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Abstract

New flows and instabilities are demonstrated for magnetic fluids and by dual analogy to dielectric fluids. If a fluid drop is contained in

a thin gap between two glass plates (Hele–Shaw cell) with a simultaneously applied in-plane rotating field and a DC axial field, smooth

spirals or an abrupt transformation to many small droplets can occur. A preliminary minimum magnetization and surface energy

analysis is presented to model the abrupt transformation in ferrofluids. An analysis of effective DC magnetoviscosity is also presented for

planar Couette flow with an applied uniform DC field transverse to a duct axis with the effective magnetoviscosity and flow spin velocity

calculated as a function of field strength. Related Couette viscometer measurements of ferrofluid viscosity show zero and negative

magnetoviscosity values for rotating magnetic fields.

r 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Continuum electromechanics of ferrohydrodynamic in-
teractions with magnetic liquids (ferrofluids) are directly
analogous to electrohydrodynamic interactions with polar-
izable dielectric liquids in the absence of space charge. This
paper presents measurements and analysis in terms of
ferrofluids with magnetic permeability m in a magnetic field
H but dual results are obtained for dielectric liquids of
permittivity e in electric field E if m is replaced by dielectric
permittivity e and H is replaced by electric field E.

2. Experiments

New two-dimensional flows and instabilities are pre-
sented for a ferrofluid drop contained between glass plates
with 0.9–1.4mm gaps, known as a Hele–Shaw cell, with
simultaneously applied in-plane rotating and DC axial
uniform magnetic fields. The rotating uniform magnetic
e front matter r 2005 Elsevier B.V. All rights reserved.
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field is formed using a stator winding from a 2-pole
induction motor which is excited by balanced three-phase
currents. The fluoro-carbon-based ferrofluid has saturation
magnetization �400G and low-field magnetic susceptibil-
ity of w � 3. The ferrofluid is surrounded by a 50/50
mixture of isopropyl alcohol and deionized water which
prevents ferrofluid wetting of the glass plates. The
rotational field strength is up to 100G rms at frequencies
20–40Hz, while a DC axial field is varied from 0 to �250G
[1–3].
The representative images in Fig. 1 show two experi-

ments with a 1.1mm Hele–Shaw cell gap. The first
experiment, (a)–(c), uses 100 mL of ferrofluid and the DC
axial field is first increased to 155G and then the clockwise
(CW) rotating field at 47.5G rms, 20Hz is turned on.
Image (a) shows the labyrinth pattern formed by the
ferrofluid only after the DC axial field has been applied.
Then the CW rotating field is applied and the spikes begin
to curl in on themselves as in (b), eventually forming the
smooth CW spiral pattern shown in (c). The smooth spirals
form from viscous shear as the CW rotating magnetic field
causes CW flow on the outside ferrofluid surfaces which
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Fig. 1. Spiral pattern formed when a 100mL ferrofluid droplet in a 1.1mm

gap Hele–Shaw cell is stressed by a 155G uniform DC axial magnetic field

to form the labyrinth in (a) and then an in-plane uniform clockwise

rotating magnetic field of 47.5G rms at 20Hz is applied to create

clockwise spiral flow (b). (c) As time evolves, the number of spirals

decrease to three. A larger 200mL drop (d) stressed by a 40G rms, 20Hz

uniform rotating field, is held together without a labyrinth until the

uniform DC axial magnetic field is about 170G, subsequently forming the

discrete droplet structure in (e). As the DC field is further increased to

227G, the drops and ‘‘surface hair’’ further deform to (f).
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return on the inside surfaces. The second experiment, with
200 mL of ferrofluid, is seen in images (d)–(f). The test cell is
first placed in the CW rotating field, which causes a CW
flow that holds the fluid drop together without spikes. Then
a DC axial field is gradually applied. This results in the
ferrofluid drop image (d) appearing to expand before the
phase-like transition to image (e) at a critical DC axial
magnetic field strength around 170G. Careful observations
show that the pattern of image (e) forms at �160G DC
axial field under a thin ferrofluid coating on the top glass
plate, which then abruptly peels away at a slightly
increased DC axial magnetic field. In image (f) the
magnetic field is increased to 227G.

3. Preliminary model

A preliminary minimum free-energy analysis, like that
used in modeling ferrofluid labyrinth phenomena [4], is
performed to model the phase transition from a single large
drop to many discrete small droplets. The simple pre-
liminary model assumes that the initial large cylindrical
drop has a radius R and height t, equal to the Hele–Shaw
cell gap thickness, which at a critical DC axial magnetic
field strength spontaneously forms N smaller droplets of
radius r and height t, where to conserve mass, R ¼
ffiffiffiffiffi
N
p

r.
The uniform applied DC axial field H̄0 magnetizes the
ferrofluid drop and droplets to magnetization M̄ generat-
ing a demagnetizing field H̄d ¼ �M̄D where

D � 1�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2r=tÞ2 þ 1

q ¼ 1�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1=NÞð2R=tÞ2 þ 1

q ,

M̄ ¼ wH̄ ¼
wH̄0

1þ wD
, (1)

D is the approximate demagnetization coefficient for each
droplet of radius r with linearly magnetizable magnetic
susceptibility w. The demagnetization field results from an
effective magnetic surface charge induced on the top and
bottom surfaces of the magnetic material. D is found by
solving for the demagnetization field in terms of the
magnetization for a cylinder of ferrofluid. The energy in
the N droplets, each with surface tension g, is assumed to
be due to interfacial surface energy, US ¼ N2prtg ¼
2pRtg

ffiffiffiffiffi
N
p

and to magnetization energy [4,5],

UM ¼
�m0
2

Z
M̄ � H̄0 dV

¼
�m0
2

Npr2twH2
0

1þ wD
¼
�m0
2

pR2twH2
0

1þ wD
. ð2Þ

The total energy UT stored in the configuration is the sum
of the interfacial surface energy US and the magnetization
energy UM, which in non-dimensional form is

ÛT ¼
UT

2pRtg
¼

ffiffiffiffiffi
N
p
�

ð1=2ÞR̂wNB

1þ wð1� ½4R̂
2
=N þ 1��0:5Þ

,

R̂ ¼ R=t; NB ¼ m0H2
0t=ð2gÞ, ð3Þ

where NB is known as the magnetic Bond number and is
plotted in Fig. 2(a) vs. N. By performing a calculus of
minimization of the total energy in (3), the number of
smaller ferrofluid drops N that result in minimum system
energy is

N ¼
2R̂

2

3ð1þ 2wÞ
ðw2 � 6w� 3þ ð1þ wÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 þ 18wþ 9

p
Þ (4)

and is plotted in Fig. 2(b). This value of N may then be
substituted back into the expression for NB to determine
the value of the threshold axial magnetic field Bt ¼ m0H0

such that the transition occurs. This threshold axial
magnetic field is plotted in Fig. 2(c).
Experiments were performed with 0.2mL ferrofluid

drops contained in Hele–Shaw cells of t ¼ 0:9, 1.1, and
1.4mm gaps, with respective radii R ¼ 8:40, 7.45, and
6.74mm corresponding to R/t ranging from 9.34 to 4.82.
Fig. 2(b) shows that as R/t increases (Hele–Shaw separa-
tion gap decreases and radius increases), the number of
smaller ferrofluid drops increases which is consistent with
the experiments. Fig. 2(c) shows the threshold DC axial
magnetic field Bt ¼ m0H0 decreases as the separation gap t

is widened. This is also consistent with the experiments.
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Fig. 2. Calculated minimum energy condition of (a) magnetic Bond number NB ¼ m0H2
0t=ð2gÞ versus number of phase transformation droplets N for

various values of R/t with magnetic susceptibility w � 3. (b) The number of droplets N at minimum NB as a function of R/t for various values of w. (c) The
threshold axial magnetic field Bt, that results in the transformation to occur versus the magnetic susceptibility w for various different Hele–Shaw cell

separation gaps with g ¼ 0:00663N=m. For our experiments with a 200mL drop, shown in Fig. 1(d)–(f), R=t � 6:5, and t � 1.1mm.

Ferrofluid

�

V

d Bx
vz y

z
y 

x

Fig. 3. A ferrofluid layer between rigid walls, in planar Couette flow

driven by the x ¼ d surface moving at velocity V, is magnetically stressed

by a uniform x directed DC magnetic field Bx.
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In our experiments the measured values of N range from 56
to 107 for the 0.9mm separation gap, 36 to 85 for the 1.1mm
separation gap, and 21 to 40 for the 1.4mm separation gap
with the number of drops increasing with rotating magnetic
field amplitude. These values are slightly lower than the
calculated values shown in Fig. 2(b). The measured values of
Bt range from 173 to 256G for the 0.9mm separation gap,
131 to 238G for the 1.1mm separation gap, and 70 to 164G
for the 1.4mm separation gap. These values are slightly
larger than the calculated values in Fig. 2(c) for w ¼ 3: The
difference in experimental and theoretical results may
possibly be attributed to the assumption of a linear
magnetization relationship, rather than the true Langevin
relationship, the neglected energy contributed from the
rotating magnetic field and fluid kinetic energy, and neglect
of the ferrofluid ring and ‘‘hair’’ that encircles the droplets.
Measurements show that increases in rotating magnetic field
frequency only lower the range of rotating magnetic field
amplitudes such that the transition will occur. The smaller
Hele–Shaw cell separation gaps have the transitions occur at
larger rotating field amplitudes.

Like the phase transition, the spirals only form for
specific ranges of rotating magnetic field amplitude and
frequency. For small rotating field amplitudes, the rotating
field is not strong enough to cause the radial arms to curl in
on themselves and the drop stays in a labyrinth. For large
rotating fields, the spiral cannot stay together as a single
spiral due to the large force from the rotating field and the
spiral breaks up. As the rotating field frequency is
increased, the ferrofluid spiral arms become closer
together. This is because the ferrofluid flow velocity along
the edge is now increased, causing the bending to increase.
The ferrofluid arms may also be brought closer together by
decreasing the Hele–Shaw cell separation gap.

4. Effective DC magnetoviscosity for ferrofluid planar

Couette flow

To help understand ferrofluid behavior the effective
magnetoviscosity and spin velocity for ferrofluid planar
Couette flow is calculated for an applied uniform DC
magnetic field transverse to a duct axis.
4.1. Magnetization

For low magnetic fields we use a magnetization
relaxation equation [6,7] for magnetization M̄ in a
magnetic field H̄,

qM̄

qt
þ ðv̄ � rÞM̄ � ō� M̄ þ

1

t
½M̄ � w0H̄� ¼ 0, (5)

where we assume the ferrofluid is incompressible ðr � v̄Þ ¼ 0
and at low fields obeys a linear constitutive law in
equilibrium with constant magnetic susceptibility w0. The
time constant t is the effective magnetization relaxation
time related to Brownian and Néel time constants.
For the planar duct shown in Fig. 3, the flow velocity v̄

and the spin velocity ō are of the form

v̄ ¼ vzðxÞīz; ō ¼ oyðxÞīy, (6)

where the spin velocity arises from magnetic torque when
M̄ and H̄ are not collinear.
For this geometry, all field and flow quantities are

independent of y and z and can only vary with x. Gauss’
law for the magnetic flux density B̄ ¼ m0ðH̄ þ M̄Þ and
Ampere’s law for the magnetic field H̄ with zero current
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Fig. 4. (a) with a constant current source the magnetic field H is spatially

constant in the ferrofluid H ¼ NI0=s, (b) with a voltage source the

magnetic flux (V0 ¼ dl=dt) is imposed and the magnetic field B is spatially

uniform in the ferrofluid.
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density are

r � B̄ ¼ 0)
dBx

dx
¼ 0) Bx ¼ constant; (7)

r � H̄ ¼ 0)
dHz

dx
¼

dHy

dx
¼ 0

) Hy;Hz ¼ constant ¼ 0. ð8Þ

At DC, the magnetic fields are of the form

B̄ ¼ Bxīx þ BzðxÞīz

� �
; H̄ ¼ HxðxÞīx. (9)

Using (6)–(9) in (5) yields the magnetization components

Mx ¼
w0Bx=m0

ðoytÞ
2
þ 1þ w0

� � ; Mz ¼
�w0Bxoyt=m0
ðoytÞ

2
þ 1þ w0

� � . (10)

4.2. Magnetic force and torque densities

The magnetic force density is

f̄ ¼ m0ðM̄ � rÞH̄ ¼ m0Mx

dHx

dx
īx

¼ m0Mx

d

dx

Bx

m0
�Mx

� �
īx

¼ �īx

d

dx

1

2
m0M2

x

� �
. ð11Þ

There is no z directed force to drive the flow. The magnetic
torque density is

T̄ ¼ m0ðM̄ � H̄Þ ¼ m0MzHxīy

¼ ðMzBx � m0MxMzÞīy ¼
�w0oytB2

x½ðoytÞ
2
þ 1�

m0½ðoytÞ
2
þ 1þ w0�

2
īy. ð12Þ

4.3. Fluid flow and spin velocities

For low Reynolds’ number flows, so that inertia is
negligible, and with the neglect of spin viscosity, pressure
gradient, and gravity effects, the flow and spin velocity
equations are

0 ¼ f̄ þ 2zr� ōþ ðzþ ZÞr2v̄, (13)

0 ¼ T̄ þ 2z r � v̄� 2ōð Þ, (14)

where z is the vortex viscosity and Z is the dynamic
viscosity. Using the solution form of (6), (13)–(14) reduce to

ðzþ ZÞ
d2vz

dx2
þ 2z

doy

dx
¼ 0, (15)

Ty � 2z
dvz

dx
þ 2oy

� �
¼ 0 (16)

with solution

vzðxÞ ¼
Vx

d
; oy ¼ constant; (17)

where vzðx ¼ 0Þ ¼ 0 and vzðx ¼ dÞ ¼ V . There are two
limiting cases of interest illustrated in Fig. 4, where the duct
is contained within a magnetic circuit. If the circuit is driven
by a current source the H̄ field is fixed while if the circuit is
driven by a flux or voltage source the B̄ field is fixed. We
consider both these limiting cases. Note that H̄ and oy are
constant only for Couette flow while B̄ is constant for any
flow. The constant value of oy is found from (12) and (17)
in (16) by solving

2oy þ
w0oyt½ðoytÞ

2
þ 1�B2

x

2m0z½ðoytÞ
2
þ 1þ w0�

2
þ

V

d
¼ 0

ðBx constantÞ,

2oy þ
w0m0oytH2

x

2z½ðoytÞ
2
þ 1�
þ

V

d
¼ 0 ðHx constantÞ. ð18Þ

The shear stress at the x ¼ 0 and d interfaces is

Tzx ¼ ðZþ zÞ
dvz

dx
þ 2zoy ¼ ðZþ zÞ

V

d
þ 2zoy, (19)

which has no direct magnetic stress, even if Hza0, because
Hz and Bx are continuous across the interfaces. In the
absence of magnetic field ðHx ¼ 0; Bx ¼ 0Þ, the solutions
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Fig. 5. The solution for magnetoviscosity versus related magnetic field for

various values of Vt=d. For Bx constant, w0 ¼ 1:55 for oil-based ferrofluid

Ferrotec Corp. EFH1.

Fig. 6. The experimental setup using the 2-pole three-phase induction

motor– stator winding to impose a uniform rotating magnetic field. The

Lexan spindle is connected to a Brookfield viscometer and is centered in

the beaker of ferrofluid, which is itself centered within the motor–stator

winding.
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to (18) and (19) are

oyo ¼ �
V

2d
; Tzx0 ¼ Z

V

d
. (20)

The change in shear stress due to the magnetic field gives
the change in viscosity, DZ, as

DTzx ¼ Tzx � Tzx0 ¼ z
V

d
þ 2oy

� �
¼ DZ

V

d

) DZ ¼ z 1þ
2oyd

V

� �
. ð21Þ

Defining the non-dimensional parameters r ¼ DZ=ð2zÞ ¼
ð1=2Þ þ ðoyd=V Þ, PB ¼ w0B2

xt=ðm0ð1þ w0Þ
24zÞ, and PH ¼

ðm0w0H2
xt=4zÞ, (18) can be rewritten as

r�
1

2

� �5

þ
1

2
r�

1

2

� �4

þ
½ð1þ w0Þ

2PB þ 2ð1þ w0Þ�

Vt=d
� �2

� r�
1

2

� �3

þ
ð1þ w0Þ

ðVt=dÞ2
r�

1

2

� �2

þ
½ð1þ w0Þ

2
ðPB þ 1Þ�

Vt=d
� �4 r�

1

2

� �

þ
ð1þ w0Þ

2

2ðVt=dÞ4
¼ 0 ðBx constantÞ;

r3 � r2 þ
1

4
þ

1þ PH

ðVt=dÞ2

" #
r�

PH

2ðVt=dÞ2
¼ 0

ðHx constantÞ. ð22Þ

Note that the Hx constant case has been treated by Shliomis
[4] and Rosensweig [5]. The magnetic field Hx is the best
variable if the duct filled the gap between pole-faces of
area A, of an infinitely magnetically permeable magnetic
circuit, driven by a current I0 through an N turn winding
so that Hx ¼ NI0=d, independent of ferrofluid spin velo-
city and magnetization. The magnetic flux density,
Bx ¼ m0ðHx þMxÞ, would not be a good variable because
Mx depends on oy given in (10). If the ferrofluid duct in the
magnetic circuit gap includes a surrounding air-gap, then
Hx would also depend on Mx. Then it would be better to
assume a magnetic flux source l across the N turn winding
so that Bx ¼ l=ðNAÞ is independent of ferrofluid magneti-
zation and spin velocity (Fig. 5).

Both solutions in (22) can be solved for PB or PH in
terms of r giving the multi-valued plots in Fig. 7 of DZ=z ¼
2r versus P ¼ PB or P ¼ PH for various values of Vt=d

with w0 � 0 and w0 ¼ 1:55 corresponding to EFH1 Ferrotec
Corp. oil-based ferrofluid.

5. Magnetoviscosity and torque measurements on ferrofluid

cylinders in rotating magnetic fields

The effective viscosity of ferrofluid is measured using the
rotating magnetic field generated by a two-pole three-phase
magnetic induction motor–stator winding as shown in
Fig. 6. Measurements of the torque required to rotate a
spindle submerged in ferrofluid subjected to counter-
rotating fields yields the first experimental observation of
a ‘‘negative magnetoviscosity’’ not just a decrease in
viscosity. Analogous ‘‘negative electroviscosity’’ has been
reported for a suspension of PMMA particles dispersed in
transformer oil with an applied DC electric field [8].

5.1. Experimental method

We report here on our experiments using water-
based (MSGW11) ferrofluid with magnetite nano-
particles obtained from Ferrotec Corp. The aque-
ous ferrofluid had mass density of r ¼ 1204 kg=m3,
viscosity Z ¼ 0:007N s=m2, saturation magnetization
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Fig. 7. Torque required to rotate spindle surrounded with ferrofluid as a

function of magnetic field amplitude and frequency for counter-clockwise

(CCW) rotation of spindle at 100 rpm.
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m0Ms ¼ 0:0203T, volume fraction f ¼ 0:036, and low-field
magnetic susceptibility w ¼ 0:65. From the low- and high-
field limits of the measured magnetization curve, described
by the Langevin relation [7], the mean particle diameter
was estimated to be in the range from 5.5 to 11.9 nm, so
that the Brownian relaxation time, tB, is in the range of
2–10 ms and the Néel relaxation time, tN, is in the range of
5 ns–0.02 s, taking the anisotropy constant for magnetite
nanoparticles to be K � 78; 000 J/m3 [9].

We used a Brookfield Model LVDV-I+ viscometer as a
torque meter which has a measurable torque range of
approximately �10.0 to +67.3 mN m. When a fixed
rotation speed is selected, the spindle rotates counter-
clockwise (CCW) (positive torque in our viscometer) and
the viscometer applies the necessary torque in order to keep
it rotating at the specified speed. When the magnetic field-
induced shear stress on the spindle is in the CW (negative
torque in our viscometer) direction, i.e., in the direction
opposite to spindle rotation, it is harder to turn the spindle
at the specified speed; therefore the viscometer applies a
higher torque, above and beyond the torque required to
shear the fluid in the absence of a magnetic field and it
records an increase of effective ferrofluid viscosity. On the
other hand, when the magnetic field-induced shear stress
on the spindle is in the CCW direction, i.e., in the same
direction as spindle rotation, it is easier to rotate the
spindle at the specified speed; therefore the viscometer
applies a lower torque, as compared to the torque required
to shear the fluid in the absence of a field and the
viscometer records a decrease of effective ferrofluid
viscosity.

5.2. Torque and effective magnetoviscosity including zero

and negative values

Fig. 7 shows the measured torque on a solid poly-
carbonate (Lexan) spindle with 25.5mm diameter and
122mm length shown in Fig. 6. The water-based ferrofluid
was placed inside a 38.5mm inner diameter beaker giving a
6.5mm annular gap. With the Lexan spindle in the
ferrofluid, the upper free surface exactly matched the top
of the 63.8mm high stator winding and the bottom of the
beaker matched the lower end of the stator winding. The
ferrofluid sample was centered in the gap of a three-phase,
2-pole motor–stator winding with 78mm internal bore
diameter, which was excited with balanced three-phase
currents to create a uniform applied CW or CCW rotating
magnetic field. The spindle was set to rotate at 100 rpm
CCW and the torque was measured over the frequency
range of 5–500Hz with magnetic field strengths from 0 to
130G rms. Fig. 7 shows that the magnetic field induced
torque on the spindle was opposite to the direction of
magnetic field rotation. With no magnetic field, the
required torque is about 20 mN m. With magnetic field
co-rotating with the CCW spindle, the torque increased
with increasing magnetic field amplitude and frequency,
while with magnetic field counter-rotating (CW) with the
CCW spindle, the spindle torque decreases as magnetic
field amplitude and frequency increased. The spindle
torque reaches zero and negative values for counter-
rotating (CW) magnetic fields greater than about 41G at
500Hz, above about 60G at 100Hz, and above about 96G
at 50Hz [10,11]. This would correspond to a ‘‘negative
magnetoviscosity.’’
6. Conclusions

New flows, instabilities, and increases or decreases in
effective magnetoviscosity, including zero and negative
values, have been shown for magnetic fluids in uniform
DC, AC, and rotating magnetic fields. These phenomena
have a direct duality to dielectric fluids if the magnetic field
H is replaced by the electric field E and the magnetic
permeability m is replaced by the dielectric permittivity e.
The simultaneous application of a vertical DC magnetic
field and an in-plane rotating magnetic field to a
Hele–Shaw cell results in a spiral pattern if the DC field
is applied first and an abrupt transition from a large drop
to many small droplets if the rotating field is applied first.
A preliminary energy model that minimizes the sum of
magnetization and surface tension energies provides good
agreement to the critical magnetic field necessary for the
phase transitions and to the number of droplets.
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