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Hamiltonian mapping of magnetic reconnection during the crash stage
of the sawtooth instability
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Since the determination of the magnetic field topology and of the safety factor profile during the
crash stage of the sawtooth instability is a difficult problem both theoretically and experimentally,
a complementary approach based on a mapping technique usually referred to as the Tokamap
@Balescuet al., Phys. Rev. E58, 951~1998!# is proposed to reconstruct the stochastic magnetic field
evolution. It is shown that this method, when combined with the constraints on the magnetic fluxes
provided by the theories of the sawtooth instability, is able to generate poloidal cross sections of the
magnetic field topology during the crash phase of the instability that have behavior similar to the
experimental ones. The method is applied to both the complete and the incomplete reconnection of
the magnetic field. ©2003 American Institute of Physics.@DOI: 10.1063/1.1561279#
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I. INTRODUCTION

Sawtooth oscillations of the plasma parameters in
central region of a tokamak plasma are observed when
safety factor,q(r ), falls below unity on the magnetic axis
These oscillations have a slow stage during which the pla
temperature and density rise, and a fast stage during w
these parameters ‘‘crash.’’ The central safety factor pro
becomes flatter during the crash stage, although it under
only small relative changes. Nevertheless, the sensitive
pendence of the magnetic field topology on theq-profile, and
in particular on the magnetic shear,d log(q)/d log(r), is an
important factor in determining the magnetic field stoch
ticity, which in turn influences the turbulent transport. Aft
the crash the experimentally observed temperature and
sity profiles flatten near the plasma center just due to
increased transport.

Experimental determination of theq-profile during the
crash stage is problematic. The standard techniques use
experimentalq-profile determination are Faraday rotation1

the motion stark effect~MSE!2–4 and the toroidicity and
ellipticity induced Alfvén eigenmode~TAE and EAE!5–7

measurements. But Faraday rotation and MSE can
resolve q fluctuations on time scales shorter than seve
milliseconds,1,2 and measurement of theq-profile by TAE
and EAE is limited by the resolution time of the Thoms
scattering system, which is 100 ms.5 By contrast, the crash
stage of the sawtooth instability is typically on the order
100 ms. Moreover, the centralq value,q0[q(r 50), is par-

a!Permanent address: Kharkiv National University, Svobody sq
61077 Kharkiv, Ukraine; electronic mail: ypavlenk@ulb.ac.be
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ticularly difficult to extract with precision from both MSE
and TAE data,6 and the experimental error of such measu
ments is typically around 10%.7 This error value is suffi-
ciently large to allow for some freedom in reconstructing t
q-profile evolution in the center during the crash stage. In
same time the TAE and EAE allow us to get information
the q-profile before and immediately after sawtooth crash
with good accuracy.5

Several models have been proposed to explain the s
tooth instability ~see, for example, Refs. 8–13!. All these
models differ with respect toq0 after the crash and/or in th
detailed behavior of theq-profile. To give two examples o
different q-profile evolution withq0,1, ~a! the stochastic
magnetic field model of the sawtooth instability12 predicts an
important role of the magnetic field stochasticity in the ca
of the partial magnetic reconnection even with the mon
tonic q-profile, and~b! the incomplete model of the recon
nection based on the Taylor relaxation process13 predicts the
low magnetic shear in the center and aroundq51. In fact the
two models are not independent since the magnetic field
chasticity depends strongly on the magnetic shear va
Both of the models provide an increased turbulent transp
in the plasma core causing the observed crash of the pla
parameters.

In the present work we apply a Hamiltonian mappi
technique to model the magnetic field topology during t
crash stage of the sawtooth instability. Our modeling is ba
on constraints imposed by the main theoretical models,
we compare our results with other descriptions of nonlin
behavior of the resistive mode. The remainder of this arti
is structured as follows. A short description of the Tokam
is given in Sec. II. Section III summarizes the key features
,

3 © 2003 American Institute of Physics
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the main theoretical models of reconnection. We present
results of our magnetic field modeling in Sec. IV. Section
discusses the relationships among our results, current t
retical models and experimental data. Finally, a summary
the conclusions are presented in Sec. VI.

II. THE TOKAMAP: A HAMILTONIAN MAPPING
DESCRIPTION OF THE TOKAMAK MAGNETIC FIELD
TOPOLOGY

The Tokamap has been proposed as a simple proce
for describing the magnetic field topology in toroidal ma
netic confinement devices.14 This technique does not exact
solve the magnetic field equations, but uses an approxi
tion that reproduces the main features of the stochastic m
netic field. The Tokamap describes a poloidal cross-sec
of the field, ~c,u!, where the dimensionless magnetic flu
through a surface perpendicular to the magnetic axis,c ~to-
roidal flux!, has been chosen as a radial coordinate andu is
the poloidal angle. In the case of the circular torusc is re-
lated to the dimensionless radial coordinate,r ~normalized to
the plasma radius!, by c5r 2 and in the unperturbed field th
magnetic surfaces appear in cross-section as perfect n
circles.

If z is the toroidal angle anda0(c) is the dimensionless
poloidal flux, then the magnetic field line equations can
written in the following Hamiltonian form:

dc

dz
52

]a0

]u
, ~1!

du

dz
5

]a0

]c
, ~2!

wherea0 plays the role of the Hamiltonian. In the case o
perturbed magnetic field the perturbed Hamiltonian,a, incor-
porates a non-axially-symmetric perturbative term:

a0→a5a01Kda~c,u,z!, ~3!

whereK is called the stochasticity parameter.
The iterative two-dimensional Tokamap mapping h

been constructed from the generating function,dF, of the
new momentum,cn11 , and the old angle,un :

dF~cn11 ,un!52
1

~2p!2

cn11

11cn11
cos 2pun . ~4!

The implicit iterative procedure is

cn115cn1
K

2p

cn11

11cn1
sin 2pun , ~5!

un115un1W~cn11!2
K

~2p!2

1

~11cn11!2 cos 2pun ,

~6!

where W(cn11) is the winding number, whose invers
q(cn11)[1/W, is the safety factor. Without fluctuation
(K50) this unperturbedq-profile has a radial symmetry an
defines the rotation of the magnetic line around a torus. O
erwise when the magnetic field fluctuations exist (KÞ0) the
perturbedq-profile has not the radial symmetry anymore a
its 2D dependence in$c;u% space is defined by Eqs.~5! and
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~6!. The simple analytical form of the winding number co
responds to a standard toroidal MHD equilibrium14 and is
realistic for most ohmic discharges:

W~c!5
w

4
~22c!~222c1c2!, ~7!

where w is the value of the winding number on the pol
axis.

It has been shown14,15 that the Tokamap qualitatively
reproduces the main features of the magnetic field topol
known from tokamak physics: very robust and we
preserved inner field structure near the magnetic axis, cha
zones and island chains on the main rational magnetic
faces, Shafranov shift of the magnetic axis, and inter
transport barriers to magnetic field line motion near the
tional magnetic surfaces.

One of most important map characteristics is a num
of fixed points in the phase portrait. The number of the fix
points and their relative position define the type of m
phase portrait. The transitions from one type of phase por
to another can be considered as the bifurcation phenom
Bifurcation phenomena related to the evolution of the To
map fixed points have been analyzed for monotonous14 and
nonmonotonous16 q-profiles. These phenomena suggest
similarity between the fixed point positions in Tokama
phase portraits and the tokamak magnetic field topology d
ing the crash stage of the sawtooth instability. The Tokam
with monotonousq-profile ~7! is characterized by two bifur-
cation values of the winding number:14

wm512
K

~2p!2 , ~8!

wM511
K

~2p!2 . ~9!

For the Tokamap with nonmonotonousq-profile there exists
an additional bifurcation value,wb , which cannot be ex-
pressed analytically.16 When the central value of the windin
number,w ~or the maximal value of the winding numbe
wmax, in the case of a nonmonotonousq-profile!, crosses a
bifurcation point, the type of the Tokamap phase portrai
changing.

There are three types of Tokamap phase portrait to
used in modeling of the reconnection.~1! In the case of a
monotonousq-profile with w.wM the Tokamap phase por
trait has one elliptical fixed point~the center of the crescen
magnetic island! and one hyperbolic fixed point~theX-point
of reconnection!. The polar axisc50 is surrounded by ro-
bust magnetic surfaces and can be recognized as a mag
axis. Such a phase portrait is typical of the sawtooth ins
bility in its initial stage. ~2! During reconnection the mag
netic axis moves toward theX-point, where, in the case o
complete reconnection, it disappears~the magnetic axis doe
not reach theX-point in incomplete reconnection!. This stage
of reconnection can be modeled by a phase portrait cont
ing two elliptical points~the crescent island and the magne
axis! and one hyperbolic point~the reconnectionX-point!.
Such a set of fixed points is typical of the Tokamap w
nonmonotonousq-profile and with wmax.wb , wm,w
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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1085Phys. Plasmas, Vol. 10, No. 4, April 2003 Hamiltonian mapping of magnetic reconnection . . .
,wM . ~3! Finally, the case of complete reconnection,
which the magnetic axis disappears into the reconnec
point, is characterized by a phase portrait containing o
one elliptical point~corresponding to a monotonousq-profile
with w,wM). These three types of the Tokamap phase p
trait will be demonstrated during reconnection modeling.

It should be noted that the indicated transitions from o
type of Tokamap phase portrait to another can be achie
by evolving theq-profile andK-parameter continuously in
time. The transition from the phase portrait with oneO-point
and oneX-point to the phase portrait with twoO-points and
one X-point occurs whenw5wM ~corresponding to the bi
furcation of the secondO-point on the polar axis!. Full re-
connection of the magnetic axis corresponds to the trans
from case IIB to case IIIB in the presentation of Ref.
whenwmax reacheswb . It is clear that the bifurcation value
of the winding number depend onK and can therefore be
controlled by tuning this parameter.

III. THEORETICAL MODELS OF MAGNETIC
RECONNECTION

The existing theoretical models of the sawtooth insta
ity depend critically on the details of the safety factor profi
especially its value on the magnetic axis,q0 . They are based
on the stability properties of the internal kink mode wi
toroidal n51 and poloidalm51 mode numbers. This mod
is unstable whenq0 falls below unity.

Two main types of crashes are observed experiment
While the unstableq-profile with q0,1 is the basic initial
condition for all sawtooth experiments, theq0 value can
reach 1 just after crash~full reconnection! or can remain less
than 1~partial reconnection!. Kadomtsev proposed the resi
tive model8 to explain the mechanism of complete magne
reconnection. According to this model the internal kink mo
grows exponentially during the crash to produce the cres
magnetic island. The crescent island pushes the orig
magnetic axis away from the plasma center toward
X-point, where the original magnetic axis completely reco
nects. At the same time the axis of the magnetic island
comes a new magnetic axis, providing an axial symmetry
the field configuration just after reconnection. Theq-profile
is equal to unity on the new magnetic axis and is larger t
unity elsewhere. The quasi-interchange model of
reconnection9 describes also theq0 relaxation to 1 at the
crash.

But both Kadomtsev’s and the quasi-interchange mod
of the reconnection do not apply to all experimental obs
vations of the sawtooth instabilities. In particular, they do n
describe experiments whenq0 remains below unity after the
crash. For this reason alternative models have been
posed, based on the Taylor relaxation process,11,17 on the
magnetic field stochastization12 and on the incomplete relax
ation process.13 Here the theoretical models of complete a
incomplete reconnection will be briefly reviewed accordi
to the presentation given in Ref. 13.
Downloaded 06 Jul 2007 to 128.103.60.225. Redistribution subject to AIP
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A. Kadomtsev’s model of complete reconnection

In the cylindrical approximation, the normalized helic
flux of the magnetic field can be expressed as

cH~r !5E
0

r

2r 8S 1

q~r 8!
21Ddr8, ~10!

and the normalized toroidal flux is equal to square of
radial coordinate:

cT~r !5r 2. ~11!

Kadomtsev’s model of reconnection is based on two assu
tions concerning the evolution of the helical and toroid
flux: ~1! magnetic surfaces of equal helical flux reconne
and ~2! the toroidal flux of the magnetic field is conserve
during reconnection. Geometrically, the conservation of t
oidal flux corresponds to the conservation of the cresce
shaped area between the reconnected magnetic surface

Due to resistivity, the squeezing of the magnetic surfa
induces a current sheet located around theX-point. This cur-
rent layer in turn induces changes in theq-profile and dissi-
pates the tokamak magnetic field. The radial maximum of
helical flux corresponds to the radial position of theq51
magnetic surface. During reconnection the value of t
maximum does not change, but its radial position moves
the center until the helical flux profile becomes monotono
at the final moment of reconnection. After reconnection
q-profile has low magnetic shear in the central region wh
the q-values were initially below 1, and satisfiesq(r )>1
everywhere.18

B. The incomplete relaxation model

According to the incomplete reconnection model, the
connection process begins to develop in the same way a
Kadomtsev’s model. However,~3! there is a constraining
maximum for the crescent island width. When the isla
width reaches this critical value widespread magnetic tur
lence develops in the system. This turbulence stimula
rapid particle and energy transport that collapses plasma
finement. During this process the density and tempera
profiles flatten within the reconnection radius.

In contrast to Kadomtsev’s model the incomplete reco
nection model predicts current sheet formation not o
around theX-point but also along the reconnected magne
surfaces. This condition generates a higher level of magn
field stochasticity. The central region of the emergi
q-profile remains below unity, and regions of low magne
shear are formed near the plasma core and around theq51
magnetic surface.

Three types of nonlinear behavior have been descri
for them/n51/1 resistive mode using a full set of nonline
resistive magnetohydrodynamic equations.19 The authors
have demonstrated~1! Kadomtsev’s reconnection,~2! incom-
plete reconnection in which the island width initially grow
and subsequently shrinks, and~3! saturation, where the is
land width grows to a limiting value.
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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IV. MAGNETIC FIELD MAPPING WITH THE TOKAMAP

The Tokamap mapping technique is used to describe
stochastic magnetic field during the crash stage of the s
tooth instability. Theoretical descriptions of reconnection
based primarily on two constraints on the helical and toroi
flux of the magnetic field. These constraints are used to
fine the evolution of theq-profile and the stochasticity pa
rameter,K, which constitute the complete input data for t
mapping. There are no other free parameters in the Tokam
We will show that both Kadomtsev and incomplete reco
nections can be modeled using the Tokamap. As long
maps are considered for describing only the magnetic
topology, they do not contain any information about tim
The phase portrait derived from the Tokamap can be see
a snapshot which is valid for given parameterK and
q-profile. If, however, the mapping technique is used
study particle motion, then the particle orbit time around
torus has to be much smaller than the characteristic time
q-profile andK changes.

There are four main stages in the construction of
magnetic field:~1! The evolution of the helical flux is con
structed according to the theoretical constraint on the he
flux behavior.~2! The evolvingq-profile is derived from the
helical flux evolution according to the Eq.~10!. ~3! The
q-profile is introduced to the Tokamap iteration procedu
~4! The value of the stochasticity parameter is chosen
satisfy the theoretical constraint on the toroidal flux. Fina
the topology emerging from the modeled magnetic field
compared with known data.

Theoretical models of the helical flux behavior durin
the crash stage of the sawtooth instability allow us to es
lish the corresponding evolution of theq-profile. During the
evolution the magnetic surfaces of equal helical flux rec
nect and the helical flux has the same value of a maximum
the radiusr max, which corresponds to the position of th
magnetic surface withq(r max)51.

Throughout the process of both complete and incomp
reconnection there exists a ‘‘mixing radius’’ for the helic
flux, which corresponds to the external boundary for the
connection processes. The helical flux, and consequently
q-profile, does not change outside of this radius during
reconnection.

From a geometrical point of view the toroidal flux of th
magnetic field is proportional to the area of the poloid
cross-section. Therefore the evolution of theK value is de-
fined to preserve the area of the crescent magnetic isl
which is restricted by the reconnected magnetic surfaces,
consistent with the conservation constraint on the toro
flux.

A. Simulating Kadomtsev’s reconnection

In Kadomtsev’s model of reconnection the maximu
value of the helical flux does not change during reconn
tion, while the radial position of the maximum moves towa
the center@see Fig. 1~a!#. When the maximum reaches th
center the original magnetic axis reconnects completely
the X-point. The evolution of the helical flux inside the ra
Downloaded 06 Jul 2007 to 128.103.60.225. Redistribution subject to AIP
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dius r max is constructed in such a way to provide the d
placement of the original magnetic axis to theX-point.

In our model the helical flux function is a one-parame
family of curves,cHm

(r ), wherem is a pseudo-time param
eter governing the continuous deformation of the helical fl
curve@Fig. 1~a!#. Theq-profiles@Fig. 1~b!# are derived from
the evolving helical flux function using Eq.~10!. In Fig. 1
the evolutions of the helical flux and of theq-profile have to
be considered as a succession from a curve with the min
value in the center to a curve with the maximal one. Figur
presents only the central range~in the radial interval
@0.0;0.4#! of the normalized helical flux andq-profile depen-
dence, which is changing during reconnection.

The internal kink mode is unstable forq-profiles with
q0,1. The behavior of the Tokamap reflects this condition
the following way. WhenK50, corresponding to an unpe
turbed magnetic field, the magnetic field structure is rob
and axially symmetric and the phase portrait consists
nested circles. But for any nonzero value ofK, correspond-
ing even to a small perturbation of the magnetic field, t
symmetry is broken. In an asymmetric configuration, t
first-order hyperbolic periodic point forms theX-point of re-
connection@Fig. 2~a!#. In practice, the magnetic field is pe
turbed by the current layer that appears at theX-point. Since
K reflects the relation between the radial component of m
netic field fluctuations,dBr , and the characteristic magnet
field amplitudeB0 , K is roughly proportional to the gener
ated current in the emergent layer. The initial value ofK in
the simulation may therefore be related to the magnitude

FIG. 1. Evolving dimensionless helical flux~a! and q-profile ~b! for the
simulation of complete reconnection. Both evolutions have to be consid
as a continuous succession from a curve with the minimal value in the ce
to a curve with the maximal one.
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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FIG. 2. Tokamap phase portraits illustrating the process of complete reconnection. The values of the stochasticity parameterK are 1.0, 0.65, 0.27, 0.147 an
0.1 in ~a!–~e!, respectively. The safety factor profile which has been used to build~a! corresponds to the lowest curve of Fig. 1~b!. Other usedq-profiles are
demonstrated in Fig. 3.
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the plasma current at the initial stage of reconnection. In
simulations presented here an initial value ofK51.0 @Fig.
2~a!# has been chosen to demonstrate the feasibility of
modeling strategy and to illustrate the field topology m
Downloaded 06 Jul 2007 to 128.103.60.225. Redistribution subject to AIP
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clearly. Raising the stochasticity parameter gradually
scures the reconnecting magnetic lines. Nevertheless, o
initial values ofK correspond to physically similar process
with different levels of magnetic field stochasticity.
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Figure 2 illustrates the main stages of magnetic rec
nection according to Kadomtsev’s model. Beginning in F
2~b! (K50.65) the width of the magnetic island gradua
increases. The region around the original magnetic a
within the separatrix shrinks due to the outflow of reco
nected flux. The original magnetic axis moves from the g
metric axis to theX-point as reconnection continues@Fig.
2~c!, K50.27]. In Fig. 2~d! (K50.147) the original mag-
netic axis is already displaced to the edge of theq51 mag-
netic surface, near the reconnection point. Finally, Fig. 2~e!
shows the magnetic field topology just after reconnect
with a small level of stochasticity (K50.1), before the mag
netic island has completely relaxed to the geometric cen
Figures 2~a!–2~e! have been constructed for decreasing v
ues ofK from K51.0 in Fig. 2~a! to K50.1 in Fig. 2~e!.
Such behavior of theK value during reconnection correlate
with the gradual disappearance of the current layer, wh
dissipates the magnetic field at the point of reconnection.
numerically derived safety factor profiles which have be
chosen from the succession of Fig. 1~b! to build Figs. 2~b!–
2~e! are shown in Fig. 3. Figure 2~a! has been built for the
lowest curve ofq-profile dependence in Fig. 1~b!.

The three types of the Tokamap phase portrait wh
have been described in Sec. II can be seen now among
2. Figures 2~a! and 2~e! correspond to the cases with th
topology ~1! and ~3!, respectively. Figure 2~c! is the most
striking example of second type phase portraits accordin
the specification of Sec. II.

B. Simulating partial reconnection

The initial evolution of the helical flux is similar in the
case of incomplete reconnection, but when the maxim
reaches the critical radius~the width of the crescent magnet
island reaches a critical value! its motion to the center is
interrupted and the helical flux flattens around theq51 mag-
netic surface~see Fig. 4a in Ref. 13!.

FIG. 3. The safety factor profiles which have been chosen from the suc
sion of Fig. 1~b! to build the phase portraits of the complete reconnection
Figs. 2~b!–2~e!.
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Incomplete reconnection begins to develop just as K
domtsev’s reconnection does, and for the stages represe
in Figs. 2~a!–2~c! the two models give similar predictions
But in the incomplete reconnection model, just as the cr
cent island reaches a critical width, a current layer spre
out along the reconnected magnetic surfaces, in contras
Kadomtsev’s model, which restricts the current to the reg
around theX-point. This more complicated current structu
gives rise to an increased magnetic field stochasticity
enhances the turbulent transport causing the collapse
plasma confinement.

Figure 4 demonstrates the magnetic field topology at
final stage of the incomplete reconnection with theq-profile
dependence close to the data from Fig. 4 in Ref. 13. As
example, theq-profile has been chosen with the low she
regions in the central range@0;0.1# with q0'0.9 and in the
radial interval @0.2;0.3# with the q(r )'1.0. The q-profile

s-

FIG. 4. The safety factor profile~a! and the phase portrait of the incomple
reconnection~b! from the Tokamap simulations. Theq-profile is close to the
data from Fig. 4 of Ref. 13. The value of the stochasticity parameter
been chosenK51.0.
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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Do
FIG. 5. The phase portraits of the partial reconnection with the differ
values of the magnetic field stochasticity from the Tokamap simulatio
The figures have been built for the standardq-profile from Eq.~7! with q0

50.9 andK51.0, K52.0, K53.0 in ~a!–~c!, respectively.
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c-
between two flat regions is changing smoothly. In the sim
lation K51.0. The topology of the magnetic field in Fig
4~b! demonstrates the widespread magnetic turbulence
erywhere between the reconnected magnetic surfaces in
cordance with the incomplete reconnection description
Ref. 13.

The stochastic model12 predicts the partial reconnectio
even with the monotonousq-profile. In this model the mag
netic field stochasticity develops around, but not necessa
everywhere between, the reconnected surfaces. Figu
demonstrates the magnetic field topology in the case of
partial reconnection with the different levels of the magne
field stochasticity. They have been built for the stand
q-profile from Eq.~7! with q050.9 and different values o
the stochasticity parametersK @K51.0 in Fig. 5~a!, K52.0
in Fig. 5~b! andK53.0 in Fig. 5~c!#. For small values of the
stochasticity parameter@Fig. 5~a!# the X-point can be seen
without a visible formation of the stochastic layer. With i
creasing the stochasticity parameter value the stochastic
main around theX-point becomes more and more remar
wnloaded 06 Jul 2007 to 128.103.60.225. Redistribution subject to AIP
-

v-
ac-
n

ily
5

e
c
d

o-

able@Fig. 5~b!# and the stochastic layer is formed and gro
around the reconnected surfaces@Fig. 5~c!#.

In the case of the partial reconnection with the mono
nousq-profile the larger magnetic field stochasticity provid
smallerq0 value for the same saturated island. For examp
according to Eq.~9! the standardq-profile dependence~7!
with the stochasticity valueK53.0 describes theX-point of
the reconnection in the Tokamap phase portrait ifq0

,0.925. In this way the model of the partial reconnecti
with the final stochasticityK53.0 cannot provideq0 larger
than 0.925 if we will try to use the safety factor profi
closed to the standard one. Such limit values ofq0 can be
calculated for any chosenq-profile dependence from th
analysis of the Tokamap fixed point taking into considerat
the bifurcation phenomena of the phase portrait. These s
ies confirm the important role of the magnetic stochastic
in the case of the partial magnetic reconnection12 and the
qualitative relation between the level of the magnetic s
chasticity andq0 value after reconnection.

In this way the introduction of the complete reconne
 license or copyright, see http://pop.aip.org/pop/copyright.jsp



c
n

ic

1
he
ic
2.

ag
rti

da
nd
itia

te
-
th

in
s

-
fie

se
in
te
o

c-
o
In

m
de
te

u
tio

e

to

the
d
al,

of
tive

me

ll
al
n
ip

f
ble

ap,
etic
he
ng
as

ical
ult-

ci-
e-
ta-

ic
of

l
e
the
ig-

re
-
.
an-
ent
re-

nd

ve
-
the
he
es.

1090 Phys. Plasmas, Vol. 10, No. 4, April 2003 Pavlenko et al.
tion model by Ref. 13 in the Tokamap allows us to reprodu
~Fig. 2! the magnetic field topology of the complete reco
nection known from the literature~Fig. 11 of Ref. 19 and
Fig. 7 of Ref. 20!. Flattenedq-profile dependence aroundq
51 demonstrates the increased magnetic field stochast
between the reconnected magnetic surfaces~Fig. 4! in accor-
dance with the incomplete reconnection modeled by Ref.
The important role of the magnetic field stochasticity in t
case of the partial reconnection is shown in Fig. 5, wh
closely resembles Fig. 16 of Ref. 19 and Fig. 4 of Ref. 1

V. DEPENDENCE OF THE RECONNECTION PHASE
PORTRAIT ON THE SAFETY FACTOR PROFILE

In the previous section the description of the crash st
of magnetic reconnection has been demonstrated sta
from the monotonousq-profile with a minimum valueq0

50.9 and for the particular value of the conserved toroi
flux which is proportional to the area of the magnetic isla
in Fig. 2. The island area has been specified by the in
value of the stochasticity parameter~here K51.0). Really
the crash modeling can start from anyq-profile with the
regionq(r ),1 and the value of the stochasticity parame
K will define the value of the toroidal flux which is con
served. For example, it has been shown in Ref. 14 for
standardq-profile ~7! with q050.9 that there exists an
X-point in the Tokamap phase portrait for 0,K,4p2(1/q0

21)'4.3865. It means anyK value from this range will
define a unique area of the magnetic island.

For the arbitraryq-profile with a radial regionq(r ),1,
the limiting value of the stochasticity parameter,K lim , which
defines the stochasticity range 0,K,K lim for which the
Tokamap phase portrait contains a hyperbolic fixed po
can be calculated numerically. It is significant that the po
tion of theX-point ~the area of the magnetic island! depends
on both theq-profile and theK value. This implies the Toka
map can describe the reconnection process of magnetic
for different initial q-profiles and for different initial values
of magnetic field stochasticity but the evolution of the
specifications is constructed from the theoretical constra

Furthermore, the evolution of the stochasticity parame
value determines whether the reconnection process is c
plete (q>1 everywhere after crash! or incomplete (q,1
somewhere after crash!. The process of complete reconne
tion can be described only by requiring that the level
stochasticity will be low at the final stage of reconnection.
the simulation presented here we leftK50.1 after reconnec-
tion in the complete reconnection model. In the same ti
the lower levels of magnetic fields stochasticity provi
larger values ofqmin at the final stages of the incomple
reconnection.

In accordance with theoretical constraints and the bif
cation properties of the Tokamap, the complete reconnec
can be described correctly only by usingq-profiles having
negative magnetic shear in the central region@that is, for
q(r ) satisfyingd log(q)/d log(r),0 somewhere insider max].
But it should be noted here that the input winding numb
W(c), of the Tokamap iteration procedure~5! is close to the
perturbed winding number only for small values of the s
Downloaded 06 Jul 2007 to 128.103.60.225. Redistribution subject to AIP
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chasticity parameter. So it is important to realize that
experimentally measuredq-profile is closer to the perturbe
q-profile in the mapping description. Therefore, in gener
in the case of the complete reconnection the description
the magnetic reconnection is not restricted by the nega
value of the perturbed magnetic shear inside the radiusr max

but the input magnetic shear of the Tokamap should beco
negative inside this radius during the crash.

It will be shown in a forthcoming work that even sma
local changes in theq-profile or its derivatives have essenti
effect on the magnetic field topology. An additional directio
for further study would be to seek an explicit relationsh
between the stochasticity parameter,K, and the magnitude o
magnetic field fluctuations. Such a relationship could ena
the Tokamap to be used in reconstructingq-profiles from
experimental data.

VI. CONCLUSIONS

It has been shown that the mapping technique Tokam
which has been proposed for the description of the magn
field topology in tokamaks, is also a good tool to obtain t
poloidal cross section of the magnetic field topology duri
the crash stage of the sawtooth instability. To this end, it w
necessary to link the mapping technique to the theoret
models of the sawtooth instability and to compare the res
ing phase portraits with experimental evidences.

The radial dependence of the helical flux~derived
q-profile dependence! and the stochasticity parameterK at
the moment when the instability is triggered are free spe
fications of the simulation. It does not conflict with the th
oretical models of the sawtooth instability where the ins
bility can be triggered for anyq-profile if there is a region
with q(r ),1. Also the radial fluctuations of the magnet
field at the initial stage of the crash depend on the value
the current generated around theX-point and will define the
value of the stochasticity parameterK at this moment. There-
fore, although the initialq-profile dependence and the initia
stochasticity parameterK are the free specifications of th
model, they can be obtained or, at least, estimated from
experimental data at the moment when the instability is tr
gered. But if there is such justification of theq-profile de-
pendence andK data at the initial stage of the crash there a
clear rules~see Sec. III A! to map the magnetic field topol
ogy during the crash stage of the complete reconnection

The simulation of the incomplete reconnection has
other free parameter. It is a saturated width of the cresc
magnetic island. Then some scenarios of the incomplete
connection can start to develop from the differentq-profile
dependence andK data and reach the same saturated isla
width at the final stage of the crash.

Following the procedure described in Sec. IV, we ha
determined the evolution of theq profile and of the stochas
ticity parameter that are compatible with the theories of
sawtooth instability and with the experiments for both t
complete and the incomplete magnetic reconnection cas
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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