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Electric Field Effects on the Equilibrium and Small Signal
Stabilization of Electrofluidized Beds

MARKUS ZAHN, SENIOR MEMBER, IEEE, AND SHI-WOO RHEE

Abstract-A continuum analysis is developed of electric field cou-
pling to a charge-free fluidized bed of polarizable particles, with the
electric field at an arbitrary angle to the gas flow. The electric force
density and stress tensor is derived from the principle of virtual work
and includes polarization and electrostriction forces but neglects
Coulombic free charge forces. Effective medium theory for various
particle structures derives the effective bed permittivity as a function
of particle voidage and is used with the energy method to derive the
electric. force density acting on the particles. Necessary force-free
boundary conditions at the top free surface of the bed are developed.
A linear stability analysis is used to find the conditions for electric
field stabilization. Experiments with Rochelle salt show elimination of
bubbling with collinear electric field and flow but never complete
stabilization with crossed field and flow as predicted by the analysis.
There is qualitative agreement between the stability analysis and
measurements. Numerical differences are attributed to particle vis-
cosity, which was not included in the fluid model.

I. INTRODUCTION

HYDRODYNAMIC stability analysis has shown that the
state of uniform fluidization is unstable to small signal

perturbations [1]. This instability is thought to lead to bub-
bling in.gas fluidized beds. Recent work has shown by analysis
[2] and experiment [3] that bubbles can be eliminated if
a suitably strong magnetic field is applied collinear with the
direction of gas, flow to a bed of magnetizable particles.
Other investigators have studied electrofluidized beds with an
applied electric field either collinear or transverse to the gas
flow with applications as a highly efficient particle precipitator
[4]. Most electrofluidized beds are operated with dc high-
voltage relying on free charge forces for precipitator operation
with many of the bed characteristics intimately dependent
on the free charge at particle contacts. In contrast, we assume
that no space charge exists, and only polarization forces act
on the dielectric particles. To eliminate space charge effects
in experiments, the gas is dried to minimize conduction,
and an alternating high voltage is applied at a frequency much
greater than the reciprocal dielectric relaxation time of the
particles. Then polarization forces will provide stabilization
against bubbling in exactly the same way that magnetization
forces stabilize with magnetic particles. All the analysis pre-
sented here for beds of polarized particles is applicable to beds
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of magnetizable particles if we replace the electric field E by
the magnetic field H and the bed permittivity e by the bed
permeability ,u.

Large polarization and magnetization forces will tend to
cause particle structuring along the field lines, resulting in
nonuniform fluidization and a loss. of fluidity. For very large
electric or magnetic fields, the beds will not expand but will
be transported by the fluid flow as a. plug. Our analysis is not
appropriate for this nonfluidized frozen state. However, our
observations with electrofluidized beds in modest ac electric
fields and reported observations in magnetizable beds with
modest ac and dc magnetic fields [3] indicate an operating
regime where the, bed is isotropic and fluidized. Under ac
fields it is possible that attracting particles unlock twice
each period when the fields go through zero so that the bed
retains fluidity. This small-scale jitter together with gas ve-
locity. perturbations may cause enough fluctuations for the
particles not to clump together over a range of-electric or mag-
netic fleld strengths.

II. GOVERNING EQUATIONS

A. Hydrodynamics
For a particle voidage t, conservation of mass for fluid

and particles are

+V * (Ou-) = O (fluid)at

a
- (1 - ) + V * [(1 -p)v] = 0 (particles)
at

(1)

(2)

where u v are the respective fluid and particle interstitial
velocities. For simplicity we take the same simplifying assump-
tions as Rosensweig [2] that the fluidizing agent is a gas with
negligible mass density compared to the solid particles. There-
fore, neglecting the gas inertia and weight, conservation of
momentum for gas and particles is approximately

Vp + f3(q)(ui--v) = 0 (gas)

(l - )ps + (U V)v

=0()(U--V)-(I -O)psgix +F

(3)

(4)(particles)

where Ps is the particle density, p is the fluid pressure, l3(')
is the Darcy drag coefficient which for laminar flow is as-

sumed to depend on voidage X, and F is the body force density
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acting on the particles due to the electric field. It is assumed
that gravity with acceleration g is directed in the -x direction,
that the gas is nonpolarizable so that there is no electric
force on the gas, that there are no particle stresses, and that
fluid and particle viscosity is negligible.

B. Electric Fields

Maxwell's equations in the electroquasistatic limit with
no volume charge are

V X E = 0 X E =-Vx

v * 5= o
(5)

1,) Longitudinal Force with Electric Field Perpendicular
to Interface: The bed in Fig. l(a) partially fills the space
between parallel plate electrodes. The capacitance of the
series combination of bed with pennittivity e(¢) and free
space with permittivity e0 is

e(q)eoA
eox + e(b)(s-x)

(9)

The principle of virtual work gives the force on the upper
bed interface as [9]

(6) dC 1 e0Av2
f = 1 V2-=-2 eoX 2 dx -2 [60X + e(o)(S-X)]2D = e(c)E

where E is the curl-free electric field which can thus be repre-
sented as the negative gradient of a scalar potential X, D is
the displacement field, and e(f) is the effective medium
macroscopic bed permittivity which is some voidage weighted
average of particle and fluid permittivities. For simplicity we
assume that the particles are electrically linear so that the
effective permittivity e(q) does not depend on field strength.

C. Electric Force Density
In the past, some confusion has arisen in determining the

correct force density acting on polarizable media [6]. This is
particularly true for the electrostrictive force density, which
because it is the pure gradient of a function, has no measurable
effect in incompressible fluids as it just lumps with the hydro-
dynamic pressure [7]. Any contribution to a volume force
in the fluid volume is exactly cancelled by a surface force at
the fluid interface. However, even if a fluidized bed is com-
posed of incompressible particles in an incompressible fluid,
the two component mixture has compressibility features if
the local particle voidage 0 can change.
A polarization force density results when a polarizable

medium is placed in a nonuniform electric field. However,
even in a macroscopically uniform field, on the microscale
comparable to the particle size, the polarized particles exert
forces on each other giving rise to electrostriction forces.
The analogous force density to that used with magnetically
stabilized beds is

F=(P * V)E = (e(¢)-eo)(E e V)E (8)

[e(¢)e(¢)-o)+foxde()

dx

(10)

The capacitance C in (9) depends explicitly on bed length x
and implicitly through e(f) since the bed permittivity varies
with voidage q which depends on x because of mass conserva-
tion

xdq
x(l- ) = const - = (1 - ).

dx
(11)

Since e(f) will decrease with bed expansion x so de/dx
is negative, the x-directed force on the bed can be positive or
negative depending on the magnitude of de/dx which, using
(11), is related to bed voidage as

(12)

2) Longitudinal Force with Electric Field Parallel to Inter-
face: Here the capacitance as a function of voidage and dis-
placement is

C -
e()xD +eo(l-x)DCMO =

s
(13)

so that the longitudinal x-directed force on the top of the bed
is

dC 1 V2 [xde(k)
x 2 V2-=--D e(k)-eo+ d

dx 2 s Ldx

where P = (e(f) - eo)E is the macroscopic bed polarization
proportional to the local electric field for a linear dielectric If the number of bed particles bet)
medium. However, this force density neglects the important fixed, mass conservation requires the
electrostriction force density. and (12).

Our approach uses the energy method principle of virtual 3)Radial Force: The previous ex;
work to derive a general force density without requiring electric force that causes the bed t
a microscopic model [8]. Rather, all that is necessary is In Fig. l(c) we consider the radial
knowledge of the effective bed permittivity versus voidage, bed which is of importance in calcula
whether measured or calculated from a geometric model. capacitance depends on bed radius r as
Before we develop the general expression, considering three
simple lumped parameter examples [9], [101 will be in- C= -[e(b)r2 + eo(R2 r2)]
structive. s

(14)

ween the electrodes is
same relations as (11)

;amples solved for the
to expand or contract.
force on a cylindrical
ating wall friction. The

(15)

xde(b) xde(q5) do de(f)

dx d) dx dq
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(a) (b)
Fig. 1. Beds of dielectric particles with voidage 0 placed between

parallel plate electrodes of spacing s, area A, and stressed by voltage
v. (a) With electric field perpendicular to bed free surface. (b), (c)
With electric field parallel to bed free surface.

F=-0- 0) V JgE2 de(I)
2 L d( J

A r= d2Lpv-=2 V2-.2r(e( eo) dr J

In this conflguration, mass conservation requires

r2(1-q )=const X dk 2(-)

dr r

so that

d2e() 2 de(¢) d¢b 2(l- )r de(¢)
dr d) dr d)

(16)

(22)
2 ) depn

(17) The stress tensor that goes with the general force density
of (19) is

aTix.
Fi=-

,, 5z) axi

= ( ) E +-)sawtTi; = e(O)EjE; + 5 ii (I ) a(1 -g) IE ns
4) Generalized Electric Force Density: In the previous

examples, bed expansions could be described by a single posi-
tion variable and lumped parameter electromechanics could
be used because the bed was assumed uniform in a uniform
electric field so that the electric force only acted on the inter-
faces. If the bed has a variation in dielectric permittivity
throughout its volume with an arbitrary electric field distribu-
tion, the bed experiences a body force distribution to be
described by continuum electromechanics. Because the parti-
cle voidage (1 - 0) obeys the conservation law of (2), so that
particles within a volume of fixed identity have the voidage
tied to the particles as they move, the result is the same as the
Korteweg-Helmholtz force density [81 derived for a compres-

sible medium with the mass density replaced by p3(l - 0):

aw'
F-(1 - )V a(L - 1) (19)E(- const-

where w' is the coenergy density

E2
w'= 2 |e(J E2). (20)

This result is true even for a nonlinear dielectric where the
dielectric permnittivity is also a function of electric field.
amplitude. For our restricted case where the dielectric per-
mittivity is only a function of voidage and not electric field,
(19) and (20) reduce to

(23)

which for a linear medium reduces to

EkEk [Ti, = e( ).E, E;ij 2 e(¢) + (I
de(f))d . (24)

D. Effective Bed Permittivity

The force expressions depend strongly on the voidage
dependence of the effective bed permittivity. We consider
a few simple models [11] and particle packing arrangements
that allow us to calculate e(f) as shown in Fig. 2.

1) Series Model: A lower limit for bed permittivity is shown

in Fig. 2(a) where the particles of permittivity ep are totally
packed without voids in layers perpendicular to the applied
electric field. The capacitance is the same no matter the spac-
ing between layers, being the same even if all the layers com-

bine to form one thick layer with thickness lp where lp is the

sum of all particle layer thicknesses. The voidage is the

ratio of free-space thickness I -Ip to total thickness 1:

= I P Ip = (1- 01
I

Neglecting fringing field effects, the capacitance is then

(25)

(26)CQp)
e eoA eoe A

eolp + (IlP)ep .I[eo(l - p) + epo]

Area A =7r R2

(c)
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Fig. 2. Simple packing arrangements for calculation of effective me-
dium permittivity e(¢). (a) Particles in series. (b) Particles in parallel
to electric field, (c) Lorentz sphere model. (d) Independent sphere
model.

The effective bed relative permittivity is then obtained from
the ratio of bed capacitance to free space capacitance

C(M) e(¢) eP
C(o = 1) eo eO(l- 5) + ep

where we note that

(1-f)=(AP)3 (32)

The average field over the spherical volume of radius R must
just equal the applied field Eo:

Eo= (1 - O)Ep + OE,

allowing us to use (31) to solve for e(f) as

e(() = e0 [3ep + 20(eo - ep)]
[3eo + (ep- eo)]

(33)

(34)

4) Independent Sphere Model [12]: As shown in Fig. 2(d),
we assume that, independently, the spherical particle and a
spherical void are surrounded by an effective medium with
permittivity e(f). A uniform field Eo is applied far from the
spheres. The field in each sphere is then [9, pp. 288-290]

3e(O)_
(27)

2) Parallel Model: An upper limit for bed permittivity is
shown in Fig. 2(b) where the particles of permittivity ep
are totally packed without voids in planar layers parallel to
the applied electric field. The capacitance is the same no
matter the spacing between layers, being the same even if
all the layers combine to form one thick layer of width wp
equal to the sum of all particle layer widths. The voidage
( is the ratio of free-space width w -wp to total width w

33e((P) L_E e= Eo.
2e(O) + eo

(35)

The average field Eo is then the void fraction weighted average
field in each spherical region

Eo = (1 - o)Ep +±EC.

Using (35) in (36) yields a quadratic equation for e(f)

2() +
e(O)[(+)e ~[eo -2Ze ±3((e - e0)] - =-02 2

(36)

(37)

(28) with solution

The capacitance is

d wd
C(¢) = [epwp + eo(w - wa)= [eeo0 + ep(l-()]

(29)

The relative permittivity is then

C((p) e((p)(f)= e = O+ ( )ePAO. (30)
C((p=l1) eo

This result is also true if the particles pack as concentric
cylinders between cylindrical disk electrodes.

3) Lorentz Sphere Unit Cell Model: In Fig. 2(c) we assume
that a spherical particle of radius Rp is surrounded by a free-
space cavity of radius R. The surrounding medium is assumed
to be representable as a uniform medium with effective
permittivity e(¢). When a uniform field Eo is applied at
infinity the average fields Ep in the particle and E, in the
cavity are

e(q) = { [2e - eo-3((epeo)j

+ [[2ep-eo-33(ep eo)] 2 + 8ePeo] 1/2}. (38)

5) Measurements: The effective bed permittivity e(f)
is plotted in Fig. 3 versus voidage for each of these models
with ep/e0 = 100 and 1000. These values are the limits around
room temperature of relative permittivity for Rochelle
salt (potassium sodium tartrate, 4-hydrate: (KOCO(CHOH)2-
COONa 4H20) which is used in our experiments [13] . Meas-
ured values of effective bed permittivity versus voidage for
Rochelle salt also appear in Fig. 3. These values were obtained
by measuring the capacitive current of magnitude I due to an

applied sinusoidal voltage of magnitude V at angular fre-
quency co in a bed where electric field and gas flow with
superficial velocity Us were crossed in the configuration
of Fig. 1(b)

I
C_= (39)

3Fo E =
9 o Q( ) 0oEp = , Ec=

(2eo + eP)
I

[2e(O) +eo ] [2eo +ep] + 2 [,e()-eo] [eo-eP1] (-0)

0 = - = wp = (1- )W.
w
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0 0.2 0.4 06 0.8 .0

Fig. 3. Effective bed permittivity versus particle voidage with p/ =
100 and 1000 for each model considered compared to measured
values with Rochelle salt. Insert shows voltage-current measure-
ment technique in cross flow bed. Plotted values are those taken
at 750 Hz over range of 1-7 ky/cm rms. These values are (within
experimental er;ror) independent of frequency over 60-1000-Hz
range.

Oscilloscope measurements showed that the voltage and
current waveforms were 90° out of phase, confirming that
in-phase conduction currents are negligibly small. DC voltage-
current measurements showed the dc conductivity of the
dumped bed to be a 10-8 mho/m and the fluidized bed
with dried air to be a_ 10 12 mho/m. Thus, for our fre-
quency range of 60-1000 Hz, the dielectric relaxation time
1- = e/a of the fluidized bed, no matter if we use the permittiv-
ity of air, particles, or medium, was always much larger than
the period of the applied voltage, allowing us to neglect
conduction and space charge effects. To avoid questions
of end effect and cable capacitance, the effective bed permit-
tivity as a function of voidage e(b) was calculated from capaci-
tance measurements by subtracting the empty bed capacitance
from the fluidized bed capacitance with increasing superficial
gas velocity. As the bed expands, one must account for the
change in bed height x as well as the change in effective
permittivity e(¢) as given in the insert in Fig. 3. The meas-
ured values are close to the Lorentz sphere model.

Using these permittivity models with the longitudinal and
radial forces of (10), (14), and (16), we find that the longitu-
dinal force with electric field perpendicular to the bed inter-
face is zero for the series model, while the longitudinal force
with field tangential to the interface and radial force are zero
for the parallel model.

III. EQUILIBRIUM

In equilibrium for a bed of length 1, the particles are station-
ary (v = 0). With the gas flow x directed and gravity -x
directed, spatial derivatives in (1)-(4) reduce to derivatives
with respect to x while in the steady state, time derivatives
are set to zero

d
- (bu) = 0 0 u= Us/0dx
dp'dp=-,B()u =-(1- O)psg + Fx
dx

where Us is the superficial gas velocity.

(40)

(41)

A. Electric Field Collinear with Gas Flow

Because no free charge is present in the bed volume, the x-
directed electric field Ex in a bed like that in Fig. l(a) is
related to the external free-space field Exo from (6) as

Ex =eoEo
e(O)

so that the body force Fx is given from (22) as

Fx = -eO2EX2 d2[ I /e(f)] dx

(42)

(43)

Then (41) yields a simple first-order differential equation for
0 which is easily solved by numerical integration

o(O)Us
PP-

dx =- 0 -- )

.X 1 eo EX02 I 1/e(¢)]
(44)

Note that the usual case of uniform fluidization has the
numerator on the right-hand side of (44) equal to zero so that
4 must be constant determined from the drag relation as

:(Q) Psg

k(1-O) Us
(45)

However, at the top bed surface we must have force equilibrium.
Neglecting any surface tension effects, the only surface forces
included in our formulation that can act at the interface are
the gas pressure and the electrical stresses given by (24). Since
the drag force in (3) can at most take a step change across
an interface, the pressure gradient can then only change as
a step which requires that the pressure itself be continuous.
If the pressure changed by a step the pressure gradient would
change as an impulse which could not be balanced by the drag
force in (3). In fluids, rather than fluidized beds, the pressure
can be discontinuous because of other surface forces. In our
fluidized bed case, no other forces are operating on the gas,
only the solids, so we require that the gas pressure be con-
tinuous across an interface.

This then requires that the electrical stresses of (24) also be
continuous across the interface. These stresses on either side
of the interface are

TXX(x= +) = 2eOE1 O

=(x- )=[ e(<$)E 2 _(1-Pb)EX2deQ) 1

-1 d
Tx(x= -)=-IeXEx2 -[(1 - o)e( Ex2e_

2 2dj
-lX=

2 d

e2() d [

(46)

(47)
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so our boundary condition at x = I becomes

Txx(x = 4+)-Txx(x = I) = 0

= e0Ex0 + e)e()]]xd

1) Zero Interfacial Force Balance-Series PermittivityMX
If we use the effective permittivity of (27) for a series n

in (48), we find that the jump in interfacial stress is ze

required. Note that to meet this boundary condition
does not have to obey the series model throughout the
only at the top x = 1. Thus the bed may restructure the
meet this interfacial force balance. Observations in magn
ble and polarizable beds do show an interfacial restruct
when magnetic or electric fields are applied. If the permit
obeys the series model throughout the- bed, the body
in (43) is also zero so that the state of uniform fluidiz
is unaffected by the applied fields.

2) Zero Interfacial Force Balance- Unity Voidage Bout
Condition: For the other three permittivity models, the
way that (48) can be satisfied is if the bed has unity vo

at the top

¢(x - 0 = 1.

This boundary condition of (49) together with (44) a]
easy numerical integration backwards from x = 1. The
tions shown in Fig. 4 were obtained by a fourth-order Ru
Kutta numerical integration for each of the nonzero perm
ity models using the Carman-Kozeny drag law for sphc
particles of diameter dp and sphericity Os [ 14]:

OM =
150,q (1- )2

(Osd )2 o2

For the modest electric fields used in our experiments
(y = (qoE,02/psgl) < 1), the voidage is essentially uniform
over most of the bed volume, determined from the drag
relation of (45), then rising to unity voidage over a thin
transition region near the top. As the electric field strength
increases, the width of this transition region increases. For
very large electric fields, this width becomes comparable
to the bed height and the bed voidage is nonuniform over

its entire length. In our experiments with Rochelle salt,, typical
values in SI units are 0 < EXo < 2 X 106 V/mr, Ps 1790
kg/i3 1 10-2 m, r 1.78 X 10-5 nts/m2, Us-Umf=
0.095-0.3 m/s, and dp _ 2 - 7 X 10-4 m. Rochelle salt
is a cubical crystal so that its sphericity is q, = (ir/6)1/3
0.806. The parallel pennittivity model is not shown in Fig.
4 because with the high permittivity of the particles, there is
such a large electric force on the bed that the bed is very near

unity voidage over its entire length.

B. Electric Field Crossed with Gas Flow

With all variables only depending on x, ay-directed electric
field Ey0, tangential to the bed interface like that in Fig. l(b)
or the inset in Fig. 3, is uniform over the entire bed and free
space region above, being continuous at the interface. The

0.8

0.6

x

-10

0.4

0.2

0
0 0.2 0.4 0.6 0.8 1.0

X/l
Fig. 4. Nonuniform voidage stratification necessary to satisfy zero

surface force boundary condition of unity voidage at top of bed

with coilinear electric field and flow. Parameter

150

(O,dp)2p,g
is measure of drag force while y = eOExo2/psglis measure of relative
electric force both compared to particle weight. Series permittivity
model has no force on bed; parallel model (not shown) is nonphysi-
cal as there is such large force on bed that bed is very near unity
voidage over entire length. In experiments, a typically varied from
0.12 at minimum fluidization to 0.3; y varied from zero to 0.05.

volume force density of (22) is then

-1 2 'd2edo
Fx =-E2 )52e yO d

on2dx

(50) so that the differential equation to be solved is

(51)

(¢)U5
dO 0(1 _ 0) Ps9
dx 1 2 d2e(q)

2 Ey do2

(52)

The electrical stresses on either side of the interface are found
from (24) as

-l 2
Tx = 1+) =- eoEYo2

2

(53)Txx(x= l) = EYO[e( d¢] |

so that the jump in stress at x = I is

Txx(x = I+)-TXX(x = I-)

-= 2 deoi
2 LL dOb _ji

=

1) Zero Interfacial Force Balance-Parallel Permittivity
Model: If we use the effective permittivity of (30) for a

parallel model in (54), we find that the jump in interfacial

(54)

2E0 Ex0
Y = pS g9. = 0.0 5

15071UU - .18-
a =- d _0° 3 ---

Independent
sphere model-|

Lorentz
sphere model

I I I I
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stress is zero. Again, e(¢) does not have to vary as (30) through-
out the bed, only at x = 1. If the permittivity obeys the
parallel model throughout the bed, then the volume force in
(51) is zero so that the state of uniform fluidization is un-
affected by the field.

2) Zero Interfacial Force Balance- Unity Voidage Boundary
Condition: The other three permittivity models have a down-
ward body force and a downward surface force at x = I un-
less the unity voidage boundary condition at x = 1 given by
(49) is satisfied. For these pennittivity models, the second
voidage derivative is positive. Then, using the drag law of
(50), the slope in (52) is negative at the top, where 4 = 1.
This condition is impossible, as it requires the voidage to be
larger than unity below the bed surface. The gas flow cannot
fully support the bed, as the downwards electric force of (51)
causes particle contacting, and thus a particle stress distribu-
tion which has not been included in the particle momentum
equation of (4).

C. Bed Pressure Distribution

The equilibrium pressure distribution is found byintegrating
(41):

10006 -Ps= 80

tov,0.6 dp-355-50yv\ Lorentz sphere model
x s Urf = 9.5 cm/s s' r -005
(. 04 U = 21.9cm/s

6

y00
Pzp 1.79g/cm3 y0 or

_ S % < series model
0. -I78 x 04poise

0.2 -f =2.2cm
Ex = 3.4kV/cm Independent

sphere model

EXO;14 8kV/cm y0.05 !L = 10 \%

0 0.2 0.4 a6 0.8 10
'X/t

Fig. 5. Pressure distribution that results from positive electPic force
density with collinear electric field and flow. With no electric force
(y = 0 or series model), pressure distribution is linear as expected.
As electric field is increased, bed pressure drop decreases in good
agreement with analysis.

I.00
Ix x

P(x)=-P9g](1 -O4)dx+ IFx dx ± p(x =0). (55)
0 0

The bed pressure drop is defined as

Ap= p(x = 0)-p(x = ) =pg f (1-4) dx- FXdx

= PS910(lo- 0)- Fx dZx

= pgl0(1 - 40) - TXX(l) + Txx(0)

0.96

_ 0.92

X. -

0

X6

0.84

(56)
0.80

where we use (23) for one-dimensional variations, Fx =
dTxx/dx, and 10 and 0o are the dumped bed length and
voidage related to the expanded bed length I and voidage
4 because the volume of bed particles remains constant:

(1-O)Io= f(1 -) dx. (57)

When Fx is zero, which is the case for uniform voidage, the
pressure distribution of (55) is unaffected by the electric
field and decreases linearly with bed height while the bed
pressure drop of (56) is constant equal to the particle weight
per unit area:

lim p(x) =p(x = 0)-psgx(l 4-o)
FX=0

Ap-psglo(1 0)o). (58)

When Fx is positive with unity voidage at the top, the pres-
sure distribution is no longer linear, as shown in Fig. 5 for the
independent sphere and Lorentz sphere permittivity models

X O O (P~~~c = 100
dp = 350-5001im

a6 8 <Lorentz sphere

° 0

r0.18{0-23 0 measurements
0.28 0
0.32 ZS Independent

r°Thnlvs,~is sphere model
lt .3 - l

0 .0 2 .04 .06
c E2

r=-P gPs gZ

I I
.08 0.1

Fig. 6. Positive electric force density for collinear electric field and
flow partially supports bed so that pressure drop is less than bed
weight per unit area. Parameter az at minimum fluidization is 'zmf
0.12.

with electric field collinear to the fluid flow. The series model
exerts no force on the bed so the pressure distribution is
linear. The measured nonlinear pressure distribution in Fig.
5 is in good agreement with analysis.

With F, # 0, (56) and Fig. 6 show that the pressure drop
should decrease to be less than the particle weight per unit
area, as the bed is partially supported by the electric force.
In our electrofluidized bed measurements, and in many re-
po-rted measurements in magnetically stabilized beds, the
voidage distribution appears to be unifonn. This is consistent
with our analysis as the force parameter y = eoExo2/pgl
is generally small so the transition layer is also small. The pres-
sure drop may be a more sensitive measure of electric field
effects as shown in Fig. 6 where the bed pressure drop is less
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than the bed weight per unit area, in agreement with analysis.
At low flow rates, the bed pressure drop is higher than pre-
dicted by our model, while at higher flow rates, the bed
pressure drop is less than predicted. As the electric field is
increased, the measured pressure drops reach a limiting value
and do not change as the electric field is further increased.

IV. ELECTROHYDRODYNAMIC STABILITY OF
UNIFORMLY FLUIDIZED BEDS

We assume an initial state of uniform fluidization where the
bed voidage is constant with stationary particles and that the
bed is infinitely long, so that questions concerning the zero
force boundary condition at the top of the bed have no
effect. We then assume that all equilibrium variables denoted
by a subscript zero are slightly perturbed by small amounts
denoted by superscripted primes:

(59)

In this analysis we assume that the equilibrium electric field
Eo is at an arbitrary angle to the equilibrium gas velocity
UO = Us/0Ab

Then the linearized form of (I)-(4) with (22) becomes

ac/b a&t
-+Uo + ovu'=0at ax

--at+ (I 0o)V ..u' =O
at

VpI + 0(ii -V ) + U0
d x=-db 10

(60)

(61)

(62)

av'
(l4 Oo)ps at

dq
04(wu -v)+uoO I'

O + Psgox

00-) [ 2d e(O)| (p+E de(O)|]
2 L dq5 0 dqO 0]

(63)
Note from (22) that when q = cO is constant, so that e(Q)
and Eo are also constant, the equilibrium electric force Fxo
is zero. By taking the divergence of (63) and using (60) and
(61)3, we reduce this set of equations to

±2¢ ga -U
at 2 US

-_ o(l -0) d

at L 3(k0) dc$10

it is convenient to use the electric scalar potential

e ' =-Vx'-

From Gauss's law of (7), we also have

V [e(o))e ±+ d- lo =0

(65)

(66)

which reduces to

-e(oo)V 2 X + -d (Eo V)¢' = 0.
d) o

(67)

Because the governing perturbation equations have been
linearized and have constant coefficients, the perturbation
variables can be written in the form

= Re <beSt-ik r

x= Re XeStjkr.

Then (64) and (67) become

l2 +gs ikXg F(lq500) d_ 1

uls°go dq0 J

2ps dc/ 0J

1k2(l1-'ko) - -.de A
(Eo*k)-(P) ioX =0

Ps do

de( ) A;
e(O)k2j--jEo do00= 0.

(68)

(69)

(70)

For nontrivial simultaneous solutions to (69) and (70),
we then obtain a quadratic equation for the' complex fre-
quency s:

S2 + as + br-ibi= 0

where

.
-9

,s

br
-(1-o) [(Eo * k)

Ps L e

(71)

(72)

de() 12

do loJ
g ac/ -(1-k0) V2 d2e

d
I

ko ax 2pS [ 2 0

± _-, de(¢)
2 2 d e(f)

0]

(64)

(74)
Because the curl of electric field is zero, as given in (5),

k

l-2 O-
I -0 )db.L= - fod20

Oo - o dO 0

(73)
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The solutions to (71) are

-a +
2

(a)2b [-1-± v-z+jq]

(75)

where we introduce new variables

4bi
q = 2a

4br

a

S
(

(76) v

so that the real and imaginary parts of s can be written as

2f|1[ Z 2 '1/2

]I

Im(s) = + _ I [v(1 Z) 2 +q2( -Z)]/

For stability, both solutions for Re (s) must be negative so
that any perturbation decays with time:

Z>44q br>( \) (78)
a

In the absence of an electric field, br = 0, and the system is
hydrodynamically unstable for x-directed waves in the direc-
tion of flow. If we limit ourselves to x-directed waves (ky = 0),
(72)-(74) in (78) with the drag law of (50) yield the critical
condition for stability as

I F de*1](Ex *kx *)2 _(EX +Ey )kx

U*2kx*2
fo2G1- o)[3 20012

d2e*

dq2i1

(79)
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0 0.1 0.2 0.3 0.4 0.5 0.6

E*=[ %E] /2

Fig. 7.. Measured values of E* to eliminate bubbling with collinear
field and flow for various particle sizes of Rochelle salt. Solid
lines are theoretical conditions for stabilization from (79) with
collinear field and flow using Carman-Kozeny drag law with voidage
at minimum fluidization Omf = 0.42 and ep/e6 = 100 or 1000 for
independent sphere and parallel models. Lorentz sphere model
curves have values of E * > 0.6 so that they do not appear on this
plot while series model has no effect on stabilization.

permittivity models with epl = 1000 or 100 for k=
kxix(ky = 0) with collinear field and flow (Ey = 0) so that
the neutral stability condition does not depend on' wave-
number. Note again that for the series permittivity model,
the electric field has no effect as the left side of (79) is zero.
Note also in (79) that a plot of U* versusEx* is independent
of particle size.

For the four permittivity models considered,

where we introduce starred nondimensional quantities normal-
ized to the particle size. dp, superficial minimum fluidization
velocity Umf, and free-space permittivity eo

k*-kdp U*-Us/Umf e* e()M/e°
E* [ e0E2 1/2 (80)

PsUmf2

Note from,(79) with ky 0 that stabilization is maximized
if the electric field is x directed (Ey = 0) and that a field
transverse to the flow (Ex = 0) cannot stabilize x-directed
waves. These results qualitatively agree with those of the
magnetic dual problem treated by Rosensweig although he
did not consider.a magnetostrictive force density so that.his
magnetic field term in the variable analogous to br did not
include a term proportional to the second voidage derivative
of magnetic permeability.

In Fig. 7 we plot the critical condition of (79) for selected

Ide(¢) <

d
0,

d2 e(¢)L >0
d2 0

(81)

so that examiting (73) in (78), we see that for nonzero second
voidage derivative of permittivity, all waves cannot be stabilized
as br is negative for waves perpendicular to the equilibrium
electric field (kE0 = 0) so that the stabilization condition
of (78) cannot be satisfied. This point. is troublesome but may
not be important if the second voidage derivative of permit-
tivity is small as for the measured permittivity data in Fig.
3, or if the wavenumbers are constrained not to be too large
because of finite particle size or too small because of bound-
aries.

V. STABILIZATION EXPERIMENTS

Experiments were performed with cubical particles of
Rochelle salt with various size cuts within the range of 250-
710 M. Two fluidized beds were made of transp'arent Plexiglas
in the configurations shown in Fig. 1(a) and (b). A rectangular
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*bed of 22.9-cm height, 2.5-cm width, and 10.2-cm depth with
copper electrodes on the sides allowed an electric field to be
applied transverse to the flow. An electrically insulating
porous polyethylene plate was used as the gas distributor.
A cylindrical bed was used with a sintered bronze distributor
to serve also as one electrode while the opposite electrode
was a metal wire mesh with 6.3 mm square openings. This
arrangement allowed us to impose an electric field collinear
with the gas flow.

Measurements were made of the bed height, pressure drop,
gas velocity, voltage needed for stabilization, and current.
The bed expansion versus superficial gas velocity agreed very
well with the Carman-Kozeny drag law of (50), where the
sphericity 05 = (7r/6)"/3 - 0.806 of a cube was used to relate
the particle size to an effective diameter [14].

Stabilization was determined by using an electronic manom-
eter in the bed. For Us > Umf with no electric field, the
bubbles caused large pressure fluctuations as shown in Fig.
8(a). With collinear field and flow, Fig. 8(b) and (c) show that
as the electric field was increased, the peak-to-peak pressure
fluctuation amplitude decreased to a minimum value of order
10-2 cm water. This value was independent of Us and electric
field and should be compared to a typical bed pressure drop
of _2 cm water. The voltage necessary to reach this minimum
fluctuation was recorded as the voltage or when divided by
electrode spacing the electric field necessary for stabilization.
With crossed field and flow, the pressure fluctuations also
decreased with increasing voltage but never reached a fluctua-
tion amplitude near that obtained for collinear field and flow,
in qualitative agreement with (79) for ky = 0. For crossed
field and flow, the minimum peak-to-peak pressure fluctuation
amplitude increased with flow rate Us from 0.04 cm water at
Umf = 9.5 cm/s to 1 cm water at Us- 3Umf.

In Fig. 7 we also plot the measured normalized collinear
electric field Ex * necessary to eliminate bubbling versus
normalizing superficial gas velocity U* for various particle
sizes. Although for this plot, the theory predicts no depend-
ence on particle size, we do measure a particle size dependence.
We also note that the measurements agree best with the
independent sphere model with epleo = 1000, while the
permittivity measurements of Fig. 3 agree best with the
Lorentz sphere model. These disagreements between analysis
and measurements are most likely due to particle viscosity,
neglected in our analysis but measured in a Couette viscometer
to be of order ten poises in a fully fluidized state without
electric field. An applied electric field of order 5 X 105 V/m
increases the measured viscosity by _100. Current work is
examining the effect of particle viscosity in the stability analy-
sis and measuring particle viscosity as a function of electric
field, flow rate, and particle size. Other sources of diagree-
ment between theory and measurements include the finite
length of the bed and the effect of transverse wavenumber ky.

VI. CONCLUDING REMARKS

This work has developed a continuum description of elec-
tromechanical coupling in a charge-free electrofluidized bed
using the simplest physical models that retain the essential
physics of interactions. Continuing work will try to fit stabili-
zation analysis and measurements better by including particle
viscosity and by determining better the correct boundary condi-

(a)

E, =O

U = Umf = 175cm/s

U = 1.4 Umf = 24.5cm/s

U = 1.4 Umf

El = .95kV/cm

Ex = 1.43kV/cm

(b)

U 1.4 Umf

E =.95kV/cm

Ex= 1.43kV/cm

(C)
Fig. 8. Measured pressure fluctuations with collinear field and flow

with particles of diameter 500-600 pm. (a) No electric field (E, =

0). (b) Increasing electric field. (c) Envelope for 32 s of pressure
fluctuations. For all oscilloscope traces vertical voltage scale is
50 mV/cm and horizontal time scale is 0.1 s/cm. Electronic manom-
eter had calibration 1 mV = 10-3 cm water so peak-to-peak maxi-
mum fluctuation at U = 1.4Umf in (a) is _200 mV = 0.2 cm water.
Fluidized bed pressure drop equal to bed weight per unit area is _ 1.86
cm water.

tions at the top of the bed and its effect on the equilibrium
profiles of voidage and pressure. Finite bed boundary value
problems are also necessary to determine the allowed values of
wavenumbers.
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