing the output magnitude to decrease. At frequencies just
higher and lower than the center frequency , resulting
in nulls (zero output). Finally, at the center frequency ,
the inputs to the multiplier are almost in phase, and the output
magnitude is again maximized. Thus we expect to exhibit
nulls on either side of the peak, but otherwise track the input
amplitude . The whole scheme effectively decreases the
width of the peak. In fact, it can be shown that our strategy ap-
proximately doubles the frequency resolution with no loss in
timing precision. Simulation results, shown in Fig. 13, confirm
our predictions.

Both strategies shown in Fig. 11 are used in biological au-
ditory and visual systems [33]. The first, linear strategy is im-
plemented using lateral inhibition networks that compute spa-
tial derivatives. The outputs of lateral inhibition networks are
then fed into networks of coincidence detectors. The actions of
these neurons can be modeled using analog multipliers, as in our
second, nonlinear strategy. We can combine the two strategies
in a similar way to efficiently extract features, such as edges and
peaks, from the RF spectrum.

IV. RF FOVEA

Lowpass-to-bandpass cochlear transformations create a
more convenient spectral representation. However, they still
do not provide enough frequency resolution to separate out
finely-spaced narrowband signals such as adjacent wireless
channels in the same frequency band, e.g., adjacent cell-phone
or WiFi channels. To solve this problem, we were inspired by
a solution employed by the eye and the visual system: The eye
and the visual system first obtain a rapid “big-picture” view
of the visual scene at moderate spatial resolution. The eye
then moves to “foveate”, that is to attend to a narrow portion
of the image in its central region known as the fovea, where
it has much higher spatial resolution. Physical motion in the
visual system is analogous to frequency motion in the auditory
system, and can be implemented using mixing or heterodyning.
This analogy leads to the creation of an “RF fovea”, which we
describe in this section. Intuitively, the RF cochlea provides

Fig. 14. Graphical illustration of several common spectrum-analysis
algorithms.

the fast “big-picture” view of the entire RF spectrum at mod-
erate frequency resolution while the RF fovea “zooms” into
more narrow regions of the RF spectrum at higher frequency
resolution.

The RF fovea employs successive stages of mixing, which are
very similar to the successive subranging stages employed by
certain analog-to-digital converters (ADCs). Thus, we shall first
describe similarities between ADCs and frequency estimators.
Then, we shall describe the construction of architectures for an
RF fovea.

A. ADCs and Frequency Estimators

We define frequency estimators as systems that estimate the
instantaneous frequencies present in a signal. Frequency estima-
tion is a well-known and studied example of the general problem
of estimating parameters of a signal in the presence of noise
[35], [36].

Spectrum analyzers are frequency estimators that can, in ad-
dition to estimating the frequencies present in a signal, also de-
termine their amplitude, i.e., the power spectral density, and/or
phase. They may also be viewed as a parallel, broadband gener-
alization of narrowband radios that estimate amplitude or phase
of a narrowband signal centered around a single carrier fre-
quency [37].

Several common spectrum-analysis algorithms are graphi-
cally illustrated in Fig. 14. Their performance can be conve-
niently compared using two metrics: hardware cost and anal-
ysis time. Both these quantities are functions of , the number
of frequency “bins” that can be estimated by the algorithm.
The cochlear algorithm has been shown to be extremely effi-
cient: Both hardware cost and analysis time scale linearly with

, i.e., as . The cochlear algorithm, which reuses simple
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Fig. 15. Single successive-subranging stage for (a) an ADC and (b) a frequency
estimator.

low- filters with overlapping frequency responses many times
in order to synthesize high-resolution transfer functions, has low
settling time and hardware complexity compared to swept-sine
analyzers, FFTs, and parallel filter banks [1].

We have found interesting analogies between frequency esti-
mators and ADCs. The problems that frequency estimators and
ADCs solve are similar, but in different signal domains. Fre-
quency estimation with a finite amount of precision may be
viewed as the process by which we determine into which of
outputs, or frequency bins, to place an analog frequency variable
that may be located anywhere within a bandwidth . Similarly,
ADCs find the digital value, or bin, within which an unknown
analog amplitude (voltage or current) belongs. As a result, anal-
ogous algorithms work in the two cases. However, a signal can
have many instantaneous frequencies of interest, but only one
instantaneous amplitude. A more accurate analogy is therefore
to view frequency estimators as the frequency-domain analogs
of multiple parallel ADCs. Each ADC corresponds to estimating
the frequency value (and possibly the power content) of one
output bin.

The basic operation of subtraction in the amplitude domain is
extensively used by ADCs and has a natural frequency-domain
analog through multiplication (mixing or heterodyning). A low-
pass or bandpass filter at the output of the mixer can be used to
select the difference frequency component, while rejecting the
unwanted sum frequency component, as in direct conversion re-
ceivers or traditional super-heterodyne receivers, respectively.
In this paper, we shall assume that all signals are real. However,
the architecture that we describe can be extended to the quadra-
ture signal domain as well.

A simplified view of the th stage of a generic successive-
subranging ADC is shown in Fig. 15(a). The input is lim-
ited to the range , where is the initial, or full-
scale range. The output of the comparator is ,
the next output bit. It is converted into an analog signal by a
one-bit digital-analog converter (DAC) whose output voltage is

. The DAC output is subtracted from the input to
extract a residue that spans half the range of and is the
input to the next conversion stage. In general the one-bit quan-
tizer and DAC can be replaced by multiple-bit versions, and the
stages pipelined or reused during the conversion cycle.

We can begin to map the ADC of Fig. 15(a) to a frequency
estimator in Fig. 15(b) by replacing the full-scale voltage range

Fig. 16. Cascaded super-heterodyne architecture: Just as in successive sub-
ranging ADCs, the frequency information is foveated on or estimated to higher
and higher precision in each stage of the architecture. In this example, the archi-
tecture is used in a feedback-loop configuration such that interfering tones can
be estimated and then canceled out using tunable notch filters.

with an initial frequency range and by replacing the voltage
comparator with a frequency comparator. However, frequency
estimation requires estimation of bandpass input signals, anal-
ogous to an ADC that requires signals within a certain posi-
tive voltage range to be digitized. Hence, at each recursive con-
version stage in a frequency estimator, the offset or “common-
mode” frequency used to compare the input frequency against
and the bandwidth of the conversion decrease by a factor of 2.
Thus, in Fig. 15(b), the DAC of Fig. 15(a) is replaced with a
digitally-controlled oscillator (DCO) whose output frequency is

and the subtractor of Fig. 15(a)
is replaced by a mixer and bandpass filter as shown.

The frequency comparator can be built by converting the
input and reference frequencies into voltages, and then using
a voltage comparator. Frequency-to-voltage converters can be
created using tuned circuits (discriminators) or phase-locked
loops. The converters should be matched; otherwise the com-
parator will have a static offset. In addition, the functional
relationship between input frequency and output voltage should
be monotonic (it need not be linear).

B. Cochlear Heterodyning

The RF spectrum is sparse over large bandwidths, i.e., dom-
inated by a limited number of relatively narrowband signals
which cumulatively occupy only a small fraction of the total
bandwidth. Some of these signals are of interest to the user,
while others, referred to as interferers, are not. In practical sit-
uations interferers can be much larger than desirable signals.
A system capable of simultaneously observing several narrow,
arbitrarily placed frequency bands can therefore capture essen-
tially all significant information present within the entire RF
spectrum. An architecture that uses successive subranging in
the frequency domain to solve this problem is shown in Fig. 16.
This cascaded super-heterodyne architecture decides where ob-
served regions of the spectrum should be located by using filter
banks to decompose spectra into multiple channels.

The filter banks in Fig. 16 have bandpass transfer functions
with center frequencies and bandwidths that scale arbitrarily
with horizontal position . The outputs at each position are an-
alyzed by a cascade of successive subranging stages, each of
which is similar to that shown in Fig. 15(b). We may identify
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and with the local center frequency and band-
width, respectively. The latter can remain constant with , or
scale with center frequency to generate constant- characteris-
tics. Here is the quality factor. In addition, for a
fixed value of the center frequencies and bandwidths change
with vertical position , usually decreasing by a constant factor

at each row. The bandwidth of the th filter in the th bank,
which we denote by , is given by

(23)

A common value for is 2, in which case the decision net-
work consists of one-bit quantizers, i.e., frequency comparators
that determine which half of the input bandwidth should
be included in the output bandwidth . In general we must
use quantizers with bits. Thus, the output of each suc-
cessive filter bank allows the user to determine the frequencies
of signals of interest in parallel with exponentially-increasing
precision, where is the number of filters in each filter bank.
The outputs of the decision network can be viewed as the re-
sults of parallel frequency-to-digital conversions (analogous
to analog-to-digital conversions). The architecture is also effi-
cient in terms of hardware requirements because it only needs

filter banks and mixers to increase precision by a
factor of . Finally, it retains amplitude information about
each output signal and thus acts as a spectrum analyzer as well
as a frequency estimator.

The ultimate precision of successive subranging architectures
for frequency estimation is limited by three factors: quantiza-
tion noise, random errors (caused by device mismatch, thermal
noise, and flicker noise), and interference from signals in adja-
cent channels. The first two factors also affect the performance
of ADCs, while the third is unique to frequency estimation.
Such interference is due to overlap between the transfer func-
tions of the initial filter bank, and can be reduced by using
higher-order filters with larger roll-off slopes and stopband re-
jections. The main function of subsequent filter banks is to fur-
ther reduce the relative amount of interference through addi-
tional filtering. They can be omitted, or their order reduced, if
interference levels are low enough.

One application of the cascaded super-heterodyne structure
is to accurately estimate the frequencies and bandwidths of un-
wanted interferers. The interferers can then be canceled out, al-
lowing weak signals to be detected in their presence. A simple
interference-cancellation strategy that uses tunable notch filters
is shown in Fig. 16. This scheme was simulated using MATLAB;
the results are shown in Fig. 17. Two tones one octave apart
are fed into the structure, with one being 80 dB larger in am-
plitude than the other. The curve labeled “original” shows the
results without interferer cancellation: The smaller tone is in-
visible. The lower curve shows filter bank outputs after the large
interfering tone has been estimated and notched out: The small
tone is now clearly resolved.

Cochlea-like traveling-wave structures consist of transmis-
sion lines or filter cascades with maximal-response frequencies
that decrease exponentially with position. They are an efficient
way to synthesize high-order, constant- filter banks because
of extensive hardware reuse: Each output is filtered by multiple

Fig. 17. Simulated performance of the cascaded super-heterodyne architecture.
The plots show outputs of the final filter bank before and after a large interfering
signal was estimated and canceled out.

stages, each of which simultaneously produces its own output.
Unlike other spectrum analysis algorithms, such as the FFT or
simple filter banks, each cochlear stage is used multiple times
to synthesize output transfer functions with large roll-off slopes,
and consequently, high frequency selectivities. As a result, the
hardware and power costs of the cochlea are much lower than
comparable algorithms [1].

An added advantage of constant- frequency decomposition
is that it is better matched to the real RF environment. The RF
spectrum today is divided into licensed and unlicensed bands
that roughly follow constant- characteristics, i.e., have band-
widths that are approximately proportional to center frequen-
cies. For example, the of the unlicensed industrial-scientific-
military (ISM) frequency bands allocated internationally only
varies by about a factor of ten as the center frequencies vary by
three orders of magnitude. It is thus advantageous to replace the
filter banks in Fig. 16 with cochlea-like traveling-wave struc-
tures. We refer to this special case, which is shown in Fig. 18, as
cochlear heterodyning. It can be used to create an RF fovea just
as in Fig. 16, i.e., an architecture where an RF cochlea rapidly
obtains an overview of the entire spectrum, and then adaptively
“locks in” or “foveates” on desired regions in that spectrum.

As in Fig. 16, center frequencies and bandwidths in Fig. 18
decrease exponentially with vertical position . The center fre-
quency of the th output from the th cochlea is proportional to
its bandwidth (constant- behavior) and is given by

(24)

where each cochlea is assumed to produce outputs per oc-
tave, and is the constant that represents the exponentially in-
creasing precision as we move from RF to lower-frequency IF
stages in Fig. 18. The outputs of each cochlea are downcon-
verted using mixers. Each downconversion step selects of
the output bandwidth of the previous cochlear output. For ex-
ample, if , one-bit decisions determine which half gets
selected by changing the DCO frequency fed into the mixer
between and , where and are
the cochlear and output indices, respectively.
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Fig. 18. Cochlear heterodyning, a broadband generalization of narrowband
heterodyning where narrowband RF, IF, and baseband stages are replaced by
RF, IF, and baseband cochlear stages. In this example, two IF stages are shown.
In each stage, successively finer frequency resolution is obtained enabling
foveation onto interesting regions of the RF spectrum.

In order to reduce hardware costs we can downconvert only
those outputs that appear significant, such as local maxima
(peaks). The output of the mixer at location can be directly
fed into the th stage of the next cochlea, as shown in Fig. 18.
Alternatively, all outputs of the th cochlea can be added and
fed into the first stage of the th cochlea.

The total acquisition time of the RF fovea is determined by the
sum of the settling times of all the cochleas. It is dominated by
the final cochlea since it analyzes the lowest input frequencies,
and is given by

(25)

where is a constant, of order unity, that depends on the
cochlear model, is the lowest frequency
analyzed by the final cochlea, there are a total of cochleas
and is the lowest frequency analyzed by the first (input)
cochlea. The hardware complexity of the system is modest: It
scales as , where is given by

(26)

This formula assumes (conservatively) that the first
stages of each cochlea are necessary for building up the
transfer functions and do not produce useful outputs. Also,

is defined as the ratio of maximum and
minimum frequencies analyzed by each cochlea.

Fig. 19 shows the simulated frequency estimation error of the
RF fovea for various values of . We generated this plot by
feeding artificial noiseless spectra into the system. Each spec-
trum consisted of tones with random frequencies and ampli-
tudes, uniformly distributed in log-frequency and log-amplitude
space, respectively. We used the unidirectional cochlear model
described in Section II, and set and for the
simulations.

Fig. 19. Frequency estimation error of the RF fovea to inputs consisting of�
tones with random frequencies and amplitudes as a function of � , the total
number of cochleas, obtained from MATLAB simulations.

At the end of the successive-subranging procedure, amplitude
peak picking was used to map spatial positions to frequencies.
Using (14), the resultant fractional estimation error is given by

(27)

We used in our simulations, corresponding to
2.1%. Our simulations confirm that the frequency-estima-

tion error decreases with , as predicted by (27). However, the
error asymptotes to a fixed value for large values of . This
asymptotic error increases monotonically with , indicating
that the precision of our algorithm is being limited by interfer-
ence from other parts of the spectrum that have not been notched
out as in Fig. 16. Besides notching, we can also increase ,
which is proportional to the high-frequency rolloff slopes of the
cochlear transfer functions, to reduce such interference. The re-
sult is improved precision at the cost of increased hardware and
power consumption. For a given amount of interference the final
estimation error can also be improved by using a more sophis-
ticated algorithm than simple amplitude peak picking. For ex-
ample, phase information can be used, as suggested by Fig. 8.

In the presence of noise the frequency estimation error
increases because the successive-subranging networks make
wrong decisions. When simple amplitude detection is used in
the presence of Gaussian noise, the error probability of each
decision is given by

(28)

where is the signal-to-noise ratio in the th cochlea.
The overall fractional estimation error can be estimated by sum-
ming up the error probabilities in each of the cochleas.

An erroneous decision can occur at any of the succes-
sive-subranging operations. Once an error occurs the algorithm
converges to a random answer set by noise. Assuming Gaussian
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Fig. 20. Normalized RMS frequency estimation error of the RF fovea as a func-
tion of SNR and the number of cochleas � .

noise, an erroneous decision in the th cochlea results in a frac-
tional frequency estimation error that is a zero-mean Gaussian
random variable with variance equal to

(29)

This formula can be easily derived from (14) by noting that
the frequency resolution increases by a factor of after each
cochlea. The factor of 2 arises as follows. When an error oc-
curs, the desired answer, i.e., the correct frequency, remains un-
known, and also acts as a random variable. Therefore, the dif-
ference between the incorrect and correct answers, which is the
estimation error, is a random variable with double the variance
of the final incorrect answer.

The probability that the first error occurs at the th decision
is given by

(30)

When no errors occur the algorithm converges to the correct
answer, resulting in an estimation error that has a variance of

, as shown in (27). The probability that no errors occur is
given by

(31)

The final estimation error is a random variable that is pro-
duced by a Gaussian mixture process with components.
The first components have variances given by (29) and prob-
abilities, or weights, given by (30). The last component has a
variance of and a probability given by (31). Thus the final
estimation error is also Gaussian, and has a variance given by

(32)

The first term in (32) corresponds to the case when at least
one of the decision networks makes an error. The second term
corresponds to the case when all the decisions are correct. It
is the product of two terms: the probability that all the deci-
sions are correct, and the final estimation error . Equation
(32) is plotted in Fig. 20 for the case when SNR has the same

value in all cochleas. The estimation error decreases as SNR
increases, but asymptotes to for large-enough SNR. The
asymptotic SNR is quite modest, as shown in Fig. 20.

V. CONCLUSION

We have analyzed the noise, dynamic range, and frequency
resolution of cochlea-like traveling-wave structures such as the
RF cochlea. Our analysis showed that frequency resolution is
significantly improved by utilizing phase information present in
the cochlear outputs rather than utilizing amplitude information
alone. Thus, a cochlear-nucleus-inspired lowpass-to-bandpass
center-surround coincidence detector operating on the cochlear
outputs improves frequency resolution without compromising
temporal resolution. To further improve frequency resolution,
we also described an eye-inspired RF fovea. The RF fovea is
a successive-subranging receiver architecture that allows users
to focus on selected narrowband portions of a broadband input
spectrum. The RF fovea is built with a cochlear heterodyning ar-
chitecture, which generalizes the idea of heterodyning from the
narrowband domain to the broadband domain. It may be useful
as a dynamic spectrum-sensing front end for software-defined
and cognitive radio receivers. For example, the dynamic range
of such receivers can be increased by detecting strong unwanted
signals (interferers) and adaptively removing them in a feedback
loop. Our cochlear models use gain control to increase dynamic
range, i.e., they amplify strong signals less than weak signals.
The gain-control process causes two-tone suppression: Strong
tones reduce the gain of weaker signals at nearby frequencies,
thus enhancing spectral contrast [38]. As a result our system
can detect interferers in noisy environments more reliably than
purely linear schemes.
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