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In the presence of alternating-sinusoidal or rotating magnetic fields, magnetic nanoparticles will act to

realign their magnetic moment with the applied magnetic field. The realignment is characterized by the

nanoparticle’s time constant, t. As the magnetic field frequency is increased, the nanoparticle’s

magnetic moment lags the applied magnetic field at a constant angle for a given frequency, O, in rad/s.

Associated with this misalignment is a power dissipation that increases the bulk magnetic fluid’s

temperature which has been utilized as a method of magnetic nanoparticle hyperthermia, particularly

suited for cancer in low-perfusion tissue (e.g., breast) where temperature increases of between 4 and 7

degree Centigrade above the ambient in vivo temperature cause tumor hyperthermia. This work

examines the rise in the magnetic fluid’s temperature in the MRI environment which is characterized by

a large DC field, B0. Theoretical analysis and simulation is used to predict the effect of both alternating-

sinusoidal and rotating magnetic fields transverse to B0. Results are presented for the expected

temperature increase in small tumors (approximately 1 cm radius) over an appropriate range of

magnetic fluid concentrations (0.002–0.01 solid volume fraction) and nanoparticle radii (1–10 nm). The

results indicate that significant heating can take place, even in low-field MRI systems where magnetic

fluid saturation is not significant, with careful selection of the rotating or sinusoidal field parameters

(field frequency and amplitude). The work indicates that it may be feasible to combine low-field MRI

with a magnetic hyperthermia system using superparamagnetic iron oxide nanoparticles.

& 2009 Elsevier B.V. All rights reserved.
1. Introduction

Recent years have seen the development of an entire field of
research dedicated to the treatment of cancer patients, based on
the localized heating effects of magnetic nanoparticles in vivo

[1,2,4–6]. Treatment falls under one of two categories, hyperther-
mia and thermoablation.

In hyperthermia, the target area is subjected to a local
temperature in the range of 42245 3C for periods of up to a few
hours [4]. This temperature range is destructive to cancerous cells
without harming healthy cells. The end result is usually not
sufficient to eradicate all the cancerous cells and is coupled with
other techniques such as irradiation or chemotherapy [6].
Thermoablation aims at creating in vivo temperatures in excess
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of 503 in the tumor region and exposure time is limited to just
minutes. Although this approach would appear preferred, there
are concerns regarding the physiological effects of such a rapid,
localized heating effect [7]. To date, particles that have been used
are either injected in situ or are designed to bind selectively to
cancerous cells. The majority of investigations use superpara-
magnetic magnetite (Fe3O4) or maghemite (g�Fe2O3) in water
based suspensions since these are well metabolized. Creating in

vivo concentrations to allow for sufficient heating is a major
challenge due to heat conduction away from the target area as
well as blood perfusion around the tumor [4]. A second significant
challenge is the undesired heating associated with eddy currents
in surrounding healthy tissue [8]. Brezovich [8] found that
‘‘subjects had a sensation of warmth but were able to withstand
the treatment for more than an hour’’ when the product of the
field amplitude He and the frequency f ¼O=ð2pÞ did not exceed
4:85� 108

ðA m�1Þ s�1. Superparamagnetic particles of magnetite
and maghemite have been the preferred nanoparticle to date [5]
but recent developments such as FeCo particles [9] would offer
significant advantage due to the increased magnetic moment per
particle if concerns regarding biocompatability can be overcome.
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Rosensweig [2] examined the heating effect of alternating-
sinusoidal RF fields on superparamagnetic fluid suspensions. His
work developed dissipation relationships based on the rotational
relaxation of single-domain magnetic nanoparticles dispersed in a
tetradecane solvent due to sinusoidal magnetic fields. Eddy
current heating due to ohmic dissipation is assumed to be
negligible due to the small size of the particles (o20 nm core
diameter) compared to the skin depth. Rosensweig expressed the
volumetric power dissipation using a simplified version of
Shliomis’ Relaxation Equation [17] in the absence of so-called
‘‘spin-velocity’’ effects for a magnetic fluid suspension in an
alternating-sinusoidal RF field. This present work follows Rosens-
weig’s approach and introduces two new significant develop-
ments: (i) the analysis is revised for the presence of rotating as
well as alternating-sinusoidal magnetic fields and (ii) the analysis
is examined in the MRI environment, where, it is expected that
the heating effect will be limited due to the magnetic fluid
approaching saturation in the presence of the large DC magnetic
field, denoted B0, characteristic of MRI. The notion of a combined
MRI/hyperthermia unit has existed for some time [10,11] using RF
ablation techniques. This work represents the first known
analytical study accounting for both magnetic saturation effects
due to the MRI and the heating effects of superparamagnetic
nanoparticles in a rotating field, for purposes of hyperthermia
treatment.
2. Theory

The analysis is performed in two distinct phases. Firstly, the
fluid magnetization is solved as a function of all the variables of
interest following and extending Rosensweig’s approach [2]. Next,
the resultant temperature increase in low perfusion tissue is
solved using established results for heat conduction from a
spherical volume (representing a small tumor) with uniform heat
generation (due to the heating effect of the magnetic nanoparti-
cles in the rotating magnetic field) to the surrounding medium
(see Carslaw and Jaeger [3] pp. 232), in a similar manner to the
results obtained by Andra et al. [18].

2.1. Magnetic relaxation

The governing equation on a magnetic fluid’s equilibrium
magnetization, Meq, in a magnetic field is the Langevin Relation
[1] given by (1) and (2).

In the presence of either alternating-sinusoidal or rotating
magnetic fields, the fluid’s magnetization is governed by:
(i)
 the conservation of linear momentum given by (3) in the
absence of pressure differentials and neglecting inertia [15],
(ii)
 the conservation of angular momentum (4) neglecting spin
viscosity and inertia [15], and
(iii)
 Shliomis’ Relaxation Equation [17], given by (5), which
governs magnetic relaxation of the superparamagnetic
nanoparticles.
Fig. 1. The magnetic fluid time constant, t, is usually dominated by either the Néel

(tN) or Brownian (tB) relaxation times, depending on the particle’s radius.
In general, the Langevin relation determines the extent of
magnetic saturation of the nanoparticles in the suspension. This
depends on the strength of the applied field. Two fields are
considered in this work, one either alternating-sinusoidal or
rotating in the transverse xy plane and the second, the large z-
directed DC B0 field associated with the MRI. In the absence of B0,
the Langevin function will be determined by the ‘‘chord suscept-
ibility’’, following Rosensweig’s approach [2]. In the presence of
both transverse and z-directed fields, only B0 will be considered in
determining the Langevin relation since, for the analysis which
follows, the alternating-sinusoidal or rotating fields do not exceed
10% of B0, when it is present. Therefore, the z-directed component
of the equilibrium magnetization, Meq, is denoted M0, and in the
presence of a z-directed, DC magnetic field with magnitude H0, is
given by (1) where a¼ m0VpMdH0=kT and M05H0 for large field
strengths (m0H040:1 T). The nanoparticle magnetic volume is Vp,
the single-domain magnetization, Md (assumed that of magnetite
in the results which follow, with a value of 446 kA m�1) and the
thermal energy density is kT. The saturation magnetization,
Ms ¼fMd, where f is the fraction solid magnetic volume in the
magnetic fluid suspension.

Meq ¼MsLðaÞ ¼MsðcothðaÞ � 1=aÞ ð1Þ

a¼ m0Vp Md jHj

kT
ð2Þ

m0ðM � rÞHþ2zr �xþðzþZÞr2v¼ 0 ð3Þ

m0ðM � HÞ þ 2zðr � v � 2xÞ ¼ 0 ð4Þ

@M

@t
þv � rM�x�MþðM�MeqÞ=t ¼ 0 ð5Þ

For the simplified expressions of (3) and (4), the fluid linear flow
velocity vector is v, the magnetic fluid spin-velocity vector is x, Z
is the dynamic shear viscosity of the ferrofluid in N s m�2,
measured as 0.002 by Elborai when f¼ 0:035 [13], z is the
ferrofluid vortex viscosity in N s m�2, given by 3Zf=2 for f51,
and the m0ðM � HÞ term is the magnetic torque density given in
N m�2. The expressions consider the situation of sinusoidal steady
state with viscous dominated flow conditions (so that inertia is
negligible) and the magnetic fluid only responds to force and
torque densities which have time-averaged, non-zero compo-
nents. Also set to zero are the coefficients of shear and bulk
viscosity (Z0 and l0) [1] discussed by Elborai [13] and He [14]. It
will be apparent that in the case of immobilized nanoparticles
(e.g., particles attached to a tumor), there will be no flow, i.e.,
v¼ 0.

Magnetic relaxation of the superparamagnetic nanoparticles is
governed by Shliomis’ Relaxation Equation, given by (5) where M
is the instantaneous fluid magnetization and the magnetic fluid
relaxation time [1] is t, given by (6). The time constant’s
dependence on nanoparticle radius [1,15] is plotted in Fig. 1.

1

t
¼

1

tB
þ

1

tN
ð6Þ



ARTICLE IN PRESS

P. Cantillon-Murphy et al. / Journal of Magnetism and Magnetic Materials 322 (2010) 727–733 729
As seen from (6), t, is due to two distinct contributions. These are
the Brownian (tB) and Néel (tN) relaxation times. For Brownian
relaxation, which dominates at larger particle sizes, relaxation is
due to particle rotation in the carrier liquid. For Néel relaxation,
which is the dominant mechanism for smaller particle sizes
(r5 nm), the mechanism is due to rotation of the magnetic vector
within the particle. If the nanoparticle is constrained, for example
by attaching it to a tumor surface, Néel relaxation is still operative
although Brownian is not. Therefore, in the context of
hyperthermia treatment, it is the Néel relaxation which
accounts for the majority of the therapeutic effect. The relative
expressions for tB and tN are given by (7) and (8) respectively
where Vh is the nanoparticle hydrodynamic volume in m3

(including the surfactant contribution), Z is the dynamic
viscosity of the carrier liquid (assumed that of water in this
analysis) in Pa s, k is Boltzmann’s constant
(1:38� 10�23 m2 kg s�2 K�1), T is the absolute temperature in K
(assumed 310 K¼ 37 3C unless stated), Vp is the nanoparticle
volume in m3 (excluding surfactant contribution), Ka is the
anisotropy constant in J m�3 (with a value of 46:8� 103 for
magnetite [16]) and t0 is the characteristic Néel time given by
Rosensweig [1] as 1 ns. For hyperthermia applications, the
surfactant serves two purposes. The first is the prevention of
agglomeration and the second is the functionalization of the
nanoparticle. Surfactant thicknesses up to double the core radius
are not uncommon.

tB ¼
3VhZ

kT
ð7Þ

tN ¼ t0eKaVp=kT ð8Þ

Complex notation is employed for convenience where the
complete field solutions to (3)–(5) have sinusoidal time variation
as given by (9)–(11) and ix, iy and iz are the unit vectors in a
rectangular coordinate system. To facilitate analytical solutions,
consider the x and z-directed magnetic fields to be applied by
means of z and x-directed planar surface current sources at
y¼ 0; d respectively in a planar channel of width d along y, and of
infinite extent in x and z [12]. In this case, the magnetic fields are
not functions of x and z, but, at most, only a function of y.
However, since the magnetic field in a current-free media has a
curl r � H ¼ 0 from Ampere’s Law, and the magnetic flux density
obeys Gauss’ Law (i.e., r � B¼ 0), we find that in uniform applied
DC magnetic fields, B0, H0 and M0 are all uniform while hx and by

are independent of y.
In a realistic MRI/hyperthermia system, the transverse field

might be applied by means of birdcage or planar current-driven
coil and the z-directed DC field is the B0 field of the MRI. However,
the resulting fluid magnetization and associated spin-velocity are
not analytically solvable. Therefore, the notion of a planar channel
is introduced for convenience to facilitate analytical solutions.

M¼Refðm̂xðyÞixþm̂yðyÞiyÞe
jOtgþM0iz ð9Þ

H¼Refðĥxixþ ĥyðyÞiyÞe
jOtgþH0iz ð10Þ

B¼Refðb̂xðyÞixþ b̂yiyÞe
jOtgþB0iz ð11Þ

In the absence of any applied pressure differential or imposed
linear flow (v¼ 0), the solutions of (5) for the x and y directed
transverse magnetization components, associated with the ap-
plied transverse rotating field are given by (12) and (13) [15].

m̂x ¼
M0

H0

ðjOtþ1þM0=H0Þĥx � ðoztÞb̂y=m0

ðjOtþ1ÞðjOtþ1þM0=H0ÞþðoztÞ2
ð12Þ
m̂y ¼
M0

H0

ðoztÞĥxþðjOtþ1Þb̂y=m0

ðjOtþ1ÞðjOtþ1þM0=H0ÞþðoztÞ2
ð13Þ

In the limit of very low frequency excitation (Ot51) and zero
spin-velocity (ozt� 0), the transverse xy magnetization compo-
nents, m̂x and m̂y, are related to the fields causing them (i.e., hx

and by respectively) by M0=H0 as indicated in (14) since for all
practical values of MRI field strength (e.g., m0H0Z0:1 T), the DC
magnetization is much less than the source DC field, M05H0.

m̂x �
M0

H0
hx

m̂y �
M0

H0

by

m0

ð14Þ

The spin-velocity, x, shown in the expressions of (12) and (13)
was solved in the absence of imposed flow (v¼ 0) by analysis of
the conservation of angular (4) and linear momentum (3) with the
solution being z-directed (x¼oziz) and given by (15) [1,15]. In
the thermodynamic analysis which follows there is no imposed
flow:

oz ¼
1

8z
Reðm̂x b̂

�

y � m0ðĥxþm̂xÞ m̂
�

yÞ ð15Þ

Since b̂y and ĥx are known imposed source terms, (12), (13)
and (15) can be solved for the transverse magnetization complex
amplitudes, m̂x and m̂y considering the relationship of (16) where
m0 ¼ 4p� 10�7, the magnetic permeability of free space.

B¼ m0ðHþMÞ ð16Þ

2.2. Thermodynamics of magnetic fluids

From the first law of thermodynamics, the differential internal
heat density, dU (which is independent of process path) for a
closed system of constant density is given by (17) where dQ is the
differential energy input and dW is the differential work done on
the system. Both dQ and dW are process path-dependent, leading
to the partial derivative notation.

dU ¼ dQþdW ð17Þ

For an adiabatic process, it can be assumed that dQ is zero so that
all generated heat remains within the system. This ignores, for
example, blood perfusion.

dU ¼ dW ð18Þ

The internal energy is then given by dW , which, for a magnetic
fluid with negligible conductivity is given by (19) [1].

dW ¼H � dB ð19Þ

dW ¼H � dðHþMÞ ð20Þ

dW ¼ m0ðH � dHþH � dMÞ ð21Þ

For cyclic variations in H and M, the cyclic increase in work done,
DW , which is equal to the cyclic increase in internal energy per
unit volume, DU is then given by integration.

) DU ¼DW ¼

I
dW

) DU ¼

I
ðH � dHþH � dMÞ ð22Þ

The first term on the right side of (22) is zero for cyclic
variations in H while the second term on the right side can be
rewritten using the Chain Rule of Differentiation.

DU ¼ m0

I
dðM �HÞ � m0

I
M � dH ð23Þ
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Again, the first term on the right side is zero for cyclic variations
in M and H so that DU is given by (24).

DU ¼ � m0

I
ðM � dHÞ ð24Þ

As noted by Rosensweig [2], DU is positive in a magnetic fluid
solution when M lags behind H as occurs when the alternating-
sinusoidal or rotating field frequency is such that Ot� 1. The
solution is expressed in terms of one complete time period
P¼ 2p=O, in (25) for time-averaged heating. It is noted that the
partial time derivative of (25) is correct for a stationary medium.

/DUS¼ � m0

Z P

0
M �

@H

@t

� �
dt ð25Þ

The expression of (25) is evaluated where M is the vector whose
components are the complex amplitudes, m̂x and m̂y, given by
(12) and (13). The time derivative of the H field is evaluated in
(27) where H is given by (26).

H ¼ReðejOtðĥxixþ ĥyiyÞÞ þ H0 iz ð26Þ

@H

@t
¼ReðjOejOtðĥxixþ ĥyiyÞÞ ¼ReðjOejOtðĥxixþðb̂y=m0 � m̂yÞiyÞÞ ð27Þ

Substituting the expression of (27) and the transverse compo-
nents of M into (25) eventually yields (31). There can be no
contribution from the z-directed components since they do not
vary with time.

/DUS¼ �
m0

2

Z P

0
Reððm̂xixþm̂yiyÞe

jOt � fjOejOtðĥxixþðb̂y=m0 � m̂yÞiyÞg
�Þdt

ð28Þ

¼ �
m0

2
Re

Z P

0
ðm̂xðjOĥxÞ

�
þm̂yðjOðb̂y=m0 � m̂yÞÞ

�
Þdt

� �
ð29Þ

¼ �
m0

2
Re

Z P

0
ðm̂xð�jOĥ

�

xÞþm̂yð�jOðb̂
�

y=m0 � m̂
�

yÞÞÞdt

� �
ð30Þ

¼
m0

2
ReðjOm̂xĥ

�

xþ jOm̂yðb̂
�

y=m0ÞÞP ð31Þ

The last term of (30) contains m̂y multiplied by its complex
conjugate (purely real) which is then multiplied by j so this term
is purely imaginary and thus has no real part. It is eliminated from
the expression in (31). The period P, is given by 2p=O so further
simplification is possible.

/DUS¼ m0Reðjpðm̂xĥ
�

xþm̂yðb̂
�

y=m0ÞÞÞ ð32Þ

Substituting for ĥx ¼He and b̂y ¼ jBe where He and Be are real-
valued quantities leads to (33), generating a rotating field in the
transverse xy plane. For a purely alternating-sinusoidal field, we
allow the y component to be zero (i.e., b̂y ¼ 0). In the case of a
rotating field in the transverse plane, Be and He are the imposed y

and x field components respectively and in this analysis they are
related by Be ¼ m0He.

/DUS¼ m0Reðjpðm̂xHeþm̂yð�jBe=m0ÞÞÞ ð33Þ

The volumetric, time-averaged, power dissipation, Pv, in W m�3 is
then given by Pv ¼O/DUS=ð2pÞ as shown in (34). This expression
equals Eq. (6) of Rosensweig’s work [2] when Be is zero and the
spin velocity in (12) and (13) is ignored.

Pv ¼ m0Re
jO
2
ðm̂xHeþm̂yð�jBe=m0ÞÞ

� �
ð34Þ

While Rosensweig related this expression to the rate of
temperature rise, the specific absorption rate (SAR) is the
conventional measure of heating effects in human tissue. SAR is
given by the volumetric power dissipation divided by the mass
density, rm, in kg m�3, as in (35). As noted by Andra et al. [18], the
value of rm should be given by the mass of magnetic nanopar-
ticles per unit mass of tissue rather than the value of the tissue
mass density.

SAR¼ Pv=rm ¼ m0Re
jO

2rm

ðm̂xHeþm̂yð�jBe=m0ÞÞ

� �
ð35Þ

The relation between SAR and temperature rise in vivo has been
evaluated by Andra [18] using the result of Carslaw [3] for the
particular case of a small, spherical tumor in relatively homo-
genous tissue with low blood perfusion (e.g., muscle tissue or fat).
Carslaw derives and states the radial and temporal dependencies
inside (roR) and outside (r4R) a sphere of radius R containing a
uniform power dissipation source, Pv for roR. In this work, Pv is
due to the time-averaged power dissipation of the magnetic
nanoparticles in the transverse magnetic field. The situation is
approximately realized in breast tumors. While the full expres-
sions ([3], pp. 232) detail spatial and temporal variations in
temperature, the steady-state temperature rise above ambient
temperature, DT , on the surface of a spherical tumor of radius, R,
is given by (36) where l is the heat conductivity of tissue with an
approximate value of 0:64 W K�1 m�1 [18].

DT ¼
SAR � R2rm

3l
¼

PvR2

3l
ð36Þ

The variation in the steady-state temperature rise is investigated
for a number of cases of interest. The work represents two
significant developments over that of Rosensweig [2]. Firstly, the
case of rotating rather than purely alternating-sinusoidal mag-
netic field excitation is investigated. Secondly, the effect of
excitation, with both sinusoidal and rotating fields, is investigated
in the presence of a low-field 0.2 T MRI system. The rotating and
sinusoidal fields are applied orthogonal to the DC B0 � m0H0 field.
In each case, the effect of variation in (i) particle radius, r, (ii) field
amplitude, He ¼ Be=m0 and (iii) solid magnetic volume fraction, f,
is investigated. In estimating DT on the tumor surface, the
magnetic mass density is given by rm ¼ rFe3O4

f where the density
of magnetite, rFe3O4

, has a value of 5180 kg m�3 [2].
3. Results

3.1. Alternating-Sinusoidal field excitation in the absence of MRI

This section examines heating in the absence of MRI with an
alternating-sinusoidal magnetic field excitation. Following the
analysis of Rosensweig, spin-velocity is zero (i.e., oz ¼ 0) in the
case of an alternating-sinusoidal driving magnetic field. This leads
to a simplification in the expressions for m̂x and m̂y in (12) and
(13) as given by (37) and (38) where the sinusoidal excitation has
amplitude He and is applied along the x direction. The orthogonal
flux-density along y, with amplitude Be, is set to zero.

m̂x ¼ w
ĥx

ðjOtþ1Þ
ð37Þ

m̂y ¼ 0 ð38Þ

Following Rosensweig’s formulation, the actual susceptibility is
field-dependent and therefore, also time-dependent when the
field is time-varying. In the absence of the B0 field characteristic of
MRI, the only field is the alternating-sinusoidal field with
amplitude, He. The field-dependent susceptibility, (denoted w0

by Rosensweig) is given by (39) [1] using the chord susceptibility
employed by Rosensweig. In reality, this is the maximum value of
the chord susceptibility, corresponding to points in time when the
instantaneous sinusoidal magnetic field is He. So the magnetic
saturation effects predicted using this value may overestimate
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Fig. 2. The effect of particle radius on the field-dependent susceptibility in the

absence of MRI, given by (39), is examined for three magnetic fields of interest:

m0He ¼ 10, 20 and 30 mT. As the nanoparticle radius approaches 0, the

susceptibility also tends towards zero. Solid volume fraction is f¼ 0:002 and Md

is assumed that for magnetite, Md ¼ 446� 103 A m�1.

Fig. 3. The effect of changing particle radius on the ratio of M0 to H0 is shown for

increasing values of B0, 0.1, 0.2 and 0.35 T. The ratio saturates at large values of r as

might be expected since the onset of magnetic saturation is earlier with increasing

particle size. Again, solid volume fraction is f¼ 0:002 and Md is assumed that for

magnetite, Md ¼ 446� 103 A=m.
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those observed in experiment.

w¼ fMd

He
ðcothðaÞ � 1=aÞ ð39Þ

The field-dependent susceptibility, w is plotted in Fig. 2 as a
function of particle radius for various values of field excitation,
denoted He, in units of A m�1. Clearly, as particle radius increases,
the field-dependent susceptibility, increases. As already noted, in
the absence of the MRI’s B0 field, the magnetic field dependence is
not on B0 (which is zero for now) but on the amplitude of the
alternating-sinusoidal or rotating field, denoted He in each case.
As He increases, the susceptibility, decreases as the fluid slowly
approaches magnetic saturation due to He. This is apparent in
Fig. 2 where, for any particular particle radius, an increasing He

results in decreased susceptibility. The peak value (i.e.,
corresponding to the instantaneous alternating sinusoidal field
being equal to He) of the unitless Langevin parameter is
a¼ m0VpMdHe=kT in this case and all other quantities are as
noted in relation to (1) and (2).

The change in steady state temperature rise, DT, on the surface
of a tumor of radius R¼ 1 cm is shown versus nanoparticle radius
for changing values of particle concentration, f, and m0He ¼ 10 mT
in Fig. 4(a). It is assumed that all nanoparticles are confined within
the tumor (roR) and are uniformly distributed with solid volume
fraction, f. While this represents a considerable simplification on
the reality, it serves to illustrate the potential effect. The steady
state temperature rise is shown in Fig. 5(a) for changing values of
field amplitude, He, and f¼ 0:005. The applied field frequency is
1:88� 106 rad s�1 or 300 kHz in each case. Tissue was assumed to
have the same mass density as water at room temperature
(998 kg m�3) and, unlike in Rosensweig’s approach [2], the
magnetic fluid suspension was assumed water-based. The surfac-
tant thickness was taken as 10 nm throughout.
3.2. Alternating-Sinusoidal field excitation in the presence of MRI

This section examines the effect of heating due to an alternating-
sinusoidal magnetic field in the presence of the B0 field of MRI. In
the MRI, the large, z-directed B0 field is applied in addition to the
transverse x-directed sinusoidal magnetic field. The primary effect of
B0 on the magnetic fluid’s magnetization is that the saturation of the
nanoparticles is determined primarily by B0 when B0bm0He. Since
physically achievable alternating-sinusoidal or rotating fields are
unlikely to exceed tens of mT [4] due to power requirements, the
assumption that saturation is determined by B0 is reasonable for B0

in the range of 0.1–0.35 T. The expressions for the complex
magnetization amplitudes m̂x and m̂y are identical to that of (37)
and (38) where oz ¼ 0 in the absence of a y component of magnetic
field. Also, w is replaced by M0=H0 and M0 is given by (1) while
jHj ¼H0 is approximately given by B0=m0 for the B0 fields considered
in this work since H0bM0. The ratio of M0=H0 is plotted in Fig. 3
versus the particle radius for three values of B0 which are of interest.
Clearly, as B0 increases, the ratio of M0=H0 decreases in value.

The change in steady state temperature rise, DT , on the surface
of a tumor of 1 cm radius is shown versus nanoparticle radius for
changing values of particle concentration, f, and m0He ¼ 10 mT in
Fig. 4(b) for an MRI field strength of 0.2 T. The steady state
temperature rise is shown in Fig. 5(b) for changing values of field
amplitude, He, f¼ 0:005 and B0 ¼ 0:2 T. Again, the applied field
frequency is 1:88� 106 rad s�1 or 300 kHz in each case and the
surfactant thickness was taken as 10 nm.

3.3. Rotating field excitation in the presence of MRI

The alternating-sinusoidal field of the previous section is now
replaced by a rotating field of amplitude He and frequency of
1:88� 106 rad s�1 or 300 kHz. The rotating field is generated by
means of an imposed, y-directed flux density of magnitude
Be ¼ m0He, which is temporally displaced by a quarter time period
from the x component. The z-directed B0 ¼ 0:2 T field is maintained.
The results are shown in Fig. 4(c) for m0He ¼ 10 mT with changing f
and Fig. 5(c) for f¼ 0:005 with changing He. The tumor radius is
again assumed to be 1 cm. The expressions for the transverse
complex magnetization amplitudes are identically (12) and (13)
where it is assumed that saturation is determined primarily by the
B0 field and not the transverse rotating field amplitude. Spin
velocity is non-zero in this case and given by (15).
4. Discussion

4.1. Alternating-Sinusoidal field excitation in the absence of MRI

Figs. 4(a) and 5(a) complement those of Rosensweig although
the solution is now a water-based rather than an hydrocarbon-
based (tetradecane) solution [2] as was the case in Rosensweig’s
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Fig. 4. The effect on DT is shown versus particle radius with varying magnetic

nanoparticle concentration: (a) without MRI due to an alternating-sinusoidal

magnetic field of 10 mT, (b) with a 0.2 T MRI field and an alternating-sinusoidal

magnetic field of 10 mT, and (c) with a 0.2 T MRI field magnetic and a rotating field

of 10 mT. For these result, the RF frequency is 300 kHz, f¼ 0:002 and t is a

function of nanoparticle radius, as plotted in Fig. 1. A 1 cm radius tumor is

considered throughout.

Fig. 5. The effect on DT is shown versus particle radius with varying magnetic

field amplitudes: (a) without MRI due to an alternating-sinusoidal magnetic field,

(b) with a 0.2 T MRI field, an alternating-sinusoidal magnetic field, and (c) with a

0.2 T MRI field, a rotating magnetic field. Again, the RF frequency is 300 kHz, t is a

function of nanoparticle radius, as plotted in Fig. 1 and nanoparticle concentration

is f¼ 0:005. A 1 cm radius tumor is considered throughout.
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analysis. The time constant, t, as plotted in Fig. 1, varies with
particle radius as shown in Fig. 1. In the case of a constrained
nanoparticle (such as the case of a particle which is bound to a
tumor site) Néel relaxation is expected to dominate. Therefore, for
the results of Figs. 4 and 5, the Brownian relaxation time in
infinite (tB-1) and tN ¼ t.

As is evident from Figs. 4 and 5 the steady-state temperature
rise is a maximum at a particle radius of approximately 5 nm for a
rotating field frequency of 300 kHz. As one might suspect from the
expressions of (12) and (13), this is where the product of Ot
approaches unity when O¼ 1:88� 106 rad s�1 or 300 kHz. This is
true for both alternating-sinusoidal and rotating fields and is true
regardless of the presence of the MRI’s B0 field.
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4.2. Alternating-Sinusoidal field excitation in the presence of MRI

After the addition of the z-directed B0 field which characterizes
MRI, the most striking result is the large decrease in DT. This is
because, for reasons of practical realizability, B0 is chosen to
dominate the sinusoidal or rotating field amplitude, m0He,
throughout this work. This decrease is greater as B0 increases.
The presence of B0 causes the fluid to approach saturation far
more rapidly than occurs in the presence of the rotating field.
Saturation impedes nanoparticle rotation, and hence, heat gen-
eration, since one can imagine that as a larger fraction of the
nanoparticles remain saturated, their magnetic moments remain
collinear with B0 and do not respond to the sinusoidal field
excitation orthogonal to B0, along the x axis. This result is
supported by comparing plots (a) and (b) of Figs. 4 and 5. Since
the DC B0 field itself does not add or subtract heat from the fluid,
the dramatic change in heating can only be accounted for by the
partial magnetic saturation which occurs in its presence.

DT will increase linearly in the presence of B0 although the
dependence on He is non-linear as seen in Fig. 5.

4.3. Rotating field excitation in the presence of MRI

Adding a second orthogonal field component to the previous
case of an alternating-sinusoidal field has the effect of creating a
rotating field if the two components are temporally displaced by a
quarter cycle. The results take account of the spin-velocity in the
ferrofluid although the effects of spin-velocity only become
significant in narrow channels (mm) or with large, imposed
channel flow velocities (Z10 m s�1) [15]. The term is nonetheless
included for completeness. Therefore, the results for a rotating
field in addition to the MRI’s B0 field show an approximate factor
of two increase in DT, as might be expected, compared to the case
of a purely alternating-sinusoidal field albeit at the cost of a
second RF power amplifier for the y component of the rotating
field.
5. Conclusions

This paper examines the potential for magnetic nanoparticle
hyperthermia in low-field MRI (0.2 T) where the nanoparticles are
still free to rotate due to incomplete magnetic saturation, as
determined by the Langevin function. The conclusion of the
analysis is that, perhaps contrary to intuition, significant nano-
particle heating is still conceivable, due to Néel relaxation effects,
even at 0.2 T MRI field strength. Nanoparticles with a magnetic
core radius corresponding to Ot¼ 1 show the most significant
effect. This is clear from the results in Figs. 4 and 5 where,
although the steady-state temperature increase in a 1 cm radius
spherical tumor (assuming no perfusion) is decreased signifi-
cantly by the addition of the MRI field, temperature increases of
up to 10 3C are still possible with reasonable values of rotating
field amplitude (� 10% of B0) and particle concentration
(f� 0:01). This is well within the range of 427 3C typical in
hyperthermia treatment for breast cancer.

To the author’s best knowledge, this work represents the first
time that an analysis of this kind has been undertaken which
bridges the rotational dynamics of magnetic nanoparticle suspen-
sions (ferrofluids) [1,2] with two of the primary applications of
these nanoparticles in modern medicine: magnetic nanoparticle
hyperthermia [4–6] and MRI contrast agents. This work raises the
possibility of combining these two applications in a single
therapeutic environment, where, for example, magnetic nanopar-
ticle hyperthermia for breast cancer treatment could be combined
with low-field (e.g., 0.2 T) MR imaging for real-time, non-invasive
temperature measurement.
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