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ABSTRACT: Through the coupling of commutator machines, self-excited alternating power 

can be spontaneously generated with no external electrical exc<tations. Standard frequency- 

domain analysis is applied to the various equivalent circuits for each configuration. 

Conventional series and shunt self-excited generators are shout to have a single pole in the 

right-half s plane, indicating growing exponential solutions, whereas coupled generators are 

shown to have a pair of complex conjugate poles in the right-half s plane, indicating 

over&able modes, which oscillate as they grow, resulting in. self-excited two-phase alternating 

power generation. Because of this interesting result, the analysis is extended to consider 

N-coupled generators which shows the existence of many over&able modes, resulting in 

multi-frequency, multi-phase power generation. The existence of electromechanical alter- 

nating self-excitation is demonstrated with the periodic speed reversals of a separately 

excited d.c. motor, which has its armature in series with the field and armature windings 

of a generator. Experimental results are presented w?Gch indicate that the linear circuit 

representation is appropriate for the onset and early time interval of these self-excited 

machines. The magnetic saturation characteristic limits the exponential growth so that a 

steady state results. These devices are of use in low-frequency, high-power applications, 

as well as serving as a model for other spontaneous mechanisma in nature. 

I. Introduction 

Commutator machines are often used in direct current control applications, 
either as motors or generators. The typical circuit model for these machines, 
shown in Fig. 1, is used to describe conventional operation usually as a 
motor with the field and armature windings either in series, shunt or 
separately excited, or for a generator with separate field excitation (1). 
Because usual operation is d.c., the inductances have no effect, except for 
transient measurements. 

Another interesting application is using the machine as a self-excited 
generator, where spontaneous voltage build-up occurs by connecting the 
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field and armature windings either in series or parallel. The machine is self- 
excited as there are no electrical inputs. Only a mechanical input is necessary 
in turning the rotor to produce an electrical output. 

The operation of self-excited generators depends on the following set of 
conditions: (1) Residual magnetism to initiate voltage build-up. (2) The 
field and armature resistances must be less than a critical value for voltage 
build-up. (3) Voltage build-up occurs only if the rotor is above a critical 
speed and is turning in the direction such that the induced flux tends to 
add to the residual flux. If the rotor is turning the wrong way, the field 
winding must be reversed (4). The maximum generated voltage is limited by 
core saturation. 

Field 
magnetic 

(IXIS 

Armature 
magnetic 

axis 

A- 
(a) 

I I 

(b) 

Fm. 1. Two-pole commutator machine. (a) Geometry. (b) Equivalent circuit, as 
derived by Woodson and Melcher (1). 

These facts are usually presented by using a qualitative analysis of the 
magnetization curve which relates the flux to the current in each winding 
(2, 3). Because of the nonlinearity of this curve, it is difficult to obtain 
closed-form solutions which confirm the above conditions. This nonlinearity 
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reflects itself in the equivalent circuit of Fig. 1 as the inductances as well 
as the speed coefficient G are not constant but functions of the currents. 
Thus for time-varying conditions, such as during the voltage build-up in a 
self-excited generator, the differential equations are nonlinear. 

For this reason, most texts on machines only present a qualitative expla- 
nation of self-excited operation (2, 3). However, we will show here that the 
linear representation where L,, L, and G are assumed constant, yields useful 
and easily solvable information. The nonlinearities are not essential in 
describing the basic voltage build-up process. Of course, for better accuracy, 
numerical methods can be used, but we wish to discuss various novel self- 
excited configurations as simply as possible, so we will assume L,, L, and G 
to be constant. 

To illustrate the mathematical approach, we present conventional self- 
excited shunt and series generator operation where d.c. power is generated. 
Then the analysis is extended to consider novel self-excited two-phase 
alternating power generation through coupling of two commutator machines. 
Because this result is so interesting, we then extend the analysis, whereby 
we have N-coupled machines to show the existence of many overstable modes. 
Finally, we will consider the case of a separately excited motor with its 
armature in series with the armature and field windings of a generator. 
Electrical oscillations spontaneously build up, as well as mechanical oscil- 
lations of the motor’s shaft. That is, the shaft will turn one way, halt and 
then reverse direction periodically. 

These devices are useful in their own right, as electrical power is spon- 
taneously generated with no external electrical excitations. However, the 
feedback mechanisms of such machines, in addition to being useful in energy 
conversion, help to understand other spontaneous mechanisms in nature, 
such as the origin of astronomical magnetic fields. The self-excited dynamos 
presented here illustrate how nature can arrange for magnetic fields with 
no electrical driving forces (4). 

Our approach is to use an equivalent circuit representation for the coupled 
systems, consisting of resistors, inductors and dependent sources. Since the 
differential equations which govern such systems are linear constant 
coefficient in time, exponential solutions of the form exp (at) can be assumed. 
To examine for self-excitation, we simply solve for the natural frequencies s. 
If the real part of s is positive, voltage build-up will occur at an exponential 
rate with the slightest initial perturbation. The imaginary part of s yields 
the oscillation rate of the resulting overstability. 

Experimental results are presented which show that the idealized analysis 
aptly describes many characteristics of self-excited d.c. generators. It is 
important to realize that a combination of the idealized analysis and 
qualitative understanding of the nonlinear magnetization curve are needed. 
Our analysis will yield the conditions for self-excitation to occur as a function 
of machine resistances, inductances, speed and geometry. It must be realized 
that the residual magnetism provides the initial perturbation and the 
resulting exponential growth is limited by core saturation. 
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ZZ. Conventional Self-excited d.c. Operation 

Open-circuit shunt conjguration 

To illustrate the analytical approach, the usual configuration of shunt 
self-excitation is discussed. For simplicity, open-circuit conditions are 
assumed. 

The equivalent circuit for shunt self-excited d.c. generator operation of a 
commutator machine appears in Fig. 2(a). We assume the rotor on the 
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(a) 

( b) 
FIG. 2. Equivalent circuit models for shunt and series self-excited generators. (a) Open- 

circuit shunt. (b) Series with load resistor. 

generator is turned at angular speed CO. The circuit equations for this 
configuration are 

v, = Vf, (1) 

i,+i, = 0, (2) 

v, = i, R, + L,(di,/dt) + GO&, (3) 

vj = i, R, + L,(di,/dt). (4) 

Eliminating all variables in favor of i, yields the differential equation 

di, R,+R,-Gwi = o 
dt+ L&q f (5) 

with resulting solution 

i, = I, exp [ - (R, + R, - Go) t/(-L, + Lf)], (6) 
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where Ia is the initial current at t = 0. If the exponential factor in (6) is 
positive, the solution indicates a growing exponential. This occurs if 

Gw>R,+R,. (7) 
Thus if the rotor is turned at a suficiently high speed such that the 

inequality of (7) holds, any slight perturbation in current (usually due to 
residual magnetism) will increase at an exponential rate. The growth is 
limited by the saturation characteristic of the iron core, so that the current 
reaches a steady-state value. Our results are applicable during the onset 
and early build-up interval. 

Series self -excitation 

In this configuration, the armature and field windings are connected in 
series through a load resistor RL, shown in Fig. Z(b). Writing the circuit 
equation in terms of i,, yields 

di, R,+R,+R,-Gwi = o 
dt+ L,+L, f (8) 

with solution 
if = LOexp [-(R, +R,+R,-Gw)t/(L,+Lf)]. (9) 

Again for self-excitation, the exponential factor must be positive, 

Gw>R,+R,+R,. (10) 
Note that for both series and shunt configurations, for self-excitation the 

shaft must be rotating in the positively defined direction so that w > 0. In 
the event that w -C 0, self-excitation can be arranged by reversing the windings 
so that 

vu, = -vuf (shunt) or i, = -if (series). 

ZZZ. Self-excited Alternating Operation 

Two coupled generators 

Using the techniques of the previous section, it is shown that from a pair 
of coupled d.c. generators it is possible to generate a.c. power. It is necessary 
for each generator to have two independent field windings. The circuit 
configuration required for such an operation is shown in Fig. 3. Assuming the 
machines to be identical, the circuit equations are 

L(di,/dt) + (R - Gw) i, + Gwi, = 0, (11) 

L(di,/dt) + (R - Gw) i, - Gwi, = 0, (12) 
where L = L, + 2L, and R = R, + 2Rf. 

Since Eqs. (11) and (12) are linear with constant coefficients, solutions are _ 
assumed to be of the form 

i, = .&exp (st) 
i, = &exp (St). I 

This results in the simultaneous equations 

(Ls + R - Gw ) 1, + Gu& 

-Gw&+(Ls+R-Gw)& 
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= 0, (14) 

= 0. (15) 
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For non-trivial solution to (14) and (15) the determinant of the coefficients 
of I1 and & must be zero, which yields when solved for s 

s I,2 = [ - (R - Gw)Pl +j(G+), (16) 
fJ$ = &j. (17) 

If the real part of aI,2 is positive the system is self-excited such that any 
perturbation grows at an exponential rate. The imaginary part of sl,s yields 
the oscillation rate q,. From (16) this yields the conditions 

and 
Gw>R,+2R, (18) 

o,, = Gw/(L,+Lf). (19) 

Note from (17) that the currents in each loop are 90” out of phase with 
each other. 

(b) 

FIG-. 3. Configuration for obtaining a.c. power from two identical generators. (a) Wiring 
configuration. (b) Equivalent circuit description. 

It is important to realize that the angular speed for alternating self- 
excitation must exceed a threshold based on a field resistance of 2R, as 
compared to R, for conventional d.c. self-excitation as shown by (2) and (18). 
Thus many machines at rated speeds may self-excite d.c. but not a.c. 
Experimental verification of these results are discussed in section IV. 

N pairs of coupled d.c. generators 

The previous analysis can be extended to N pairs of identical d.c. generators 
as shown in Fig. 4 with the last generator coupled to the first. Note that the 
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windings are connected such that if the flux through the two windings on 
one machine add, the adjacent machines have the fluxes subtract. This 
accounts for the sign difference in the speed voltages in the equivalent 
circuits for each pair of windings. 

13 f.4 

Equlvolent circuit for n’th pair of generators 

L, Rf 4 L 4 

G w(k,-i,)+ f+-=--$Gw~kn+~~+,;~(f---$ 

(L,+ZL,)dX, + k, CR,+ 2Re - Gw) 
df 

CL,+ 2~ )I%! +;“+, 

’ df- 
(Ro+2R,-GW) 

+Gwi,= 0 - Gw/r,= 0 

FIG. 4. Configuration and generalized equivalent circuit for coupling N pairs of identical 
d.c. generators to produce self-excited multi-frequency, multi-phase natural modes. 

We denote the currents of one winding in each pair with the label I, and 
for the second winding with the label K. Since the circuit differential 
equations are linear constant coefficient in time, we can write the currents in 
the form 

i, = I1exp (St), k, = Kl exp (st), 

i, = 12exp (St), k, = K,exp (st), 
(20) 

i, = I,exp (st), kN = KN exp (st). 

The circuit equations can then be put in the form 

-B A 0 0 0 0 . . . 

0 -B A 0 0 0 . . . 

0 0 B A 0 0 . . . 

0 0 0 -B A 0 . . . 

0 0 0 0 B A . . . 
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where 
A = 2Rf+R,+(L,+2Lf)s-G, 

B = Gw. 

In (2l), the rows repeat alternately in form, so that these equations can 
be concisely written in terms of two coupled difference equations, 

AK, + BI, = 0, 
-BK,+AI%+, = 0, 

n = 1,2 ,..., N. (22) 

For coupled linear, constant coefficient difference equations, we assume 
standard solutions of the form 

(23) 

Substituting these assumed solutions into (22), yields 

AI?+BI^ = 0, 
-B$+Ati=O. 1 

(24) 

For nontrivial solutions 
X = - (B/A)2. (25) 

However, since the (N + 1)th pair of d.c. generators is really the first pair 

I -I N+l - 19 

K - K,, 1 Nfl - 
or 

A”= I 
with solutions 

(B/A)2 = - exp (j2rr/N), r = 1,2, . . . , N. 

Using the definitions of A and B from (21) 

(26) 

(27) 

(23) 

s1 2 = - 2R,- R,+Gw[l +jexp (-j,r/N)] 
L, + 2L, (29) 

with 
I./K, = +j exp ( - jnr/N). (30) 

For every value of r, a different mode exists. For a mode to be self- 
excitable, the real part of sl,a must be positive, 

-2R,-RR,+Go[l csin(~r/N)] > 0 (31) 

and then the frequency of oscillation w,, is given by the imaginary part of s~,~, 

G6J rrr 
w. = IIm &,A I = L,+ 2Lfco937 - (32) 
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If we only have one pair of machines (N = l), Eqs. (29)-(32) reduce to 
that of Eqs. (16)-(19). In general, random fluctuations excite all modes 
(all values of r). 

Coupled generator-motor 

Another interesting interaction occurs with the coupling between a 
generator and motor (5). For alternating operation of this coupled pair, the 
field winding of the motor is separately excited while the motor armature 
winding is connected in series with the series combination of the field and 
armature windings of the generator. The equivalent circuit is given in Fig. 5. 

) Generator 

I I / 

FIG. 5. Equivalent circuit description to obtain spontaneous electrical and mechanical 
oscillations. 

The circuit equation for the equivalent circuit yields 

$- LB gi = L 
di R-G w -G,w,I 

f, (33) 

where 

L = L, +-L + L,,, 
R = R,,+R,,+R,,. I 

(34) 

The torque on the motor is given by the product of Gm and the motor’s field 
and armature currents, which from Newton’s law yields the relation 

dw,/dt = G, If i/J, (35) 

where J is the moment of inertia of the shaft and I, = V,/Rrm is the constant 
motor field current. 
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Solutions of these coupled, linear, constant coefficient differential equations 
can be assumed of the form 

i = fexp (st), 

% = lP exp (st). i 
(36) 

Substituting these assumed solutions into (33) and (35) yields 

qs+yQy +w[cg] = 0, (37) 

f[G, If/J] - @[s] = 0. (33) 

Again, for nontrivial solutions, the determinant of coefficients of I^ and @ 
must be zero, which when solved for s yields 

s1,2 = _ (R--y + [(“-~~ps$y. (39) 

For self-excitation, the real part of si,s must be positive, 

Ggw,> R. 

Oscillations will occur if si,s has an imaginary part 

(40) 

(41) 

This solution is interesting as not only does the current oscillate as a 
function of time but so also does the angular velocity of the shaft. Note from 
(38) that the phase difference between the current and velocity is given by 
the phase angle of s~,~. Experimental work for this configuration is discussed 
in Sect. IV. 

IV. Experimental Observations 

Two coupled generators 

The configuration of two coupled generators shown in Fig. 3 is investigated. 
With the two generators driven at 1790 rev/min, spontaneous oscillations 
resulted at a frequency of j$ Hz as shown in Fig. 6(a). Note that the currents 
in each loop are 90” out of phase as given by (17). The waveforms are not 
truly sinusoidal due to the nonlinear magnetization characteristic, but the 
essential ingredients of alternating self-excitation agree well, Although 
measurements of the machine parameters were not undertaken, as an 
external resistor inserted in each loop was increased, a critical resistance was 
reached where voltage build-up did not occur as given by (18). As the shaft 
speed was decreased, the oscillation frequency decreased linearly, in agree- 
ment with (19). 

Coupled generator and motor 

The configuration shown in Fig. 5 was connected, and measurements of the 
pertinent machine parameters were made, which are listed in Table I. From 
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(41), the motor field current must exceed a threshold value before oscillations 
begin. Substituting the values of the machine parameters into (41) yields a 
threshold field current of 0.8 A which agreed excellently with the measured 
value, also 0.8 A. However, as the field current was increased above this 
threshold value, the frequencies of oscillation were about half of the 
theoretical values. For the plot of Fig. 6(b) with a motor field current of 
O-15 A and a generator speed of 1620 rev/min the measured oscillation rate 
was 0.18 rev/set as contrasted to the calculated value from (39) of 0.36 rev/ 
sec. This error is probably due to the nonlinear magnetization characteristic, 

i 

100 ma I 

(a) 

: 
2 set 

t 

(b) 

FIU. 6. (a) Two-phase currents obtained from a pair of coupled d.c. machines rotating 
at a speed of 1790 rev/min. (b) Alternaking current and speed for the coupled motor- 
generator combination with I, = 0.15 A and generator shaft speed of 1620 rev/min. 

especially saturation. The values of G and L in Table I were measured over 
the linear range of the magnetization curve. In the saturation region, the 
incremental changes in G and L for an incremental charge in current are 
essentially zero, thus indicating a good source of error for experimental 
correlations to (39). However, it is important to realize that the idealized 
analysis does predict the onset of electrical oscillations and the periodic 
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speed reversals of the motor, as well as indicating the general dependence of 
the oscillations as a function of various parameters. For numerical agreement, 
computerized analysis is necessary to solve the pertinent nonlinear differential 
equations. 

TABLE I 

Machine parameters 

Field Armature 
resistance* resistance* 

CR,) UL) 
63 w 

Speed 
coefficient? 

(G) 
(H) 

Moment 
of inertiat Inductance $ 

(J) (L) 
(Nt m secz) VI) 

Motor 
Generator 

405 4.9 1.76 3.9 x 10-d 23.5 
102 2.0 1.05 

* Resistances were measured with an ohmmeter. 
t The speed coefficients of the machines were determined by using both as generators 

and driving them at a constant speed w with the armature open circuited and the 
field current i, constrained to a constant value. In the steady state, V, = Go~i,. A plot 
of V, vs i, for a fixed w is linear with the slope proportional to G. 

$ The moment of inertia was measured by first determining the damping coefficient 
through calculations of the torque necessary to turn the motor’s shaft. Once the 
damping coefficient is known, the motor is brought up to a constant speed, whereupon 
electrical power is disconnected and the motor coasts to a stop at an exponential rate, 
dependent on the damping coefficient and the moment of inertia. Measuring the slow 
down rate and knowing the damping coefficient yields J. 

3 The total inductance of the motor armature winding and the generator armature 
and field windings was measured by setting the generator shaft speed and the motor 
field current to zero. The system can then be represented by a resistor-inductance 
circuit, with the resistance known. A step voltage is applied with the current reaching 
its steady state at an exponential rate determined by the resistance and inductance. 
By measuring the exponential rate and knowing the resistance, the inductance can be 
calculated. 

V. Concluding remarks 

This work has shown that a very simple circuit model can be used to 
analyze a wide range of interesting and novel configurations of commutator 
machines. In particular, emphasis has been placed on self-excited alternating 
operation as a convenient way of generating low-frequency a.c. power. Such 
systems are of interest for high-power, low-frequency applications such as 
mixing and stirring of large masses, as well as providing a basic under- 
standing of spontaneous generation of magnetic fields as found in nature. 
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