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Negative electrorheological responses induced by micro-particle electrorotation in two-dimensional
Couette flow geometries are analyzed by a set of continuum modeling field equations originating from
anti-symmetric/couple stress theories in the finite spin viscosity small spin velocity (FSV) limit.
Analytical solutions are obtained for the first time to express the spin velocity, linear velocity, and
effective viscosity in terms of the electric field strength, driving shear rate, boundary condition selection
parameter, and spin viscosity. Good agreement is achieved between the FSV theoretical predictions
presented herein and the experimental measurements reported in recent literature for the effective
viscosity for low driving shear rates.
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1. Introduction

Electrorheology is the science and research field concerned with
the control and modification of macroscopic effective fluid prop-
erties and subsequently the flow responses of electrorheological
(ER) fluids, or solid micro-particles in viscous liquid suspensions,
when external electric field excitations are applied to the ER fluid
medium [1]. For a collection of dielectric insulating solid micro-
particles suspended in a more conducting viscous liquid medium
being subjected to a direct current (DC) strong electric field, it has
been observed that the suspended micro-particles have the
tendency to migrate and deposit toward one of the pair of elec-
trodes causing the solid and liquid phases of the originally homo-
geneous suspension phase to separate (with the phase separating
plane being perpendicular to the electric field direction) and leading
to a reduction in the suspension fluid effective viscosity measured
by applying a shear force perpendicular to the applied DC field
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direction and recording the fluid shear rate in parallel plate Couette
flow geometries [2,3]. This measured reduction in the macroscopic
ER fluid, or suspension fluid, effective viscosity is generally termed
the negative ER effect [2,3]. Additional to the phase separating
mechanism, negative ER effects can also be achieved by introducing
spontaneous electrorotation, or Quincke rotation [4e15], to
a collection of insulating micro-particles (with a conductivity of s2
and a permittivity of e2) suspended within a slightly conducting
viscous liquid (with a permittivity of e1wOðe2Þ, a conductivity of
s1[s2, and a viscosity of h0) via the application of a strong DC
electric field in the direction perpendicular to the macroscopic
suspension or ER fluid flow direction as discussed in recent litera-
ture [4e12]. With the set of parallel plate (or coaxial cylindrical)
electrodes supplying the DC electric field and serving as the Couette
flow geometry driving the ER fluid shear flow with internal micro-
particle Quincke rotation, reductions in the effective viscosity of the
ER fluid are experimentally measured and investigated [4,8,9].

From a theoretical modeling point of view for two-dimensional
(2D) Couette flow geometries, Lobry and Lemaire [4], Pannacci
et al. [8], and Lemaire et al. [9] started out from the dynamics of
a single micro-particle undergoing Quincke rotation in a Couette
shearflow to solve for themicro-particle rotation speed,U, and then
substituted this rotation speed solution into a suspension fluid
ve electrorheological responses of micro-polar fluids in the finite spin
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Fig. 1. The geometry, dimensions, and physical parameters of two-dimensional
parallel plate Couette flow with internal micro-particle electrorotation. Based on the
assumptions given in Section 2, the macroscopic field quantities can be reduced to
u ¼ uxðzÞix , v ¼ uyðzÞiy , and E ¼ EzizzE0iz .
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effective viscosity expression derived from a two scale, two-phase
volume averaged homogenization effective medium analysis by
Brenner [16]. The electrical torque input through the suspended
rotatingmicro-particles into the ERfluid changes the effective stress
balance within the ER fluid flow such that the effective viscosity
derived for the ER fluid can be expressed in terms of the micro-
particle rotation speed, and in turn, as a function of the applied DC
electricfield strength and thedrivingCouette shear rate.Huanget al.
[12] took on a continuum mechanical modeling approach and
analyzed the 2D negative ER Couette flow problem with a set of
continuum anti-symmetric/couple stress modeling field equations,
which include the mass conservation, linear momentum balance
(characterized by the continuum linear velocity, n), angular
momentum balance (characterized by the continuum spin velocity,
u), and polarization relaxation equations for the ER fluid in the limit
of zero spinviscosity,h0 ¼ 0, or couple stress free conditions. The set
of continuum equations employed in their work follows that from
structured continua theory byDahler and Scriven [17,18] andCondiff
and Dahler [19] and is similar to that employed in analyzing the
ferrofluid spin-up flow problem in magnetorheology and ferrohy-
drodynamics [20e27] as well as to the equations of motion for
micro-polar fluids independently derived by Eringen [28,29].
Another contribution made by Huang, Zahn, and co-workers is by
treating the micro-particle rotation speed, U, and the continuum
spin velocity, u, as different physical quantities such that the equi-
librium polarization accompanying the polarization relaxation
equation is allowed to possess two components and be dependent
upon the externally applied DC electric field strength [11,12].

By comparing the single particle dynamics [4,8,9] and the zero
spin viscosity (couple stress free) continuum [12] modeling
predictions with the experimental Couette effective viscosity
measurements as reported in Lemaire et al. [9], we find that
although the two models consistently predicted the non-linear
features of the reduced effective viscosity of the negative ER Cou-
ettefluidflowatmoderate to high shear rates, bothmodelswere not
capable of accurately and consistently capturing the experimentally
observed lowviscosity plateau atmoderate to high DC electric fields
in the regime of low driving shear rates on the rheogram (effective
viscosity versus shear rate diagram). A phase separation phenom-
enon of the solid and liquid phases of the suspension fluid (with the
phase separating plane being parallel to the applied DC electric field,
different from the one described in Refs. [2,3]) in the coaxial cylin-
drical Couette flow rheometer device was suggested to explainwhy
discrepancies exist between single particle dynamics modeling and
experimental measurements at this low viscosity low shear rate
regime of interest [9]. However, this newly observed phase separa-
tionphenomenon (phase separating plane being parallel to thefield)
was likely a high shear rate phenomenon [8] instead of a low shear
rate phenomenon; hence, rendering the discussions on the low
effective viscosity plateau inconclusive and leaving this experi-
mentally observed low shear rate low viscosity regime [9] still open
to further research and investigation.

In this paper, we would like to offer another possibility of more
plausibly explaining and accurately capturing the low effective
viscosity plateau at low driving shear rates as found on the rheo-
grams reported in Lemaire et al. [9] by theoretically analyzing the
micro-particle Quincke rotation induced negative ER fluid flow
phenomenon with the set of continuum anti-symmetric/couple
stress modeling field equations as employed by Huang [11] and
Huang et al. [12] in the finite spin viscosity small spin velocity limit,
i.e., finite couple stress contributions, in 2D parallel plate Couette
flow geometries. In the next section, we shall formulate the physical
models of a continuum ER fluid parcel and the 2D negative ER
Couette flow with internal micro-particle electrorotation. We shall
first present the governing continuum mechanical modeling field
Please cite this article in press as: H.-F. Huang, M. Zahn, E. Lemaire, Negati
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equations in their most general form and then, while retaining finite
couple stress contributions to the continuum angular momentum
transport, i.e., finite spin viscosities, simplify the full equations with
reasonable assumptions into a set of coupled differential equations
characterized by the continuum linear and spin velocity fields for the
condition of small spin velocities. Analytical solutions to the
simplified coupled differential equations are solved and presented in
Section 3. Parametric studies are next performed on the obtained
analytical solutions to discuss how the effective viscosity, heff , of the
negative ER Couette flow vary as function of the applied DC electric
field strength, E, boundary condition selection parameter, b, and spin
viscosity, h0, while subjected to a Couette driving boundary velocity
of U0 (or shear rate, g*) in Section 4. Also in Section 4, we compare
the theoretical effective viscosity predictions obtained from the
present continuum analysis in the finite spin viscosity small spin
velocity limit with the experimental measurements reported in
Lemaire et al. [9] and the single particle dynamics theory predictions
found in Lemaire et al. [9] so as to validate our proposed finite spin
viscosity continuum theoretical framework. The principle findings
from this research and directions for future work are finally
summarized in Section 5 concluding this paper.
2. Formulation and governing equations

Illustrated in Fig. 1 are the flow geometry and important physical
parameters of an ER fluid with the internal suspended dielectric
insulating micro-particles undergoing spontaneous electrorotation,
or Quincke rotation, when subjected to a uniform DC strong electric
field in 2Dparallel plate negative ERCouette flow. In the diagram, the
upper plate is driven at a constant linear velocity of U0 in the
y-directionwhile the lower plate isfixed at zero velocity. The channel
height, or separation distance between the two plates, is given as
h such that the lower plate is located at z ¼ 0 and the upper plate is
located at z ¼ h. Within the channel space defined by the parallel
plates is the 2D negative ER flow field of interest, which is charac-
terized by the linear velocity field, v ¼ uyiy þ uziz, and the spin
velocity field, u ¼ uxix. The two plates also serve as parallel plate
electrodes to stress the ER fluid in betweenwith a high voltage drop
giving rise to anapplied z-directedelectricfield aswell as a y-directed
electric field component that varies with the spatial coordinates (i.e.,
z-coordinate) due to internal micro-particle rotations. Thus, most
generally, the total electric field can have both y- and z-components,
i.e., E ¼ Eyiy þ Eziz. On the right hand side of Fig. 1, we consider
microscopically the ER fluid filling the flow channel to be a dilute
suspensionofdielectric insulatingspherical solidmicro-particles,e.g.,
poly(methyl methacrylate) particles, (with a permittivity of e2 and
aconductivityofs2) ina slightlyelectricallyconductingviscous liquid,
ve electrorheological responses of micro-polar fluids in the finite spin
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e.g., mixture of transformer oil and conductivity modifiers, (with
apermittivityof e1wOðe2Þ, a conductivityofs1[s2, andaviscosityof
h0) with the micro-particle solid volume fraction being f � 1 and
each of the micro-particles subjected to Quincke rotation with
a microscopic rotation speed of (in 2D)U ¼ Uix when a microscopic
externalDCelectricfield,Ey ¼ E0iz, is applied.Basedonthedefinition
of a “rotatingcoffee cup”model asemployed inHuang [11]andHuang
et al. [12], we define a continuum ER fluid parcel as to consist of
a representative amount of rotating solid micro-particles and carrier
liquid molecules such that the macroscopic ER fluid can be rotating
and translating respectively at certain continuum spin ðuÞ and linear
ðvÞ velocities while the internal suspended micro-particles are
rotating at a microscopic rotation speed of U ¼ Uix. The idea of this
model is illustrated by the cartoon shown in Fig. 2 inwhich the large
circle in the background represents the matrix of carrier liquid
molecules whereas the small circles represent the particles with
micro-rotation suspended within the matrix. Therefore, the macro-
scopic continuum spin velocity, u ¼ uxix and the microscopic
particle rotation speed, U ¼ Uix, are not to be the same physical
quantity.Moreover,with the rotatingcoffeecupmodel showninFig. 2
treating the suspended rotating micro-particles as “molecules”, the
macroscopic applied DC electric field, E (as in Fig. 1), and the micro-
scopic “molecular”DCfield as observed or felt by themicro-particles,
i.e., Ey (as in Fig.1), are generally not the same. Lastly, the suspension,
termed ER fluid henceforward, is made neutrally buoyant by match-
ing the densities of the respective solid and liquid phases of the ER
fluid such that themicro-particles do not sediment through time and
that the ER fluid remains as a homogeneous suspension [4e10].

2.1. The fluid mechanical equations

The general equations of motion for this negative ER fluid flow,
or micro-polar fluid flow, are given as [11,12,19,20]: (i) the mass
conservation or continuity equation for incompressible flow,

V$v ¼ 0 (1)

(ii) the linear momentum equation,

r
Dv
Dt

¼ r

�
vv

vt
þ ðv$VÞv

�

¼ �Vpþ ðPt$VÞE þ 2zV� uþ lVðV$vÞ þ heV
2v (2)

and (iii) the angular momentum equation,
Fig. 2. Cartoon illustrating the physical picture of the “rotating coffee cup model” [11]
employed in the development of the retarding polarization relaxation equationwith its
accompanying equilibrium retarding polarization for the negative ER fluid flow
considered herein.
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Du
Dt

¼ I
�
vu

vt
þ ðv$VÞu

�

¼ Pt � E þ 2zðV� v� 2uÞ þ l0VðV$uÞ þ h0V2u (3)

where v ¼ uyiy þ uziz is thecontinuumlinearvelocityfield,u ¼ uxix
is the continuum spin velocity field, r is the ER fluid density, I is the
average moment of inertia per unit volume of the ER fluid, p is the
hydrodynamic pressure within the flow field, Pt ¼ Ptyiy þ Ptziz is
the total polarization of the ER fluid, E ¼ Eyiy þ Eziz is the externally
applied electricfield,h0 is the spinviscosity (shear coefficient), z is the
vortex viscosity and is approximately related to the micro-particle
solid volume fraction, f, and carrier liquid viscosity, h0, through
zw1:5fh0 for dilute suspensions (f � 1) [16], he ¼ hþ z is the sum
of the vortex viscosity and the zero electric field suspension viscosity
as given through the Einstein relation, hwh0ð1þ 2:5fÞ [16], l is the
sum of the second coefficient of viscosity, the zero electric field
viscosity, and the negative of the vortex viscosity, and l0 is the sum of
the spin viscosity (i.e., shear coefficient) and the second coefficient
(i.e., bulk coefficient) of spin viscosity [20].

Note that by asserting the incompressibility condition as given
in Eq. (1), we are treating the ER fluid, or particle-liquid suspension,
as a homogeneous single phase continuous medium without the
microscopic details of the particle-liquid two-phase nature. In
other words, we have inherently assumed as well as defined in Eq.
(1) that a continuum ER fluid “parcel”, i.e., a fundamental material
element that makes up the continuum in the flow field, consists of
a representative amount of rotating solid micro-particles and
carrier liquid molecules, i.e., the rotating coffee cup model [11] as
previously discussed in Fig. 2. Following this physical picture, the
macroscopic continuum field quantities such as the spin velocity, u,
the linear velocity, v, the hydrodynamic pressure, p, the applied DC
electric field, E, etc., found in the governing equations are to be
defined for a homogeneous single phase continuous medium, and
thus the macroscopic continuum field quantities are not the same
as the microscopic physical quantities such as the microscopic
electric field, Ey, and themicro-particle rotation speed,U, as viewed
on the microscopic “local molecular” particle scale level [30].

Rigorously speaking, the expressions of the zero electric field
suspension viscosity, hwh0ð1þ 2:5fÞ, and the vortex viscosity,
zw1:5fh0, are derived from models based on micro/nano particle
rotation speeds [31] or a two-phase volume averaged effective
medium [16] instead of micro-polar fluid and/or structured continua
models which have the continuum linear and spin velocity fields as
theirkinematicvariables. Therefore, it is generallynotexactly suitable
to substitute the expressions of zw1:5fh0 and hwh0ð1þ 2:5fÞ into
the linear and angularmomentumbalance equations.However, since
these viscosity expressions are up to this point the best approxima-
tions to the exact continuum picture available as well as widely
acceptedand extensivelyemployed in studying the ferrofluid spin-up
problem in ferrohydrodynamics literature [20e27], we apply these
viscosity expressions to the governing equations of motion, i.e., Eqs.
(2) and (3), to investigate the present negative ER fluid flow
phenomenon due to internal micro-particle electrorotation.
2.2. The polarization relaxation equation and the equilibrium
polarization

The electrical part of the governing continuum modeling field
equations is generally described by the electro-quasi-static (EQS)
Maxwell equations [11,12,32,33], which includes the EQS Faraday’s
law,

V� Ez0 (4)
ve electrorheological responses of micro-polar fluids in the finite spin
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and the EQS Gauss’ law of the electric displacement field with
macroscopically zero space charge densities,

V$Dz0 (5)

where D is the macroscopic electric displacement field related to
the electric field, E, total ER fluid polarization, Pt , and permittivity of
free space, e0, by

D ¼ e0E þ Pt (6)

Due tonon-equilibriumflowmotion of negative ERfluidflow,we
need a phenomenological polarization relaxation equation along
with an accompanying equilibriumpolarization to describe how the
ERfluid polarization varieswith respect to the continuum linear and
spinvelocities and themicroscopic particle rotation speed, aswell as
to model the macroscopic body torque input into the negative ER
flow field. Generally speaking, the total polarization of the ER fluid,
Pt , includes polarization contributions from the viscous carrier
liquid medium and contributions from the induced dipole moment
of the suspended rotating micro-particles. When subjected to an
external electric field, the total dipole moment on each of the
rotating micro-particles can be decomposed into an instantaneous
(or infinite frequency) dipole response and a retarding dipole
moment, which is the part of the dipole moment directly related to
the induced surface charge on the rotating micro-particles due to
Maxwell-Wagner interfacial polarization [4e10]. In the following
discussions, we shall only consider the retarding part of the micro-
particle dipole moment and subsequently relax the macroscopic
retarding polarization insteadof thewhole total ERfluidpolarization.
This is done so because the origin ofmicro-particle Quincke rotation
arises from the electrostatic repulsion between the applied DC
electric field and the surface charge distributed on the surface of the
micro-particles, i.e., the Maxwell-Wagner induced dipole moment
on the suspendedmicro-particles, is in the opposite direction to that
of the applied DC electric field when the charge relaxation time of
the solid phase, s2 ¼ e2=s2, is much greater than that of the liquid
phase, s1 ¼ e1=s1 (recall e1we2 and s1[s2). Thus, we model the
body torque input to the ER fluid parcel as being microscopically
concentrated on the retarding part of the dipole moment on the
rotating micro-particles, which on a macroscopic per unit volume
basis gives the retarding polarization.

With the above reasoning, we introduce the polarization
relaxation equation for the retarding part of the ER fluid polariza-
tion, P ¼ Pyiy þ Pziz, as

DP
Dt

� ðu� PÞ ¼ � 1
sMW

�
P � Peq

�
(7)

whereD=Dt ¼ v=vt þ ðv$VÞ is thematerial derivative, Peq ¼ Pyeqiy þ
Pzeqiz is the equilibrium retarding polarization, and sMW is the
Maxwell-Wagner relaxation time which equals to

sMW ¼ 2e1 þ e2
2s1 þ s2

(8)

for spherical micro-particles with a permittivity of e2 and
a conductivity of s2 suspended in a viscous liquid medium having
a permittivity of e1 and a conductivity of s1 [4e12]. Based on the
rotating coffee cupmodel [11,12], the components of the equilibrium
retardingpolarization, Peq ¼ Pyeqiy þ Pzeqiz, are derivedbysolving for
the EQS electric fields inside and outside a single micro-particle
(with e2, s2, radius R, and diameter d ¼ 2R) rotating at an angular
speed ofU ¼ Uix in a slightly conducting viscous liquid (with e1, s1,
and h0) subjected to a microscopic “molecular” DC electric field of
Ey ¼ E0iz as shown on the right hand side of Fig. 1 such that the
Please cite this article in press as: H.-F. Huang, M. Zahn, E. Lemaire, Negati
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retarding dipolemomentof the rotatingmicro-particle can be found
and converted into a retarding polarization for a given particle
number density of n ¼ 6f=pd3. The electric field solutions to this
two region EQS problem have been solved by Cebers [34], and the
procedure for deriving Peq ¼ Pyeqiy þ Pzeqiz can be found in Huang
[11] and Huang et al. [12]. The derived y- and z-components of the
retarding equilibrium polarization are given as

"
Pyeq
Pzeq

#
¼ 4pe1nR

3E0

2
666666664
�
sMWU

�
s2 � s1
2s1 þ s2

� e2 � e1
2e1 þ e2

�
1þ s2MWU2�

s2 � s1
2s1 þ s2

� e2 � e1
2e1 þ e2

�
1þ s2MWU2

3
777777775

(9)

in which n ¼ 6f=pd3 is the number density of the suspended
micro-particles and U ¼ Uix is the micro-particle rotation speed,
i.e.,

U ¼

8><
>:

0 E0 � Ec

� 1
sMW

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
E0
Ec

�2

�1

s
E0>Ec

(10)

where

Ec ¼
�
1þ s2

2s1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8h0s1

3e1s2ðs2 � s1Þ

s
(11)

is the critical electric field strength for the onset of micro-particle
Quincke rotation [4e15]. Since we will only be considering 2D
Couette flow geometries, the plus and minus signs as shown in Eq.
(10) respectively denote counter clockwise and clockwise rotation
of the suspended micro-particles with the axis of rotation being
aligned with the x-coordinate axis as shown in Fig. 1. Nonetheless,
in the most general cases, the axis of rotation of the suspended
micro-particles can lie within the general x-y plane as defined in
Fig. 1 as long as the particle rotation axis is perpendicular to the
externally applied electric field directed along the z-coordinate
direction [9].

The retarding polarization relaxation equation with its accom-
panying equilibrium retarding polarization as given in Eqs. (7)e(11)
are formulated on the basis of the “rotating coffee cup” model for
phenomenological ER fluid polarization relaxation as proposed in
Huang [11] and applied in Huang et al. [12]. The model gives a first
attempt in incorporating the non-equilibrium motion effects of the
continuum spin velocity,u, the continuum linear velocity, v, and the
micro-particle rotation speed, U, into the retarding ER fluid polar-
ization, and is originated from the combined and extended ideas of
Cebers’ dipole relaxation equation [34], Shliomis’ magnetization
relaxation equation [31,35], and the dynamic effective medium
theory as given in Xiao et al. [36]. The cartoon as shown in Fig. 2
illustrates the general idea of allowing the micro-particle rotation
speed, U, to be treated differently from the macroscopic continuum
spin velocity, u, and represents a similar condition to the rotating
coffee cup or some merry-go-around machines as seen in amuse-
ment parks which have a foundation platform rotating at one
angular speed while the passenger seats supported by the platform
are rotating at some other angular speed. Thus, when the ER fluid is
at static equilibrium, i.e., u ¼ 0 and v ¼ 0, the microscopic micro-
particles are allowed to rotate at some angular speed of Us0 (as
long as E0 > Ec), and hence, the equilibrium retarding polarization
given in Eqs. (9) and (10) is defined to be a quasi-static equilibrium.

By further examining the functional form of the retarding
polarization relaxation equation, Eq. (7), we find that the left hand
ve electrorheological responses of micro-polar fluids in the finite spin
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side of Eq. (7) is similar to the vector version of the Jaumann
derivative, or corotational derivative, as discussed in Fredrickson
[37] and Brenner [38]. However, in Eq. (7), the fluid vorticity term in
the original Jaumann derivative is replaced by the continuum spin
velocity as is done in Rinaldi [21]. The idea of the Jaumann deriv-
ative is that the observer translates and rotates (i.e., “corotation”)
with the ER fluid parcel and thus the micro-particle rotation speed,
U, that enters the equilibrium retarding polarization, Eq. (9), should
rigorously be themicro-particle rotation angular speed observed by
an observer rotating and translating along with a certain ER fluid
parcel, that is, using an intuitive approach, the micro-particle
rotation speed observed from the stationary frame subtracted by
the continuum spin velocity observed from the same stationary
frame (assuming slow flows), rather than the solution to the rota-
tion speed for particle Quincke rotation in a quiescent carrier liquid
as given in Eq. (10). Yet, up to this point, very little is done in the
theoretical development of the interrelations among the micro-
particle rotation speed, the local carrier liquid vorticity
surrounding the micro-particles, the macroscopic ER fluid vorticity,
and the continuum spin velocity for micro-polar fluids, and cor-
recting for the differences between the micro-particle rotation
speed and the continuum spin velocity due to different frames of
observation will add significant complexities to the theoretical
modeling of the present negative ER fluid flow. Hence, we use the
solution of Eq. (10) substituted into Eq. (9) as the first steps of
allowing the macroscopic continuum spin velocity and the micro-
particle rotation speed to be treated differently and of better
approximating the physical reality since, generally speaking, the
spin velocity and the micro-particle rotation speed are not neces-
sarily the same physical quantities [11,12]. Still, notice that by using
U ¼ 0 for applied electric field strengths of E0 � Ec from Eq. (10) in
the equilibrium retarding polarization of Eq. (9), the expression of
the equilibrium retarding polarization based on the “rotating coffee
cup”model reduces to the equilibrium retarding polarization given
by Cebers [34], i.e., the equilibrium retarding polarization changes
form from E0 � Ec to E0 > Ec. However, as viewed from the idea of
the Jaumann derivative, a zero micro-particle rotation speed
substituted into the equilibrium polarization of Eq. (9) implies that
the micro-particle rotation speed is in synchronization with the
continuum spin velocity, which is likely only true for viscous
dominant flow conditions such as low electric field strengths at
moderate Couette shear rates or very high Couette shear rates at
moderate electric field strengths.

With the use of the “rotating coffee cup” model for the ER fluid
polarization relaxation as well as the viscosity expressions of
zw1:5fh0 and hwh0ð1þ 2:5fÞ, we are able to incorporate micro-
scopic information of the ER fluid such as the micro-particle rota-
tion speed and the micro-particle solid volume fraction into our
present full continuum mechanical modeling field equations even
thoughwe have neglected themicroscopic details of the two-phase
nature of the ER fluid by asserting the continuity equation of
incompressible flow, Eq. (1), and considering a single phase
homogeneous continuum.

2.3. The simplified governing equations

For the geometry as shown in Fig.1, the negative ER Couette flow
field is assumed to be incompressible, Eq. (1), two-dimensional,
v=vx ¼ 0, steady state, v=vt ¼ 0, and fully developed, v=vy ¼ 0.
It can be found that the z-component of the continuum linear
velocity, uz, is simply zero since the parallel plate boundaries at
z ¼ 0 and h are impermeable for the present incompressible, fully
developed flow. On the other hand, we can show that the
y-component of the macroscopic electric field, Ey, is also zero when
the conditions of fully developed field and continuity of the
Please cite this article in press as: H.-F. Huang, M. Zahn, E. Lemaire, Negati
viscosity small spin velocity limit. I. Couette flow geometries, Journal of
tangential electric field across the perfectly conducting electrode
boundaries are applied to the macroscopic EQS Faraday’s law, Eq.
(4) [12].

Based on these assumptions and results, we simplify the linear
momentum equation, Eq. (2), angular momentum equation, Eq. (3),
and retarding polarization relaxation equation, Eq. (7), for finite
spin viscosity conditions as

�sMWuxPz �
�
Py � Pyeq

�
¼ 0 (12)

sMWuxPy �
�
Pz � Pzeq

�
¼ 0 (13)

2z
dux

dz
þ he

d2uy
dz2

¼ 0 (14)

and

PyEz þ 2z
�
� duy

dz
� 2ux

�
þ h0

d2ux

dz2
¼ 0 (15)

In Eq. (15), we have substituted the total ER fluid polarization,
Pty, with the retarding polarization, Py. As discussed previously, the
total ER fluid polarization, Pt , consists of a liquid part, Pl, an
instantaneous response part from the micro-particle dipole
moments, PN, and a part contributed by the retarding dipole
moment of the rotating micro-particles, P ; in other words,
Pt ¼ Pl þ PN þ P. Note however that since the macroscopically
stressed DC electric field is applied in the z-direction with Ey ¼ 0
and that Pl and PN are in the same z-direction as that of the
macroscopically applied field, i.e., Ptz ¼ Plz þ PNz þ Pz, the total
polarization in the y-direction is basically due to the retarding
dipole moment tilt resulting from micro-particle electrorotation,
that is, Pty ¼ Py.

Using the equilibrium retarding polarization given in Eq. (9), we
solve Eqs. (12) and (13) to obtain [12]

Py ¼ n
ay � sMWuxaz

1þ s2MWu2
x

E0 (16)

Pz ¼ n
az þ sMWuxay

1þ s2MWu2
x

E0 (17)

where

�
ay
az

�
¼ 1

nE0

"
Pyeq
Pzeq

#
(18)

with the magnitude and direction of the micro-particle rotation
speed, U, being respectively given by Eq. (10) and that of the
macroscopically imposed Couette flow vorticity, i.e.,
V� vz� ðduy=dzÞixz� ðU0=hÞix, so as to satisfy the stable micro-
particle rotation condition as discussed in Refs. [4e10]. Referring to
the coordinate system employed in Fig. 1 and assuming the micro-
particle stable rotation condition [4e10] is satisfied in the ER flow
field, we substitute the micro-particle rotation speed of

U ¼ Uix ¼

8><
>:

0 ix E0 � Ec

�1=sMW

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
E0
Ec

�2

�1

s
ix E0 > Ec

(19)

into Eq. (18) in our following theoretical development and
discussions.

Recall that themacroscopically applied DC electric field, E ¼ Eziz,
is generally not the same as the microscopic “molecular” scale DC
field, Ey ¼ E0iz [30]. From Cebers’ [34] analysis of deriving the
macroscopicelectricfield, hEi, byaveragingover themicroscopic local
ve electrorheological responses of micro-polar fluids in the finite spin
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electric field of a dilute particle-liquid suspension with the micro-
particles undergoing Quincke rotation when subjected to a DC field
of Ey ¼ E0iz, we find that the macroscopic averaged field, hEi, is the
sum of the microscopic DC field, Ey ¼ E0iz, and a term due to the
presence of the tilted dipolemoments of the rotatingmicro-particles
being proportional to the micro-particle solid volume fraction, f.
Therefore, in our present paper, we approximate ourmacroscopically
appliedDCelectricfield, E ¼ Eziz, by EzwE0 þ fe1 þ/ [12]where e1
is a correction term due to the presence of the rotating micro-
particles, so as to decouple the EQS governing equations, Eqs.
(4)e(11), from the fluid mechanical equations, Eqs. (1)e(3), making
thewhole negative ERfluidflowproblemmore amenable to practical
engineering analysis. By substituting Eqs. (16) and EzwE0 þ fe1 þ/
into Eq. (15) and recognizing the relations of
nazE0EzznazE0ðE0 þ fe1 þ/Þ and nazwnR3wnd3wOðfÞ [12], the
continuum angular momentum equation is obtained as

a* � sMWux

1þ s2MWu2
x
nazE20 þ 2z

�
� duy

dz
� 2ux

�
þ h0

d2ux

dz2
¼ 0 (20)

where a* ¼ ay=az ¼ �sMWU and the electrical body torque term,
PyEz, has been retained to the first order of the particle solid volume
fraction, f, for dilute suspensions, i.e., f � 1.

We now further linearize Eq. (20) with the condition of small
spin velocities, i.e., s2MWu2

x � 1, such that Eq. (20) becomes

�
a* � sMWux

�
nazE20 þ 2z

�
� duy

dz
� 2ux

�
þ h0

d2ux

dz2
¼ 0 (21)

Eqs. (14),(18),(19) and (21) together form the simplified gov-
erning equations for analyzing and describing the continuum
negative ER responses of Couette flow with internal micro-particle
electrorotation in the finite spin viscosity small spin velocity limit,
i.e., h0s0 and s2MWu2

x � 1. The criterion of s2MWu2
x � 1 for lineari-

zation gives an estimate of the maximum range of spin velocity
valid for our analyses. Since the Maxwell-Wagner relaxation time
has the order of magnitude of Oð10�3Þ for the selected materials
given in the present work (see Table 1), the dimensional spin
velocity can at most be on the order of Oð101Þ to Oð102Þ so that
s2MWu2

xwOð10�2Þ to Oð10�4Þ, which is roughly a general estimate
for a physical value that is much less than one.

The boundary condition on the velocity field, v ¼ uyiy, is the no-
slip boundary condition, i.e., v ¼ 0 at z ¼ 0 and v ¼ U0iy at z ¼ h.
For finite spin viscosity conditions, the boundary condition on the
continuum spin velocity field, u ¼ uxix, is given by

u ¼ b

2
ðV� vÞ (22)
Table 1
Numerical values of the system physical quantities employed in the evaluation of the
analytical solutions [4e12].

Symbol Physical quantity Value Units

f Solid volume fraction of the micro-particles 1:00� 10�1 e

e1 Permittivity of carrier liquid 3:27� 10�11 C2=Nm2

e2 Permittivity of micro-particles 2:30� 10�11 C2=Nm2

s1 Conductivity of the carrier liquid 4:00� 10�8 S=m
s2 Conductivity of the micro-particles 1:00� 10�14 S=m
sMW Maxwell-Wagner relaxation time 1:11� 10�3 s
Ec Critical electric field strength 1:30� 106 V=m
h0 Carrier liquid viscosity

(without micro-particles)
1:20� 10�2 Pa$s

h0 Spin viscosity 1:53� 10�8 N$s
h Zero field fluid viscosity

(with micro-particles)
1:53� 10�2 Pa$s

he he ¼ hþ z 1:76� 10�2 Pa$s
z Vortex viscosity 1:80� 10�3 Pa$s
d Diameter of suspended micro-particles 8:00� 10�5 m
h Channel height 1:00� 10�3 m
n Micro-particle number density 3:73� 1011 1=m3
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at z ¼ 0 and hwhere b is a boundary condition selection parameter
ranging from zero (no spin condition) to one (rolling fluid parcel
condition), i.e., 0 � b � 1, as described in Rinaldi [21], Rinaldi and
Zahn [22], Lukaszewicz [29], and Kaloni [39]. Notice that Kaloni
[39] has reported that the boundary condition of u ¼ uxix ¼ 0 (no
spin condition) may give theoretical predictions inconsistent with
experimental observations for some micro-polar fluid flow condi-
tions. Therefore, care needs to be exercised when interpreting the
solutions obtained with b ¼ 0 at the flow boundaries and when
examining how the solutions vary with respect to different values
of the boundary condition selection parameter, b, for this negative
ER or micro-polar fluid flow problem.

3. The mathematical solutions

Integrating Eq. (14), we have

2zux þ he
duy
dz

¼ m1 (23)

where m1 is a dimensional constant. By employing the following
non-dimensionalization scheme, namely,

u* ¼ sMWux; z* ¼ z
h

; u* ¼ uy
U0

; and g* ¼ sMW
U0

h
(24)

and substituting Eq. (23) into Eq. (21), the linear momentum
equation, Eq. (23), and the angular momentum equation, Eq. (21)
(with Eq. (23) inserted into Eq.(21)), are respectively non-
dimensionalized as

du*

dz*
¼ sMW

heg
*
m1 �

2z
heg

*
u* (25)

and

d2u*

dz*2
� A2u* ¼ B (26)

where

A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sMWh2

h0

 
nazE20 þ 4z

sMW
� 4z2

hesMW

!vuut (27)

and

B ¼ sMWh2

h0

�
2z
he

m1 � nayE20

�
(28)

with the stars “*” denoting dimensionless variables (note: A and B
are also dimensionless). Eq. (26), a linear, second order constant
coefficient ordinary differential equation, can further be solved as

u*
�
z*
�

¼ m3cosh
�
Az*

�
þ m4sinh

�
Az*

�
� B
A2 (29)

where m3 and m4 are dimensionless constants. After substituting Eq.
(29) into Eq. (25), we integrate the linear momentum equation, Eq.
(25), and arrive at

u*
�
z*
�
¼sMW

heg
*
m1z

*� 2z
heg

*

m3
A
sinh

�
Az*

�
� 2z
heg

*

m4
A
cosh

�
Az*

�

þ 2z
heg

*

B
A2z

*þm2 (30)

with m2 being a dimensionless constant and B being related to
m1 through Eq. (28). The boundary conditions on the linear and spin
velocity fields can also be non-dimensionalized via Eq. (24); the
ve electrorheological responses of micro-polar fluids in the finite spin
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non-dimensional no-slip boundary condition and Eq. (22) then
becomes

u* ¼ 0 at z* ¼ 0 and u* ¼ 1 at z* ¼ 1 (31)

and

u* ¼ �1
2
bg*

du*

dz*
at z* ¼ 0;1 (32)

respectively. We apply the boundary conditions of Eqs. (31) and
(32) to the dimensionless continuum spin and linear velocity, i.e.,
Eqs. (29) and (30), respectively, and solve for the coefficients of m1,
m2, m3, and m4, as
m1 ¼
ðbz� heÞhe

�
A
�
A2g*heh

0 þ 2h2nzsMWayE20
�
cosh

�
A
2

�
� 4E20h

2nzsMWaysinh
�
A
2

��

Aðbz� heÞ
�
4h2z2 þ A2heh

0
�
sMWcosh

�
A
2

�
� 2z

�
4h2zðbz� heÞ þ A2bheh

0
�
sMWsinh

�
A
2

� (33)

m2 ¼ 2z
heg

*

m4
A

(34)

m3 ¼
�Ahe

n
A2bg*heh

0 þ 2h2
h
2g*zðbz� heÞ þ E20nhesMWay

io
cosh

�
A
2

�

�2Aðbz� heÞ
�
4h2z2 þ A2heh

0
�
cosh

�
A
2

�
þ 4z

�
4h2zðbz� heÞ þ A2bheh

0
�
sinh

�
A
2

� (35)

and

m4 ¼
Ahe

n
A2bg*heh

0 þ 2h2
h
2g*zðbz� heÞ þ E20nhesMWay

io
tanh

�
A
2

�

�2Aðbz� heÞ
�
4h2z2 þ A2heh

0
�
þ 4z

�
4h2zðbz� heÞ þ A2bheh

0
�
tanh

�
A
2

� (36)
Note that the polarizabilities of ay and az found in Eqs. (27),(28),
and (33)e(36) are expressed in terms of the micro-particle rotation
speed, U as defined in Eq. (19), through Eq. (18). This is done for our
present negative ER Couette flow so as to satisfy the stable micro-
particle rotation requirement as discussed in Refs. [4e10] when
subjected to a macroscopically “imposed” flow vorticity, i.e.,
V� vz� ðduy=dzÞixz� U0=hix, and an external DC electric field
strength.

The effective viscosity of Couette flows with internal micro-
particle electrorotation, heff , for the finite spin viscosity small spin
velocity limit can be derived by substituting the solved spin and
linear velocity fields, Eqs. (29) and (30), respectively, into the
following [12,20], i.e.,

ss ¼ heff
U0

h
¼ iz$ET

¼
F$iy (37)

where EF denotes the shear stress differences across the solid plate-
ER fluid interface and

T
¼

¼ �p�I0 þ h
h
Vvþ ðVvÞt

i
þ z��e$ðV� v� 2uÞ (38)

is the total stress tensor with �I0 being the unit identity tensor,
��e being the permutation tensor, and the superscript t denoting the
transpose of the tensor matrix [12,20]. In the finite spin viscosity
small spin velocity limit, the effective viscosity resulting from the
micro-particle Quincke rotation induced negative ER effects in the
2D Couette flow geometry is obtained as
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heff ¼ he
du*

dz*
j
z*¼0

þ 2z
u*jz*¼0

g*
(39)

or in dimensionless form,

h* ¼ he
h

du*

dz*
j
z*¼0

þ 2z
h

u*jz*¼0
g*

(40)

where the spin velocity is given by Eq. (29), the derivative of the
linear velocity is given by the derivative of Eq. (30) with respect to
z*, and hzh0ð1þ 2:5fÞ is the zero field ER fluid (particle-liquid
mixture) viscosity as defined in Section 2.1. The shear stress
differences in Eq. (37) are all evaluated at z ¼ 0 as shown in Eqs.
(39) and (40).
4. Results and discussions

We now investigate the negative ER behavior and fluid flow
phenomenon due to internal micro-particle electrorotation in 2D
Couette flow geometries by performing parametric studies on the
analytical solutions of the effective viscosity, heff or h* (i.e., Eq. (39)
or (40)), obtained under our present continuum mechanical
formalism. Given a boundary driving velocity, U0 (or dimensionless
shear rate, g*), the effective viscosity, h*, is plotted as a function of
the applied DC electric field strength, E0, boundary condition
selection parameter, b, and spin viscosity, h0, so that variations in
the rheological responses with respect to the pertinent governing
parameters can be illustrated and examined in the h0s0, s2MWu2

x �
1 limit of the continuum modeling field equations employed
herein. Since the Couette effective viscosity is an experimentally
measurable macroscopic negative ER response, we shall also
compare our present continuum effective viscosity theoretical
predictions with the experimental rheometric data reported in
Lemaire et al. [9] as well as with the single particle dynamics
modeling predictions as found in recent literature [4e10].

To facilitate the presentation of our results and discussion,
several of the physical variables employed in the following are non-
dimensionalized by the following scheme:
ve electrorheological responses of micro-polar fluids in the finite spin
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Fig. 3. Variations of the effective viscosity, h* , with respect to the Couette driving shear
rate, g* , evaluated at b ¼ 1 and h*p ¼ 1 for the electric field strength regimes of (a) E*

� 1 and (b) E* � 1. Note that we have plotted E* ¼ 1 in both Fig. 3a and b because the
micro-particle rotation speed equals to zero, U ¼ 0, when E* ¼ 1 as calculated via Eq.
(19) for Fig. 3a, which is equivalent to setting U ¼ 0 as in Fig. 3b.
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E* ¼ E0
Ec
; g* ¼ sMW

U0

h
; h* ¼ heff

h
; and h*p ¼ h0

h00
(41)

where h is the channel height, U0 is the Couette boundary driving
velocity, sMW is the Maxwell-Wagner relaxation time defined in Eq.
(8), Ec is the critical electric field strength for single particle Quincke
rotation as defined in Eq. (11), hzh0ð1þ 2:5fÞ is the zero electric
field ER fluid viscosity as defined in Section 2.1, and h00 is a reference
spin viscosity given as h00 ¼ 1:53� 10�8ðN$sÞ. The numerical value
for h00 is chosen by the expression of h0wl2Dh, which is derived from
the theory of Zaitsev and Shliomis [20,40] with lD being the char-
acteristic diffusion length for angular momentum. Although Zaitsev
and Shliomis’ [40] original definition of lD was “the averaged
distance between the suspended rotating micro-particles”, we
need to generalize this characteristic length, from a continuum
scale perspective, to be some macroscopic length scale such that
our chosen length scale is more consistent with our proposed
physical picture of an ER fluid parcel, which consists of a repre-
sentative amount of rotating micro-particles and carrier liquid
molecules as shown in Fig. 2. For steady state fully developed
internal flows as seen in Fig. 1, continuum diffusional transport
processes are generally limited by the length scale of the channel,
i.e., h. Hence by our generalized definition, the characteristic length
for diffusive angular momentum transport, lD, scales as the height
of the parallel plate channel, i.e., lDwh, and in turn through h0wl2Dh,
we arrive at h00 ¼ 1:53� 10�8ðN$sÞ.

Since the polarizabilities of ay and az as found in Eqs. (27),(28),
and (33)e(36) and subsequently in the spin velocity, linear velocity,
and effective viscosity solutions depend upon the magnitude and
direction of the micro-particle rotation speed, U, we substitute the
U solutions of Eq. (19) into the ay and az found in Eqs.
(18),(27)e(30), and (33)e(36) so that the direction of micro-
particle rotation is consistent with that of the macroscopically
imposed flow vorticity, i.e., V� vz� ðduy=dzÞixz� ðU0=hÞix, and
that the stable micro-particle rotation requirement within the ER
fluid flow is satisfied [4e12]. Moreover, we shall also divide the
negative ER Couette flow responses into two categories, i.e.,
E0 > Ec ðE* > 1Þ and E0 � Ec ðE* � 1Þ, due to the different forms of
the expression for the micro-particle rotation speed as can be
recognized in Eq. (19) for the respective two parametric regimes.
Numerical values for the material properties, physical constants,
and system dimensions employed in our following numerical
evaluations of the analytical solutions are summarized in Table 1
unless otherwise specified.
4.1. The Couette effective viscosity

In Fig. 3a and b, the dimensionless effective viscosity, h* given by
Eq. (40), is plotted with respect to the applied shear rate, g* (or
equivalently the Couette boundary driving velocity,
g* ¼ sMWU0=h), for the respective electric field strength regimes of
E* ¼ 1, 1.5, 2, 2.5, and 3 (E* � 1 in Fig. 3a) and of E* ¼ 0, 0.2, 0.4, 0.6,
0.8, and 1 (E* � 1 in Fig. 3b) with the variables of b ¼ 1 and h*p ¼ 1
kept constant. Note that the E* ¼ 1 solution is also plotted in
Fig. 3b since the micro-particle rotation speed is zero, i.e., U ¼ 0,
when E* ¼ 1 as calculated by Eq. (19) and hence is the same as
setting U ¼ 0 for the electric field regime of E* < 1. From the
effective viscosity solutions shown in Fig. 3a, it can be learned that
as the applied DC electric field strength is increased, the effective
viscosity of the ER fluid flow is decreased. It can also be learned
from the solutions for E* ¼ 1.5, 2, 2.5, and 3 as shown in Fig. 3a that
as the magnitude of the applied shear rate becomes large, the
reduction in the effective viscosity is reduced irrespective of the
applied DC electric field strength, that is, the effective viscosity is
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dependent on the applied shear rate. Nevertheless, the shear rate
dependence is not observed for the effective viscosity solution
evaluated at E* ¼ 1 as well as for the E* < 1 solutions shown in
Fig. 3b. In Fig. 3b, the effective viscosity solutions are generally
independent of the applied shear rate, g*, regardless of the applied
DC electric field. As the DC electric field strength is increased in
Fig. 3b, we find that the effective viscosity decreases, i.e., the
negative ER effect. If however, we reduce the applied DC electric
field strength, the reduction in the effective viscosity is also
reduced and eventually approaches the zero electric field solution
of h* ¼ 1 (as denoted by the top most gray line in Fig. 3b), which is
simply the zero electric field viscosity, heff ¼ hzh0ð1þ 2:5fÞ.
Referring back to the E* � 1 results shown in Fig. 3a, it can also be
seen that as the applied shear rate, g*, increases, the effective
viscosity solutions gradually approach the zero electric field solu-
tion of h* ¼ 1, which verifies the physical picture of themechanical
viscous forces being dominant when the applied shear rate is
significantly increased with the applied DC electric field kept
constant. We also find that zero or negative effective viscosities are
attainable for the E* > 1 solutions shown in Fig. 3a. The finite spin
viscosity small spin velocity results presented in Fig. 3a are very
much similar to those obtained in the zero spin viscosity limit as
shown in Huang et al. [12], but the effective viscosity results for
E* ¼ 1 and E* < 1 (see Fig. 3b) do not share the non-linear
dependency on the shear rate as found in Fig. 3a and in the zero
spin viscosity analyses [12]. This behavior is likely due to the
different forms of equilibrium retarding polarization, Eq. (9), or
polarizabilities of ay and az, Eq. (18), resulting from the respective
finite micro-particle rotation speeds, Us0, for E* > 1 and zero
micro-particle rotation speed, U ¼ 0, for E* � 1 employed for the
ve electrorheological responses of micro-polar fluids in the finite spin
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final solutions of Eqs. (29),(30),(39), and (40). Thus, in the finite spin
viscosity small spin velocity limit, non-linearity with respect to the
applied shear rate, g*, is likely to be introduced to the linear
solutions obtained by treating the spin velocity, u* or ux, and the
micro-particle rotation speed, U, as different physical variables
with a non-zero micro-particle rotation speed.

We next examine the influences of different boundary condition
selection parameters, b, on the effective viscosity solutions in Fig. 4.
In Fig. 4a, we keep E* ¼ 2 (the regime of E* > 1) and h*p ¼ 1
constant and plot the effective viscosity, h*, with respect to the
applied shear rate, g*, at distinct values of the boundary condition
selection parameter, i.e., b ¼ 0;0:25;0:5;0:75; and 1. On the other
hand, we keep E* ¼ 0:6 (the regime of E* � 1) and h*p ¼ 1 constant
and plot the effective viscosity, h*, with respect to the applied shear
rate, g*, at b ¼ 0;0:25;0:5;0:75; and 1 in Fig. 4b. As can be seen in
Fig. 4a, effective viscosities less than the zero electric field solution,
h* ¼ 1, are generally achieved regardless of the boundary condi-
tion selection parameter employed. As the applied shear rate is
increased, the reduction in the effective viscosity shown in Fig. 4a is
also decreased, which is a result we have already learned from
examining Fig. 3a. However, the reduction in the effective viscosity
decreases faster and the effective viscosity approaches h* ¼ 1
sooner for small values of b, as compared to h* solutions evaluated
at large b, when the applied shear rate becomes large. Hence, the
negative ER effect in the Couette geometry is likely to be more
significant for b closer or equal to 1 when the DC electric field
strength, the applied shear rate, and the spin viscosity are kept
constant. For the effective viscosity solutions shown in Fig. 4b, we
find that the effective viscosity solutions are again independent of
the applied shear rate. However, the effective viscosity increases
Fig. 4. Variations of the effective viscosity, h* , plotted with respect to the applied
Couette driving shear rate, g* , evaluated at h*p ¼ 1 and b ¼ 0;0:25;0:5; 0:75 and 1 for
the electric field strengths of (a) E* ¼ 2, i.e., the regime of E* > 1, and (b) E* ¼ 0:6, i.e.,
the regime of E* � 1.
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from a value slightly less than h* ¼ 1 to a value greater than
h* ¼ 1:1, i.e., an increased effective viscosity or positive ER effect,
when the boundary condition selection parameter b is decreased
from 1 to 0 for the DC electric field strength of E* ¼ 0:6, i.e., regime
of E* � 1, in Fig. 4b. Although this positive ER effect is inconsistent
with the general observations of Couette flow with internal micro-
particle electrorotation at moderate to high shear rates as reported
in Lobry and Lemaire [4], Pannacci et al. [8], and Lemaire et al. [9],
this increased viscosity predicted in the h0s0, s2MWu2

x � 1 limit
(low shear rate regime) of the present continuum formulationwith
b ¼ 0 roughly agrees with the effective viscosity increase due to
particle chaining of the suspended micro-particles in the ER fluid at
ultra low shear rates as shown in themeasured rheograms reported
and discussed in Lemaire et al. [9]. Recall that when E* ¼ 0:6, i.e.,
E* � 1, we employ a zero particle rotation velocity, U ¼ 0, in the
polarizabilities of Eq. (18) and the equilibrium retarding polariza-
tion of Eq. (9), which implies that the micro-particle rotation is in
sync with the macroscopic spin velocity as observed from an
observer corotating with the ER fluid parcel. With U ¼ 0, the
micro-particle dipole moments are all aligned in one direction
(anti-parallel to that of the applied electric field) in the ER fluid
parcel, and thus when a boundary condition of u ¼ uxix ¼ 0, i.e.,
b ¼ 0, is applied, the ER fluid parcel is not allowed to spin near the
solid boundaries while the micro-particles within the ER fluid
parcel are aligned along the direction of the applied DC field, which
likely resembles the physical picture of micro-particle chaining due
to particle dipoleedipole interactions when the Couette driving
shear rate is extremely low. This is likely why we arrive at this
surprising agreement between our present continuum mechanical
theory and the ultra low shear rate measurements reported by
Lemaire et al. [9]. Nonetheless, the agreement is only roughly
qualitative and care needs to be exercised when interpreting the
results obtained with b ¼ 0. Hence, further research work is still
required to explain the physical meaning of the boundary condition
selection parameter.

Finally,wediscuss howthe effective viscosity solutions varywith
respect to different values of the spin viscosity, h*p, for DC electric
field strengths of E* ¼ 2 (for the regime of E* > 1) and E* ¼ 0:6 (for
the regimeof E* � 1) in Fig. 5a andb, respectively. In bothfigures, the
effective viscosities areplottedwith respect to the applied shear rate
and evaluated at h*p ¼ 0:5;0:65;1;2; and 10 while b ¼ 1 and the
respective DC electric field strengths are kept constant. Again, in
Fig. 5a, it can be seen that the effective viscosity results are similar to
those obtained in Fig. 3a and Fig. 4a as well as those obtained in the
zero spin viscosity limit in Huang et al. [12]. For the spin viscosity
values of interest, a negative ER effect or an effective viscosity less
than h* ¼ 1 is generally achieved. Moreover, zero or negative
effective viscosity conditions are also attainable at low shear rates.
However, as we increase the value of the spin viscosity, h*p, the
reduction in the effective viscosity (strength of the negative ER
effect) is decreased and approaches the zero electric field solution of
h* ¼ 1 at a much faster rate when the applied shear rate is
increased. Thus, the negative ER effect, or reduction in the effective
viscosity, h*, (as compared to the zero electric field solution of
h* ¼ 1) is generallymore significant for small spin viscosities (h*p) as
compared to large spin viscosities, h*p. Lastly, the effective viscosity
solutions given in Fig. 5b also show negative ER behavior, i.e.,
effective viscosities less than the zero electric field solution of
h* ¼ 1, regardless of the spin viscosities, h*p, employed in the eval-
uation of the solutions. Also irrespective of the spin viscosities
employed, we again find that the effective viscosity solutions do not
dependon theapplied shear rate,g*, for theDCelectricfield strength
of E* ¼ 0:6, or the regime of E* � 1. Nonetheless, despite the fact
that h* is independent ofg*, the reduction in the effective viscosity is
decreased as the spin viscosity is increased. The effective viscosity
ve electrorheological responses of micro-polar fluids in the finite spin
Electrostatics (2011), doi:10.1016/j.elstat.2011.05.004



Fig. 6. Comparison of the Couette effective viscosity results in the low Couette driving
shear rate regime obtained from the present continuum finite spin viscosity small spin
velocity modeling predictions (HT, solid curve), the experimental measurements re-
ported in Lemaire et al. [9] (LE, dotted curve), and the combined single particle
dynamics two-phase volume averaged effective medium theory predictions employed
in Lemaire et al. [9] (LT, dashededashed curve) evaluated or measured at DC electric
field strengths of E0 ¼ 1ðdiamondÞ; 2ðtriangleÞ; and 3ðboxÞðkV=mmÞ for micro-
particle solid volume fractions of (a) f ¼ 0:05 and (b) f ¼ 0:1. For the HT solutions
given in both plots, the boundary condition selection parameter is given as one, i.e.,
b ¼ 1, and the micro-particle rotation speed found in Eq. (19) for E0 > Ec is substituted
into the equilibrium retarding polarization, Eq. (9), and polarizabilities, Eq. (18), when
evaluating the solutions. Spin viscosity values of h0 ¼ 0:1h2hz1:47� 10�9ðN$sÞ and
h0 ¼ 0:2h2hz3:32� 10�9ðN$sÞ are employed in the HT solutions as respectively
shown in Fig. 6 a and b to achieve best agreement between the HT predictions and the
LE measurements. Note that the LT theoretical prediction of the effective viscosity is
invariant of the applied DC electric field strength.

Fig. 5. Variations of the effective viscosity, h* , plotted with respect to the Couette
driving shear rate, g* , evaluated at b ¼ 1 and h*p ¼ 0:5;0:65;1;2; and 10 for the
electric field strengths of (a) E* ¼ 2 and (b) E* ¼ 0:6.
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also approaches the zero electricfield solution ofh* ¼ 1 as the value
of the spin viscosity becomes large. These results are similar to those
we have obtained in Fig. 5a e the negative ER effect is more signif-
icant for small spin viscosity conditions.

4.2. Comparison of the effective viscosity results

In this subsection, we compare the results predicted by our
present continuum mechanical modeling field equations in the
finite spin viscosity small spin velocity limit, i.e., h0s0, s2MWu2

x � 1,
with the Couette effective viscosity experimental measurements
reported in Fig. 7a and b of Lemaire et al. [9] as well as with the
results predicted by the combined single particle dynamics two-
phase volume averaged effective medium theory found in Lem-
aire et al. [9] in the regime of low Couette driving shear rates. For
the following discussions, we denote the theoretical predictions
obtained from our present continuum mechanical modeling field
equations in the h0s0, s2MWu2

x � 1 limit as HT, the Couette effective
viscosity experimental measurements reported by Lemaire et al. [9]
as LE, and the theoretical predictions obtained from the combined
single particle dynamics two-phase volume averaged theory [9] as
LT. We plot the HT results in solid curves, the LT results in
dashededashed curves, and the LE results in dotted curves.

Substituting the same material properties such as a carrier liquid
conductivity of s1 ¼ 1:5� 10�8ðS=mÞ, a carrier liquid viscosity of
h0 ¼ 13 (mPa$s), an average micro-particle diameter of
d ¼ 56:5ðmmÞ, etc., as employed in Lemaire et al. [9] to our present
continuum finite spin viscosity small spin velocity solutions, we
simultaneously plot the Couette effective viscosity results obtained
from the LE experimental measurements [9], the combined single
particledynamics andeffectivemediumtheorypredictions [9], LT, and
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thepresent continuummechanical solutions in theh0s0, s2MWu2
x � 1

limit, i.e., Eq. (39) or Eq. (40), denoted by HTwith respect to the shear
rate, g* ¼ 0w0:2, in Fig. 6a and b for the respective micro-particle
solid volume fractions of 5%, or f ¼ 0:05, and of 10%, or f ¼ 0:1. In
both Fig. 6a and b, the HT solutions are evaluated at DC electric field
strengthsofE0 ¼ 1;2; and 3ðkV=mmÞ, theLEdata [9]aremeasuredat
E0 ¼ 1;2; and 3ðkV=mmÞ, and the LT predictions are invariant of the
applied DC electric field strengths and depend only upon the micro-
particle solid volume fraction, f [9]. The critical electric field
strength corresponding to the material properties employed in Lem-
aire et al. [9] is Ec ¼ 0:83ðkV=mmÞ. Note that in the evaluation of the
present continuum mechanical solutions, HT, we have employed the
same material properties and system parameters as given in Lemaire
et al. [9] and evaluated the effective viscosity solutions, i.e., Eq. (39) or
Eq. (40), at b ¼ 1 and E0 ¼ 1;2; and 3ðkV=mmÞ with
h0 ¼ 0:1h2hz0:1h2h0ð1þ 2:5fÞ ¼ 1:47� 10�9ðN$sÞ for Fig. 6a and
h0 ¼ 0:2h2hz0:2h2h0ð1þ 2:5fÞ ¼ 3:32� 10�9ðN$sÞ for Fig. 6b.We
assign the boundary condition selection parameter to be one, i.e.,
b ¼ 1, without further fitting based on the results discussed in the
ve electrorheological responses of micro-polar fluids in the finite spin
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Fig. 7. Comparison of the Couette effective viscosity results in the low Couette driving
shear rate regime obtained from the present continuum finite spin viscosity small spin
velocity modeling predictions (HT, solid curve), the experimental measurements re-
ported in Lemaire et al. [9] (LE, dotted curve), and the combined single particle
dynamics two-phase volume averaged effective medium theory predictions employed
in Lemaire et al. [9] (LT, dashededashed curve) evaluated or measured at DC electric
field strengths of E0 ¼ 1ðdiamondÞ; 2ðtriangleÞ; and 3ðboxÞðkV=mmÞ for micro-
particle solid volume fractions of (a) f ¼ 0:05 and (b) f ¼ 0:1. For the HT solutions
given in both plots, the boundary condition selection parameter is given as one, i.e.,
b ¼ 1, and the micro-particle rotation speed is set to zero, U ¼ 0, in the equilibrium
retarding polarization, Eq. (9), and polarizabilities, Eq. (18), regardless of the applied
electric field strength when evaluating the solutions. Spin viscosity values of
h0 ¼ 0:34h2hz5� 10�9ðN$sÞ and h0 ¼ 0:6h2hz9:97� 10�9ðN$sÞ are employed in the
HT solutions as respectively shown in Fig. 7a and b to achieve best agreement between
the HT predictions and the LE measurements. Note that the LT theoretical prediction of
the effective viscosity is invariant of the applied DC electric field strength.
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previous subsection as well as the potential inapplicability of a zero
boundary condition selection parameter, b ¼ 0, as suggested in
Kaloni [39]. The spin viscosity values of h0 ¼ 1:47� 10�9ðN$sÞ and
h0 ¼ 3:32� 10�9ðN$sÞ as respectively employed in Fig. 6a and b are
fitted for better agreement between our present continuum
mechanical theory, HT, and the LE measurements reported in Ref. [9]
and are on the same order of magnitude of the best fit spin viscosity
values (between theory and experiment) reported for ferrofluid spin-
up flows in cylindrical geometries as discussed in Elborai [24] and He
[25]. Hence, while plotting the HT solutions in Fig. 6, we have only
allowed one degree of freedom for fitting, i.e., the spin viscosity, and
the selection of the numerical values of the boundary condition
selection parameter and the spin viscosity are supported respectively
by physical arguments and previous experimental measurements as
found in current literature.

By comparing the three sets of results, i.e., HT, LT, and LE, in the
low shear rate regime, g* ¼ 0w0:2, as shown in Fig. 6, it can be
found that our present continuum mechanical modeling in the
h0s0, s2MWu2

x � 1 limit predicts nearly leveled out curves for
effective viscosity whereas the combined single particle dynamics
two-phase effective medium analysis [9] predicts straight plateau
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lines in the low shear rate, low effective viscosity regime on the
rheograms. However, our proposed continuum mechanical model
in the h0s0, s2MWu2

x � 1 limit, HT, captures positively valued,
voltage dependent leveled out effective viscosity curves and likely
falls closer to the experimental rheometric data of LE [9] as
compared to the negatively valued effective viscosity plateau pre-
dicted by the single particle dynamics model, LT [9]. Notice that the
plateau predicted by LT is based on the theoretical formulation of
allowing the suspended micro-particles to rotate with the axis of
rotation lying in the general x-y plane instead of only in the
x-direction with the coordinate system employed in the Lemaire
et al. [9] analysis being the same as that defined in Fig. 1 of this
paper. Lemaire et al. [9] also suggested that an experimentally
observed particle-liquid phase separation along the longitudinal
axis of the cylindrical Couette flow rheometer used in their
experiments (with the phase separating plane being parallel to the
applied DC field) was responsible for the discrepancy between their
experimentally measured plateaus, i.e., LE results, and the LT theory
predicted plateaus based on the class of solutions with the sus-
pended micro-particles rotating with the axis of rotation lying in
the general x-y plane. Nevertheless, we should point out that the
class of solutions with the suspended micro-particles rotating with
the axis of rotation lying in the general x-y plane only exists when
the background flow vorticity in the z-direction of the cylindrical
Couette flow rheometer shown in Lemaire et al. [9] (or in the
x-direction as defined by the coordinate system shown in Fig. 1 of
the present paper) is zero, and that the longitudinal (cylindrical
z-direction) particle-liquid phase separation reported in Lemaire
et al. [9] is likely a high shear rate, i.e., g*w0:5� 0:6 [8], and rela-
tively long term of duration e 5 minutes after the cylindrical
rheometer starts to rotate e experimental observation [8] instead
of a low shear rate, g*w0� 0:2, short term duration measurement.

While evaluating the HTeffective viscosity solutions as shown in
Fig. 6, we have employed a non-zero micro-particle rotation speed,
Us0 with U given by Eq. (19), in the polarizabilities of Eq. (18) and
the effective viscosity solutions of Eq. (39) or Eq. (40) for electric
field strengths greater than the critical electric field of
Ec ¼ 0:83ðkV=mmÞ. In other words, the spin velocity, u, and the
micro-particle rotation speed, U, are treated differently based on
the “rotating coffee cup” polarization model and the two rotational
speeds are generally out of sync (from a corotational perspective)
for the continuum HT solutions given in the figure. By recognizing
the effective viscosity solutions which are independent of the
driving shear rate, g*, as shown in Figs. 3b, 4b, and 5b, we find that
it is also possible to predict exact straight line plateaus for the low
shear rate, low viscosity regime on the rheogram with our present
continuum finite spin viscosity small spin velocity, h0s0,
s2MWu2

x � 1, solutions by substituting a zeromicro-particle rotation
speed of U ¼ 0 into the polarizabilities, Eq. (18), and all the
subsequent evaluations of the effective viscosity solutions. That is,
we employ Cebers’ equilibrium retarding polarization model [34]
rather than the rotating coffee cup model when evaluating our
present continuum h0s0, s2MWu2

x � 1 solutions, HT, for electric
field strengths greater than the critical electric field strength,
Ec ¼ 0:83ðkV=mmÞ. Again, using the same material properties as
employed in Lemaire et al. [9], we plot the continuum finite spin
viscosity small spin velocity, HT, effective viscosity solutions (with
the micro-particle rotation speed being set to zero, U ¼ 0, in Eq.
(18) and all the subsequent solutions) along with the LE experi-
mental measurements as reported by Lemaire et al. [9] and the LT
single particle dynamics theory as employed in Lemaire et al. [9]
with respect to the Couette driving shear rate, g* ¼ 0w0:2, in
Fig. 7a and b for the respective micro-particle solid volume frac-
tions of f ¼ 0:05 and of f ¼ 0:1. For both plots in Fig. 7, the LT
theory is a negatively valued low viscosity straight line plateau
ve electrorheological responses of micro-polar fluids in the finite spin
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being independent of the applied DC electric field strength [9], the
LE experimental measurements [9] are taken at
E0 ¼ 1; 2; and 3ðkV=mmÞ, and the HT theoretical predictions
(with U ¼ 0 in the evaluation of solutions) are evaluated at
E0 ¼ 1; 2; and 3ðkV=mmÞ with the critical electric field strength
for the onset of micro-particle Quincke rotation being
Ec ¼ 0:83ðkV=mmÞ. We have employed a boundary condition
selection parameter of one, b ¼ 1, and a spin viscosity of
h0 ¼ 0:34h2hz0:34h2h0ð1þ 2:5fÞ ¼ 5� 10�9ðN$sÞ for Fig. 7a and
b ¼ 1 with h0 ¼ 0:6h2hz0:6h2h0ð1þ 2:5fÞ ¼ 9:97� 10�9ðN$sÞ
for Fig. 7b. Once again, the only degree of freedom for best fit
between our present HT (U ¼ 0) solutions and the LE measure-
ments is the spin viscosity, h0, and the order of magnitude of the
spin viscosity employed in Fig. 7, i.e., h0wOð10�9ÞðN$sÞ, agrees with
the best fit values reported for ferrofluid spin-up flows as given in
Elborai [24] and He [25].

From the comparison of results shown in Fig. 7, it can be found
that both the LT single particle dynamics theory [9] and the present
HT continuum mechanical theory in the h0s0, s2MWu2

x � 1 limit
(with the micro-particle rotation speed being set to zero, U ¼ 0, in
the evaluation of the solutions) predict exact straight line plateaus
for the Couette effective viscosity solutions in the low shear rate,
low viscosity regime on the rheogram. However, while the LT
effective viscosity solution is negatively valued and independent of
the applied electric field strength, the HT (U ¼ 0) solutions predict
voltage dependence of the effective viscosity and are in good
agreement with the LE measurements as reported by Lemaire et al.
[9] in spite of the apparent inconsistency observed between the HT
and LE results at the electric field strength of E0 ¼ 2ðkV=mmÞ. This
result is surprising and encouraging because with the addition of
the spin viscosity (or couple stress) effects in the continuum
mechanical framework as well as with the proper selection of the
equilibrium retarding polarization model for the ER fluid, it is
possible to more accurately and consistently capture the negative
ER behavior, i.e., low viscosity plateau, in the regime of low driving
shear rates for Couette flow geometries.

By further examining the results shown in both Figs. 6 and 7, it
can be learned that although the continuum HT solutions with zero
micro-particle rotation speeds (U ¼ 0), i.e., Cebers’ equilibrium
polarization model [34], as shown in Fig. 7 are in relatively better
agreement with the LE experimental measurements as found in
Lemaire et al. [9], the continuumHT solutions with non-zeromicro-
particle rotation speeds (U given by Eq. (19)), i.e., the rotating coffee
cup model for equilibrium polarization, as shown in Fig. 6 predict
a better electric field dependence of the effective viscosity. From
the combined perspective of the Jaumann or corotational derivative
and our physical picture of an ER fluid parcel consisting of
a representative amount of rotating micro-particles and carrier
liquid molecules as discussed previously, a zero micro-particle
rotation speed, U ¼ 0, in the equilibrium retarding polarization
of Eq. (9) or polarizabilities of Eq. (18) more likely represents the
physical picture of an ER fluid parcel rotating and translating
respectively at u and vwith all the micro-particles embedded in the
ER fluid parcel being fixed at zero rotation speed as observed from
the frame of reference rotating and translating with the ER fluid
parcel. On the other hand, however, using the rotating coffee cup
model as shown in Fig. 2 allows us to treat the macroscopic spin
velocity, u, and the microscopic micro-particle rotation speed, U, as
different physical quantities and allows the two rotation speeds
(u and U) to be out of sync since with the electrical torque input
being concentrated on the retarding part of the dipole moment on
the micro-particles, it is very much reasonable that the suspended
micro-particles rotate at a higher rotation speed (observed from
stationary frame) as compared to the macroscopic continuum spin
velocity (observed from stationary frame) of the ER fluid parcel.
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Therefore, from the previous examination of both Figs. 6 and 7, the
physical reality of the negative ER behavior in Couette flow
geometries in the low shear rate, low viscosity regime likely falls in
between the respective phenomenological polarization pictures of
the rotation coffee cup model and Cebers’ model (i.e., the sus-
pended micro-particles rotate in sync with the macroscopic ER
fluid spin velocity) for the equilibrium retarding polarization under
the continuum mechanical modeling framework in the finite spin
viscosity small spin velocity limit.

As a short summary, for the present analysis (HT) of the
continuum mechanical modeling field equations in the finite spin
viscosity small spin velocity limit, we have, instead of using
a combined single particle dynamics two-phase volumetric aver-
aged medium model, utilized the continuum anti-symmetric/
couple stress theories to describe the negative ER fluid flow
phenomenon with the elementary microscopic ER fluid parcel
being defined as consisting of a representative amount of carrier
liquid molecules and rotating micro-particles under the framework
of the continuum hypothesis. From the comparison of results as
shown in Figs. 6 and 7, the present continuum HTapproach is likely
more capable of capturing the low shear rate macroscopic ER fluid
flow dynamics resulting from the averaged effects of the two
competing microscopic physical mechanisms of micro-particle
chaining (dipoleedipole attraction) and the chained micro-
particles being “ripped out of the chains” by spontaneous micro-
particle Quincke rotation [8], which can be respectively
illustrated or characterized by the physical pictures of Cebers’
polarization model [34], i.e., the micro-particle rotation speed and
the continuum spin velocity being in sync representing the effect of
micro-particle chaining in an ER fluid parcel rotating at u, and the
rotating coffee cup model, i.e., the micro-particle rotation speed
and the continuum spin velocity being out of sync representing the
effect ofmicro-particles being “ripped out” from the particle chains,
for the phenomenological equilibrium retarding polarization in the
polarization relaxation of the present negative ER fluid flow.
Further analysis of the full non-linear governing angular
momentum equation, i.e., Eq. (20), is required since the corre-
sponding continuum spin velocities for the continuum HT effective
viscosity solutions as shown in Figs. 6 and 7 are not necessarily
small at relatively large shear rates and may not satisfy the small
spin velocity assumption used in obtaining the analytical solutions
presented in the present article.

5. Conclusion

In this paper, we theoretically discuss and investigate the
negative ER responses of a 2D dilute particle-liquid suspension
Couette flow with the internal micro-particles undergoing spon-
taneous electrorotation, or Quincke rotation, when subjected to
a strong DC electric field applied perpendicularly to the direction of
the flow in the parametric regime of low Couette driving shear
rates. With the physical pictures of a rotating coffee cup polariza-
tion relaxation model [11,12] and continuum ER fluid parcel/
element consisting of a representative amount of rotating micro-
particles and carrier liquid molecules, we solve a set of
continuum mechanical modeling field equations originating from
continuum anti-symmetric/couple stress theories in the limit of
finite spin viscosity and small spin velocity to obtain analytical
solutions to the continuum spin velocity field, continuum linear
velocity field, and the effective viscosity under the general
assumptions of incompressible, 2D, steady state, and fully devel-
oped Couette flow fields. Parametric studies are then performed on
the effective viscosity solutions by varying the pertinent physical
parameters of the applied electric field strength, Couette driving
shear rate, boundary condition selection parameter, or spin
ve electrorheological responses of micro-polar fluids in the finite spin
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viscosity such that the negative ER flow responses due to internal
micro-particle electrorotation can be illustrated for the flow
condition of finite spin viscosity small spin velocity or low Couette
driving shear rates. The theoretical results obtained from our
present finite spin viscosity small spin velocity continuum
modeling framework are also compared with results obtained from
experimental measurements [9] and single particle dynamics
theory as found in recent literature [4e10] so as to validate our
proposed continuum model and to offer a method of modeling as
well as a possible explanation to the experimentally observed low
shear rate, low viscosity plateau on the Couette flow effective
viscosity rheogram as reported in recent literature [4e10].

For the electric field strength regime of E* > 1, it can be found
that the variations of the Couette effective viscosity solutions with
respect to the applied shear rate obtained in the h0s0, s2MWu2

x � 1
limit behave similarly to those found in the zero spin viscosity limit,
h0 ¼ 0, of the present continuum modeling field equations as dis-
cussed in Huang et al. [12], i.e., the exact value of the effective
viscosity decreases as the applied electric field strength increases
(with g*, b, and h*p kept constant), and the reduction in the effective
viscosity decreases and approaches to the zero electric field solu-
tion as the driving shear rate increases regardless of the electric
field strength applied. Moreover, with g*, b, and E* > 1 being kept
constant, the exact value of the Couette effective viscosity
decreases as the spin viscosity is reduced, and the reduction in the
effective viscosity is decreased and approaches to the zero electric
field solution as the driving shear rate becomes very large regard-
less of the value of the spin viscosity. The reduction in the effective
viscosity is also decreased as the value of the boundary condition
selection parameter, b, is reduced while the other parameters are
kept constant. On the other hand, for the electric field strength
regime of E* � 1, we find that the Couette effective viscosity
solutions are generally independent or invariant of the driving
shear rate or boundary velocity, i.e., straight plateau lines on the
rheogram. The exact value of effective viscosity generally decreases
as the applied DC electric field is increased, as the boundary
condition selection parameter is increased, and as the spin viscosity
is decreased while their respective complementary parameters are
held constant. Note that for the electric field regime of E* � 1,
effective viscosities greater than one, i.e., positive ER effect, instead
of effective viscosities less than one, i.e., negative ER effect, are
predicted for boundary condition selection parameters generally
less than one or simply zero, which is a prediction that roughly
agrees with the viscosity increase due to particle chaining and
structure formation as observed at ultra low shear rates and low
electric field strengths in Lemaire et al. [9]. Yet, this agreement of
positive ER effect at ultra low shear rates can only be achieved
when the boundary condition selection parameter is less than one
and the micro-particle rotation speed is set to zero in the expres-
sions of the polarizabilities and equilibrium polarization (i.e., the
micro-particle rotation speed and the continuum spin velocity
being in sync).

Substituting the same material properties and system parame-
ters as employed in Lemaire et al. [9] into our continuum
mechanical solutions obtained in the finite spin viscosity small spin
velocity limit, the Couette effective viscosity results predicted by
our present continuum model are compared to the theoretical and
experimental results obtained in the flow regime of low Couette
driving shear rates and moderate to strong electric field strengths
as reported in current literature [9]. With the inclusion of finite spin
viscosity effects, or finite couple stress contributions, and with the
proper selection of the value of the spin viscosity, the comparisons
indicate that the Couette effective viscosity solutions predicted by
our present continuum model in the h0s0, s2MWu2

x � 1 limit are
likely more capable of capturing the electric field dependence and
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the plateau curve of the negative ER effective viscosity in the flow
regime of low driving shear rates on the rheogram by respectively
employing the rotating coffee cup polarization model (with the
micro-particle rotation speed and the continuum spin velocity
being out of sync) and Cebers’ equilibrium polarizationmodel (with
U and u being in sync) as compared to the solutions obtained from
single particle dynamics two-phase effective medium modeling [9]
and the present continuum model in the zero spin viscosity limit
[12]. The success of the present continuum theory suggests that it is
possible of more accurately capturing the microscopic physics of
micro-particle chain structure formation (due to dipoleedipole
attraction) and destruction (due to micro-particle Quincke rota-
tion) in the negative ER Couette flow regime of low driving shear
rates by including finite spin viscosity effects (couple stress effects)
and treating the continuum spin velocity and the micro-particle
rotation speed as different physical quantities (additional voltage
dependence of the equilibrium polarization introduced through the
micro-particle rotation speed) under our present continuum
mechanical framework.

Future research includes the full non-linear analysis of the
governing equations of motion with finite spin viscosity and
general, i.e., small to large, spin velocity magnitudes as well as
further identifying themicroscopic mechanisms in determining the
macroscopic boundary condition on the spin velocity field and the
polarization relaxation process of the negative ER fluid flow.
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