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ABSTRACT

Steady state solutions of the electric field and
space charge density distributions using a drift
dominated unipolar conduction model between coaxial
cylindrical electrodes are reviewed and compared to
experimental results obtained using the Kerr electro-
optic effect. With coaxial cylindrical electrodes,Kerr measurements generally showed weak positivecharge injection when the outer cylinder was positiveand strong positive charge injection when the inner
cylinder was positive. For one case study, positivecharge injection at the inner cylindrical electrode
was so strong that the space charge shieldingcaused the electric field at the inner cylinder tobe a minimum, with the field increasing to the outer
cylindrical electrode in complete contrast to the
usual space charge free 1/r field dependence. This
polarity effect is observed also for a sinusoidal
ac high voltage with an essentially space charge freefield when the inner cylindrical electrode was in-
stantaneously negative, and a space charge distorteduniform field when the inner cylinder was instan-
taneously positive.

1. INTRODUCTION
Kerr electro-optic field mapping methods are used

to study the time and space variations of the electric
field in capacitors filled with electrically birefrin-
gent dielectrics, typically nitrobenzene [1,2]. Most
past work has used a parallel plate electrode geometry.
To explain many of the measured anomalous space charge
effects in a one dimensional planar geometry, analysis
has used a drift dominated unipolar conduction model
to solve for the time and spatial responses of the
electric field and space charge distributions and for
the terminal current-voltage characteristics for any
initial and boundary conditions and for any type of
applied excitations or terminal constraints [3].

Recently, similar analysis has been performed for
coaxial cylindrical electrodes [4] contrasting the
solutions for charge injected from the inner and outer
cylinders [5] as a way of modeling polarity effects
of breakdown voltage and time delay to breakdown in
non-uniform field geometries. This analysis is a two-
dimensional analog to point-sphere or point-plane
electrode geometries. In the cylindrical geometry,
the electric field strength in the absence of space
charge can be made as large as desired for reasonable

voltages by decreasing the radius of the inner cylindewhich is thus analogous to the point electrode but with
a simpler mathematical description.

We review the development of the unipolar conductionanalysis in cylindrical geometry and compare the re-sults with Kerr electro-optic measurements of the
electric field distribution between coaxial electrodesfor both voltage polarities using pulsed, dc, and
sinusoidal ac high voltages.

2. DRIFT DOMINATED UNIPOLAR
CONDUCTION ANALYSIS

We consider the coaxial cylindrical geometry of
depth L and stressed with voltage v shown in Fig. 1,where either the inner electrode at r = Ri or the
outer electrode at r = Ro can be a source of injectedpositive charge with density q and constant mobilityp in the dielectric medium of constant permittivity e.

0018-9367/80/0600-0287$00.75 0 1980 IEEE

287

Authorized licensed use limited to: MIT Libraries. Downloaded on January 21, 2009 at 15:01 from IEEE Xplore.  Restrictions apply.



IEEE Transactions on Electrical Insulation Vol. EI-15 No.3, June 1980

to displacement and mobility conduction currents flow-
ing in the dielectric.

Then (1) - (4) can be reduced to a single partial
differential equation for the normalized electric
field.

(6)

WAv (t)

\ ~~~~~~~DepthL

Fig. 1: The electrode with the positive potentiaZ
is a source of positive ions with mobility p in
the insulating medium of permittivity £ contained
between coaxial cylindrical electrodes. For
positive charge injection from the outer cylinder,
the voZtage polarity shown must be reversed.

where the upper plus sign is used for positive charge
injection from the inner cylinder, while the lower
negative sign is used for positive charge injection
from the outer electrode obtained by reversing the
voltage polarity, so that Y is always positive.

By dividing (6) by r and integrating between elec-
trodes, the terminal voltage and current are related
as:

I= 1q,{ W+- [(r = ,t 2r = Ri,' tJ
lnR. dt 2

1

r

(7)

r -

We assuLme that the electric field E and current
density J are radially directed and can only vary with
the radial coordinate r. The governing field equations
are then:

R

V x E = 0 +-

R.

E dr= v (1)

(Irrotational Electric
Field)

The dc steady state distributions are found by
solving (6) with the time derivative set to zero and
the current 2 independent of time. The electric field
solutions for charge injection from inner or outer
cylinders are:

Inner Cylinder Injection:

r o) = (1V/2r) Lr2 _R +

V (sE) = q (Gauss's Law) (2)

V J + aq/lt = 0 (Conservation of Current) (3)

J = q p (Mobility Constitutive Law) (4)

where without loss of generality we assume that the
injected charge is positive so that the mobility p is
also positive.

It is convenient to normalize all variables to the
outer radius Ro and the steady state voltage V:

= r/R, t = pVt/R2 v = v/V

= ERO/VI q = qR2/V, 2(t) = i(t)R /(2fiE pLV2)

where i(t) is the total current flowing in the terminal
wires, a function only of time and not position, due

(8)Outer Cylinder Injection:

IVr, t + ) = -(Tkt ) - r2 + E2/20

where Ei is the normalized emittet el ctric f-eld at
the inner injecting electrode at r = Xi and -0 is the
normalized emitter electric field at the outer inject-
ing electrode, r = 1. The electric field must be
specified at the charge injecting electrode as a
boundary condition. Note that the electric field must
be in the negative radial direction for positive charge
injection from the outer cylinder. The solutions of
(8) are plotted in Fig. 2 for various values of emitter
electric fields. The electric field magnitude (dashed
lines) for charge injection from the outer cylinder
always decreases with increasing radius. However, for
charge injection from the inner cylinder, the electric
field (solid lines) can be uniform if ki =1/(1 - Ri).
For smaller values of ki, the field distribution in-
verts so that the field magnitude increases with
radius. This occurs when the injected charge is so
large that the space charge shielding reduces the elec-
tric field over the natural increase of field due to
the sharp geometry.
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Fig. 2: dc EZectric field magnitude distributions
for unipoZar drift dominated conduction for
R IRo = 0.5 with positive charge injection from
the inner cyZinder (soZid lines) or outer cyZinder
(dashed Zines) for various vaZues of emitter
eZectric fields.

In general, the current cannot be explicitly found
from (9) but must be solved numerically although some
special limits yield simpler expressions and are
plotted in Fig. 2.

A. Space Charge Limited Injection
No matter which electrode is injecting charge, if an

infinite amount of charge is available at the emitting
electrode, the emitter electric field must be zero
to keep the current finite. This space charge limited
condition is often assumeA in semicpnductor analysis,
and requires that either =0 or r = 0.

0

Charge injection from inner electrode at r = R. with
=0 =.
1-~~ ~~~~~(

\(,v + oJ = %2)2q(r,r _R.~~~~~~~~~1 (11)

Y6( =J = [( -l RiJ2 _- .arccos (R.)]2
1S1.1

Charge injection from outer electrode at r = 1 with
E = 0
0

q(r, + c) = ItV/(1 - r2J /

(12)
The total normalized steady state current is found

by integrating (8) between the electrodes or equival-
ently substituting (8) into (7) with v = 1 being time
independent:

Inner Cylinder Injection a2 = R (1

1 = I1/2 [1-a2) V_-RiRi/IP a{arccos (a)-arccos(-a/r)l]

(9)

Outer Cylinder Injection a2 = 1 + k2/1,
0

. [a (a2_l) 1]
(a2 fa_1)Y0(a2 R. 2-alnt (2H)/

The charge density for charge injection from either
electrode is then:

(10)q
=

/(r J)

X X 1 f (1 _ N) /22 1 2 _
I(t -* oo) = [ln{ (1---- R )v2]

R.

= arccosh(R, 1) (1 k2)1/21-2

B. Constant Electric Field

Examining (8) we see that the electric field can be
,constant for injection from the inner cylinder if
E2 = T so that:

r T + .) = V2 = kiP( I~~~~~~~~~~2

(13)q (r., + =) = 13Ir

T= (1 - diJ-2

FroT (8) wy also see that tjere are no real values
of Eo and which can make uniform for charge in-
jection from the outer electrode.

C. Charge Free Case

If the steady state charge density is to be zero
between the electrodes, the current T must also be
zero so that:

SOL - Charge injection from inner cylinder
iX \ --- Charge injection from outer cylinder

.0 Space Charge Free E; --(Ri InRf)'

.0
' E 14

.0 /~~~Uniform Field Ei=(I-Ri) N oo7

/SCL SCL\/El =OO EO=O-O\\
.o ,- , II
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(14)Ei = -(Ri lai)-I ; go = (1nR.)-1
which yields the usual charge free electric field
distribution:

E(r, 't , -) = +(r, ln'Ri)-I.

3. KERR ELECTRO-OPTIC MEASUREMENTS

6.0
(15)

Kerr electro-optic measurements were made with the
usual set-up shown in Fig. 3 with a nitrobenzene di-
electric purified by passing through a column of
aluminum oxide to remove any adsorbed water. Two
different coaxial stainless steel electrode assemblies
were used each with outer radius of 1 cm. One
assembly was 8.5 cm long with an inner radius of
Ri = U.5 cm so that the smallest electric field that
produces a light transmission maximum was measured to
be Em h 11.5 kV/cm. The other assembly was 10.0 cm
long with an inner radius of Ri = 0.512 cm and Em I
9.8 kV/cm. Dark fringes appear whenever the ratio
E/Em is the square root of an even interger [1].
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Fig. 3: Schematic of Kerr
and high voltage sources
fringe pattern.

e2ectro-optic apparatus
with typicaZ resuZting

A. Putsed Voltages

The space charge free situation was obtained using
100 psec, pulsed high voltages. On this time scale,
space charge does not have time to form in the di-
electric volume so that the electric field should
follow a llr dependence as given by (15).

Fig. 4 plots the measured pulsed voltage Kerr
effect data which agrees well with the theoretical
llr dependence given by (15). Note as a check that
for all cases, the area under the electric field
versus radius curves is proportional to the terminal
voltage as given by (1).

.512 .60 .70 .80
r

.90 1.0

Fig. 4: EZectric field distributions with Kerr
effect data for various 100 Usec. high voltage
puZses. The solid Zines are the theoreticaZ
space charge free l/r electric fieZds. The
areas under each of the curves are proportional
to the voZtage with Em R 9.8 kV/cm.

B. dc Voltages

In Fig. 5 we show the Kerr effect data for dc vol-
tages of 12, 16, and 20 kV for both polarities in a
highly purified dielectric. At 20 kV, the current
was of order 40 vamps. As was found with planar elec-
trodes [1], the volume charge density in nitrobenzene
is always positive, but with larger magnitude when the
outer cylinder is positive (I.E.-). The measured
field distribution agrees well with the unipolar
theory in solid lines given by (8) where the electric
field at the positive electrode is the only unknown
parameter and is selected to provide a best fit to
the data.

In another experiment using the other electrode
assembly with a less purified dielectric so that at
17 kV the current was approximately 200 pamps, the
space charge effects were even stronger so that the
electric field for a positive inner electrode (I.E.+)
was weaker than elsewhere in the dielectric volume
as shown in Fig. 6 for 13, 15, and 17 kV for both
polarities. As the voltage across the cylinders is
increased, the fringes collapse upon the inner cylin-
der unlike the data in Fig. 4 where the fringes move
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Fig. 5: dc Electric fieZd distributions with Kerr
effect data showing effects of poZarity reversal5.0 I.E.- [t 1||||||||l ]with inner electrode positive (I.E.+) and inner
electrode negative (I.E.-) at (a) 12, (b) 16, and
(c) 20 kV with highZy purified nitrobenzene. The
solid lines are obtained from unipoZar anaZysis
with a best fit to the data chosen for the electric4.05s 1. E. field at the positive electrode. Note that the
weaker electric field regions, evidenced by
broader, less densely spaced fringes, are near

E 30 the outer cylinder. For both polarities increasing--0 the voltage across the cylinders causes the fringesEmi to move outwards and disappear into the outer
cyZinder. Em k 9.8 kV/cm.
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6.0 Fig. 6: dc Electric field distributions with Kerr

113||88d888d8888d87 kkilf88888d8888882 effect data showing effects of polarity reversal
with inner electrode positive (I.E.+) and inner

E - ^ electrode negative (I.E.-) at (a) 13, (b) 15, and

5.0 (o) 17 kV with less purified nitrobensene. The
solid lines are obtained from unipolar analysis
with a best fit to the data chosen for the electric

1. E.- 1. E.+ field at the positive electrode. Note that when
the inner cylinder is positive (I.E.+), the region

4.0 of'weaker field strength is near the inner cylinder
so that increasing the voltage across the cylinders
causes the fringes to coZZapse upon the inner

E cylinder. When the inner electrode is negative

3.0 (I.E.-), the fringes move outwards as the voltage

Em p ulse is increased. Fm A 11.5 kV/cm.
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outwards with increasing voltage. According to the
unipolar conduction theory in (8) and in Fig. 1 an
inversion of the electric field distribution can only
occur for large quantities of pokitive charge injected
from the inner cylinder so that Ei < 1/(1 - Ri) and
can never happen when charge is injected from the
outer cylinder. In Fig. 6 the unipolar theory fits
the data well when the inner cylinder is negative
(I.E.-) but provides a poorer agreement when the inner
cylinder is positive. The criteria used in fitting
the theory to the experimental data in Fig. 6 with
the inner electrode positive is that the electric
field at the surface of the inner cylinder be
E(r = R.) > v' Em because the first fringe has al-
ready collapsed upon the inner cylinder and is out
of the field of view. An additional criterion is
that the area under the two curves, proportional to
the applied voltage magnitude, be equal for the same
voltage magnitude.

2250

2700

3 150

900

1 350

1800 3600

Fig. 7: Kerr effect data taken over the course of
a 40 HE, 14 kV peak sinusoidal voZtage. From 0° to
180° the inner cyZinder is negative with very Zittle
charge injection, while from 180° to 3600 the inner
cylinder is positive with significant charge injec-
tion causing an essentiaZZy uniform electric fieZd
as evidenced by the lack of fringes. EMP 9.8 kV/cm.

C. ac VoZtages

Fig. 7 shows Kerr effect photographs for a 14 kV
peak 40 Hz sinusoidal voltage at intervals of 1/8
period (45°) over the course of the sinusoidal cycle.
Over the first half cycle 0° to 180°, the inner cylin-
der is at a negative potential and the field distri-
bution is close to the 1/r charge free case. On the
second half of the cycle, 180° to 3600, the inner
cylinder is positive and the electric field is highly
uniform which can only occur for significant positive
charge injection from the inner cylinder as was found
for dc voltages.

4. CONCLUDING REMARKS
These preliminary measurements have demonstrated a

polarity effect in the electric field distribution in
a geometry which has a non-uniform electric field
even in the absence of space charge and is thus repre-
sentative of dielectric behavior in point-plane or
point-sphere electrode geometries. Future measure-
ments will continue to examine the polarity effect in
the electric field distribution and compare the re-
sults to polarity effects in breakdown voltage and in
the time delay to breakdown from voltage crest.
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