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ABSTRACT

A generalized transient analysis has been developed
using a drift dominated conduction model to solve for
the electric field and space charge distributions in
a dielectric for any initial and boundary conditions
as well as for any type of terminal excitation or
constraint. Past results for parallel plate electrodes
were extended to lossy dielectrics with ohmic conduc-
tivity. Analogous methods were developed for concen-
tric cylindrical and spherical electrodes. Lhe case
of bipolar conduction including charge recombination
is also treated. The method of characteristics was
used throughout this study so that the governing
partial differential equations were converted into a
set of first order ordinary differential equations.
For current excitations, these equations are easily
integrated while for voltage excitations the equations
are in the correct form for Runge-Kutta numerical
integration. Special cases examined include the
charging transients to a step voltage or current from
rest or from a pre-stressed level and the discharging
transients for systems in the dc steady state which are
instantaneously opened or short circuited.

INTRODUCTION

A volume charge distribution within a dielectric can
arise from any number of mechanisms. In many materials,
irradiation by an electron beam [1], light [2], or
nuclear radiation [3] generates charge carriers.
Charge injection also occurs from electrodes under
high field strengths either by field emission [4] or by
contact charging of impurities [5]. A study of the
behavior of charge transport within the dielectric
provides information on its electrical conduction and
breakdown properties.

A drift dominated conduction model is often used in
analysis where the velocities of charge carriers are
proportional to the local electric field through their
mobilities, and the electric field is related to the
charge densities of the carriers through Gauss's law.
Such models have been first used in the analysis of
charge conduction in solid state semiconductors [6, 7].
However most published analyses have been restricted
to the particular situation under study. In recent
work [8 - 10] generalized solutions wereobtained for
the transient time and spatial response of the electric
field and space charge distributions and the terminal
voltage-current characteristics, without restrictions
on initial and boundary conditions and for any type
of terminal excitation or constraint.

The analyses were very general as the mechanism of
charge generation appears only as an initial or
boundary condition with the subsequent charge trans-
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port then completely determined. In the past only
space charge limited boundary conditions were con-
sidered where the electric field at a charge injecting
electrode is zero with infinite charge density. More
recently other boundary conditions were considered
such as field specification [8], charge density
specification [10, 11] , a field threshold condition
whereby charge injection occurs whenever the emitter
electric field reaches a critical value [9], and
the most general case where the injected charge density
is described as a function of the emitter electric
field [9]. The examples treated in these studies in-
cluded the charging transients to step current and vol-
tage excitations from rest, including the effects of
risetime, as well as pre-stressed systems where the
voltage or current is stepped up or down from a non-

zero dc steady state including the discharging transi-
ents when the system is instantaneously opened or

short circuited.

The drift dominated conduction model is useful in
understanding the effects of the rate of voltage rise
and the time delay from voltage crest in electrical
breakdown studies. Time of flight measurements are
used to calculate ion mobilities, and the time and
space variations of the electric field can be
correlated to Kerr electro-optic [12 land Schlieren
measurements [13]. This simple model is probably most
appropriate in solid dielectrics under pre-breakdown
conditions. However, extensions of the analysis
presented here can take into account electrohydrody-
namic convection effects in liquid dielectrics [14]
and other conduction mechanisms during and after
electrical breakdown.

The purpose of this paper is to review the mathe-
matical methods used in solving drift dominated con-
duction problems. Significant results from other
work in a parallel plate geometry for unipolar
conduction are described with extensions to lossy
dielectrics, as well as the development of analogous
treatments for concentric cylindrical and spherical
electrodes. Lastly, the analysis is extended to bi-
polar conduction including charge recombination which
can be easily extended for any number of charge carriers.

FIELD EQUATIONS

First we consider the parallel-plate geometry shown
in Fig. 1, where the lower electrode at x = 0 is
a source of positive ions with mobility P within the
lossy dielectric with ohmic conductivity CF. We
neglect fringing and consider only one dimensional
variations with the coordinate x so that the electric
field and current density are purely x directed.
The governing equations are the irrotationality of
the electric field E, Gauss's law relating the electric
field and permittivity e to the space charge density
q, conservation of charge with the conduction in the
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dielectric due to drift of injected charge and
natural ohmic conduction. Without loss of generality,

Q
V x E = O + f Edx = v (1)

0

V * (E) = q

V - J +jq = O ; J = qZE + aEc at c

the injected charge is assumed to be positive so that
the mobility in (3) is positive. Diffusion effects
are neglected in (3) for it is assumed that applied
voltages are much larger than diffusion potentials
[15].

x
4,
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Uniform source of ions

area flowing in the terminal wires due to displace-
ment, ohmic and drift currents in the dielectric.
It is only a function of time and not position. Inte-
grating (6) between electrodes yields the voltage-
current relation

(2) dt + + 1[2E (1, ) - =2(,] =() (7)

The first term is the familiar capacitive current
contribution with the second term due to ohmic resis-
tance with T being the normalized RC relaxation time.
The third term is the contribution from the injected
charge. Note that the lossless limit (a = 0) can be
obtained by setting = X so that there is no ohmic
current.

STEADY STATE DISTRIBUTIONS

Setting the time derivative in (6) to zero, allows
us to directly integrate so that the electric field
is implicitly expressed as

x=-TE - ) t~ n (8-
(J - E/) (8)

where Eo is the emitter electric field at x =0 which
- must be specified as a boundary condition. If we

impose a dc voltage source V, used as the norumalizing
voltage in (4), then the steady state currentJ is

v (t) obtained from (7) withv = 1. The transcendental
nature of (8) requires a numerical procedure to
obtain the electric field. The charge density is
found from (2). In the lossless limit (T + a) the
steady state solutions reduce to

E [2Jx + E2]2
0

= J/[2Jx + E]2
(9)

Fig. 1 The lower electrode at x = 0 is a source of
positive ions with mobility p in the lossy
dielectric with ohmic conductivity a.

The charge density q in (2) and (3) is only due to
the injected charge and has no contribution from the
ohmic charge carriers. In the ohmic conduction
model one species of charge (usually electrons)
moves relative to a stationary species (usually
positively charged nuclei) with a drift velocity
proportional to the electric field. Thus even
though the net charge for ohmic conduction is zero
a net ohmic current flows. Further injected charges
with mobility p are not cancelled out by any background
charge.

For voltage source excitations, it is convenient to
introduce the non-dimensional variables

E EQ/V q = qQA2/V ; J = JQ3/sCiV2 ; v = v/V

x = xIQ; t= iVt/k2; T (C/a) (pV/Z2)

where V is some characteristic voltage value. When
the terminal current is constrained, it is useful to
normalize to some characteristic current density
value J as (5)
_ 1 1 1
E = (ci/J £)2 Es qj = (iZ/cJ )~q ; V= (ci/J Q3)Z V

x = x/I ; = (VJ0/60)7 t ; = (c/a) (viJ/EZ)7 ; J =J/J
0 0 ~~~~~~~~~0

With either of these normalizations, the equations
of (1) - (3) reduce to

a+ T E = J(t) (6)

where J(i) is the total current per unit electrode

J= 8 {9 - 12E2 + [ (9 - 12Eo)2 + 192(1 - )

The emitter electric field B ujust obey the inequality
0

O < Eo < 1. For negative E there could be no
charge injection as the field would 2ush the charge
back into the electrode, while with Eo > 1 the
disrergence of E could not be positive as required by
Gauss's law for positive charge injection and si-
multaneously satisfy (1) of having a normalized
average field strength between electrodes of unity.
Fig. (2) shows the steady state distributions of
electric field and space charge density under space
charge limited conditions (E = O)for various values
of T The space charge distribution distorts the
electric field so that the maximum electric field
strength occurs at the non-charge emitting electrode.
This field enhancement is important in electrical
breakdown studies as one would expect that breakdown
begins where the electric field is largest. AS T gets
smaller, the electric field distribution approaches
the uniform field of a resistor with most of the space
charge near the emitting electrode. Note that the
area under each of the electric field curves is unity.
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Fig. 2 Steady state distributions of electric field
E(i) (solid lines) and space charge density
i(i) (dotted lines) for various values of
relaxation time parameter T.

TRANSIENT ANALYSIS

Equation (6) is a quasi-linear partial differential
equation which can be converted to a set of ordinary
differential equations using the subsidiary equations
obtained by the method of characteristics [16].

dt
=

di dE
1 E J - i/t

(10)

An equation for the charge density is obtained by
taking the spatial derivative of (6)

+%q+ E ad + 2 = 0
a t T 3

(11)

which by the same reasoning as in (10) yields the
subsidiary equations

dit di -d _1 =

1 E q /
(12)

It is important to understand what the subsidiary
equations (10) and (12) mean. They are nothing more
than a 'cookbook" method of writing E and q as total
differentials. That is, using the chain rule of
differentiation we obtain

- i - +
dE =i dx + _ di

(13)
dq= -- dx + t di

If the time and space differentials are related as

dx =

then the field and charge differentials are

di =

(14)

(15)

~ s _q(q + )qq
d~~~~~~(iqlep@t)l -t T

which agrees with (10) and (12), where q is the charge
density at t = t usually specified as an initial or

boundary condition. Along the lines of (14) which
just puts us into the reference frame of the moving
charge, the electric field and space charge density
are only functions of time. We have converted the
governing partial differential equations into a set

of ordinary differential equations. The advantage of
using (14) and (15) is that the equations are easily
integrated. The charge density is explicitly known
as a function of time_but its position x must be
found from (14). If J is known as a function of,time,
either by measurement or because it is imposed the
electric field and the trajectories are easily ob-
tained by direct integration. If the voltage is
imposed, the current must be found from (7). Since
this relation requires a knowledge of the electric
field at the electrodes, closed form solutions cannot
be found usually. However, (14) and (15) are in the
correct form for Runge-Kutta numerical integration.

For complete specification of a problem it is neces-
sary to supply also the initial electric field or

space charge distribution as a function of position
at t = 0, and the emitter electric field or charge
density as a function of time at x = O.

CURRENT EXCITATIONS

Step Current From Rest for Space Charge Limited
Conditions

We assume that at t = 0 the current increases from
zero to the value J and remains constant thereafter.
For space charge limited conditions the emitter elec-
tric field E at x = 0 remains zero for all times.
The resulting charge density q is then infinite
so that the current is finite. Using the normaliza-
tions of (5), (14) and (15) can be integrated to yield

x f2 4exp[-i - -t)/l +
0

- t) +
0

E = ;1 - exp[-(t - t )/l

0

' ~~~1
Tz exp[&t - t0)/fl

(16)

t = O0

t > 0
0

In the lossless limit (i= -), (16) reduces to

x = 2 (t - to) + x

E = (t to)

q =

l l/( - to)

(17)

t = 0
0

t >
0

0

Fig. 3a shows the trajectories and distributions of
the electric field and space charge density calcula-
ted with (16) and (17) for i = 1 (solid lines) and
T = - (dashed lines). The dark demarcation curve
emanating from the origin of the charge trajectories
separates the effects of the initial conditions from
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Fig 3 Trajectories and distributions of electric
field and space charge density for T = 1
(solid lines) and T = - (dotted lines).

(a) Step current from rest, (b) Open circuit from
dc steady state.
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the boundary conditions. Above this curve the charge
density is zero and the electric field is uniform.
Below, the field and charge density have their steady
state distributions, with only the spatial extent of
the solution being a function of time. Once the
demarcation curve reaches the upper electrode at
x = 1., the system is in the steady state. The solid
curves in Fig. 4 show the time dependence of the
terminal voltage for various values of i.

the initial charge is never completely swept out of
the system. The dashed curves in Fig. 4 show the
decay of the open circuit voltage for various values
of T,

VOLTAGE EXCI TATIONS

Step Voltage From Rest For Space Charge Limited
Condi tions

-.

0.00 0.20 0.40 0.60 0.80 1.00 1.20 1.40 1.60 1.80 2.t
TIME t

Fig 4 Charging (solid lines) and open circuit
(dotted lines) voltages v(t) for various vz
of '.

Open Circuit

After the system reaches the steady state, we sudc
open the circuit. We continue to use the non-dim.
sional quantities of (5) with the charging curren
J as the normalizing current. The-initial_condit
are the steady state solutions of Es and qSs for
step current. All trajectories emanate from the
boundary t = 0 as no further charge will be
injected. The governing equations of (14) and (1.
become

di=i _Odi E Ssx- E (i)[l - exp(-i/I)] + i0
_4t= -E/%-- E

= i (i )exp(-i/R)d'f ~~Ss 0

The voltage is now imposed across the electrodes to

TN increase from zero to the value V at time t = 0,
5.00 and we use the normalized quantities given in (4).
3 00 The governing equations (14) and (15) cannot be
2.00 directly integrated as the current J cannot be obtained
50 in closed form from (7). However, numerical integra-
.25 tion of (14) and (15) is easy as the equations are in
00 exactly the right form for the Runge-Kutta method [17] .

075 The resulting charge trajectories and distributions
of electric field and space charge density are

0.50 plotted in Fig. 5a forT 1 and T = X. The two
dark demarcation curves emanating from the origin of

0.30 the charge trajectories are due to the spontaneous
INF charge emission at t = 0 to maintain the space
5.00 charge limited condition at x = 0 . This is because
H:88 at t = O , there is no space charge so that the
1I50 electric field is uniform, E= 1 for all values of x .
1.00 At t = O+ , the field at x = 0 must instantly drop to
0.50

zero. All the surface charge on the emitter electrode
is instantaneously injected into the dielectric as
the surface charge is zero for all further times.
Thus the left demarcation curve starts with unity slope
while the right curve starts with zero slope. The

alues electric field at the origin (ix = 0, t = 0) takes
on all intermediate values. Because q0=o for to= 0,
the charge density between the two demarcation
curves is only a function of time and not of position

denly
en-
t
ions
the

5)

(18)

~~~ ~1
q

= 1q T[exptT) - 1] (21)

Above the left demarcation curve, the charge density
is zero so the electric field is uniform. The upper
curves in Fig. 6 shows the terminal current for
various values of T. The peak in these curves occurs
at the time when the charge first arrives at x = 1 and
it is the basis of time of flight measurements for
the mobility. This transit time depends only slightly
on the relaxation time T but it is sensitive to the
charge injection boundary conditions and the excitation
risetime.

4ss( o
q

=

[(+i (ixlx(iO )i ( T
Ss 0 Ss 0

where x is the initial position of the charge tra-
jectory at E = Q. When =co (18) reduces to

s= E (0 ) +
0

E = E (x0) (19)

q = iss (0 / l + iss (0o) ]

Fig. 3b shows the open circuit trajectories and dis-
tributions of -ield and charge for T = 1
(solid lines) and ==c (dashed lines). Note that for
those initial positions such that

TE (xO) + i < 1
ss 0 0 (20)
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Fig. 6 Charging (upper curves) and short circuit
(lower curves) currents J(t) for various values
of T . Note the amplitude and time scale
changes between the upper and lower curves.
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(a)

Fig 5 Trajectories and distributions of electric
field and space charge density for T = 1
(solid lines) and T = X (dotted lines).

(a) Step voltage from rest, (b) Short circuit from
dc steady state.
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Fig 8 Terminal current for an applied voltage
excitation with risetime T with critical
emitter field for charge injection of Ec= 0
(solid lines) and Ec = 0.5 (dotted lines).

Effects of Voltage Excitation Risetime

In addition to the current waveform in Fig. 6, an
impulse current at t =Ois also present due to the
instantaneous capacitive charging at t = 0. It
arises from the first term on the left in (7) which
is zero for E>O but is an impulse at t=O when the voltage
takes a step. In practice, an infinite current of
zero time duration cannot be delivered, so that the
imposed voltage must have a non-zero risetime. If
this risetime is fast compared to the transit time
for injected charges to reach the other electrode,
the step solutions discussed in the preceding section
are approximately correct.

Using the normalized quantities of (4), we choose the
applied voltage to be of the form

= 1 - exp(t/T) (22)

where T is the normalized risetime. We focus atten-
tion on the lossless limit and take T to be infinite.

As found in earlier examples, a characteristic
trajectory emanates from the origin in the x - t
plane which separates -hose characteristics arising
from initial conditions at the t = 0 boundary
from those due to the charge injection boundary
condition at x = 0. We consider a field threshold
boundary condition where charge injection begins
only after the emitter electric field reaches a
threshold value Ec and that for higher voltages
the emitter electric field remains clamped at this
value. For lesser emit-er field values, there is
no charge emission. Thus for the excita--ion of
(22), the electric field remains uniform given
by the instantaneous voltage divided by the electrode
spacing with no charge injection until the normalized
emitter field strength reaches E at the time tjJ
Two other pertinenL time constanis and their relative
values '-o the risetime T describe the system. We
definetEas the time when the curve emanating from
the origin (i = 0, t = 0 ) reaches the other
electrode at x = 1. The time the characteristic
trajectory which begins at time tj reaches the ofher
electrode at i = 1 is defined as t2. These
system time constants are illustrated in Fig. 7.
Note that only one characteristic curve emanates
from the origin. For space charge limited conditions
( Ec = 0 ) we have that t; = 0 so that the two
dark curves in Fig. 7 are the same.

,q = 0
/

IO
I

1

q0

Trajectories depend
on initial conditions.

Here E(x,t=O)=O <

Cn

No charge t Electric fieldQ
injection Onset of clamped at EC
until Tj charge injection for T I c

Fig. 7 Typical characteristic trajectories for an
applied voltage excitation with risetime T
Charge injection atx = 0 begins at time

tj when the emitter electric field
reaches value Ec . Note that tj can
be greater or less than t .

Figure 8 shows the tinLe dependence of the resulting
terminal current fori Ec = Q. (space charge limited
condition) and for Ec = 0.5 for various values of
risetime T. For small values of T , the
current is very large near t = 0 -due to the large
capacitive charging current. If T = 0 'his charging
current is infinite (an impulse) at t = 0 , but
immediately drops to finite values for t > 0.

182

V,j- - - - - -

t



For non-zero but small values of T, the initial
current is large but still finite, quickly dropping
down and then rising up to a peak with some further
small oscillations as io approaches the steady state.
For large values of T, the initial charging current
is small, first decreasing and then rising slowly
with no peak as it approaches the steady state.

These curves are important in interpreting time of
flight measurements. These measurements determine the
mobility 1P by measurement of the time ( t = il)
for the current to reach its sharp peak. In an
experiment, if the voltage risetime is small, the
current peak at t = t1 is so much smaller than
the initial charging current that it can be easily
overshadowed and it becomes difficult to measure it.
If T is large, there is no current peak so that
the mobility cannot be measured.

Similar analyses can be applied to voltage ramps
which increase linearly with time. The electric
field build-up provides information on the effects
of the rate of voltage rise on electrical breakdown.

Short Circuit

Once the system has reached the dc steady state, the
voltage is instantaneously decreased to zero. Since
the charge density cannot change instantaneously, the
normalized electric field distribution must decrease
by -1 so that its average value is zero. This makes
the field near the charge emitting electrode negative
propelling the nearby initial charge back to it. The
field near the other electrode is positive so that
the upper charge goes to that electrode. With
further tirm-e the field and charge then gradually
decrease to zero. In this case solutions can be
easily obtained using the Runge-Kutta method for
numerical integration of (14) and (15). The
lower curves of Fig. 6 indicate the short circuit
currents for various values of T

Effects of Prestressing

When a dc voltage is applied, the steady state
distributions of "8) and (9) are approached. If
the current is instantaneously changed such as to
an open circuit (J = 0), the field and charge
distributions are continuous at t = 0 and then
gradually approach new steady state distributions.

The initial charge transient due to the existing
charge distribution is independent of any subsequent
charge emission.

For a step change in voltage, the charge distribution
is continuous but the normalized electric field must
instantaneously change everywhere by a constant so
that its average value is equal to the new voltage.
We define V as the ratio of new to old voltage.

Step Increase in Voltage (V > 1):

If the field remains fixed at the critical value Eci
again two space charge fronts prpop;gate, one with
initial velocity dx/dt - (Ec + V - 11
and the slower with initial velocityEc . The transient
charge distributions separate into three regions due to
the initial distribution, the spontaneous injection at
t = O , and further charge injection for t > 0.

Step Decrease in Voltage (I < 1):

This is the most complicated case because the emitter
electric field can be either changed to a lower
positive value or to a negative value depending
on the magnitude of the voltage drop. When the
emitter field is negative there is no further charge
injection and no boundary condition can be specified
as the solution is determined purely by initial
conditions. However as soon as the emitter field
becomes positive we are free again to impose any
physically reasonable boundary condition.

1. Instantaneously positive emitter field (V > 1 - Er)

Since the electric field is positive everywhere, the
initial charges continue to drift towards the opposite
electrode. If the emitter charge density is proportion-
al to the emitter field, the emitter charge instantly
decreases and then gradually increases to the new steady
state. For a critical threshold field strength E for
charge injection, charge emission first ce ses be%ause
the emitter field is less than Ec. If V-Ec, there
is no further charge injection as the emitter electric
field never reaches the critical value and when the last
traces of initial charge reach the opposite electrode
the system behaves as a capacitor thereafter. This
can only occur if Ec > .5 for voltages in the range
( 1 - ic ) < V < £c * For V > EC the emi tter field
builds up towards the critical value and remains
clamped at this value thereafter.

2. Instantaneously negative emitter field (V < 1 - Er)

Those charges acted upon bj a negative field will drift
back to the emitter. Over that time interval when the
emitter field is negative no boundary condition can be
imposed as the emitter field and charge density are
determined by initial conditions. As soon as the
emitter field becomes positive, any boundary condition
can be imposed.

3. Short circuit ( V = 0

This is a special case of the above cases as the elec-
tric field near the injecting electrode becomes nega-
tive while at the opposite electrode it drops to a
lower positive value so that the average field value
is zero. As time increases the emitter field rises
and the field at the opposite electrode decreases
until they-reach zero at which time the system is
discharged. There can be no subsequent charge injec-
tion.

COAXIAL CYLINDRICAL ELECTRODES

The governing equations (1) to (3) are valid no
matter what the electrode geometry is. For coaxial
cylindrical electrodes of inner radius R., outer
radius R , and length L the electric field and current
are radial and all quantities depend only on the
radial coordinate. It is convenient here to use
the nondimenpional quantities

r = r/R ; t - pVt/R2 ; E = ER /V;0 0 0 (23)
2= qR/V ; I 3 IR2/(2rELV2) ; V V/V

where I is the total current flowing in the terminal
wires . The governing equation analogous to (6) in
the lossless limit ( 00o) is

Er (rE) + -at (rE) = I(t) (24

with I(t) the total normalized terminal current due
to conduction and displacement currents in the
dielectric which is only a function of time but not
of position. By dividing (24) by i and integrating
between the cylinders, the normalized voltage is
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related to the current as (25)

I()=-l 1$+-jI [E(i,E) - E (R.,t)] +J-r dr}

For positive charge injection from the inner electrode
the current and electric field are in the positive
radial direction. Positive charge injection from
the outer electrode requires the opposite voltage
polarity so that the electric field and current are
in the negative radial direction.

The steady state electric field is obtained by setting
the time derivative in (25) to zero [18] (26)

E(r,tI= 00) =

- 1 1~~~~~~~~~~~~-
(I77/) [i2 - (1 - Ei /I)Ri

-(I/i)[l - i2 + E2 /i]
0

with the charge density given by

i(ili = 00) = I

Inj ection
from-
r = Ri
Inj ection
from
r = 1 I

(27)

where the parameters Ei and -Eo are the electric
fields at the respective charge emitting electrodes.

Using similar reasoning as in (10) and (12), the subsi-
diary equations are

dr- E d .- dE I-E
dt E ; dt (rE)=I dE=I-Ecit dt d-t r

(28)

d q~~~~~~0
di= q q [1+ ( - to)]

For known terminal currents, these equations are easily
integrated. If the voltage is imposed, the current
must be found from (25). This requires Runge-Kutta
numerical integration of (28) together with an
integration technique (such as the trapezoidal
or Simpson's rule) for the spatial integral in (25).
The terminal charging currents for a step voltage are
plotted in the upper part of Fig. 9 for charge in-
jection from the outer electrode (solid lines) or
from the inner electrode (dashed lines) for various
values of Ri. In ad(lition, the initial impulse at
t = 0 must be added. At t = O+ the current steps
up to the values

.25 .50 .75 1.00 1.25
I I I'i0.g /\ Rx =0.5

/3 .-- ---- ~ ----2

0~~~~~~~~~~02

0 /= -

/

I

-I/

9 L1 I I. .
.1 .2 .3 .4 .5

Fig. 9 Space charge limited charging (upper plot)
and short circuit (lower plot).currents for
various values of inner radiusRi with
charge injection from the inner (dashed lines)
or outer (solid lines) cylindrical electrode.
Note the scale changes in amplitude and time
between the charging and discharging currents.

Injection from
r = Ri

Injection from
r = I

(29)

For small values of Ri with injection from the inner
electrode, the current initially decreases and then
slightly rises to a small peak as it quickly approaches
the steady state. For large values of Ri the current
waveshape becomes similar to that obtained with
parallel plate electrodes with a rise to a large
pronounced peak with some small oscillations as it
approaches the steady state. With injection from the
outer electrode, the current always increases to a
sharp peak which is especially noticeable for smaller
inner radii. Note that fora.given inner radius the
peak in the current curves always occurs earlier for
charge injection from the inner cylinder. This may
explain why in a non-uniform field geometry the time
delay to breakdown, which may depend on the charge
transport time between electrodes, is a function of
voltage polarity.

The short circuit current from the dc steady state is
drawn as the set of lower curves in Fig. 9. The dis-
charge current reverses sign, immediately decreases
from the steady state value and quickly approaches
zero.

CONCENTRIC SPHERICAL ELECTRODES

Although not the usual experimental situation, a
spherical geometry has applications to charge trans-
port in the atmosphere and other geophysical problems.
We use the same normalizations as in (23) with the only
substitution

I = IR /(47repV2) (30)

The governing equation derived from (l)-(3) for a
lossless dielectric ( = 0) in spherical coordi-
nates is

E a(r2E) -2Ia ) (31)
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with the current related to the voltage as (32)

Ri = + [E2(t)- E2(Ri,t)] + 2RJ r di

The steady state solution for positive charge injec-
tion from either sphere is

[I(3-Ri) + EiRi] 2

-2r

_- 1) + -] 2
_I(r, ___E+i]2

-2r

InjeQtion From
r = Ri

(33)

Injection From
r = l

with charge density

t= m) r (34)

tj2j

The subsidiary equations .for transient solutions are

dt

d(rE) = di =
22 (35)

n = _q 2 q~ =
dt [1+ at t

0 0

For any initial and boundary conditions the
mathematical procedure is the same as described for
planar and cylindrical geometries.

BIPOLAR CONDUCTION

Thus fat our analysis has been restricted to unipolar
conduction. For many materials there are more than
one charge carrier. In this section we allow for
two charge carriers of opposite signs with charge
densities q+ and q and respective mobilities + and jj_
with recombination coefficient a within a dielectric
of permittivity e. In the drift dominated limit,
charge conservation for each carrier and Gauss's
law for one dimensional variations with the coordinate
x results for parallel electrode geometry in the re-

lations aq,
a (q PE) +-a = aq(q

ax (q_]I_E) + at~ -atq+q_ (6

aE + q

The "cookbook" method analogous to (10) and (12)
for converting these partial differential equations
into the set of subsidiary ordinary differential
equations is to write (36) in the equivalent standard
form [16]

1 p+E ° 0

o 0 l -p E

dt dx 0 0

O 0 dt dx

aq+/Dt I =

aq+/ax
aq_/at

g (q+tq_ ) + aq+q_
q p

e (q++q_) - aq+q'£: +q)-

dq+

dq

(37)

The first set of characteristic equations which
also describe the particle trajectories for each
carrier are obtained by finding those relations which
set the determinant of coefficients on the left-
hand side of (37) equal to zero. To find the solu-
tions along these trajectories we substitute the
column vector on the right-hand side of (37) into
any column in the left-hand matrix and again set
the determinant of the resulting matrix to zero [161.
The solutions are.then (38)

dqt dE
q_E

-q ) q ;qdE J(t) _ + +

where J(t) is the total current per unit electrode

area (wi -h spacing Q) given by the sum of conduction

and displacement currents obtained by integrating

over space the sum of the two charge conservation

equations in (36),

~ dt

dq+q dEat J(t) Iq+

Note that if the system is excited by a current
source, J(t) is known, while for the usual case of

a voltage excitation v(t), J(t) must be calculated

using the right-hand side of (39). The equations of

(38) are again in the standard form for numerical

integration schemes based on the Runge-Kutta method.

All that needs to be supplied are initial and boundary

conditions .

A SIMPLE CASE STUDY OF BIPOLAR CONDUCTION

To illustrate the general approach with closed ftrm
solutions we consider the simple case where the posi-
tive carrier has zero mobility (1m+ = ). Physically,

se imagine soe mechanism such as radiation ionising
a region creating an equal number of positive and

negative carriers uniformly distributed in space

each with charge density q0 . We .-ssume that the

lower electrode at x = is at a positive voltage

V with respect to the upper electrode at x = Q
ITf the positive carriers are much larger than the

negative carriers, their mobility is much less. In

this zero mobility limit the positive charge carriers

do not move (dx/dt0i), while the negative

carriers are swept out of the system.

It is convenient to introduce the normalizations

q q+/q; X= X/ ; V =cV/q02
;E = £E/q ; t = q t/fE

0 0

a = Cct/pJ

(40)

Although (38) and (39) are easily numerically in-
tegrated we choose here to examine two limits which
result in closed form solutions.
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A. Zero Recombination Limit ( a = 0 )

If the charges do not recombine ( a 0) [ 19] then
the positive charge density at every point remains
constant with time ( q+ 1). Because of the ass-
umption of uniform ionization, this charge density
is also constant in the region between the electrodes.
The negative charge density can then be found by direct
integration to yield

qn
qn + (q + l)exp(i - t)] (41)
n n o

where q is the negative charge density at the start
of a characteristic trajectory at time -to

The characteristic trajectories of the negative charges
are separated into two regions by the demarcation
curve Xd emanating from the position i = 1 at E = 0.
The initial parameter q is then zero along those
charac'eristics which start atx = 1 for E > 0 and
it is -1 for those characteristics which emanate from
the E = O boundary with x = x and = 0. The
negative charge density is th°en 0

to = 0 (Region I)

(42)
t > O (Region II)

giving the total charge in each region as

0

qT q+ +q1=
1

where t is the time when the demarcation curve
reachescthe i 0O boundary so that all the negative
charge has been swept out of She system. - This only
happens in a finite time if V > 0.5. For V = 0.5, t
while if V<0.5,xdnever reaches zero bu rather
approaches the steady state value 1 - 2V so that the
negative charge never completely leaves the system.
Once the demarcation curve is known, all other tra-
jectories obey the relation

o+ d(t) Region I

x(t)= (48)

xd(t) +[1 -xd(tO) exp(tO - i) Region II

where the parameter xi is the starting position at
t = 0 for characteristic curves in Region I, and to is
the starting time at x = l for characteristic curves
in Region II. The demarcation curve is obtained
again for xo 1 and to = 0

The electric field along these curves is

V -[Vi - xd(t)]2 Region I

(t) =

x+V
-

2Y [xd(E)]2 Region II

(49)

Figutre 10 shows the results for voltages V=1.0, V=0.5,
and V-0. 25.

(Region I)

(43)
(Region II)

This gives the electric field in each region as

-. Ed

E =

E + (i - id)d d

O <x <X d Region I

(44)

Xd -x 1, Region II

where xd is the position of the demarcation curve with
E the associated electric field, related asd

did
d = -E

dt d

The applied voltage also requires the average electric
field to be V so that

(45)

d V 2 xd (46)

Using (46) in (45) gives the demarcation curve,

1- 2V tanh JV/2 0<t< -

xd(t) = (47)

O t > tc

Fig. 10 Characteristic trajectories and time de-
pendence of the electric field at various
positions for an immobile positive charge
(P+= 0) with no recombination (a = 0),
(a) V = 1.0 (b) V = 0.5 (c) V = 0.25
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The terminal current per unit electrode area is found
from (39) as

V 1 [E2 (1,t) - E2 (O,t)] ; = cJ/p_ q2t (50)

and is plotted in Fig. 11 for various voltages.

V 5
1.0

J5 -

5

-25

~ 2 3

Fig. 11 Terminal current per unit electrode area
for various values of applied voltage.

B. Langevin Recombination Limit- -_.l --

Langevin [20 ] first developed a simple expression
relating the recombination coefficientot to the
charge mobilities

1
ax = - O(j+ P-)

Based on a simple model of electrostatic attraction
of opposite charges he computed the relative drift
velocity between the charges and assumed that upon
contact they neutralized each other. In our zero
mobility limit for the positive charge the normalized
recombination coefficient is unity ( a = 1).

In this limit, the equation for q is independent
of q+ with solutions along the trajectories of the
negative charge

[ -q____-_t along = -E (52)
n 0

where again qn is the negative charge density at t '
We again define regions separated by the dark demar-
cation curves xd in Fig. 12a emanating from
x = 1, drawn for various voltages. In Region II
above the demarcation curve q = 0 so that the

n
negative charge is zero everywhere in this region.
In Region I, qn = -1 with t - 0 so that the nega-
tive charge density of (525 is

(51)

I Region I

l (54)

1 + td Region II1 d
where td is the time the straight line positive
charge trajectories intersect the demarcation curve
at position Xd. Once in Region II the positive
charge density at a particular position remains
constant as there is no longer any negative charge
to recombine with.
All variables can be expressed in terms of the time
dependence of the position xd and associated electric
field d along the demarcation curve separating regions.
The current is

xd

J(t) = - f
0

q Edx

(55)

idxd
1 + t

where we use the fact that the net charge in Region I
is zero so that the electric field at a given time does
not depend on position and is equal to the electric
field Ed '

The electric field along the demarcation curve
then obeys the relation

dEd
dt = J(t) - q+ Ed

Ed
=

+ (d - 1)
(56)

which can be rewritten as

d -

dt [Ed(l + t)] = dd (

Since

di~d
= -Ed- (8- c

(57) and (58) can be directly integrated to yield

(57)

(58)

t = 0 (Region I)

(53)

to 0 (Region II)

aa2- X2

E = ~ d
d 2 (1 + t) ; a 2V+ 1

d= a [a + 1 - (a - 1)(1 + W)a]
[a + 1 + (a -l)( +t)

The positive charge along its stationary trajectories
di/dt=O represented by the dashed straight lines
in Fig. 12a can now be found by direct integration
since q is known

where we used the initial conditions

Xd(t °) = 1, Ed( O) = V (60)

Without loss of generality we assume V to be positive
so that the electric field is positive and the nega-

tive charges are swept towards the lower positive
electrode.
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Fig 12 Time dependence of solutions for bipolar
conduction with Langevin recombination.

(a) Demarcation curves for various voltages.
The dashed curves represent the stationary
trajectories of the immobile positive
charges.

(b) Time dependence of the electric field
at various positions.

(c) Terminal current density for various
voltages.

0 .5 1.

x

Fig 13 Steady state electric field distributions
for various voltages with Langevin (curved
lines) and zero (straight lines) recombination
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1. Zero Voltage ( V = 0)

If there is no applied voltage, the parameter "a"
becomes unity and the positive and negative charges
do not separate but remair stationary and recombine.
In this limit there is only Region I with the de-
marcation curve described by

Xd = 1, Ed =
° (61)

so that the electric field remains zero for all time.
Each charge decays due to recombination as

1
+ q + t (62)

2. Positive Voltage (V > 0

For a finite positive voltage, Region I extends over
the interval until xd=O which occurs at the timeEc

t ={(a + 1 1/atc !'-a - 1/
- 1

After this time (t > tc ), the system is in the steady
state with J(t) = 0 . Fig. 12b plots the time
dependence of the electric field at various positions
for V - 1 while Fig. 12c shows the terminal
current per unit electrode area according to (55)
for various values ofVV

The charge density in Region II at constantiremains
constant with time as given by (53) and (54). We
can find how the charge varies with position at a

fixed time by solving (59) for (1 +t ) in terms of xd

(l(xd - a) (+ a) 1/a
' ' L (xd + a) (1-a) (4

We tLien find the electric field from Gauss's law
by integrating

~~~~ l~~~~~~l/a=3[(+ a) (1 -a) 1/= q++ (+ J (65)

This relation cannot be integrated exactly but is
easily evaluated numerically. For t > t the
system is in the dc steady state. Fig. i3 shows
the steady state electric field distributions for
various voltages with Langevin and zero recombina-
tion. Under steady state conditions with no ,-e-
combination, a uniform positive charge distribution
remains so that the electric field is linear.
With Langevin recombination the charge distribution
is nonuniform so that the electric field distribu-
tion has curvature.

CONCLUDING REMARKS

This paper has developed generalized techniques for the
solution of problems related to drift dominated charge
transport. These techniques can be extended to any
geometry for any number of charge carriers, with any
initial conditions, any charge emitting boundary condit-
tion, and for any type of terminal constraint or
excitation. How the charge arises, and is sustained is
reflected in the initial and boundary conditions.
Once it is in the bulk, the transport equations take
over and they determine the resulting dynamics.

The examples treated here of the charging and discharg-
ing transients produced by step voltage and current
source excitations were chosen because of their app-
licability to many experimental measurements and their
analytical simplicity. However there has been very
little work done for alternating excitations [211. The
periodic field reversals will also reverse the direction
of the charge carriers' motion. At high frequencies
compared to the reciprocal charge transport time, the
charges will hardly move before field reversal occurs.
The charges will then just oscillate near the electrodes
with no net forward motion. At low frequencies, charges
will have plenty of time to travel between electrodes
before field reversal takes place. Since the charge
carriers' mobility is related to its size, shape, and
other physical and electrical characteristics, the
particle transport can be controlled by adjusting
both the magnitude and frequency of the applied
voltage. This has applications in the separation and
collection of chemically, electrically, or physically
distinct components of a system of charged carriers or

particulates.

With a sinusoidal voltage the current has a capacitive
sinusoidal component as well as a non-sinusoidal com-
ponent due to the nonlinear conduction current as can
be seen from (7), (25), (32), and (39). By examining
the nonlinear contribution, further information can
be obtained on the conduction and injection mechanisms.
These measurements have applications in accelerated
aging tests in which devices are operated at higher
than normal frequency, and in ac corona studies at
power frequency to examine effects on device and
insulation performance. These cases will be treated
in future work.
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