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ABSTRACT 
Charge separation near a liquid/solid interface is explored by 
the electrohydrodynamic pumping of Freon TF, transformer 
oil, and silicone oil using high voltage traveling waves. Liquid 
head displacement measurements show strong dependencies on 
peak voltage amplitude (1.0-2.5 kV), frequency (0.1-20 Hz), 
liquid viscosity (0.5-20 cS), and liquid conductivity to 
10-9 0-lm-l ). Reverse pumping, opposite to the traveling wave 
direction, occurs when the ratio of the voltage to  the frequency 
is small, but switches to forward pumping when the ratio is 
large. The largest measured head was of order 7 cm, which can 
drive an average flow velocity of 18 cm/s. A charge transport 
analysis coupled to viscous dominated flow is used to describe 
the pumping process. The time-average coulombic force on the 
migrating charge can result in pumping in either direction. In 
the regime where ion migration dominates charge relaxation, a 
‘universal’ curve for the pumping dependence on traveling wave 
voltage and frequency is deduced experimentally and predicted 
by the model. Measurements of average volume charge density 
show that undoped liquids have a positive net charge density, 
while additives used to increase the conductivity lead to bipolar 
injection and an augmentation of the idection as well as the 
conductivity. 

1 INTRODUCTION which are used for electrical insulation and heat transfer, 
has resulted in spark discharges which can puncture fluid 
tubing or lead t o  insulation failure [l, 21. To limit elec- 
trification in liquids, antistatic additives, such as Mobil 
DCA-48 for Freon TF and Shell ASA-3 for fuels, are 
sometimes used. 

HARGE separation near the interface between a lis- 
uid and a solid has been of interest in electrification 

processes in fuel and electric power apparatus. When a 
fluid flows across a solid surface, charge can be stripped 
off the surface, resulting in a net charge being entrained 
in the fluid. The flow of insulating liquids such as trans- 
former oil and Freon T P  (trichlorotrifluoroethylene) , 

C 

Even though charge separation is considered a hazard 
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in most situations, it also provides a non-contact tech- 
nique for the pumping of insulating liquids. This pump- 
ing occurs when a traveling-wave electric field places a 
coulombic force on the charge in the fluid volume so that 
a force is exerted on the fluid, resulting in fluid motion. 
To help understand electrokinetic physics in dielectric 
fluids and to possibly turn a hazard into a benefit, the 
electromechanical coupling to a liquid is investigated. 

First, looking at the ‘discrete’ case, traveling-wave 
electric fields have been shown to induce motion in macro- 
scopic charged particles, such as dust or aerosols. Ma- 
suds has shown that the charged particles tend to form 
an ‘electric curtain’, where the particles are repelled by 
the electrodes, but move in the same direction as the 
traveling wave [3,4]. This mode of transport, where the 
particles are free of contact with the solid boundary, de- 
pends upon the importance of the particle inertia. More 
recently, triboelectrified particles have been investigated 
for the transport of a single-component toner in electro- 
photography [5-81. Typically, toner particles are ‘in- 
jected’ into a gas, adjacent to the boundary on which 
they rest, when the normal component of the coulombic 
force due to  the applied field is large enough to overcome 
the image force between the charged particle and the 
boundary. Then, the tangential coulombic force ‘pumps’ 
the particles, either synchronously or asynchronously. 

Here, the charged particles are ions and it is the trav- 
eling wave induced pumping of insulating and semi-insu- 
lating liquids that are uniformly and instantaneously po- 
larizable that is of interest, rather than the pumping of 
the ions themselves. The interaction of the charge and 
the field provides a time-average force density that tends 
to pump the liquid. The mass of the ions is not impor- 
tant.  The pumping is found to be either in the same 
direction as the traveling wave or opposite to it. In iden- 
tifying the frontiers of knowledge in this area, it is help- 
ful to distinguish between pumping that is governed by 
charge relaxation and that governed by ion-migration. 

When pumping is governed by charge relaxation, the 
net charge density decays in the vicinity of a given fluid 
particle with the charge relaxation time 7, = € / U ,  where 
E is the Auid permittivity and U is the fluid conductivity. 
According to  this ohmic model, charge accumulates only 
where there are inhomogeneities in the fluid properties. 
When governed by ion migration, the time for accumu- 
lation of net charge is the migration time, T, = l / ( p E , ) ,  
where I is the distance of interest, p is the ion mobility 
and E, is a typical electric field intensity. As the fre- 
quency of the traveling wave is raised, the process that 
first comes into play is the one with the shorter char- 
acteristic time. Thus, for relatively low field intensities 

and large length scales, r, >> T, and charge relaxation 
processes are dominant. Pumping in this case either 
involves an inhomogeneous fluid or a fluid subject to 
property variations induced by thermal or concentra- 
tion gradients. So that it can be distinguished from the 
ion-migration pumping of interest here, charge relax- 
ation pumping is reviewed in Section 1.1. Ion-migration 
pumping is reviewed in Section 1.2, where it is recog- 
nized that charge can either be electrokinetic in origin, 
in the sense that it originates in a passive double-layer, 
or can be the result of charge injection a t  an electri- 
cally stressed boundary. Section 1.3 then describes how 
this work centers on the ion-migration regime, where 
the charge may be injected from the boundary or pulled 
from a continually replenished double-layer. 

Figure 1. 
The superposed ohmic fluid layers have the trav- 
eling wave excitation across the top surface with 
the lower surface potential constrained to be 
zero. 

1.1 CHARGE RELAXATION PUMPING 

The mechanism of charge relaxation pumping is de- 
scribed by Melcher for the case of superposed layers of 
ohmic fluids [9,10 Section 5.141. This configuration is 
shown in Figure 1, where the traveling wave excitation 
is applied to the top of the upper layer and the po- 
tential below the bottom layer is zero. A net charge 
accumulates on the interface where the properties are 
non-uniform. Figure 2 relates the time average elec- 
tric shear stress on the interface, (TZ),  to the fluid’s re- 
tarding viscous shear stress, -TV. The system is in an 
equilibrium state when the two shear stresses are equal. 
Forward pumping is said to occur if the interfacial ve- 
locity, U ,  and the phase velocity of the traveling wave, 
w l k ,  have the same sign; reverse pumping occurs when 
U and w / k  have opposite signs. 
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An interfacial shearing surface force density forms 
when a phase shift develops between the charge on the 
excitation electrodes and the induced interfacial sur- 
face charge. Forward pumping occurs when the surface 
charge polarity is opposite that  of the nearest excita- 
tion electrodes so that  there is an attractive shear force 
in the same direction as the traveling wave. Reverse 
pumping occurs when the surface charge polarity is the 
same as that of the nearest electrodes so that  there is 
a repulsive shear force in the direction opposite that  of 
the traveling wave. Crowley investigated the pumping 
efficiency of this configuration [ 111. 

-+ 
U 

Figure 2. 
The shear stress diagrams of the time-average 
electric shear stress (Tz) balanced by the vis- 
cous shear stress -TV show that  the pumping 
direction is affected by the properties of the su- 
perposed fluid layers. In (a) the upper fluid has 
a longer relaxation time than the lower and for- 
ward pumping a t  (i) results, where the interfa- 
cial velocity U and the wave speed w / k  have the 
same sign. In (b) the  upper fluid has a shorter 
relaxation time and forward pumping a t  (iv) or 
reverse pumping a t  (ii) may result. 

According to  the ohmic model underlying Figures 1 
and 2, the surface charge polarity and thus the direction 
the interface is pumped depends upon the relative ohmic 
relaxation times of the fluid layers. If the layer near the 
excitation electrodes has a relaxation time longer than 
that of the layer further away, as in Figure 2a, only for- 
ward pumping results in a stable equilibrium, point (i). 
If the layer near the electrodes has a shorter relaxation 
time, a s  in Figure 2b, either forward or reverse pump- 

respectively. The equilibrium point a t  (iii) is unstable 
because any perturbation in the electric shear stress will 
carry the system away from that point, to either (ii) or 
(iv). 

Pressure aalance llne 
A 

r 

U U 

Figure 3.  
The traveling wave high voltage pumping experi- 
mental configuration has the electric field capac- 
itively coupled into the fluid within the coiled 
section of Tefzel tubing. The  vertical fluid head 
displacement, h, caused by this coupling is a 
measure of the pumping force on the liquid. 

Table 1. 
Summary of typical liquid properties. 

0 Property )I Freon T F  I/ Silicone Oil I/ Transformer Oil 1 

At low voltages, when the viscous shear stress line 
lies above the peak of the electric shear stress, only the 
reverse pumping a t  point (ii) occurs. As the voltage is 
increased, the electric shear stress curve will eventually 
intersect the viscous shear stress line at point (iv). This 
intersection at point (iv) indicates that  forward pump- 
ing is possible, but if the system is already in equilibrium 
a t  point (ii), it will remain in equilibrium a t  point (ii) as 
the voltage is increased, with point (ii) moving leftwards 
to larger negative values of k U / w .  The pumping direc- 
tion is typically characterized by the relative conductiv- 
ity of the fluid layers, because most fluids have similar 
permittivities while the conductivity may vary by orders 
of magnitude. In summary, an insulating layer nearest - . .  

ing will result in stable equilibrium, points (iv) and (ii), the traveling wave excitation will tend to be pumped in 
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Figure 4. 
Head displacement plots for Freon TF with c = 
5.6x10-" n-'rn-l as (a) a function of frequency 
for various voltage amplitudes and (b) a function 
of peak voltage for various frequencies. The  in- 
set in  (a) shows the crossover frequency and the 
frequency for peak pumping t o  linearly vary with 
peak voltage. 

Similar pumping mechanisms arise for volume charge 
distributions induced by distributed gradients in ohmic 
conductivity I121 . With a uniform permittivity, the 
pumping depends on the conductivity gradient, which 
does not change with the traveling wave voltage or fre- 
quency. This mechanism has been investigated for the 
electrohydrodynamic pumping of oil in cables, where the 
conductivity gradient is caused by a temperature gradi- 
ent [ 13-18]. 

An ohmic model was developed by Chato and Crow- 

Frequency (Hz) 
(a) 

40 I I 

-5 ' I 
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Peak Voltage (kV) 
(b) 

Figure 5. 
Head displacement plots for transformer oil with 
U = 1.8 x 10-12 n-'m-1. 

ley for the fluid flow and used to  numerically simulate a 
variety of conditions [NI. According to  this model, the 
volume charge came from a temperat ure-induced con- 
ductivity gradient and included the effect of fluid mix- 
ing on this gradient. With the coulombic force on the 
charge driving the flow, the model predicted that the ax- 
ial fluid flow was in the forward direction and increased 
with the traveling wave frequency until a critical fre- 
quency was reached, where it dropped off in magnitude, 
but remained in the forward direction. Reverse pump- 
ing, of essentially the same magnitude as the forward 
pumping, was obtained by changing the direction of the 
conductivity gradient. 

1.2 ION-MIGRATION PUMPING 

Even without a conductivity gradient due to inhomo- 
geneities or imposed by temperature gradients, a trav- 
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Figure 6. 
Head displacement plots for silicone oil with U = 2.2 cS. 

eling wave field may pump a semi-insulating fluid. B j  
measuring the pressure differential induced in a homoge- 
neous fluid, hexane (conductivity c 2: f2-lm-l) 
for a circular cylindrical geometry, MacGinitie found 
that the fluid pumping direction was dependent on the 
frequency and voltage of the traveling wave [19]. For 
a given voltage amplitude, the hexane was pumped in 
the forward direction, in the same direction as the trav- 
eling wave, for low frequencies, but switched to  the re- 
verse direction for high frequencies. An ad-hoc ohmic 
model, which pictured the fluid as having a region of 
enhanced conductivity near the traveling wave excita- 
tion electrodes, fit the experimental data in the low fre- 
quency regime, but only predicted forward pumping; it 
did not predict the crossover from forward to  reverse 
pumping. 

had encountered this pumping mode [17]. They found 
that  the oil was pumped even when a temperature gra- 
dient was not imposed. This was attributed to  'corona 
discharge' into the fluid volume by the metal electrodes. 
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Figure 7 
The crossover transition between forward and re- 
verse pumping in silicone oil. (a) For various ap- 
plied voltages, the crossover frequency tends to 
decrease with the fluid viscosity. (b) The non- 
dimensional frequency F = fd/(pVL'dk) at the 
crossover generally increases with the fluid vis- 
cosity, indicating that the 'constant' in Walden's 
rule should increase with viscosity. 

By measuring the velocity of macroscopic particles 
entrained in dioctyl phthalate (viscosity '7 = 0.08 kg/m- 
s and conductivity c N 5 x 10-l' f2-lm-l) for a pla- 
nar geometry, Ehrlich found that  the fluid tended to be 
pumped in the reverse direction [20]. By holding the 
frequency constant and varying the voltage, the reverse 
pumping was found to  increase in magnitude with the 

In their experiments on the electrohydrodynamic pump- applied voltage. Ehrlich's measurements are consistent 
with MacGinitie's measurements in the high frequency ing of insulating oil in cables, Chato and Crowley also 

T 
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regime, because any charge that migrates into the fluid 
volume remains in the vicinity of the electrodes and does 
not penetrate very far into the liquid volume. Thus, 
in this high frequency regime, the circular cylindrical 
geometry in MacGinitie’s experiments can be approxi- 
mately considered a planar geometry. 

Ehrlich performed a detailed study of the self-consist- 
ent dynamics of charge originating in a passive double- 
layer a t  the wall to  determine if this charge could ac- 
count for the pumping phenomenon [20,21]. This model, 
which did not include charge injection from the solid 
surface into the fluid, described bipolar charge carriers 
subject to generation and recombination and related the 
resulting time-average electrical force on the fluid to the 
fluid velocity. The calculations assumed a zero C poten- 
tial initially, so that there was no double-layer of charge 
before the sinusoidal field was applied. For very low fre- 
quencies or low field excitations, the double-layer was 
in quasi-equilibrium with a thickness on the order of a 
Debye length and the liquid was pumped in the forward 
direction. For,large ac fields, the layer was no longer 
in equilibrium and ion migration led to  an  appreciable 
separation of charge from the layer, over a distance that 
depended upon the ion migration time, and was typi- 
cally greater than the Debye length. With these large 
applied electric fields, both forward and reverse pump- 
ing were predicted, but of a much smaller magnitude 
than that observed experimentally. 

1.3 SCOPE OF PAPER 

In this paper, the experimental focus is on the ion- 
migration regime for traveling wave pumping. The flu- 
ids are homogeneous and completely fill the conduit. 
Experimental results are reported for a range of differ- 
ent fluid-conduit combinations, but are largely for ion 
migration times, T ~ ,  that  are shorter than the charge 
relaxation time, T ~ .  The dependence of the measured 
head on voltage, frequency, ion mobility and viscosity 
is shown to have a canonical form, which motivates the 
analytical model [22,23]. The viscosity affects the ion 
mobility and hence the transport time of ions. 

A theoretical model is presented that is predicated 
on having ion injection a t  the boundaries. The success 
of this model in predicting the essential features of the 
measured pumping characteristics supports the conclu- 
sion that this work concerns ion-migration through the 
fluid volume together with a charge injection-like pro- 
cess a t  the conduit wall. 

In order to explore the effects of charge relaxation, a 
methodical experimental investigation of the influence 
of electrical conductivity is also reported. The experi- 
mental results are given for Freon T F ,  with an additive 
used to alter the electrical conductivity and hence re- 
duce the charge relaxation time so that it is on the or- 
der of the migration time, or smaller. Charge relaxation 
is included in the theoretical model as well. Taken to- 
get her, t he experimental and t heoretical investigations 
of charge relaxation indicate that the additive alters the 
injection process, perhaps by enhancing field induced 
desorption-adsorption at  the interface, in addition to in- 
creasing the bulk conductivity. 

2 PRESSURE RISE 
MEASUREMENTS 

OR the experimental investigation, the pumping of F the liquid is given by a fluid head displacement be- 
tween an equilibrium fluid level and a steady-state level. 
These measurements characterize the pumping depen- 
dence on the traveling wave excitation (voltage ampli- 
tude and frequency) and liquid properties (liquid type, 
viscosity, and ohmic conductivity). In this section, the 
experimental configuration, procedures, and data are 
presented. 

2.1 EXPERIMENTAL APPARATUS 

The apparatus shown in Figure 3 consists of a reser- 
voir of fluid connected to a sight glass through a coiled 
section of Te fzep  (copolymer of ethylene and tetraflu- 
oroethylene) tubing, which is surrounded by a six con- 
ductor excitation winding. The tubing had an inside 
diameter d = 6.35 mm, an  outside diameter of 7.93 mm, 
and a length L = 10 m. Tefzel tubing was used because 
it is insulating and has been shown to be electrokineti- 
cally active while containing Freon TF, as mentioned in 
the Introduction. 

In these pressure rise measurements, there was no 
net flow of liquid through the tubing, so the force from 
the electrical excitation was balanced by the head from 
the displacement, h, of the fluid. The displacement 
was measured as the difference between the steady-state 
fluid level after the voltage had been applied and the 
equilibrium level without any applied voltage. After ap- 
plying a voltage, a pressure rise ( h  > 0) or drop ( h  < 0) 
is induced in the fluid, which is balanced in the steady- 
state by the vertical displacement of the fluid in the 
sight glass. The sight glass was set at a small angle, 
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8, between 2.6' and 6.2', to  increase the sensitivity of 
the displacement measurement. The fluid displacement 
W ,  measured along the sight glass with a meter stick, is 
related to  the vertical head by h = W sin 8. The equilib- 
rium level of the fluid did not change appreciably after 
the excitation was applied because the reservoir diame- 
ter was about 30x larger than the sight glass diameter. 

2.2 HV TRAVELING WAVE 

To generate the traveling wave, a six-wire ribbon ca- 
ble was helically wound around the Tefzel tubing. Each 
wire was excited by a HV sinusoid, with each successive 
wire having a 60' phase shift. These six standing waves, 
each successively shifted 60' in space and in time, are 
equivalent to  a traveling wave of potential that  is capac- 
itively coupled to the liquid. Any charge transfer effects 
between the liquid and the bare conductors of the wires 
were minimized by having the wires on the outside of the 
tubing and by the polyvinyl chloride insulation which 
surrounded eaCh wire. Even though the traveling wave 
was discretized by the wires and insulation of the rib- 
bon cable, the dominant wavelength, A, is given by the 
thickness of the helical winding of the strip, here 13 mm, 
which corresponds to a wavenumber k = 2ir/A 'v 483.3 
m-l.  Higher order spatial harmonics are both smaller 
and more attenuated in passing through the Tefzel wall. 

The HV sinusoids were generated by six HV vacuum- 
tube amplifiers which were driven by six digitized sine 
wave signals. A high-pass filter was attached to each 
HV output to eliminate the dc bias on the output volt- 
age. A storage oscilloscope, with a 1 O O O : l  probe, was 
connected to one of the HV wires to measure the ap- 
plied voltage and frequency. To avoid time harmonics 
of higher frequency, the HV waveform was observed on 
the oscilloscope to  ensure that the sinusoid was not dis- 
torted. 

The loading of the six-wire strip on the six-phase sig- 
nal generator limited the voltage amplitude, while the 
high-pass filters limited the low-frequency signal. For 
these reasons, most of the measurements were in the 
range 0.2 to 13 Ha for the frequency, and 1.0 to  2.5 kV 
for the peak voltage amplitude. At very low frequencies 
(0.1 to  0.4 Ha), the high-pass filters distorted the sinu- 
soids with a ripple a t  the peaks. Although some of the 
measurements were conducted in this frequency range, 
care was taken to  minimize the peak ripple to be less 
than 20% of the peak voltage. 

2.3 LIQUID PROPERTIES 

In order to determine the pumping dependence on 
fluid properties, three different liquids were investigated: 
Freon TF, transformer oil, and silicone oil. The trans- 
former oil was Gulf Transcrest H, and the silicone oil 
was a mixture of low and high viscosity oils from the 
Dow Corning Corporation series 200 fluids. A summary 
of the pure liquids used in the experiments and their 
properties is given in Table 1. 

To investigate the displacement dependence on the 
fluid viscosity, silicone oil was used because it's chemi- 
cal properties are essentially constant over a wide range 
of viscosities. By mixing together different proportions 
of 1 and 20 CS viscosity silicone oil, it was possible to 
obtain any kinematic viscosity, U, within this range (the 
viscosity unit 1 cS=10-6 m2/s). The liquid was mixed 
with a peristaltic pump and the kinematic viscosity was 
measured with a Cannon-Fenske Routine Viscometer. 
Because the mass densities were different for the 1 CS 
and 20 CS oils, to determine the mass density pm of the 
mixed liquid in an experiment, a viscosity weighted lin- 
ear interpolation between the known mass densities of 
the 1 CS and 20 cS oils and the kinematic viscosities was 
used. Using this mass density, the dynamic viscosity 
7 = up,,, could be determined. 

To measure the liquid's ohmic conductivity, U ,  and 
permittivity, E Z ,  an open gap variable capacitor was 
placed inside the fluid reservoir. The ratio of fluid ca- 
pacitance to  air capacitance gives the relative permittiv- 
ity & 2 / E o  = Cflu,d/Cair ,  where &o is the permittivity of 
free space. The shunt resistance, Rflu,d, of the capacitor 
when immersed in the fluid was measured with an elec- 
trometer. This resistance is related to  the conductivity 
by Rfluidcfluid = &2/'7* 

2.4 EXPERIMENTAL PROCEDURE 

Once the fluid type, conductivity, and viscosity were 
determined, the head displacement was measured for 
different traveling wave excitations. By varying the elec- 
trical excitation, two different types of measurements 
were performed. In the first case, the peak voltage am- 
plitude of the traveling wave was held constant and the 
frequency was increased from a low frequency to a high 
frequency. In the second case, the traveling wave fre- 
quency was held constant and the peak voltage ampli- 
tude was increased from a minimum value of about 0.8 
kV peak to a maximum of 2.5 kV peak. 

7 
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'Universal' curves of the experimental data, where the head is non-dimensionalized to 
H=d3p,gh/(12Lp77Vl) and the frequency is non-dimensionalieed to F = f d / ( p V d k ) .  (a) The 
silicone oil data of Figure 6 for U = 2.2 cS, are replotted. (b) The Freon TF data of Figure 4, for 
(r = 5.6x10-" n-'m-', are replotted. (c) The transformer oil data of Figure 5, for D = 1 . 8 ~ 1 0 - ' ~  
n-'m-', are replotted. 

In both cases, the equilibrium fluid level was mea- 
sured first, then the electrical excitation was applied. 
Once the fluid level was altered by the traveling wave, 
the displacement measurement was taken after the tran- 
sients had settled out. The frequency or voltage of the 
traveling wave was then changed, and another displace- 
ment measurement was made. 

To test the reliability of the measurements, the di- 
rection of the traveling wave was occasionally reversed, 
with the displacement again being measured. These op- 
positely directed displacements had the same magnitude 
as the displacements resulting from a forward traveling 
wave. This indicates that  the displacement was due en- 
tirely to the electrical traveling wave excitation. 

2.5 DISPLACEMENT MEASUREMENT 
RESULTS 

Some sample plots of the measured head displace- 
ment are given in Figure 4 for Freon T F ,  in Figure 5 
for transformer oil, and in Figure 6 for silicone oil. The 
general characteristics of the displacement plots can be 
observed in Figure 4. With the voltage amplitude held 
constant and the frequency varied, regimes of forward 
pumping and reverse pumping are observed, as shown 
in Figure 4a. At low frequencies, the pumping is in the 
forward direction, while at high frequencies, the pump- 
ing is in the reverse direction. With the frequency held 
constant and the voltage amplitude varied, regimes of 
forward pumping and reverse pumping are shown in Fig- 
ure 4b. For small voltage amplitudes, the pumping is in 
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the reverse direction, while for large voltage amplitudes, 
the pumping is in the forward direction, with a larger 
magnitude than the reverse pumping. Shown in the in- 
set of Figure 4a, the crossover frequency between for- 
ward and reverse pumping and the frequency for peak 
forward displacement increases approximately linearly 
with voltage amplitude. 

The head displacement measurements for various sili- 
cone oil viscosities, with voltage as a parameter, indicate 
that the crossover frequency decreases as the viscosity 
increases, as in Figure 7a. With the objective of obtain- 
ing a ‘universal’ head-frequency curve for the pumping 
behavior, a non-dimensional frequency, F ,  is defined to 
be the product of the frequency and a nominal migra- 
tion time, rm. The dominant migration time is based 
on the shorter of the fundamental length scales in the 
experiment: the tube diameter d or the wavelength of 
the traveling wave A. In this experiment, d 5 X / 2 ,  so 
the tube diameter is taken as the length scale of interest 
and F is given by 

The migration time r, = d / ( p k V # )  is the nominal time 
for ions of mobility p to cross the fluid channel in a field 
ICV;, with IC = 2 r / X  the wavenumber of the exciting 
traveling wave voltage and Vi the potential amplitude 
at the tube inner wall interface, attenuated from the 
applied voltage V, by the tube wall thickness, as calcu- 
lated in the analysis of the electrohydrodynamic model 
in Section 3. When X is the shorter length, the migration 
time is given by r, = 2r/(pIC2V:). The parameter F 
coalesces the various voltage amplitudes and crossover 
frequencies into essentially the same value of F for a 
given viscosity, as shown in Figure 7b. The scatter a t  
the highest viscosity is probably due to distortion of the 
high voltage waveform at  the lower frequencies. 

In reducing the data of Figure 7a to that of Figure 7b, 
the mobility was related to  the fluid dynamic viscosity 
by Walden’s rule, which is an empirical relation that 
the product of the dynamic viscosity and ion mobil- 
ity is a constant for a given liquid [24]. In this case, 
pq E 2x10-’I was used. The increase in F with viscos- 
i ty  indicates that  the ‘constant’ in Walden’s rule also 
increases with viscosity, possibly due to the differing 
molecular parameters of the different silicone oils. A 
simple model for Walden’s rule equates the Stokes’ drag 
on a sphere to  the coulombic force [ l o  Section 7.211. For 
a sphere of radius, RI and charge, q ,  moving with ve- 
locity, V ,  through a fluid of viscosity, q,  and an electric 
field, E ,  these forces give 6 r q R v  = qE.  The velocity 
can be expressed in terms of the electric field as v = p E  

where p is the ion mobility. Thus, pq = q / ( 6 s R ) .  If the 
ratio of the charge per ion to the effective radius ( q / R )  
is changed, the pq product will change. For the case of 
a hydrocarbon transformer oil pq E 2x10-l1 [24]. If we 
assume a singly valent ionic charge of q = 1 . 6 ~ 1 0 - ~ ’  C, 
a reasonable effective radius of 4 x 10-l’ m is obtained 
for these hydrocarbon liquids. 

For a given viscosity, F is essentially constant a t  the 
crossover frequency for all of the measured voltages. 
With F of order two to  seven, the crossover transition 
between forward and reverse pumping occurs when the 
period of the input waveform is comparable to the mi- 
gration time. Since forward pumping occurs a t  the lower 
frequency excitations, as in Figure 6 ,  to  keep F constant 
the migration time must be long. Thus, it can be in- 
terpreted that forward pumping results when ions have 
sufficient time to move a characteristic length in a cycle, 
in our case the distance d.  Equivalently, reverse pump- 
ing does not begin until the excitation frequency is large 
enough to prevent ions from crossing the channel. If the 
crossover frequency were related only to  the migration 
time, F would be expected to  have a value of about one, 
or because of the circular cylindrical geometry, perhaps 
about two. F is larger than one possibly because the 
ion mobility has been underestimated in using Walden’s 
rule with a constant that does not distinguish between 
specific ions. 

Consistent with the viscosity dependence found for 
the silicone oil measurements, the crossover frequen- 
cies between forward and reverse pumping for the low- 
viscosity Freon T F  were higher than those of the higher 
viscosity transformer oil and silicone oils. The head vari- 
ation with viscosity can be explained by the lower vis- 
cosity leading to  a higher mobility so that migrating ions 
can respond to higher frequency electric fields. 

With the silicone oil measurements, the non-dimension- 
a1 frequency F mapped all of the crossover frequencies 
into essentially the same value for every voltage for a 
given viscosity. This mapping indicates that it is appro- 
priate to  use F as a parameter that  represents the exci- 
tation frequency. By also formulating a non-dimensional 
head, all of the heads in Figure 6 can be reduced to a 
‘universal’ curve, as shown in Figure 8(a). The non- 
dimensionalization for the head, HI is derived in the 
electrohydrodynamic model of Section 3 as Equation 
(53) and is given by 

where g is the gravitational acceleration. Similar plots 
may be made for other liquids. For example, the Freon 
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T F  data  of Figure 4 and the transformer oil data  of Fig- 
ure 5 can be replotted, as in Figures 8b and 8c, respec- 
tively. The universality of the H vs. F curves holds for 
the relatively pure, undoped liquids, because r,, << re 
and the relaxation effects are negligible compared to the 
migration effects. Thus, in the undoped liquids, the H 
and F parameters do not have a direct dependence on 
the fluid's ohmic conductivity. 

2.6 OHMIC CONDUCTIVITY EFFECTS 

To explore the effect of the liquid's ohmic conductiv- 
ity on the pumping process, the conductivity was varied 
by doping the fluid with the antistatic additive Mobil 
DCA-48, which has been used to limit the accumulation 
of electrostatic charge in dielectric liquids by increas- 
ing the concentration of ions [25] .  Other measurements 
have shown this additive also to be surface active, be- 
cause it significantly increases the surface conductivity 
[30] .  Only a few drops of the DCA-48 were necessary 
for a significan; change in the conductivity of the liquid, 
which was mixed by the peristaltic pump. Although 
the method for measuring the conductivity described in 
Section 2.3 worked well for the low conductivities of the 
undoped fluids, the DCA-48 caused the capacitor to act 
as a weak battery for high conductivities; in the extreme 
cases, the open circuit voltage was measured to be 0.733 
V, while the short-circuit current reached 50 nA. This 
electrochemical effect appears to result from an elec- 
trolytic reaction, because the DCA-48 has been shown 
to  form a waxy deposit along metal surfaces when a bias 
current is applied [25] .  Here, the reference current from 
the electrometer could have initiated the electrochemi- 
cal process a t  the interface. In these high conductivity 
cases, the resistance was found through the ratio of the 
open circuit voltage to the short circuit current. 

The ohmic conductivity of the liquid has a significant 
effect on both the crossover frequency and the magni- 
tude of the head displacement, as given in Figure 9, 
where the head-frequency relations for different conduc- 
tivities of Freon T F  are shown. The crossover frequency 
increases with the conductivity, but there do not appear 
to be any crossovers a t  the highest conductivities. The 
displacement initially increases with the conductivity, 
but decreases when the conductivity becomes too high. 
From Figure 9, the maximum head is about 7.0  cm. 
This pressure rise would drive a laminar flow of Freon 
T F  through a tube of diameter, d ,  and length, L ,  with 
an  average velocity of 

pmgd2h 
U,,,, = - M 18 cm/s 

32qL ( 3 )  
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Figure 9. 
The head displacements for various conductivi- 
ties of Freon TF are shown. The peak voltage 
amplitude is 2.5 kV. For the conductivity either 
too high or too low, the displacements are small. 
The crossover frequency increases with the con- 
ductivity. 

where our experimental values of d=6.35 mm and L=10 
m were used. 

. .  
0 1  
-1.0 -0.5 0.0 0.5 1 .o 1.5 
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Figure 10. 
The maximum head displacement versus the ra- 
tio of the relaxation time T, = ~ / c r  to the 
nominal migration time T~ = d / ( p k V d )  for ions 
to cross the tube channel shows that maximum 
pumping occurs when the relaxation time and 
migration time are comparable. Lines of con- 
stant conductivity (dashed) and constant volt- 
age amplitude (solid) are indicated. 

In Figure 10, the relative effects of the nominal mi- 
gration time T , ~  for ions to  cross the fluid channel and 
the dielectric relaxation time re = E ~ / O  can be com- 
pared. The maximum head occurs when the migra- 
tion time and relaxation time are comparable, a t  about 
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log(Tm/Tc) N 0.5, or T,/T, N 3, in the low frequency- 
high voltage regime, where ions presumably cross the 
conduit to sustain forward pumping. The additive plays 
the conflicting roles of increasing the number of injected 
charge carriers from the tube wall, but decreasing the 
charge density in the volume through dielectric relax- 
ation of the injected charge as it migrates. By increasing 
the conductivity, the applied field in the fluid also de- 
creases through attenuation of the applied voltage across 
the tube wall. 0 

2.7 V O L U M E  CHARGE M E A S U R E M E N T S  

n- 100 

\ 
E 

Y 75- 
x 
3 50 

n 
0 

Measurements of the time-average, net volume charge 
density indicate the polarity and the magnitude of the 
net charge in the fluid involved in the pumping process. 
To determine this charge density, an absolute charge 
sensor (ACS) was attached to the coiled section of tub- 
ing where the traveling wave excitation was applied, as 
shown in Figure 3 [26]. These measurements were per- 
formed on Freon T F  (a=2.2~10-" W'm-')  and trans- 
former oil (0=1.7xlO-~~ R-lm-' ). 

0.125 Hz 

~ 1.020 Hz 
0.248 HZ 

- 

To measure the charge density, the ACS withdrew 
a portion of the liquid into a Faraday cage, which was 
grounded through a current measuring electrometer. The 
time-average net volume charge density was then given 
by the ratio of the current to the flow rate, where the 
flow rate of the ACS was calibrated to be 0.3 ml/s for 
the Freon TF and 0.16 ml/s for the more viscous trans- 
former oil. These volume charge densities were com- 
pared to  head displacements for the same traveling wave 
voltage and frequency by performing the displacement 
measurements prior to the ACS measurements. These 
measurements could not be performed simultaneously 
because the ACS altered the liquid level when it drew 
a sample. A more detailed discussion of the ACS mea- 
surements is given by Washabaugh [27]. 

I 0 

In undoped, relatively pure liquids, only a net positive 
charge was observed in the liquid volume, independent 
of the fluid displacement direction. The results of the 
volume charge and head displacement measurements are 
given in Figure 11 for both Freon T F  and transformer 
oil. These measurements indicate a positive average 
charge density, independent of the pumping direction. 
While these measurements do not eliminate the possi- 
bility that  negative charge carriers are involved in the 
pumping process, they do indicate that the dominant 
carriers are the positive ions. These measurements sup- 
port the analysis in Section 3 that  both the forward and 
reverse pumping can result from unipolar injection. 
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Figure 11. 
The time-average net volume charge density 
measured by the ACS and the head displace- 
ments are shown in (a) for Freon T F  and (b) for 
transformer oil. The filled symbols represent the 
reverse pumping cases and the unfilled symbols 
represent the forward pumping cases. 

The magnitude of the charge density changed with 
the traveling wave excitation. The charge density de- 
creased for increasing frequencies, because the migrating 
charge could not travel very far from the walls before the 
fields reversed and thus did not significantly travel into 
the fluid region where the ACS sampled. The sampled 
charge density increased with increasing voltage because 
the charge traveled further into the fluid volume. Other 
possible reasons for the increased charge density with an 
increased voltage are an increased amount of electrohy- 
drodynamic mixing and field enhanced charge injection. 
However, because Figure 8 shows the non-dimensional 
fluid head scaling linearly with the peak voltage, it ap- 
pears that  the injected charge density is essentially in- 
dependent of the voltage amplitude. 

In the results presented above, the traveling wave was 
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Traveling Wave 
Frequency Voltage 

2 .o 1.5 
( H 4  (kV) 

always in the forward direction, away from the ACS 
probe. This means the forward pumping cases pumped 
the fluid away from the ACS probe, while the reverse 
pumping cases pumped the fluid toward the ACS probe. 
While the direction of the liquid flow had a noticeable 
effect on the magnitude of the charge density values, 
the direction did not affect the polarity of the charge 
density. The relative invariance of the charge density 
with respect to the liquid flow direction indicates that 
the flow rate of the ACS was significant compared to 
the flow induced by the traveling wave electric field. 
The measured charge density was not caused by flow 
electrification due to the ACS itself, because calibration 
measurements performed with the electrical excitation 
turned off resulted in charge densities of x 1pC/m3, 
much less than the data in Figure 11. 

Charge Head 
Density Displacement 
P C h 3  b-4 

44 12.5 

Table 2. 
Volume charge measurements in a conducting, 
doped, Freon TF. 

22.5 I 2 .o 300 1 2.5 1 630 I 31.5 

-28 -4.0 
13.1 -28 -1.0 

2 .o -67 -1.5 

Measurements were also performed on a doped Freon 
T F  (U = 9 . 0 ~ 1 0 - ~ '  W l m - l )  and gave very different re- 
sults. An earlier version of the ACS was used, which had 
a flow rate of 0.18 ml/s. The results of these measure- 
ments are tabulated in Table 2. These measurements 
generally indicate higher charge densities, but more im- 
portantly, they show that with the additive, bipolar in- 
jection probably plays an  important role. Indeed, a net 
negative charge is measured with reverse pumping and 
a net positive charge with forward pumping. 

2.8 DISCUSSION 

As the experiments have shown, by adjusting the elec- 
trical excitation, a traveling wave electric field may pump 
a semi-insulating liquid in either the same direction as 

the traveling wave (forward) or in the opposite direc- 
tion (reverse). For low frequencies or high voltages, the 
pumping is in the forward direction, but for high fre- 
quencies or low voltages, the pumping switches to the 
reverse direction. 

Important time constants in the pumping process are 
the migration time and the dielectric relaxation time. 
In the experiments on the undoped liquids, the migra- 
tion time was smaller than the charge relaxation time 
and migration effects dominated relaxation effects. To 
reflect the importance of the migration time, a normal- 
ized frequency was defined. For a given set of liquid 
properties, this normalized frequency and a normalized 
head reduced a wide range of data to a 'universal' curve. 

The volume charge measurements indicate that a non- 
zero average charge density is found in the liquid when 
the traveling wave field is applied. There does not ap- 
pear to be a simple correspondence between the mea- 
sured charge densities and the liquid head displacements 
for a given excitation. For the undoped liquids, only 
a net positive charge density was measured for all ex- 
citations, but for doped Freon T F ,  both positive and 
negative charge densities were measured. 

The measured charge densities indicate that charge 
was injected into the fluid volume and could not have 
come entirely from only the equilibrium charge in the 
double-layer. To see this, the double-layer features will 
first be discussed. Under equilibrium conditions, with 
slight fluid ionization, either by normal dissociation, or 
trace impurities, or by the use of additives, insulating 
liquids carry positive and negative ions. These ions 
try to neutralize each other in the bulk, but there is 
a preferential adsorption of one species a t  the bound- 
aries, with the opposite carrier diffusely distributed over 
a thin boundary region, which is the electric double- 
layer or Debye layer. The degree of net charge and the 
depth to which the double-layer penetrates into the liq- 
uid volume are related by the balance of ion diffusion, 
migration, and convection. The characteristic thickness 
of this double-layer, the Debye length Lo, is related to 
the fluid permittivity, ohmic conductivity, and diffusion 
coefficient, D, by 

(4) 

The internal electric field, Eint, across the double-layer 

(5)  

T 
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with kT/q N 25 mV the thermal voltage at  room tem- 
perature. The diffusion coefficient can be found from 
Einstein’s relation 

(6) 
kT 
q 

D = p -  

where the ion mobility is empirically related to the fluid 
dynamic viscosity by Walden’s rule 2 2x10-” [24]. 
In the semi-insulating liquids used in the experiments, 
the internal electric fields are relatively small, on the 
order of l o2  to  lo4  V/m, so that  reasonable externally 
applied fields, such as lo5 V/m or more in our work, are 
significant in determining the charge distribution in the 
fluid volume. 

Now, suppose that the surface charge density, U D ,  in 
the fluid side of the double-layer can be approximated 
from Gauss’ law as 

(7) 

If this charge ,is completely transported into the fluid 
volume by the imposed electric field, E ,  without any 
limitations on the rate, then the uniformly distributed 
charge density, p, for a tube of diameter, d ,  is given by 

This approximation assumes that the total double-layer 
charge is conserved and that this charge is not replen- 
ished by the dissociated charge distributed throughout 
the fluid volume that supports the bulk ohmic conduc- 
tivity. This assumption is tantamount to requiring that 
the generation time for ions be long compared to both 
the migration and the charge relaxation times, which 
is the case for a weakly ionized fluid [lo, Section 5.91. 
As an example, for undoped Freon T F  with U - 6 x  
10-12 a-lm-l and p - 3 x  m2/Vs, it follows from 
(Equation 8) that p - 6 ~ 1 0 - ~  C/m3, which is much 
smaller than the charge density observed with the ACS. 

This calculation indicates that  the average volume 
charge density measured by the ACS is too large to have 
originated entirely from the equilibrium double-layer , so 
according to this argument a charge injection process 
must be occurring. This charge could come from injec- 
tion through the tube wall into the fluid or from the 
double-layer charge being continually replenished by a 
local non-equilibrium between generation and recombi- 
nation processes. The latter would require a genera- 
tion time that is smaller than the migration time and 
(Equation 8) is no longer valid. Ehrlich’s model, which 

included the non-equilibrium generation and recombi- 
nation but not charge injection through the tube wall, 
could not account for the large magnitude of his mea- 
sured pumping velocities [20,21]. For these model cal- 
culations, an equilibrium double-layer was not present 
because a zero C potential was used as an initial con- 
dition and a weakly ionized fluid was assumed, so the 
disparity between Ehrlich’s theory and experiments does 
not conclusively indicate that charge originating in the 
double-layer could not result in the observed pump- 
ing. However, it seems unlikely that the initial double- 
layer charge would have much of an effect on the final 
steady-state charge distribution in this imposed field, 
non-equilibrium regime. In the model presented in Sec- 
tion 3, boundary conditions for charge which migrates 
into the fluid volume are physically motivated but as- 
sumed without regard for whether the charge comes 
from a passive double-layer or is injected from the wall, 
so that the charge injection process is not specified di- 
rectly. 

Also, the ‘only positive charge density cases’ of the un- 
doped liquids imply that the pumping direction must be 
associated with spatial phase shifts between the applied 
field and the charge migrating into the liquid volume. 
The reversal of the pumping direction was not caused 
by a reversal in the polarity of the injected charge den- 
sity. This observation motivates the charge trajectory 
approach of the electrohydrodynamic model, where the 
paths of the injected charge in the electric and flow fields 
determine the direction of the force and thus the flow. 

3 ELECTROHYDRODYNAMIC 
MODELING 

N this Section, a charge transport model, which relates I the coulombic force on charge injected into the fluid 
volume to  the pressure rise in the duct, is described, 
similar to  that proposed by Gasworth [l]. Gradients in 
the liquid properties are not imposed, and therefore the 
pumping force on the liquid is attributed to the coulom- 
bic force on charge injected into the liquid volume. The 
imposed electric field is much larger than the equilib- 
rium internal field of the double-layer a t  the walls, so 
the imposed field can inject a net charge into the bulk 
region of the liquid, beyond a Debye length. These ap- 
plied fields prevent the double-layer from being in equi- 
librium, as in the large ac field regime of Ehrlich’s work, 
where ions were able to  migrate into the liquid volume 
beyond a Debye length. However, in that  work, there 
was no injection of charge at  the interface between the 
liquid and the solid and there was no net charge in the 
double-layer at equilibrium. 

T 
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In the model presented here, the charge migrating out 
beyond a Debye length is considered to be ‘injected’, and 
the detailed kinetics of the double-layer are expressed as 
a simple boundary condition for charge injection. In a 
qualitative sense, for low voltages or high frequencies the 
injected charge remains in the vicinity of the injecting 
electrodes and the effective conductivity of the fluid near 
the electrodes is higher than that of the (uncharged) 
fluid further away. The reverse pumping is consistent 
with the ohmic model discussed in Section 1.1, which 
also predicts reverse pumping. However, for high volt- 
ages or low frequencies comparisons to an  ohmic model 
are of limited value because the injected charge is no 
longer confined to the vicinity of the wall and can cross 
the centerline of the fluid tube before the field reverses 
and be acted upon by the electric field from the winding 
on the opposite side of the tube. 

-Vo cos(o1-kz) 

Tefzel Wall 

Vo COS( UI 1-kz) 

Figure 12. 
The planar tube channel for the electrohydro- 
dynamic model, with the antisymmetric voltage 
excitation. 

3.1 MODELING ASSUMPTIONS 

To simplify the analysis, while still reflecting the es- 
sential physics, the following assumptions are made: 

the conductivity of the Tefzel tubing walls is taken 
to  be zero [28]. 

2. Imposed electric field. The net charge density is 
sufficiently small that  the self-field from the vol- 
ume charge is negligible compared to the imposed 
field. 

3. Fully developed flow. The governing steady-state 
fluid mechanical equation, with the external force 
det_ermined by the time-average coulombic force 
( p E )  and gravity, is 

pm(;. V)G+ VP = (pi?) + 7~‘;- p m g s  (9) 

with p the pressure, p the charge density, E’ the im- 
posed electric field, 7 the fluid dynamic viscosity, 
pm the fluid mass density, g = 9.8 m/s2 the gravi- 
tational acceleration, and $the fluid velocity. The 
fluid responds to the time-average electric force, 
which is only a function of x and not of z or t ,  and 
only the axial velocity component vr(a) is of in- 
terest. Restricting the velocity to vL(x) makes the 
left-most inertial term in Equation (9) identically 
zero. 

4. Drift-Dominated Conduction. An exact model will 
require individual conservation equations for both 
charge carriers and neutrals, including recombi- 
nation, generation, and specification of conduc- 
tion constitutive laws such as migration, diffusion, 
and convection [20,21]. In the model presented 
here it is assumed that injected charge motion is 
drift dominated, including fluid convection, but 
neglecting recombination, generation, and diffu- 
sion. In this model, each injected carrier indepen- 
dently migrates in the imposed electric field with 
no interactions between carriers. When effects of 
charge relaxation are taken into account, the self- 
dissociation of the dielectric fluid is pictured as 
leading to  a uniform distribution of positive and 
negative charges that do not contribute to  a net 
charge density, but can neutralize injected charge, 
via ohmic relaxation. 

5. Ohmic relaxation. Charge decay due to  ohmic re- 
laxation is included in the model as p = p o e ( - A t / T e ) ,  
with po the initial charge density, At the time of 
flight of the charge, and re = E ~ / U  the charge re- 
laxation time. The charge density decrease along 
a trajectory due to  self-coulomb repulsion is negli- 
gible if the unipolar relaxation time ~ / ( p p )  is long 
compared to the migration time, d/(pE,)  (291. 

6. Unipolar Charge Dynamics. While both positive 
and negative charge carriers may be present, only 
the positive charge carriers are modeled here. In 

1. Planar tube geometry. As shown in Figure 12, a 
planar model for the fluid channel will be used. 
This allows the use of Cartesian coordinates and 
simplifies the mathematics. The upper and lower 
materials represent the insulating Tefzel tubing 
walls with permittivity, ~1 = 2 . 6 ~ ~  and thickness, 
A, while the center region contains the fluid with 
permittivity, ~ 2 ,  conductivity, U ,  and thickness, d. 
Because the conductivity of the Tefzel tubing is 
less than W l m - l ,  which is much lower than 
the fluid bulk conductivity (U fl- lm-l) ,  
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the case of undoped fluids, where r,, 5 re, the 
net charge was found to be positive regardless of 
pumping direction. For this reason, we focus at- 
tention on positive injected charge, realizing how- 
ever that  the total pumping amplitude would be 
scaled by a contribution from the negative charges 
as well. With an assumption of non-interacting 
charges, the pumping head due to the coulombic 
force on each carrier is additive, with each con- 
tribution in proportion to the time average of the 
product of the injected charge density and the ax- 
ial electric field. For example, even if the time av- 
erage positive and negative charge densities were 
equal, the net total charge is zero but there would 
be twice (for equal mobilities) the pumping com- 
pared to  that for a single charge carrier. This 
is because the positive and negative charges at  a 
boundary are injected 180' out of phase and thus 
there may be regions where the charges do not 
overlap in space. Since positive charge dynamics 
are emphasized in the model, some comments for 
extending the analysis to include negative charge 
are made'. 

7. Flow velocity iteration. Since the fluid velocity is 
not known a priori, an iterative technique will be 
used to find it [18, Section 71. This method starts 
with some initial (in this case zero) flow profile, 
then proceeds to  calculate the charge density, the 
force, and a flow profile consistent with this force. 
This new flow profile is then used to calculate a 
new charge density and force, resulting in another 
flow profile. The process is repeated until the flow 
profile has converged and is self-consistent with 
the charge density distribution. 

3.2 ELECTRIC FIELD DISTRIBUTION 

With the injected charge assumed to  have a negligible 
effect on the electric field, the potential distribution in 
the tube wall and liquid obeys Laplace's equation 

Z=-vq5 ; V.(EZ)210 3 V2q5"O (10) 

Because the Tefzel tube wall has a significant thickness 
and is much more insulating than the liquid, the applied 
potential, V,, is attenuated at  the tube/wall interface 
to V,l. As shown in Figure 12, the helical winding pitch 
creates an anti-symmetric voltage excitation, with the 
potential on one side of the tube the negative of that  on 
the opposite side. 

The charge dynamics take place in the central, liq- 
uid region ( I  c 15 d / 2 ) ,  so this is the field solution of 

interest. From Laplace's equation, it follows that the 
potential for I c I< d / 2  may be written as 

q5= -Vds inh(ke)cos(wt-kz+p)  (11) 

where 

1 
; t an(0)  = - (13) 1 W 70 

To = - 

For relatively insulating liquids, ro 21 10 s. Since the 
traveling wave frequencies in the experiment were greater 
than 0.2 He, wr, >> 1 for these liquids. I t  follows from 
( 12) that the effective applied potential, Vi, is approx- 
imately independent of the frequency. Also, for the un- 
doped insulating liquids, ohmic relaxation is essentially 
negligible, because the time of flight of the charge, which 
is of the same order as the period of the applied fre- 
quency, is much smaller than re. From ( ll), the electric 
field is 

(14) 
E' = kVd[S cosh (kz) COS (wt  - k~ + 0)  

+ i sinh (kz) sin (wt  - kz + P ) ]  

Using this imposed electric field, the trajectories of the 
charge injected into the fluid volume from the walls may 
be inferred once the charge injection physics have been 
specified. 

3.3 CHARGE TRAJECTORY 
FORM U LATlO N 

To determine the charge density distribution through- 
out the volume of the liquid, the trajectories of the 
charge from the walls to  each point in the liquid must 
be known. With the fluid velocity taken as v' = i v z ( c )  
the positive charge velocities are 

- de = p E z  = pkV: cosh (kz) cos (wt - kz + 0) (15) d t  

= pkVd sinh (kc 

where x is the Auid stream function, defined by v z ( x )  = 
- d x / d z .  Negative charges obey similar relations, but 
migrate in the direction opposite that  of the electric 
field. 
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By moving into the reference frame of the traveling 
wave, the time derivative in the differential equations 
can be eliminated. With the substitution ku = w t  - 
kz + 0, ( 15) and ( 16) reduce to 

dx - = pkVd cosh ( k x )  COS (ku) 
d t  
- du - - - W - p k V ~ s i n h ( k x ) s i n ( k u ) +  - dX (18) 
d t  k d x  

Eliminating the time derivative between these equations 
results in a perfect differential, which can be integrated 
to give the charge trajectory equation 

W - x  - pVdcosh(kz)sin(ku) + x  = constant 
k (19) 

Equation (19) relates the positive charge at  each point 
in the volume to  a point on one of the walls where the 
positive charge is injected. If a trajectory through a 
point cannot be traced back to a wall, no charge can 
reach that point, so the charge density is zero. As- 
suming the positive injected charge density a t  a wall 
is known, Equation (19) provides its position at  later 
phases. When the dielectric relaxation time T ~ ,  is longer 
than the period of excitation, the charge density along 
a trajectory is essentially constant at its injection value 
at the wall [10,29]. Some sample plots of the charge 
trajectories are given in Section 3.8.1. 

3.4 INJECTION MODELS 

While the exact injection process is not known, rea- 
sonable simple models will be explored. These injection 
processes are represented by boundary conditions at  the 
x = & d / 2  interfaces. In general, the polarity of the in- 
jected charge depends on the direction of the normal 
component of the electric field, Ex. Positive charge is 
injected into the fluid when the normal component of 
the electric field a t  the wall instantaneously points into 
the fluid volume, away from the wall. Similarly, negative 
charge can be injected when the normal component of 
the electric field points toward the wall. Thus, with the 
antisymmetric voltage excitation, while one section of 
wall is injecting positive charge, the opposite section of 
wall can be injecting negative charge. A half-wavelength 
away, each wall injects charge with the opposite polar- 
ity. A half-cycle in time later, when the fields reverse, 
the charge injected into the volume from a particular 
wall section also changes polarity. Once the charge is 
injected by the normal component of the electric field, 
the axial component of the field exerts a force on the 

charge in the z  ̂ direction. The force on the charge is 
viscously coupled to the fluid, causing axial pumping. 
Each charge injection model must specify how the mag- 
nitude of the injected charge density a t  the tube wall 
interface varies over the course of a cycle. 

In this paper, the consequences of unipolar positive 
charge injection are explored and the head calculations 
are performed for two different injection laws. The first 
law models injection of a charge density that is constant 
over the half cycle, or some fraction of a half cycle, dur- 
ing which the normal electric field points into the fluid 
volume and the magnitude of the initial injected charge 
density is independent of the instantaneous electric field 
magnitude. The second law is similar, but models field 
proportional charge injection, where the magnitude of 
the injected charge density depends linearly upon the 
magnitude of the normal electric field. Thus, both of 
these injection laws are examined first for injection over 
a full half cycle and then for a limited phase over which 
injection occurs, so that injection is limited to only a 
fraction of the half-cycle that the electric field points 
into the fluid volume. One possible mechanism where 
injection can be limited to a fraction of a half-cycle is if 
the charge in the double-layer is quickly injected while 
replenishment due to bulk generation of the double-layer 
charge is longer than the excitation period. An analo- 
gous situation occurs for triboelectrified particles resting 
on a boundary. Since only a finite number of particles 
are available for injection, once all of the particles have 
been injected, the injection process must stop. The re- 
sults of the case studies are given in Section 3.8.2. 

3.5 FLUID PRESSURE RISE 

A knowledge of the trajectories of the injected charge 
allows the charge density to be determined. The product 
of the local charge density and the electric field gives the 
force density, whose time-average drives the fluid flow. 
While this is a straight-forward time average, it must be 
done numerically and is discussed more completely in 
Section 3.7. For now, assuming that the force is known, 
the pressure and velocity distributions can be found by 
solving Equation (9). 

For fully developed flow, the x and z components of 
Equation (9) are 
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(26) 

d2 ap' 
.Uz(.) = -- 

271 az 

- _  

The net flow rate per unit depth is given by 

d 
2 r 
- 

Q = ] vz(z)dz (27) 
d 
2 

Figure 13. -- 
A schematic diagram of the fluid channel for re- 
lating the fluid head ( h  = h, - hi) to the applied 
electric force. 

For our static head experiments, Q=O and the pressure 
can be computed as 

where the brackets, (), indicate that  the enclosed terms 
are to  be time_averaged over one cycle. With both com- - "' - - - l2 { - / Tzx dx' - 1 d x  j T z z d x ' }  (28) 

the approach of Melcher [lo,  Section 9.31 is followed and 
dz d3 2 d d  d 

2 

ponents of ( P E )  only a function of x and not of z or t ,  - _  - _  -- 
2 

Equation (20) is re-written as a modified pressure P' The maximum electrical driven flow rate, Qmnn:, occurs 
when the pressure rise is zero (this would correspond to 
a sight glass angle of zero in the experiments) and is 
related to  the pressure rise of ( 28) as 

Y=O ; p ' = p + p , g z + ( ( z )  
t l X  

(22) 

where the fluid mass density, p m ,  is constant and [ is a 
scalar pseudo-energy density defined as 

at 
(PE,) = -- ax (23) 

Note that Equation (22) is not valid when crossing an 
interface between two materials of different densities. 
From Equation (22) it follows that p' is uniform over the 
tube cross-section, with the z dependence of p adjusted 
to  balance the fluid weight and coulombic force density. 
Since the gravitational term and coulombic force part of 
p' are not functions of z ,  we are free to  replace p by p' 
in Equation (21) to  obtain 

Now that the gradient of the modified pressure is 
known, it must be related to  the head of fluid. A simpli- 
fied schematic of the apparatus is shown in Figure 13. 
With the electric force confined to  the channel between 
points 3 and 4, there is no electric force a t  points 1/2 
and 5/6. The pressures at each interface are continuous 
and the same a t  both interfaces (using an assumption 
of zero density vapor above the fluid) 

where T,, is the electric stress in the z direction, defined 
as 

P l = p Z  = p 5  = P 6  (30) 

(24) Within the fluid, points 2 and 3 and points 4 and 5 can 

Terms on the right of Equation (24) are independent 
of z ,  so the axial pressure gradient d p ' / d z  must also 
be independent of z ,  and thus a constant, since Equa- 
tion (22) shows p' to  also be independent of E .  Then 
integrating Equation (24) twice with respect to z, and 
using the zero velocity boundary conditions a t  the walls, 
vz(z = *d/2) = 0, gives the velocity profile as 

be connected via the constancy of p' with x a t  any I, 
as given by Equation (22). In both these regions, the 
coulombic force is also zero, so that E = 0. Then 

Points 3 and 4, a t  the same x position within the field 
stressed tube, are joined from ( 28) as 
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where we use the fact that  [(x) is the same a t  points 3 
and 4. The supported fluid head h is then independent 
of ((a), 

h z  h,-hl= - 12L { ] T,,dx' - ] dx j Tz,dx'} 
~m gd3 

I 
(33) 

The fluid head displacement depends on the coulombic 
force on the charge through integrals of the shear stress, 
T,,(x). The various charge injection boundary condi- 
tions, charge decay processes, and the convection effects 
modify the shear stress through the charge density in 
Equation (25). 

I - 2  - 4  - 4  

3.6 NORMALIZATION AND 
DIM ENS10 N LESS PAR AM ETERS 

For the numerical solution of the modeling equations, 
it is convenient to normalize the variables. In the exper- 
iments, for a given set of fluid properties, the only free 
variables are the frequency and the voltage; all other 
parameters such as conductivity, permittivity, and the 
geometrical dimensions are fixed. In order to have the 
numerical simulations reflect the constant fluid prop- 
erties of the experiments, all of the variables are nor- 
malized to the fluid properties. This normalization is 
accomplished, rather arbitrarily, by defining a viscous 
time constant, r: 

(34) 

This time does not represent viscous diffusion because 
the assumed velocity distribution of v, (x) causes the in- 
ertial term on the left side of Equation (9) to be zero 
so that  the mass density only appears because of the 
fluid weight. However, using this time constant, all of 
the variables can be normalized to the fluid mechan- 
ical properties and the geometrical dimensions, which 
are constants in any given experiment. The normalized 
variables, denoted by a tilde, are 

' P  E, E,- 
d 

ijz = v, rk  - P  
Po 

= kd p = -  

- gdr2k2 r k  
h=h- 12L 2 = x - ; t  d 

Using these normalized variables, the relevant laws can 
be expressed in terms of the following non-dimensional 
parameters: 

(37) 

(38) 

tanh ($) 
tanh (b6) 

VoEfe6 

sinh (LA) cosh (f ) d m  

fo = 7, [ 1 + E  

v; = 

The parameter po denotes a representative magnitude of 
the injected charge density and is represented in normal- 
ized terms by s. Any spatial variations of the volume 
charge density, such as field dependence or charge relax- 
.ation, will appear in the calculation of the force trans- 
mitted to the fluid, via p,,. The attenuated potential a t  
the tube/wall interface is given in non-dimensional form 
by vi. Recall from the head displacement measurements 
that  the non-dimensional frequency F=fr,, where f is 
the frequency and rm is the migration time, was a 'uni- 
versal' parameter; in normalized terms, F=G/(27~ei ) .  

In normalized terms, the dynamic equations of Equa- 
tion (15) to (19) can be rewritten as 

(39) 
d 5  - = cosh (k) cos (Gi - 2 )  
df 

- dS = ipL sinh (k) sin (ai- 2 )  - - d f  (40) df d5  
d 2  - dS = G - iv; sinh (k) sin (6) + - (41) d i  d5  

with 

G5 - pi cosh (k) sin (6) + f = constant (42) 

for the charge trajectories, 

2 

Fzz = SP, / dz'psinh (k) sin (Gi - 2 )  (43) 
1 
2 

-_  

for the stress on the fluid, 

1 
2 

1 1 
ijz = ( 5  + - ) (35  - -) / pzzd5' 2 2 

T 
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for the fluid velocity, 

j i' 
3 1  
2 2  

+ (2z3 - -5  - -1 J $5' J f" ,di" 

1 2 2 - _  - _  

for the stream function, and 

1 1 
2 2 

- _  - _  

for the fluid head displacement. 

- -  Jl 
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(45) 

(46) 

3.7 COULOMBIC FORCE CALCULATION 

There are two basic strategies for calculating the time- 
average force transmitted to the liquid at a given loca- 
tion (2f,Zf).  The first method is a 'brute force' tech- 
nique in terms of numerical computation because it cal- 
culates the time-average directly, without an  analytical 
expression for the charge trajectories. To determine the 
average force transmitted to the liquid a t  a particular 
position, the charge density and the force are found and 
averaged at that point for a discrete number of times 

over a period. The charge density decays by ohmic 
relaxation and is found from the initial charge density 
at injection and the charge time of flight. The initial 
injection time io, the initial axial position Z0, and the 
wall which started the trajectory 5o = &+ are found by 
stepping the differential equations Equations (39) and 
(40) 'backwards' in time, using a fourth-order Runge- 
Kutta  technique. The boundary condition determines 
the injected charge density; if a trajectory through a 
particular position cannot be traced to a boundary, the 
charge density and hence the force there are zero. 

The second method, which is most useful for analyt- 
ical purposes and interpretation, is to average over a 
period in the frame of the traveling wave, holding the i 
value fixed a t  Z0. This average is defined by 

In this integral dii  = G d i -  dz', but dii  does not uniquely 
define both 3 d i  and d2. We are free to specify d2 = 0 
because the transformation from the (2, i) coordinates 
to the ii coordinate only constrains one of the degrees 
of freedom. Thus, the integral over ii in Equation (47) 
is equivalent to  an integral over time. While expressing 
the average over a period in terms of ii has the advantage 
that the charge trajectories are given in analytic form 
by Equation (42), ambiguity results because in some 
instances different trajectories have the same constant. 
This ambiguity makes it difficult to determine the ini- 
tial phase and wall of injection of the charge; the initial 
position must be known in order to apply the boundary 
condition for charge injection and to find the time of 
flight of the charge. For a given value of 2j, to deter- 
mine the ranges in ii for charge injection from a partic- 
ular boundary amounts to 'numerical geometry', which 
is prone to  numerical instability. The first method does 
not have this difficulty. 

The first method is used in the actual computation. 
To make the algorithm more efficient, Equation (42) is 
used to determine whether a trajectory from the final 
position will intersect one of the boundaries. If a trajec- 
tory does not intersect a boundary, the charge and force 
densities are zero, so the Runge-Kutta integration does 
not need to be performed for that  particular trajectory. 
To  incorporate the fluid flow into the charge trajectory 
equations an  iterative approach is used. For the nth it- 
eration to calculate the charge trajectories, we use the 
(n - l)th solution for the flow profile, where the n=O 
flow is taken with 2(5)=0. This allows the fluid flow to 
modify the charge trajectories and the force transmit- 
ted to the fluid. A thorough discussion of the numerical 
implementation of the modeling equations is given by 
Washabaugh [27]. 

3.8 NUMERICAL RESULTS 

These numerical computations were performed with 
the liquid parameters of a relatively insulating Freon T F  
(a = 5 . 6 ~  lo-'' Ct-'rn-'), with r=27.4 s.  The normal- 
ized liquid constants were Fe=O.138 and d=1.088. For 
comparison to the experimental data,  an  applied voltage 
amplitude of V,=lOOO V corresponds to  a normalized 
voltage of v0=55.3. Over the frequency ranges of inter- 
est, the attenuated voltage at the tube/wall interface is 
approximately constant at, Pi=18.4, where normalized 
lengths of A=0.0984 and k=3.069 were used. 
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3.8.1 CHARGE TRAJECTORY PLOTS 

Before the numerical results of the head calculations 
are presented, some sample plots of the charge trajec- 
tories are given here to illustrate the calculation of the 
force density. The charge trajectories are defined by the 
analytic Expression (42) in the reference frame of the 
traveling wave. To obtain a comprehensive plot of the 
trajectories, (42) is plotted for a number of different con- 
stants. The constant for the trajectory is determined by 
specifying an initial injection phase and the wall where 
injection starts. Because (42) can be solved explicitly for 
sin(ii), once the constant of the trajectory is known, ii 
can be found as a function of 5. This calculation results 
in the principal value of the phase, -n/2 < ii < 7r/2. 
To find the portion of the trajectories extending over 
the phase range of 7r/2 to 37r/2, the anti-symmetry of 
the sine function is used. 

Some sample plots for the charge trajectories are given 
in Figure 14 fyr various frequencies. In these plots, the 
effects of the flow on the trajectories are neglected by 
setting the flow to zero [%(5) = 01. The assumption of 
no flow effects on the trajectories is valid for small values 
of the shear stress parameters .?v; < 2000 and for the 
initial guess in the force calculation, where zero flow is 
assumed first. From Equation (12), with GF0 >> 1, the 
normalized voltage v: is essentially independent of the 
frequency. In the low frequency cases of Figures 14(a) 
and (b), the trajectories cover the entire channel, so 
every point in the channel can be traced to one of the 
boundaries. In the higher frequency cases, Figures 14(c) 
and (d),  the trajectories do not cover the entire channel 
so regions of zero charge develop. These zero charge 
regions appear because the field reverses before charge 
can reach the opposite boundary, so the charge returns 
to  the originating boundary. 

To determine the separation trajectories which de- 
marcate regions of injected positive charge from regions 
of Bero charge, the critical points of the trajectories are 
found. The critical points occur when the charge ve- 
locities in the traveling wave reference frame are zero. 
Setting the right hand sides of ( 39) and ( 41) to zero, 
with no flow so that  2 = 0, results in the solutions 

k W 
ii,=*- * sinh ( k & )  = fST- (48) 

2 ,  k V; 

The critical point a t  ii, = a / 2  is located in the upper 
half of the conduit where I, > 0,  while the critical point 
a t  ii,=-a/2 is located in the lower half of the conduit 
where Z, < 0. 

The critical separation trajectory occurs when charge 
can no longer cross the tube channel. This special tra- 
jectory has both critical points in Equation (48) lying on 
the same trajectory, which means that the constant on 
the right hand side of Equation (42) must be the same 
for both critical points. This requires 

&Ic  tanh (kc) = 1 (49) 

which has the numerical solution 1 k, 12 1.200 so that 

iv; 
N 0.6627 

W 

Figure 14(b) shows the charge trajectories when the con- 
dition of Equation (50) holds. At the lower boundary, 
,5 = -1/2, positive charge can be injected over the in- 
terval -7r/2 < ii < 7r/2, while a t  I = 1/2, positive 
charge can be injected over the interval 7r/2 5 3 < 37r/2. 
Note that any injected charge never reaches the oppo- 
site wall, but rather returns to its original injection wall 
when the field reverses. For the case of uniform charge 
injection over a half cycle, positive charge completely 
fills the tube. 

In Figure 14_(a), with higher voltages or lower frequen- 
cies, so that  kVd/G > 0.6627, both critical points are 
near the centerline at  5 = 0. Between the two dark tra- 
jectories that  pass through the critical points, injected 
positive charge reaches the opposite boundary. Within 
the separation trajectories, injected charge returns to 
the wall of initial injection when the fields reverse. In 
Figure 14(c), with lower voltages or higher frequencies 
so that 0.4521 < iv:/h < 0.6627, the critical points 
move toward the walls. The lower limit indicates the 
critical points which occur on the walls, IC = &1/2, 
when 

= 0.4521 (51) 
iv; - - -  - 
G s i n h ( i )  

For higher frequencies or lower voltages, no critical points 
occur in the fluid channel. The charge trajectories have 
split and are separated by a region of zero charge. In 
Figure 14(d), where i?d/G < 0.4521, no critical points 
occur in the tube channel. As in Figure 14(c), the in- 
jected charge never reaches the opposite wall, but always 
returns to the wall of its origin when the fields reverse. 

The trajectory plots in (5,ii) space display the trajec- 
tories for various excitations in a compact form. The 
trajectory directions are denoted by the arrows in Fig- 
ure 14. When an arrow points in the negative ii di- 
rection, the trajectory is in the same direction as the 
traveling wave, because ii = Gi- 6, so translation in the 
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Figure 14. 

Sample charge trajectory plots of ( 42), neglecting the effect of the liquid flow [2(5) = 01. Positive 
charge is injected when the normal component of the electric field points into the liquid volume. (a )  
Before bifurcation, for kpL/b=1.1318, charge completely fills the channel. (b)  At bifurcation, with 
hpL/b = 0.6627. (c) Just  after bifurcation, for k ~ ~ / 3 = 0 . 5 6 5 9 ,  no injected charge can reach the 
opposite wall and a region of zero charge separates the injected charge regions from each wall. (d) 
After bifurcation, for hpL/b=0.2830, the charge remains in the vicinity of the wall which injected 
it.  The  arrows indicate the traveling direction of the charge along the trajectory in 6 space of the 
traveling wave frame. 

negative C direction corresponds to translation in the 
positive i direction. On the other hand, an arrow that 
points in the positive 4 direction shows the trajectory 
to be opposite that  of the traveling wave. Whether this 
positive ii going trajectory corresponds to a net trans- 
lation in the positive or negative 2 direction depends 
upon the relative rate of increase of 4 with respect to 
the traveling wave velocity. Qualitatively, trajectories 
that  start  from the lower wall and cross the phase 4=- 
7r/2 tend to move in the forward t direction, on the time 
average in synchronism with the traveling wave. On the 
other hand, trajectories that  start  from the lower wall 
and cross the phase G=7r/2 tend to move in the reverse 

82 7 

-2 direction, opposite that  of the traveling wave. The 
opposite phases apply to trajectories starting from the 
upper wall. For a given cycle of the traveling wave, 
there will be charge moving in both the forward and re- 
verse directions, depending upon the phase at  injection. 
Thus, the net pumping force transmitted to the liquid 
could also be in the forward or reverse direction. 

3.8.2 MODEL HEAD CALCULATIONS 

In the following numerical calculations, the effects on 
the calculated head of a number of different parameters 
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are explored. For each boundary condition, the effects of 
charge relaxation and the flow profile on the charge dis- 
tribution are initially neglected, then charge relaxation 
effects are added, while the flow is still neglected, and 
finally, for cases giving promising results, both charge 
relaxation and flow profile effects are added. These dif- 
ferent cases illustrate the effects of charge relaxation and 
the flow profile on the calculated head displacement. 

'. I 

- '....: 
- i: 
- 
- 
- 'i 
- 1 
- e . . .  

With negligible charge relaxation along the trajecto- 
ries, the charge distribution is a constant along a trajec- 
tory. For low frequencies or high voltages, as shown in 
Figures 14(a) and (b), every point in the fluid volume 
has a charge density initiated at a boundary. Thus, if 
the initial injected charge density is uniformly a con- 
stant,  then the charge distribution is uniform in space 
and time throughout the fluid. The time-average of the 
coulombic force density is then zero 

-80 
-90 

because the average electric field is zero. The only way 
for the coulombic force density to have a non-zero time- 
average is if the volume charge density is not uniform 
throughout the tube. This is a possibility if there are 
regions of zero charge, as shown in Figures 14(c) and (d), 
if the charge density decays as it migrates, or if there 
is non-uniform injection over the course of a cycle so 
that  each charge trajectory has a different initial charge 
density. 

. - - No Relaxation, No Flow 
Relaxotion. No flow ..... - 

- 

In the first case to be considered, uniform injection 
over a half cycle, it will be shown that the simple bound- 
ary condition of a uniformly constant initial charge den- 
sity will only lead to zero or reverse pumping. In an 
attempt to  reconcile the modeling results with the ex- 
perimental data,  a variety of other boundary conditions 
are explored. The results of numerical simulations for 
these different injection case studies are given below. 

UNIFORM INJECTION OVER A HALF CYCLE 

First consider the case when positive charge of a con- 
stant magnitude is injected from the walls into the liq- 
uid volume over the half cycle that the normal electric 
field points into the liquid. For these uniform injection 
cases, a stress parameter of S=d3kp0/(prl)=1000 was 
used. This value for ,!? corresponds to  a volume charge 
density of po N 300pC/m3, typical of the ACS measure- 
ments in Freon T F .  

o r - .  I I 

Figure 15. 
Calculated head for uniform injection over a half 
cycle, with and without charge relaxation effects, 
neglecting the effects of flow on the charge tra- 
jectories. The head ratio H plotted versus the 
non-dimensional frequency F shows that either 
zero or reverse pumping occurs. 

The modeling results, given in Figure 15, relate a 
non-dimensional head to voltage ratio H to the non- 
dimensional frequency F. This non-dimensional fre- 
quency was found in the head displacement measure- 
ments to  be the product of the frequency f and a nom- 
inal charge migration time T ~ .  The ratio H is defined 
by 

(53) 

This ratio was chosen because the injected charge den- 
sity is independent of the electric field magnitude and 
the head scales with the voltage. The 'no relaxation' 
case of Figure 15 shows that the liquid is not pumped 
until a threshold frequency is reached, where reverse 
pumping begins. The reverse pumping begins when the 
channel is no longer completely filled with charge. 

When the effects of ohmic relaxation are added, only 
reverse pumping occurs, but typically of a smaller mag- 
nitude. Instead of no pumping at the lower frequencies, 
there is a small amount of reverse pumping. Thus, the 
effects of charge relaxation, while creating a gradient in 
the charge density, do not create forward pumping. For 
this injection boundary condition, the fluid velocity flow 
profile was not included because it does not provide a 
mechanism for forward pumping. This can be seen in 
the 'no relaxation' case in Figure 15, where the time- 
average force is zero at the lower values of F. Because 
the time-average force is zero, the flow is also zero and 
therefore could not result in forward pumping. 
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UNIFORM INJECTION OVER THE LEADING 
QUARTER CYCLE 

. - - No Relaxation. Na flow 

..... Relaxation, No Flow 
- e‘, - Reloxotion. Flow 

In order to obtain both forward and reverse pumping, 
charge injection must be limited to  a portion of the pe- 
riod that the normal electric field points into the fluid 
volume. The motivation for this idea comes from the 
charge trajectory plots in Figure 14, where the trajecto- 
ries indicate that some charge moves in the forward di- 
rection while other charge moves in the reverse direction. 
For the case of uniform injection over a half cycle, only 
reverse or zero pumping results because the force from 
charge moving in the reverse direction either cancels or 
dominates the effects of charge moving in the forward 
direction. To obtain forward pumping some or all of the 
charge moving in the reverse direction must be removed. 
One way in which this may happen is that  the charge 
injection is limited to the quarter cycle that the normal 
component of the electric field is increasing. Accord- 
ing to this model, the instant the field starts decreasing 
in magnitude, charge injection stops. Physically, this 
boundary condition implies that  the field necessary to 
inject the next amount of charge increases, because the 
available charge that remains is bound more tightly to 
the wall, which could be possible with the emptying of 
charge in a double-layer. In this model, steady-state 
conditions are assumed, such that trajectories coming 
into the wall deposit charge that can be injected a t  a 
later time during the leading quarter cycle. 

;, ,.;.i - ,. . , . . ..- 
- _ I  -50 

0 1 2 3 4 5 6 7 a g  
Non-dimensional Frequency (F) 

Figure 16. 
Calculated head for uniform injection over the 
leading quarter cycle. Both forward and reverse 
pumping occur for this boundary condition. The 
liquid flow (solid line) significantly changed the  
forward pumping head at low frequencies, but 
had a minor effect for the reverse pumping at 
higher frequencies. 

the non-dimensional frequency F. Both positive and 
negative heads are observed. Thus, a comparison can 
be made between the model calculations and the ex- 
perimental data. First notice that the shapes of the 
curves in Figure 16 and in Figure 8(b) are similar. The 
calculated peak H is about twice that observed exper- 
imentally, but 3 can compensate for this, since only a 
representative charge density was used to determine S .  
The calculated crossover frequency is lower than that 
observed experimentally by a factor of about two, which 
can be explained by the differences between the planar 
geometry used in the model and the cylindrical geometry 
of the experiments. Charge relaxation effects decrease 
the magnitude of the pumping slightly. In this case, 
the addition of the flow effects to  the charge trajectories 
causes the peak head to occur at a lower frequency, but 
does not change the crossover frequency. 

Some sample plots of the stream function and the fluid 
velocity are shown in Figure 17. The stream function 
shows the reversal in flow between the forward pumping 
cases a t  the lower frequencies and the reverse pump- 
ing cases a t  the higher frequencies. The stream func- 
tion goes to  zero a t  the boundaries because the static 
head calculation was performed for a net fluid flow of 
zero. The corresponding fluid velocity flow profile also 
shows the reversal in flow between the pumping direc- 
tions. The pumping direction of the head is determined 
by the fluid velocity near the walls, while the return flow 
down the center of the channel satisfies the requirement 
of no net fluid flow. The maximum non-dimensional 
fluid velocity is of order 150 for 3 = 50. This corre- 
sponds to  a dimensional velocity from Equation (35) of 
‘U, = 5 , / ( k ~ )  = 1.13 cm/s for our chosen representative 
parameters of Freon TF, and a traveling wave speed of 
w / k  = 3 / ( k 7 )  = 0.38 cm/s. 

Using these self-consistent flow profiles, plots of the 
charge trajectories which include the effects of the liq- 
uid flow can be made. The trajectories that  include 
convective effects, shown in Figure 18(a) for a forward 
pumping case and in Figure 18(b) for a reverse pump- 
ing case, can be compared to trajectories which neglect 
convective effects, as in Figures 14(a) and (d). This com- 
parison indicates that  the flow has a significant effect on 
the low frequency trajectories, especially on those that 
originally crossed the channel. At the higher frequen- 
cies, when the trajectories are already confined to the 
region near a wall, the flow effects are noticeable, but 
small. 

This boundary condition resulted in the plot of Fig- 
ure 16, where the head ratio H is again plotted against 

An = 1000 results in flow profiles that  significantly 
alter the charge trajectories discussed in Section 3.8.1, 
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Figure 17. 
Sample plots of the normalized stream function 
(a) and the normalized flow profile (b) show the 
reversal in flow as the frequency is raised. At 
the two lower frequencies, the fluid is pumped 
in the forward direction, while a t  the two higher 
frequencies, the fluid is pumped in the reverse 
direction. 

which neglected the effects of the flow on the trajecto- 
ries by taking 2 = 0 in ( 42). For smaller values of 3, 
which is equivalent to smaller values of Po, the flow has 
a smaller effect on the charge trajectories. In particular, 
for 5 100, the flow does not have any noticeable ef- 
fect on the trajectories, so that  setting 2 = 0 gives good 
approximate results. 

UNIFORM INJECTION FOR FIELDS IN EXCESS OF 
A THRESHOLD 

Another boundary condition is uniform charge injec- 
tion, with a threshold condition, so that  charge is only 
injected when the normal electric field points into the 
liquid volume and has a magnitude greater than some 

G = 50 
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Figure 18. 
Charge trajectory plots, which include the ef- 
fect of the liquid flow, for uniform injection over 
a quarter cycle. (a) A forward pumping case, 
to be compared to Figure 14(a). (b) A reverse 
pumping case, to be compared to Figure 14(d). 

threshold field, Et. This threshold could be consid- 
ered analogous to the force required to  overcome the 
image force on the charge at the boundary, as in the 
case of triboelectrified particles [8]. This boundary con- 
dition is implemented in non-dimensional form by only 
allowing positive charge injection to occur a t  the lower 
wall for cos(C;rZ, - Zo) 2 Et and a t  the upper wall for 
cos (&lo - .lo) 5 - E t .  This condition leads to sym- 
metric injection about the peak in the normal electric 
field and indeed limits the number of charge trajectories 
which lead to  fluid motion in the reverse direction. Un- 
fortunately, some of the trajectories which contribute to 
forward pumping are also removed. 

The threshold boundary condition, with Et = 0.5, re- 
sulted in the plot of Figure 19, where both positive and 
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Figure 19. 
Calculated head for uniform injection for a 
threshold field, &=0.5. Both forward and re- 
verse pumping occur, with the reverse pumping 
dominant. The fluid flow has a significant effect 
on the head at the lower frequencies, but not at 
the higher frequencies. 

negative headsare observed. While charge relaxation ef- 
fects decrease the pumping magnitude slightly, the flow 
effects on the charge trajectories have a significant effect 
on the head. The flow causes the peak head to occur a t  
a lower frequency, but does not change the crossover 
frequency. The head ratio H is similar to  that observed 
experimentally, when the flow effects are included. As 
in the case of uniform injection over a quarter cycle, the 
peak H is about twice that in the experiments and the 
crossover frequency is lower. This indicates that the ef- 
fects of flow are important in determining the shape of 
the head curves, but not the pumping direction. The 
'flattening out' of the peak forward displacement occurs 
as more of the charge trajectories contribute to a pump- 
ing force in the reverse direction. The threshold con- 
dition is probably not appropriate physically, because 
a t  very large applied voltage amplitudes, the threshold 
field would be reached almost instantaneously. Thus, 
for large fields, injection would be almost over the en- 
tire half cycle and only zero or reverse pumping would 
result. 

FIELD PROPORTIONAL INJECTION OVER A 
HALF CYCLE 

In addition to limiting the phase range over which in- 
jection occurs, non-uniform charge injection also results 
when the initial charge density is proportional to the 
normal electric field, when the normal field points into 
the fluid volume. This field proportional injection at  the 
lower wall follows the relation 

( 0  E,  < 0 ' = Ex = v,'cosh (4)  cos (Gl- 2 )  Ez > 0 (54) 

An analogous relation holds a t  the upper wall. For the 
numerical simulations of these field proportional injec- 
tion cases, the stress parameter was = 50. Here, s = 50 was smaller than the uniform injection cases 
by roughly a factor of ?:, so that both the uniform 
and field proportional injection laws would have simi- 
lar shear stress magnitudes, which from Equation (43) 
goes as Fzx - 3 V i ~ .  

0 ,- - 
-4.0 I r I 

0 1 2 3 4 5 6 7 8 9  
Non-dimensional Frequency (F) 

Figure 20. 
Calculated head for field proportional injection 
over a half cycle, where the injected charge 
density is linearly proportional to the instan- 
taneous electric field component perpendicular 
to the wall. The head to voltage squared ra- 
tio K ,  Equation (5) plotted against the non- 
dimensional frequency F = fd/( pVi'dk) indicates 
that only reverse pumping occurs for this bound- 
ary condition. The effects of flow have not been 
included. 

For this particular boundary condition, charge is in- 
jected over the full half cycle that the normal component 
of the electric field points into the liquid volume. This 
field proportional injection over a half cycle resulted in 
the plot of Figure 20. As in the case of uniform injec- 
tion over a half cycle, only a negative head or reverse 
pumping is observed. Charge relaxation effects decrease 
the magnitude of the pumping slightly. In this case, the 
non-dimensional frequency F is plotted against a new 
non-dimensional head K .  The ratio If, which relates 
the normalized head to the square of the voltage, is de- 
fined by 

(55) 

This ratio was chosen because the injected charge den- 
sity depends linearly on the electric field magnitude so 
that the head scales with the square of the voltage. 
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Figure 21. 
Calculated head for field proportional injection 
over the leading quarter cycle. The head ratio K 
plotted against the non-dimensional frequency 
F show that both forward and reverse pumping 
occur. Charge injection and fluid flow have a 
small effect on the head results. 

FIELD PROPORTIONAL INJECTION OVER THE 
LEADING QUARTER CYCLE 

To obtain forward pumping, the charge injection is 
again limited to the quarter cycle that the normal elec- 
tric field points into the liquid volume and is increasing. 
The initial charge density is proportional to the normal 
electric field. Both forward and reverse pumping are 
predicted, as given by Figure 21. The forward pumping 
is larger than the reverse pumping and ohmic relaxation 
has a small effect on the pumping magnitude. The fluid 
flow has a small effect on the displacement, but it is 
much smaller than that observed in the uniform injec- 
tion cases. While the head ratio K is different from 
the head ratio H used in the experimental plot of Fig- 
ure 8(b), the shapes of the curves and the crossover fre- 
quencies are similar. The head ratio K scales with (Vd)2 
while H scales with Vi. Thus, a number of different 
boundary conditions for the injection process can result 
in the head displacements similar to those observed ex- 
perimentally. However, generally our experiments show 
the head scaling with Vi,  so it appears that  the injected 
charge density is relatively independent of the applied 
voltage. 

CONCLUSIONS 
IQUID head displacement measurements demonstrate L the effects of ion migration through the fluid volume. 

This conclusion follows directly from the experimental 
results, when the charge relaxation time is long com- 
pared to the ion migration time. These results show 

that with the observed head normalized to the voltage, 
the pumping dependence on the frequency divided by 
the voltage can be represented by one ‘universal’ rela- 
tion. In particular, the pumping is in the same direction 
as the traveling wave (forward pumping) when the fre- 
quency to voltage ratio is ‘small’, but switches to the 
direction opposite that  of the traveling wave (reverse 
pumping) when this ratio is ‘large’, The frequency to 
voltage ratio at which the pumping switches direction 
is shown to be linearly correlated with the condition for 
injected charge to migrate across the fluid channel. 

The measurements of the net charge entrained in the 
fluid flow, when correlated with the pumping displace- 
ment results for charge relaxation times long compared 
to ion migration times, indicate that unipolar charge mi- 
.gration can lead to both forward and reverse pumping. 
Thus, the primary pumping mechanism is not simply 
the magnitude or the polarity of the injected charge. 
Rather, the phase difference between the spatial distri- 
butions of the charge density and the electric field deter- 
mines the pumping direction. To determine the charge 
distribution and the force transmitted to the fluid, a 
theoretical migration model couples a charge transport 
analysis to  viscous dominated fluid flow. This model 
predicts both forward and reverse pumping based on 
boundary conditions for specifying the injection process 
a t  the walls. In particular, experimental and theoreti- 
cal results compare favorably when charge injection is 
limited to  the leading quarter cycle that the local nor- 
mal component of the electric field points into the fluid 
volume. 

According to  an ion migration model similar to that 
developed here, both forward and reverse pumping should 
be observed in pumping experiments with other geome- 
tries. An example would be the infinite half-space ge- 
ometry of Ehrlich’s work, which had a single wall for 
injection and lacked the two walls of the work presented 
here [20]. While the pumping experiments performed in 
the infinite half-space geometry have only significantly 
shown reverse pumping, these results are compromised 
by the use of macroscopic particles entrained in the fluid 
flow for measuring the pumping. I t  is also noteworthy 
that in work reported on the transport of triboelectri- 
fied particles (which in the limit of zero particle mass 
become the ions in the work reported here) ‘pumping’ 
of particles only in the forward direction is described [5, 
6,8]. However, in the cases reported, the particles are 
‘injected’ for very low fields. This threshold field for ‘in- 
jection’ is caused by the force from the image charge of 
the particle and corresponds to the threshold field anal- 
ysis of Section 3.8.2. A phase-space analysis similar to 
that developed in Section 3 indicates that  if the injecting 
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field is larger (or the charge on the particle is greater), 
reverse pumping of the particle can also be obtained. 

The pumping experiments combined with measure- 
ments of the net charge with the antistatic additive lead 
to some insight about the effects of the additive. Mea- 
surements of both positive and negative net charge in 
the fluid doped with the additive, together with the the- 
oretical finding that charge relaxation only reduces the 
magnitude of pumping, strongly suggest that adsorp- 
tion and field induced desorption at  the wall contribute 
to the pumping. Thus, the additive leads to bipolar 
effects which could be caused by different ions being 
injected. Bipolar effects usually depend upon the ma- 
terials involved in the electrification process. A positive 
charge polarity on the liquid side of the interface was ob- 
served with flow electrification measurements of Freon 
TF in Tefzel tubing [1,30] and in most room tempera- 
ture measurements of transformer oil in bare metal or 
paper-covered ducts [31]. On the other hand, measure- 
ments of transformer oil doped with the additive BTA 
(1,2,3-benzotri,azole) indicate a negative charging ten- 
dency [32]. Streaming current measurements of Freon 
T F  doped with DCA-48 in stainless steel tubing indicate 
a negative electrification charge, while in Tefzel tubing, 
they indicate a positive electrification charge [30]. 

In this paper, it has been shown that the charge in the 
equilibrium double layer is insufficient to  have resulted 
in the observed head displacements. From these argu- 
ments, it was concluded that a charge injection or gen- 
eration process was occurring at  the interface between 
the solid and the liquid. Whether this charge generation 
results from injection from the solid into the liquid or 
from a nonequilibrium between the recombination and 
generation of charge a t  the interface is unclear. In the 
work presented here, charge injection was investigated 
using several different models, which were motivated by 
the experimental results. As a first step in having a self- 
consistent passive double layer , Ehrlich’s work analyzed 
the nonequilibrium separation of charge at  the interface, 
but only for the case of a zero 5 potential, so that  an  
equilibrium double layer was not present [21]. Ongo- 
ing research is investigating the effects of both charge 
injection from the solid into the liquid and the nonequi- 
librium generation and recombination processes which 
result in charge separation. 
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