
IEEE !lkansactions on Electrical Insulation Vol. 23 No. 5, October 1988 861 

Kerr Electro-optic Field Mapping 
Measurements in Electron-beam 

Irradiated Polymethylmethacrylate 

M. Hikital 
M. Zahn, K. A. Wright, C. M. Cooke 

and J. Brennan 
Massachusetts Institute of Technology, 

Department of Electrical Engineering and Com- 
puter Science, 

Laboratory for Electromagnetic and Electronic Sys- 
tems, High-Voltage Research Laboratory, 

Cambridge, MA 

ABSTRACT 
In order to understand electron-caused discharges along in- 
sulating solid surfaces on spacecraft as well as in solids, Kerr 
electro-optic field mapping measurements have been performed 
in electron beam irradiated polymethylmethacrylate. The ac- 
cumulated trapped charge results in large self-electric fields of 
the order of 1 to 3.5 MV/cm. The resulting numerous light 
maxima and minima were recorded on film and videotape and 
analyzed using a computerized image digitization system to 
allow accurate measurement of the time dependence of the 
charge and field profiles in short-circuited samples irradiated 
in vacuum and air. Measurements were done at electron beam 
energies up to 2.6 MeV at low (20 nA/cm2) and high (300 
nA/cm2) current densities and for sample thicknesses of 0.635, 
0.95, 1.27 and 2.54 cm. It was found that volume breakdown 
through the electron charged region may occur spontaneously 
when accumulated charge levels are high. Typically at  break- 
down the net charge density magnitude exceeded 1pC/cm2 and 
internal fields exceeded 1.8 MV/cm. Charge dynamics dur- 
ing electron beam irradiation was also analysed on the basis 
of a simple model consisting of the continuity and Poisson’s 
equations including charge generation and radiation-induced 
conductivity (RIC). Although the simple model and measure- 
ments had some qualitative agreement, there were enough dif- 
ferences to indicate that improved modeling is needed. Charge 
decay after the electron beam was shut off was also investigated 
and analyzed in terms of a simple migration/ohmic relaxation 
model. 
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ADIATION effects produced in solid dielectrics are R important in order to understand volume charging 
and the resultant discharges which may be produced in 
spacecraft [1,2], electrets [3], and in other dielectric sys- 
tems [4,5]. An investigation of charge storage, transport, 
relaxation, and electric field distributions in irradiated 
solids has been made experimentally and theoretically 
in order to understand these radiation effects [3]. There 
is, however, still little experimental information about 
the accumulated charge and electric field profiles in the 
material subjected to energetic electron bombardment 
in the MeV incident energy range [6-131, causing elec- 
trical breakdown in samples with thickness of the order 
of 10 mm. 

We have been developing Kerr electro-optic field 
mapping measurement techniques in electron beam irra- 
diated polymethylmethacrylate (PMMA). In our previ- 
ous reports, we have shown numerous light maxima and 
minima resulting from the accumulated trapped charge 
recorded on videotape and analyzed using a computer- 
ized image digitization system to obtain the charge and 
field profiles [14-161. In this report, a further investiga- 
tion of electric field and charge profiles using the Kerr 
effect is reported for energetic electron beam penetration 
into short-circuited PMMA slabs in vacuum to simulate 
the space environment. The charging continues for a 
fixed time or until breakdown takes place. Breakdown 
mechanisms and charge dynamics during the electron 
beam irradiation in PMMA are modeled. The RIC pa- 
rameters of PMMA obtained from the short-circuited 
current measurements during charging are found by fit- 
ting measurements to a model. Charge decay after the 
electron beam was shut off also is modeled by simple 
migration/ohmic relaxation physics. 

2. KERR ELECTRO-OPTIC EFFECT 
N electric field in an optically isotropic transparent A material induces birefringence similar to that of a 

single-axis crystal, with the optical axis aligned to the 
direction of the applied electric field (Kerr effect) [17]. 
In the optically active material, light polarized parallel 
to the applied field propagates with a different index 
of refraction than light polarized perpendicular to the 
electric field. As a result, when the light emerges from 
the material, orthogonal polarizations will experience a 
relative phase shift. Thus, incident linearly polarized 
light becomes elliptically polarized. The change in the 
index of refraction is proportional to the square of the 
applied electric field magnitude. 

where rill and nl are the refractive indices for light of 
free space wavelength A polarized respectively perpen- 
dicular and parallel to the applied electric field of mag- 
nitude E. B is the Kerr constant. For the PMMA used 
here B x 2 x  m/V2 [14]. The relative phase shift 
q3 between light polarized perpendicular and light polar- 
ized parallel to the applied field, assumed uniform over 
a sample length L, is 

L 
4 = (2n/X) J (nil - nl) dz  (2) 

(3) q3 = 2 E ~ L  = T ( E / E , ) ~  

where 
E, = 1 / J m  (4) 

In the case of solids, a phase shift arising from the 
elasto-optic effect due to  mechanical strain must also be 
considered. In general, the mechanical stress axes are 
not in the same direction as the electric field so that the 
phase shifts do not simply add. However, for simplicity 
in this work we account approximately for mechanical 
birefringence by just adding an electric field indepen- 
dent, but perhaps spatially varying phase shift hTn(z, y), 
to (3). 

To obtain information about the magnitude of the 
electric field in the material, a linear polariscope con- 
figuration is used with incident light in the z-direction 
polarized at 45" to the direction of the electric field E 
with an analyzing polarizer placed after the sample ei- 
ther crossed or aligned to the incident polarization. The 
relative phase shift thus can be converted into the light 
intensity as the signal to be detected. The resulting 
transmitted light intensity as a function of (z,y) posi- 
tion over the sample cross-section is then 

Aligned Polarisers (AP): 

I(=, Y)/Im = cos2[(n/2)[~(z,  Y ) / E ~ I ~  + hrn(z, Y ) / ~ I  
(6) 

where a,( z, y)  is the initial field-independent mechan- 
ical birefringence phase shift before irradiation and I , ,  
is the maximum light intensity. In the absence of me- 
chanical birefringence, E, is the electric field necessary 
for the first light minima with aligned polarizers (AP) 
or the first light maxima with crossed polarizers (CP). 
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Figure 1.  
Apparatus and representative data for Kerr electro-optic field mapping measurements with simul- 
taneous aligned and crossed polarizers in electron beam irradiated samples usini photographic film 
and a computer interfaced videotape recording system as detector. 

In the central region of the field-stressed sample, 
far from the edges, the electric field is in the same di- 
rection as the incident electron beam, perpendicular to 
the sample surfaces and a t  45" to the incident light po- 
larization. Then with hrn(z,y) = 0, (5) and (6) reduce 
to 

These lines are called isochromatic lines and only 
depend on electric field magnitude and not on direction. 
However at the side equipotential surfaces, the electric 
field must change direction by 90" to terminate perpen- 
dicularly. At some positions near the edge, the electric 
field will have turned by 45" so that the incident light 

is parallel or perpendicular to  the local electric field. 
Then the light intensity should be minimum for crossed 
polarizers or maximum for aligned polarizers. These 
lines of darkness or brightness are called isoclinic lines 
and occur whenever the applied electric field is either 
parallel or perpendicular to the light polarization. The 
isoclinic lines only depend on the applied field direction 
and not magnitude. The isoclinic lines can be removed 
by replacing the two linear polarizers with circular po- 
larizers. Each circular polarizer is equivalent to a linear 
polarizer and a quarter-wave plate with fast or slow axis 
a t  45" to the polarizer transmission axis. Then the light 
incident onto the field-stressed sample is circularly po- 
larized and the transmitted light intensity is given by 
(7) and (8), independent of the laser light polarization, 
and there are no isoclinic lines. 

However, in our measurements with the linear po- 
lariscope configuration we never observed isoclinic lines. 
Repeated measurements using a circular polariscope con- 
figuration gave identical results to that with a linear 
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Figure 2. 
Electric field and charge density distributions for various times during the charging interval in vac- 
uum with the aligned polarizer Kerr effect optical patterns of sample #PG6. Electrical breakdown 
took place 28.89 s after the start of electron beam irradiation. Note that at t = 0,  the mechanical 
birefringence causes a large central dark fringe instead of the expected uniform bright region. Note 
also the electric field discontinuity and sheet charge at z / d  zz 0.57 for t > 10 s. The total accumu- 
lated charge per unit area IQ1 (,uC/cmZ) is also listed for each of the irradiation times on the charge 
density plots. 

polarizer configuration. A possible reason that isoclinic 
lines are not present in the linear polariscope measure- 
ments may be due to mechanical birefringence in the 
sample with stress axis orientation that was not in the 
direction of the electric field, or which varied in the di- 

isoclinic lines but not enough to contribute observable 
phase shift compared to  the electrically induced phase 
shift. 

3. EXPERIMENTAL METHOD 
3.1 ELECTRON BEAM rection along the light beam. For our samples before 

irradiation, there was generally one fringe or less due 
to mechanical stress magnitude. This may be a suf- 
ficiently large randomly oriented stress to remove the 

HE electron beam was generated by a Van de Graaff T accelerator. For vacuum measurements the short- 
circuited sample was placed within a vacuum chamber 
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with pressure < 1 mPa, directly attached to an added 
drift tube extension (7.6 cm I.D.) of the Van de Graaff 
accelerator. Within the drift-tube connection of the Van 
de Graaff accelerator to  the vacuum chamber, an alu- 
minum scattering foil (0.0013cm thick) was inserted 3.3 
m from the sample position to scatter the beam and to 
provide an almost uniform current distribution over the 
sample. The energy loss of the beam through this scat- 
terer is about 5 keV. Diaphragms were placed geomet- 
rically to block electrons scattered from the drift-tube 
walls. 
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Figure 3. 
Position r o  at which the electric field is zero ver- 
sus incident beam energy in vacuum measure- 
ments for various beam current densities and 
sample thicknesses. 

For air measurements the electron beam exits from 
the accelerator tube through a thin (0.0076 cm) alu- 
minum window and passes through about 50 cm air to 
the PMMA sample which is short-circuited through cur- 
rent monitors at the top and bottom surfaces using thin 
foil aluminum electrodes. The energy loss in the window 
and intervening air is about 160 keV. At the exit of the 
Van de Graaff generator window, the electron beam di- 
ameter is about 1 mm. The aluminum window and the 
50 cm air path length scatters the beam with a Gauss- 
ian distribution about the axis. At 2.6 MeV the electron 
flux density was about 75% at 4 cm from the axis and 
at 1.6 MeV about 90%. 

3.2 OPTICS 

o make the Kerr electro-optic measurements, the T linear polariscope configuration shown in Figure 1 
is used. The He-Ne laser at 633 nm wavelength used as 
the light source had its beam expanded to about 7.5 cm 
to allow measurements of the light intensity distribution 
over the entire sample cross-section. Polaroid cameras 
as well as a videotape recording system were used as 
light detectors. Measurements were done at electron 
beam energies up to 2.6 MeV at  low (20 nA/cm2) and 
high (300 nA/cm2) current densities and for PMMA 
sample thicknesses of 0.635, 0.95, 1.27 and 2.54 cm, 
which covers the range where the electron beam pene- 
tration distance is larger, comparable to, or smaller than 
the sample thickness d, respectively. Roughly, the beam 
penetration distance in PMMA is about 0.5 cm/MeV. 
The accumulated trapped charge led to large internal 
electric fields up to 3.5 MV/cm so that for a 4.7 cm long 
PMMA sample, numerous light minima and maxima oc- 
curred, as the field for the first minima with aligned 
polarizers or the first maxima with crossed polarizers 
was E, = 0.73 MV/cm. This makes photographic and 
videotape measurements possible both during the charg- 
ing interval as well as during the subsequent relaxation 
interval after the electron beam is turned off. A com- 
puterized image processing system was used to map the 
light intensity distributions from videotape frames from 
which the electric field and charge density distributions 
were calculated and plotted. 

In the absence of mechanical birefringence, before 
irradiation the image should be dark with crossed po- 
larizers and bright with aligned polarizers. The pho- 
tographs in Figure 1 before irradiation show some light 
intensity variation because of mechanical birefringence 
as does the t = 0 s photograph in Figure 2. 

3.3 SHORT-CIRCUIT CURRENT 
M EASU REM ENT 

HORT-CIRCUIT current measurements were made also S during the charging. The samples with dimensions 
6.4 cm by 8.9 cm were sandwiched between front and 
rear thin aluminum foil electrodes grounded through 
current-monitoring resistors. To avoid premature break- 
down from edge effects, the electron beam irradiated 
area was made less than the sample dimensions by using 
a grounded lead shield mask with cutout dimension of 
4 . 7 ~ 5 . 7  cm'. A thin polypropylene film with the same 
cutout dimensions as the lead shield was placed between 
the lead shield and the sample for electrical insulation. 
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4. EXPERIMENTAL RESULTS AND 
DISCUSSION FOR VACUUM 

MEASUREMENTS 

Table 1. 
Data summary of electron beam irradiated 
PMMA in vacuum 

4.1 KERR FRINGE PATTERN AND FIELD 
MAPPING 

YPICAL data for the electric field E and charge den- T sity q distributions for sample #PG6 at various 
times before breakdown are shown in Figure 2. The 
field distribution was plotted using (7) and (8) after the 
Kerr fringe patterns shown from videotape frames were 
digitized and analyzed. Numerical differentiation of the 
field plot gave the charge profile. Because the sample 
is short circuited, the average electric field is zero. The 
electric field is oppositely directed on either side of the 
position where the electric field is zero. Note that at 
times greater than 10 s, some fringe lines in the cen- 
ter have coalesced. For E / E m  = 1n11/21 where n is an 
integer, light and dark lines with n = 0 and n = &1 
at 10 s and n 7 f 2  at 15 and 28.89 s have coalesced, 
which indicates a discontinuity of the electric field due to 
the formation of an effective sheet charge with surface 
charge density g = -2Jm = -0.481/cm2 (n = f l )  
and 0 = - 2 f i / ,  = -0.681/cm2 (n = f 2 ) ,  respec- 
tively, where E = 3 . 7 ~ ~  = E ,  = 3.28 x F/m is the 
permittivity of PMMA. 

4.2 ESTIMATION OF ACCUMULATED 
CHARGE 

ESIDES the field and charge distributions, the Kerr B electrooptic measurements allow us to obtain the 
electric field strengths at the boundaries E ( 0 )  and E ( d )  
MV/cm, the total accumulated charge per unit area 
lQ( t ) l ( l / cm2) ,  the locations xo (cm) of the zero elec- 
tric field (peak potential), the average position Rg (cm) 
of the charge, and the magnitude and location zm (cm) 
of the maximum charge density, and their time evolu- 
tion. Table 1 summarizes the test parameters and re- 
sults for PMMA samples irradiated in vacuum. Of the 
16 separate experiments under different conditions, 7 
samples broke down. The breakdown formed a tree- 
like discharge pattern located within a thin well-defined 
layer parallel to the face surfaces of the sample. It is 
found from Table 1 that the distance xb of this discharge 
layer from the irradiation side surface is near the posi- 
tion xo at which the internal electric field is equal to zero 
and where the potential is maximum. Figure 3 shows 
a plot of position xo for which the field is zero versus 
incident beam energy. It is seen that zo increases with 
increasing beam energy. 
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To summarize all these plots, the image processing 
system computes the total charge per unit area in each 
sample videotape frame. As a check, it computes this 
charge by two methods. The first method integrates 
the volume charge density between the top and bottom 
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of the sample using the trapezoidal rule. From Gauss's 
law, this value also equals the difference in displacement 
fields a t  the top and bottom surfaces 

Q(t )  = &[E(. = d )  - E(. = O ) ]  (10) 

Note that Q ( t )  is a negative number and that E(. = 
d) is also negative while E(. = 0) is positive. Calcula- 
tion showed the values of Q ( t )  determined by these two 
different methods agreed within about 5%. Values of 
Q ( t )  are listed for each of the irradiation times in the 
charge density plots in Figure 2. 

At 2.6 MeV, the average penetration depth for elec- 
trons in PMMA is about 1.2 cm. Thus, Table 1 shows 
that in samples #PG7 and 9 with sample thicknesses of 
0.635 cm, most of the electrons a t  2.6 MeV energy com- 
pletely pass through the sample, so that no Kerr fringes 
were detected, showing that much less charge was accu- 
mulated compared to thicker samples. At 1.6 MeV, the 
penetration depth is about equal to the sample thickness 
allowing a greater charge accumulation of 1.56 pC/cm2 
for #PG15 and 1.23 pC/cm2 for #PG14, as shown in 
Table 1. Lower energy data at 0.6 MeV beam energy 
showed that there were no measurable Kerr effect fringes 
for the thicker samples (#PG18 and 19) because the 
penetration depth of about 2.7 mm was much smaller 
than the sample thickness. For the 0.635 cm sample at 
0.6 MeV (#PG17), there was a small amount of charge 
accumulation of 0.72 pC/cm2. 

4.3 ELECTRICAL BREAKDOWN OF SOLIDS 
BY ELECTRON BEAM IRRADIATION 

IGURE 4a shows for vacuum irradiated samples, the F total trapped charge per unit area IQ(t)I versus t e  
tal incident charge per unit area Jt from the electron 
beam, where J is the incident beam current density and 
t is the charging time, for 6 samples that broke down, 
while Figure 4b plots the same data for the samples that 
did not breakdown. As expected, initially, Q(t )  = J t ,  
but as the sample becomes charged, further electrons 
do not continue to accumulate in the sample. This 
reduced charge trapping results from electrostatic re- 
pulsion by the negative charge already in the sample 
and then by conduction to ground. The conduction 
is increased by RIC and thermally-enhanced conduc- 
tion which also tends to release some of the initially 
trapped charge. It is found from Figure 4 that break- 
down through the electron charged region may occur 
spontaneously when accumulated charge levels are high. 
Typically at breakdown the net charge per unit area ex- 

MeV\d 0.635 0.95 1.27 cm * I 300 n 
150n 
20 n 

A/cm2 
A/cm2 
A/crn2 

- -+ 

[$]p] 

Figure 4. 

Total trapped charge per unit area IQ1 for vac- 
uum irradiated samples versus total incident 
charge per unit area from the electron beam J t  
for samples that broke down (a) and for samples 
that did not break down (b). J is the incident 
beam current density and 1 is the charging time. 
Down arrow in (a) represents that breakdown 
discharge took place in a sample at that time. 

The maximum electric field strength which occurs 
at either front or back electrode is probably the key fac- 
tor for electric breakdown. To reduce our large volume 
of data, we plot the maximum electric field for all our 
vacuum measurements versus total accumulated charge 
per unit area in Figure 5. It appears that there is a 

ceeded 1 pC/cm2. critical maximum field strength of 1.8 MV/cm, below 
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Figure 5.  
Relation between total accumulated charge per 
unit area and maximum electric field for various 
samples measured in vacuum. 

which no breakdowns took place for our samples. Lower 
values may occur if defects are present [18]. 

4.4 DEPENDENCE OF VARIOUS 
PARAMETERS ON FIELD AND CHARGE 

PROFILES IN ELECTRON BEAM 
I R RA Dl ATED SOLIDS 

HARGE dynamics and the resulting electric field C distributions are dependent on various parameters 
such as electron energy E,, beam current, sample thick- 
ness d,  boundary conditions, RIC, and temperature. To 
further examine the effects of sample thickness, Figure 6 
shows the plots of the field and charge distributions for 
vacuum-irradiated samples with the same beam energies 
(1.6 MeV) and current densities (20 nA/cm2) at the 
same irradiation time (150 s) for three sample thick- 
nesses. Decreasing the sample thickness decreases the 
position of zero electric field and decreases the position 
where the charge density is maximum. 

Figure 7 with the same sample size compares two 
cases with the same beam energy (2.6 MeV) but differ- 
ent current densities and for the same current density 
(20 nA/cm2) but different beam energies. For all three 
cases the total irradiation time is picked so that the inci- 
dent charge density of 3 pC/cm2 is the same. The higher 
beam energy for the same current moves the zero field 
point deeper. Higher beam current for the same beam 
energy also seems to move the zero field point deeper, 

Sample Thickness 
0 1.27cm 

X 0 . 6 3 5 c m  
A 0 . 9 5 c m  - 

- I  

-2 

0.5 I 
x (cm) 

Beam Energy I 1.6 MeV 
:urren t Dens i t y I 

20  n A /c m2 
I r r a d i a t i o n  l i m e  i 

I O  
T h i c k  n e s s  

0 1 . 2 7 c m  

X 0.635 
- A 0 . 9 5  

- 
- 

5 -  

0 0 . 5  

U = 0 . 4 8 p C / c m 2  1 

x ( c m )  

Figure 6. 
Electric field and charge density distributions for 
vacuum irradiated samples for the same electron 
beam energy (1.6 MeV) and current density (20 
nA/cm2) at the same irradiation time (150 s) for 
3 sample thicknesses (0.635, 0.95, and 1.27 cm). 

but this result is not conclusive due to experimental un- 
certainty. However a key point is that the high energy, 
high current case has a much higher field strength at 
the far boundary giving rise to a larger number of Kerr 
fringes. 
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5. RESULTS FOR AIR 
MEASUREMENTS 

5.1 KERR FRINGE PATTERN AND FIELD 
MAPPING 

EASUREMENTS were also made in PMMA samples M irradiated in air with dimensions 6 .4~8 .9  cm with 
thicknesses 0.635, 0.95, 1.27, 1.9, and 2.54 cm as sum- 
marized in Table 2, where PGA means that Plexiglasm 
(PG) was irradiated in air (A). Of the 12 separate air 
experiments listed in Table 2, only two samples broke 
down. The electric field and charge distributions for 
#PGA15 are shown in Figure 8 at  various times be- 
fore breakdown, including images taken from videotape 
frames. Note that a t  17 s, the E / E m  = f i  light and 
dark lines with n = 0 and n = f l  have coalesced result- 
ing in a discontinuity of electric field due to the forma- 
tion of an effective sheet charge U = -2J, = -0.48 
pC/cm2. For some of the samples which did not break 
down, field and charge distributions were obtained, both 
during charging and during discharging after the elec- 
tron beam was turned off. The plots during discharging 
for #PGA8 are shown in Figure 9 as typical data. Fig- 
ures 8 and 9 also list the total accumulated charge per 
unit area IQ1 (pC/cm2) for each of the irradiation times 
in the charge density plots. 

5.2 CHARGE RELAXATION 

IGURE 10 shows the time dependence of the total F accumulated charge per unit area during the dis- 
charge after the electron beam is turned off. The decay 
rate increases with increasing initial charge, which is 
expected if the charge has a constant mobility p in the 
dielectric [19]. However, we also expect that ohmic con- 
duction contributes to  the charge decay especially if it 
is enhanced by the radiation. Figure 9 shows that when 
the beam is turned off, the charge density is maximum 
in the central region and reduced towards the top and 
bottom. For many cases the initial charge density for 
charge decay in the central region is essentially a sheet 
charge like that in Figure 8. The simplest model takes 
the charge distribution after irradiation a t  t = 0 to be 
a sheet charge U a t  x / d  = 0.5 together with a uniform 
distribution of volume charge qo for 0 < x / d  < 1. If the 
dielectric is described with a constant ohmic dielectric 
relaxation time 7 ,  dielectric permittivity E ,  and charge 
mobility p, the time dependence of the total charge per 
unit area for the short circuited sample is found in the 
Appendix as 

E/Em I I I I I 

T h i c k n e s s d : 0.9 5cm 4t 
d 

2 

I 

0 

- I  

- 2  

- 3  

- 4  

I MeV nA/cm2 time 
A 2.6 300 10s 
A 2.6 20 150s 
0 1.6 20 150s 

E m  =0.73MV/cm 

0 0.2 0.4 0 .6  0.8 I .o 

5 0  

4 0  

30 

20 

I O  

x /d 

Th i c k ne ss d:0.95cm 
. MeV nA/cm2 time 
A 2.6 300 10s 

x I d  

Figure 7. 
Electric field and charge density distributions for 
vacuum irradiated samples for the same sample 
thickness comparing two cases with the same 
beam energy (2.6 MeV) but different current 
densities and for the same current density (20 
nA/cmz) but different beam energies. For all 
cases the total incident charge per unit area is 3 
pC/cmz. 

U + qod 
Q(t )  = [I + qop.r/E] exp(t/.r) - qop.r/& 

t > --7ln[l- ~ d / ( p 7 ~ ) ]  
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Figure 8. 
Electric field and charge density distributions with Kerr electro-optic images for various times during 
the charging interval in air with the split screen Kerr effect optical patterns of sample #PGA15 
simultaneously shown for aligned polarizers on the left and crossed polarizers on the right. Electrical 
breakdown took place 17 s after the start of electron beam irradiation. The total accumulated charge 
per unit area IQ1 (pC/cmz) is also listed for each of the irradiation times in the charge density plots. 
A dimensional charge density scale in units of (pC/cm3) is given on the right hand side of the charge 
density plots. 

If T >> ed/pLa, (11) reduces to 
5.3 COMPARISON BETWEEN AIR AND 

VACUUM DATA 
E compare the air measurement data with vac- W uum measurements under the same conditions. 

From our data, there is indication that the total accu- 
mulated charge per unit area in the air measurements is 
a little higher than in vacuum. The following two causes 
are considered as possible reasons for this difference: (a) 
Difference in incident electron distribution over the sam- 
ple surface due to the different electron scattering meth- 
ods in air and vacuum, and (b) Larger thermal convec- 
tion in air than in vacuum. 

+ qod 0 < t < &d/pa 
Q ( t )  = 1 + 9opt/e (12) 

4 (Pt 1 t > e d / p u  { 

Long-time decay is governed by the migration time 
constant e/qop which has a decay as l/t and dielec- 
tric relaxation which decays as exp(-t/.r). This quali- 
tatively describes our relaxation measurements. 

For electrons accelerated by a potential V with cur- 
rent density J for a time t, with penetration depth 
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Figure 9. 
Electric field and charge density distributions with Kerr effect optical patterns of #PGA8 for various 
times during the discharging in air after the electron beam was turned off after 3 min of electron 
beam irradiation. The total accumulated charge per unit area IQ1 (pC/cmZ) is also listed for each 
of the irradiation times in the charge density plots. A dimensional charge density scale in units of 
(pC/cm3) is given on the right hand side of the charge density plots. 

P G A 8  

5 0.6t - I I I I I I 
c 10-1 I IO lo2 lo3 lo4 lo5 e 
0 

Time Is1 

Figure 10. 
Total accumulated charge per unit area as a 
function of time for samples irradiated in air af- 
ter electron beam is shut off. 

dp,  in a sample of mass density p, we assume that the 
total incident electron energy density per unit mass, 

U = V J t / ( & p ) ,  is entirely converted into heating the 
sample. The temperature rise is AT = V/CV. The max- 
imum temperature rise for our experimental conditions 
with PMMA whose mass density is p=1190 kg/m3, oc- 
curs for V = 2.6 MeV, J = 3 x A/mal t = 30 s, 
and dp M low2 m so that U = 1.97 x lo-* J/kg. For 
PMMA, cv = 1.47~ lo3 J/(kg K) so that AT = 13.4%. 
This temperature rise would increase carrier mobility 
and sample conductivity resulting in a decrease of Q ( t ) .  
For example, a 10% temperature rise is expected to raise 
the charge mobility by a factor of 2 [19]. 

An important thermal parameter is the thermal 
time constant rt = pcvd2/kt where kt is the thermal 
conductivity, which for PMMA is kt = 0.187 J/(m-s K). 
For our thinnest sample with d = 0.635 cm, rt = 377 s 
(about 6 min). The longest charging time in our exper- 
iments was about 5 min, which is comparable to the 
thermal diffusion time of the thinnest samples. The 
thicker samples had respective thermal time constants 
of rt = 844 s for d = 0.95 cm, rt = 1509 s for d = 1.27 
cm, and rt = 6035 s for d = 2.54 cm. Thus heat trans- 
fer to the sample surface occurs more readily for the 
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(cm) 
0.95 1.27 1.90 

#PGA15 #PGA16 
BD Max I BD 
1 7  s 1 5  s I 33 s 
2.07 1 . 5 5  I 1 .12 
2 .8  3 . 3  1 2.2 

-3.5 -3.2 I -2.4 
0.54 0.50 I 0.44 

I 

#PGA11 #PGA1,2 I 3 #PGA13 
N o  BD N o  BD N o  BD 

5 min 5 min 5 min 
1.46 1.2 1.31 1 . 3 5  0.95 
1 . 6  1 . 8  2 .1  2 .1  2.2 

-2.8 -1.9 -1.9 -2.1 -1.7 
0.48 0 .61  0.7 0 .61  0.67 

# PGA7 # PGA6 #PGA10 
N o  BD N o  BD N o  BD 
3 min 3 min 3 min 
1 . 0  0.83 
1.8 1.8 

-1.3 -0.73 
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2.54 

#PGA14 
N o  BD 
5 min 
1.11 
1 .9  

-1.5 
0.69 

Table 2. 
Data summary of electron beam irradiated PMMA in air. Q: Total accumulated charge per unit 
area. E ( 0 )  and E(d):  Electric field at front and back electrodes. 2 0 :  Position at which electric field 
is aero. 

E l e c t r o n  
Beam 

Energy 
(MeV) 

2.6 

1 .6  

C u r r e n t  
Densi ty  

(nA 

300 

20 

20 

- 

cm2 ) 
0.635 

#PGA12 
N o  BD 
5 min 
0.88 
1 . 3  

-1.5 
0.37 

#PGA8 
N o  BD 
3 min 
1.47 
2 . 1  

-2.4 
0.34 

thinner samples and smaller beam penetration depths. 
Somewhat cooler operation is thus expected in air than 
in vacuum. Future measurements will record the tem- 
perature rise to  verify our conclusions. Another means 
by which temperature effects may influence the results 
is the temperature coefficient of birefringence. This also 
is under investigation. 

6. ANALYSIS OF CHARGE 
ACCUMULATION 

HEN solid dielectrics are exposed to  ionizing radia- W tion, ionization and excitation take place produc- 
ing secondary electrons, holes and ions. These carriers 
contribute to RIC. The generation rate of the carriers 
is controlled by the radiation energy deposition rate or 
absorbed dose rate. Generation is balanced by recom- 
bination at various trap levels, so that secondary car- 
rier concentration reaches equilibrium. On the other 
hand, the charge accumulation is dominated by excess 
charge deposition G where G is governed by the process 

0.46 0.38 1 I 1 

with which injected electrons lose energy and become 
trapped. 

There have been many reports on the theoretical 
analysis of charge dynamics following charge deposition 
in dielectrics exposed to a high energy electron beam 
[3,8,9,20]. K. Labonte [20] proposed a general physical 
model which includes discrete trap levels, recombination 
between trapped and free carriers, trapping and detrap- 
ping events, and the mobility of positive and negative 
charge carriers, along with electron-hole pair generation 
and electron deposition. He applied this theory to elec- 
tron beam irradiated Teflon= FEP films and obtained 
a good agreement between theoretical results and ex- 
perimental data from a split-Faraday-cup arrangement. 
However, it is difficult to apply Labonte’s model directly 
to our experimental results, because of the existence of 
many unknown parameters and the assumption that mi- 
croscopic parameters such as the electron-hole pair gen- 
eration rate and electron deposition function are given 
by macroscopic values of dose rate, and injection current 
density. 
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Tanaka et al. proposed a more realistic model of 
charge dynamics solving the continuity and Poisson’s 
equations [8,9]. Since they used experimentally mea- 
sured electron deposition data and RIC data, no un- 
known parameters were used in the calculation. Gross 
and Wright measured the electron deposition curve of 
Plexiglas irradiated by 3 MeV electron beams [21]. We 
also obtained RIC values by measurements of radiation 
induced currents [16]. From this point of view, we will 
attempt to solve the charge dynamics based on Tanaka’s 
model and then compare with our experimental results. 

6.1 FUNDAMENTAL EQUATIONS 

HE behavior of thermalized excess electrons follow- T ing electron deposition in one dimension is described 
[8,9] by the following continuity and POi5SOn’S equations 

a N ( %  w a t  = G(z, t )  + (a /a4[9(a,  t)E(a, t)/ql (13) 

(14) a E ( z ,  y ) / a ~  = - q N ( z ,  t ) / ~  
where N ( z ,  t) ( ~ m - ~ )  is a number density of excess elec- 
trons at  a depth a (cm) and a time t ( ~ ) ,  G(z, t) ( ~ m - ~ s - ~ )  
is a deposition function of thermalized excess electrons, 
q(C) is the charge on the electron, g(c,t) (f2-lcm-l) is 
RIC, E(a,t) (V/cm) is the space charge field strength, 
and E (F/cm) is the permittivity. In (13), it is assumed 
that the transport of the excess charge is governed by 
RIC obeying Ohm’s law. The RJC can be given by the 
following empirical equation 1241: 

g(c, t )  = k l j ( z ,  t ) A  (15) 
where k is a coefficient, b ( c , t )  (rad/s) is a dose rate 
(100 rads = 1 gray), and A (0.5 < A< 1) is the power 
law exponent for the dose rate dependence. The values 
of k and A will be determined from the short-circuited 
current measurements. 

When the space charge field distorts the passage of 
the energetic electrons, the curves of G and D change 
with time. In our calculation, for simplicity, both G and 
D are assumed to be independent of time. Therefore, 
RIC also does not change with time. The average elec- 
tric field must be zero, as the sample is short-circuited. 

Figure 11. 
Normalized deposition function of thefmalized 
excess electrons G(r) and dose depth D curves 
in PMMA with respect to depth normalized by 
maximum range R,  [21]. 

6.2 MEASUREMENTS OF G, 0, AND G 

Gross and Wright measured the charge deposition 
in depth by collecting the charge to a thin collector, posi- 
tioned a t  successive depths in a PMMA layered Faraday 
cage with a 3 MeV electron beam [21]. Figure 11 shows 
normalbed G(a) as a function of depth normalized by 
maximum electron range R,,, in cm. The measured value 
of maximum electron range rm, in units of mass density 
g/cma was 1.85 g/cm2 for a 3 MeV electron beam, so 
that R,,, = r m / p  = 1.6 cm where the mass density of 
PMMA is p = 1.19 g/cm3. In our calculation, R, for 
a given electron beam energy was assumed to be pro- 
portional to beam energy. Trump and Wright also mea- 
sured the distribution of ionization D in depth by 2 and 
3, MeV electrons in their passage through aluminum by 
using a thin parallel-plate ionbation chamber [22]. This 
is also shown in Figure 11. We used these curves, within 
the electron-beam energy range from 0.6 to 2.6 MeV in 
our calculations. 

RIC g is estimated from the results of our short cir- 
cuit current measurements using the analysis proposed 
by Gross et al. [23]. Their analysis made the following 
assumptions: 

1. A dielectric irradiated by partially penetrating en- 
ergetic electrons is divided into two well-defined re- 
gions: (a) an irradiated region having a conductivity 
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constant g and (b) a non-irradiated region with neg- 
ligible conductivity. 

2. The dose rate D is constant over the irradiated vol- 
ume and is given by D = IoV x 105/(aRp) (rad/s), 
with injection current Io in A, beam accelerating po- 
tential V in V, irradiated area a in cm', the mean 
depth R of the space-charge distribution in cm, and 
density p in g/cm3. It follows that g is constant in 
the irradiated region. 

3.Temperature is assumed constant so that there are 
no thermal effects. (See 5.3). 

4. Conductivity is ohmic with value g, given by (15). 

Using the continuity equation and the equation of 
current conservation, the short-circuit currents for a sam- 
ple of thickness d and dielectric permittivity E are de- 
rived by Gross et al. [23] as 

(11)~' = h[l- (R/d) exp( -t/7,)1 

7, = E d / [ g ( d  - RI1 

(16) 

( 1 2 ) s  = Io(R/d)  exp(-t/rc) (17) 

(18) 

where (11)" is the current flowing from the sample through 
the front electrode to ground, ( I z ) 8  is the current through 
the rear electrode, Io is the injection current, and R is 
the mean depth of the space-charge distribution. Ta- 
ble 1 also shows R for some vacuum irradiated samples, 
estimated from the initial value at  t = 0 of the mea- 
sured front and rear currents Il8(0) and 1z8(0) .  For 
comparison, the average position of the charge Rk = 
E ( d ) d / { E ( d )  - E ( 0 ) )  obtained from the Kerr electro- 
optic measurements is also given in Table 1. It  can be 
seen that R and Rk reasonably agree for samples #PG10 
and #PG17 where the electron beam is partially pene- 
trating. The disagreement in R and RI which appears in 
the other samples indicates the limit of the assumptions 
made in the model. 

The measured time constant rc of the transients as 
determined from the current waveforms in Figure 12a 
allows us t? determine the RIC g for a given average 
dose rate D (rad/s) from (18). Figure 12b shows the 
RIC value as a function of dose rate for 6 samples. FtIC 
increases from 5 . 4 ~ 1 0 - l ~  to  8 . 8 ~ 1 0 - l ~  (Q-lcm-') as the 
dose rate increases from 3 . 0 ~ 1 0 ~  to 9 . 0 ~ 1 0 ~  rad/s within 
our experimental conditions. From the assumed linear 
relation of logg versus log D given by (15), if A = 1, the 
trap distribution is uniform, while if 0.5 < A < 1, the 
distribution is exponential with energy [24]. From the 

U 

50 
t ( s >  

100 

- I I - - 1.27cm - - 0 2.6MeV - A 1.6MeV - 
- 
- 0.95cm - - - 02.6MeV 
- A1.6MeV - 

X0.635cm - - /  0.6MeV 

- 
- 

Figure 12. 
(a) Short-circuit current waveform of sample 
#PG13 irradiated in vacuum with electron en- 
ergy 1.6 MeV, current density 20 nA/cmz and 
thickness 0.95 cm and (b) RIC g obtained from 
time constants of RIC currents as a function of 
average dose rate for various experimental con- 
ditions. The solid line is a least squares fit to 
the data. 

data in Figure 12b, we used a least squares fit to (15) to 
obtain the constant k = 4 . 6 ~  lo-'' W'cm-l rad-A sA 
and a exponent A = 0.85, indicating a steep exponential 
trap distribution with energy, in PMMA. The estimated 
values of k and A for our PMMA samples is found to 
have good agreement with those obtained by Tanaka et 
al. [9] for PMMA (k = 7.7 x lo-'' and A = 0.89 at 
30'C.) 

6.3 RESULTS AND DISCUSSION 
SING the measured G ( z )  of Figure 11 and g, calcu- U lated from (15) and Figure 12b, (13) and (14) were 
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1 1 1 1 ~ 1 1 1 1 ~ I I  

- Current Density: 20nA/cm2 - 
i Irradiation Time: 150s 

Beam Energy: 1.6 MeV 
numerically solved. Figure 13 shows calculated field and 
charge distributions for our three different sample thick- 
nesses with the same electron energy 1.6 MeV and cur- 
rent density 20 nA/cm2 at the irradiation time of 150 s. 
Note that these conditions were chosen to  be the same 
as those used in Figure 6 so that we can directly com- 
pare the theory and experiment. It is seen in Figure 13 
that the calculated zero field position to moves deeper 
with increasing sample thickness, as do the experimental 
results of Figure 6. However, there are some disagree- 
ments between the calculated results of Figure 13 and 
the measurements of Figure 6. Firstly, there is no dis- 
continuity in the theoretical electric field distribution, 
and therefore no sheet charge in the charge distribu- 
tion, while the Kerr measurements show a discontinu- 
ity in field due to a sheet charge. This disagreement 
could be because the actual curve of electron deposi- 
tion is much sharper than the G(x) curve in Figure 11. 
The calculation also shows that the position a, of max- 
imum charge density in Figure 13b is about 0.55 cm for 
the three samples, while from the experiments plotted 
in Figure 6b, xm decreases with decreasing thickness. 
There is a possibility that, although neglected in the 
model, a prominent decrease in electron depth caused 
by the repulsing space charge field is more likely to oc- 
cur for smaller thickness. Thirdly, the calculated charge 
profile is found to give a second charge increase at  the 
incident surface. This increase reflects the result that 
the maximum of dose rate D is not a t  the surface (see 
Figure 11). In our Kerr electro-optic measurements, on 
the contrary, there is no increase in the charge density 
near the front surface, suggesting a limit on the assump- 
tion that the RIC is ohmic. More trapped charge would 
enhance conduction over the value calculated here if a 
nonlinear field dependence of RIC is considered. 

1 1 1 1  1 1 1 1 1 1 1  

Beam Energy: 1.6MeV 
Current Density: 20nA/cm2 
Irradiation Time: 150s 

\ 
U 7 -  (Calculation) 
v 3. ,,,Sample Thickness - 

m 5.- 

m - 
E 8 -  - 

h 6 -  
- 

U 
.?-I ; ' 0.625cm - 

Figure 14 shows the calculated electron-energy and 
current-density-dependences on field- and charge-profiles 
with the same sample thickness (0.95 cm). The condi- 
tions were chosen to  be exactly the same as those in 
Figure 7. Figure 14 also includes a plot for a low elec- 
tron beam energy and current (0.6 MeV, 20 nA/cm2). 
As can be seen, the calculated eero-field position xo in- 
creases with increasing electron energy. The larger the 
current density, the higher both fields at the electrodes 
for the same beam energy. These results are in good 
agreement with the experimental results of Figure 7. 
Figure 15 shows calculated plots of total trapped charge 
per unit area IQ1 versus total incident charge per unit 
area Jt from the electron beam with different electron 
beam energies and current densities. It is seen that for 
all cases, IQ1 initially increases with J t  and then sat- 
urates. In this model, the saturation is interpreted in 

-21 - 3  

0 0.5 1 
x (cm) 

0 0.5 1 
x (cm) 

Figure 13. 
Calculated field and charge density magnitude 
distributions for three different sample thick- 
nesses (0.635, 0.95 and 1.27 cm) with same elec- 
tron energy 1.6 MeV and current density 20 
nA/cm' at the irradiation time of 150 s, corre- 
sponding to the experimental measurements of 
Figure 6.  

terms of a complete balance between the electron depo- 
sition rate and the rate of charge removal due to RIC. 
The shape of the calculated curves in Figure 15 is similar 
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Figure 14. 
Calculated electric field and charge density mag- 
nitude profiles with the same sample thickness 
(0.95 cm), comparing cases with the same beam 
energy but different current densities and for the 
same current density but different beam ener- 
gies, including the experimental parameters in 
Figure 7. For all cases, the irradiation time is ei- 
ther 150 s at 20nA/cmz or 10 s at 300nA/cm2 so 
that the incident charge per unit area is constant 
(3 pC/cmz). 
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Thickness (Calculation) 
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Figure 15. 
Calculated total trapped charge magnitude per 
unit area IQ1 versus total incident charge per 
unit area from the electron beam J t  for vari- 
ous samples with different electron beam ener- 
gies and current densities, corresponding to most 
of the measurements of Figure 4. 

Next, we compare the theoretical saturation value 
Q1 with that from the experiments under the same con- 
ditions. As already shown in Figure 4 or Table 1, the 
experimental saturation level of IQ1 = IQII, is found to 
be 1 pC/cm2 for the sample size of 1.27 and 0.95 cm 
with the same beam energy 1.6 MeV and the same cur- 
rent density 20 nA/cm2, while the calculation estimates 
lQll > 1.8 pC/cm2. It  waa also found that for the other 
cases, calculated values of 19, I were about twice aa high 
aa the experiments. 

Consequently, we conclude that the simple “RIC 
model” roughly describes our results obtained by Kerr 
electro-optic measurements. However, in order to give 
a more precise quantitative explanation, an improved 
model should consider a nonlinear electric field depen- 
dence of RIC, and include electrostatic repulsion of in- 
coming electrons in the electron deposition function. 

CONCLUSION 
N investigation of charging and discharging electric A field and charge profiles has been reported for en- 

ergetic electron beam penetration into short circuited 
polymethylmethacrylate slabs in vacuum and in air for 

to the experimental data of Figure 4. 
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a fixed charging time or until breakdown takes place 
by using Kerr electrooptic field mapping measurements. 
The conclusions obtained are summarized as follows. 

1. We developed Kerr electro-optic field and charge 
mapping measurement techniques, videotape recording 
system, and computerized image analysis system, for 
electron beam irradiated PMMA. This system allows 
us to obtain the electric field and charge distributions, 
electric field strengths a t  the boundaries, the total ac- 
cumulated charge per unit area, the location of the zero 
electric field (peak potential), the average position of 
the charge, and the magnitude and location of the max- 
imum charge density, and their time evolution during 
charging until breakdown takes place or when no break- 
down occurs, the discharging transient after the electron 
beam is shut off. 

2. Experiments for different beam energy and cur- 
rent values showed that in some samples breakdown 
occurred forming a tree-like discharge pattern located 
within a thin well-defined layer parallel to the face sur- 
faces of the sample. It was found that the distance 
of this discharge layer from the irradiation side sur- 
face is near the position at  which the internal electric 
field is equal to zero and where the potential is maxi- 
mum. It was also found that volume breakdown through 
the electron charged region may occur spontaneously 
when accumulated charge levels are high. Typically a t  
breakdown the net charge per unit area in the sam- 
ple exceeded 1 pC/cm2 and internal fields exceeded 1.8 
MV/cm. 

3. In order to  analyze the results of electric field 
and charge profiles during electron beam irradiation, we 
solved the charge dynamics based on a simple model 
consisting of the continuity and Poisson’s equations. We 

APPENDIX 

SHORT-CIRCUIT CHARGE RELAXATION 
FOR UNIPOLAR DRIFT-DOMINATED 

CONDUCTION IN AN OHMIC MEDIUM 
IGURE 16 shows the one-dimensional model of in- F terest where we have a lossy dielectric medium of 

thickness d with ohmic conductivity U and dielectric 
permittivity E .  Charge with density q within the vol- 
ume has mobility p. Charge conservation, Gauss’s law, 
and the definition of terminal voltage U results in the 
eauations 

8 E  
8 X  - = Q/€ 

rd 

where J ( t )  is the terminal current per unit electrode 
area. Using (A2) and (A3) in (Al)  and then integrat- 
ing between the electrodes yields the terminal voltage- 
current relationship 

du U 1 - + - + Z p [ E 2 ( d )  - E2(0)]  = J ( t ) d / &  d t r  (A4) 

where T = &/U is the sample dielectric relaxation time. 
Equation (Al)  can be converted to  an ordinary differ- 
ential equation by jumping into the frame of reference 
of the migrating charge moving at  velocity 

dx - = n  
dt 

compared experimental results with the theoretical re- 
sults calculated by using measured mc and charge de- 
position functions. The correspondence between the 

In this moving charge frame of reference, the elec- 
tric field and charge density are given by 

simple model and the measured results had some qual- -- d E  - aE d x 8 E  
itative agreement but overall agreement was not strong dt a x  
and indicates that improved modeling is needed. 

dt - at + -- = J ( t ) / &  - E / .  (A6) 

- - !! + e.!! = -g2p/& - q / T  (A7) dt - 8t  dt a x  

In particular, the solution to (A7) is 
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dx 
dt 

90 on - = n  
q ( t )  = [I + qop/a] exp(t/r) - PoP/U 

T 
(A81 

where q0 is the initial charge density on a trajectory at  
t = 0. 
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Figure 16. 
An initially uniform distribution of volume charge with charge density qo together with a sheet 
charge 00 located in the center at c / d  = 0.5. The electric field is then linear in each half-space 
above and below the sheet charge, being discontinuous across the sheet charge. 

Figure 17. 
Demarcation trajectories emanating from just 
above and just below the sheet charge then s e p  
arate the solution regions, for the initial charge 
distribution of Figure 16. 

We wish to  treat the simplest problem that mod- 
els our short-circuited charge relaxation measurements. 
For many cases, the initial charge distribution is a sheet 
charge 00 in the center, with an essentially uniform vol- 

ume charge distribution QO over the dielectric volume 
as shown in Figure 16. By putting the sheet charge 
at  x / d  = 0.5, the symmetry for a short circuited sam- 
ple requires that E ( d )  = -E(O). Then with v = 0 for 
the short circuited sample, (A4) requires that J ( t )  = 0. 
Then the solution to (A6) for the electric field is 

d E  E - + - = 0 + E ( t )  = E ( t  = O)exp(-t/T) 
dt r 

on trajectories 

(A9) 

dx - = n(t) = n(t = 0) exp[- t /~]  + 
dt (A101 

x(t) = -p ( t  = O)[exp(-t/T) - 11 + xo 
where xo is the initial position of the charge trajectory at  
t = 0. Demarcation trajectories emanating just above 
and just below the sheet charge at  xo = d / 2  separate 
the different charge regions. The initial electric field 
distribution is 

Q”(x - d / 2 )  + 2 2 E  

2E 

d / 2  < x < d 

0 < E  < d / 2  
( A l l )  

also shown in Figure 16. The initial electric fields just 
above and just below the sheet charge are 

E ( x  = d + / 2 , t  10) = - E ( x  = d - / 2 , t  = 0 )  = u O / ~ E  

(A121 

These demarcation trajectories are given by (A9) 
with to = d / 2  and initial fields given by ( A l l ) .  They 
reach the x = 0 and x = d boundaries a t  time 
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t, = -.rln[l - ad/(pao)] (A131 

In the time interval 0 5 t 5 t,, all the volume charge qo 
migrates to the boundaries as shown in Figure 17. The 
boundary electric field at x = 0, E(z = 0,t)  = Eo(t), is 
determined from (Al)  with J ( t )  = 0 and q( t )  given by 
(A81 

with solution 

At time t,, the electric field a t  x = 0 is 

Between the two demarcation curves, the initial 
sheet charge spreads out to a volume charge distribution 
a8 shown in Figure 17. The volume charge distribution 
in this region is given by (A8) with qo = 00; as a sheet 
charge is a volume charge impulse in space. Thus, in 
this middle region between the demarcation curves, the 
volume charge density is 

For t 2 t, , this volume charge is incident onto both 
boundaries. Then (Al)  evaluated at z = 0 becomes 

with solution 

The total charge per unit area within the sample is 

Q(t )  = E[E(d) - E(0)J = -2~Eo( t )  (A201 

which using (A15) and (A19) gives the results in Equa- 
tion (4). Figure 17 graphically summarizes the solution 
in each of the charged regions with representative de- 
marcation trajectories. 
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