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ABSTRACT 
Kerr electro-optic fringe patterns have long been used to study space charge injection and 
transport phenomena in highly birefringent materials such as nitrobenzene. Most past ex- 
perimental work has been limited to 1 or 2-dimensional geometries where the electric field 
magnitude and direction have been constant along the light path such as two concentric or 
parallel cylinders or parallel plate electrodes. For these geometries the extrema in the fringe 
patterns can be used directly to find the electric field magnitude and direction. In this work we 
extend the fringe based Kerr electro-optic measurement technique to a pointlplane electrode 
geometry which often is used in HV research to create large electric fields for charge injection 
at known location and at reasonable voltages. We calculate theoretical Kerr electro-optic fringe 
patterns for this pointlplane electrode geometry, with and without space charge distributions, 
for which the electric field magnitude and direction vary along the light path. We particularly 
compare the calculated space charge free optical patterns for the pointlplane electrodes to the 
optical patterns of the 2-dimensional analog bladelplane geometry. We underline the differ- 
ences and study how these fringe patterns can be used to reconstruct the axisymmetric electric 
field components in practice. 

1 INTRODUCTION 

NE of the main challenges of HV research is understanding of space 0 charge injection and transport phenomena in insulating dielectrics. 
This challenge requires accurate measurement of electric field distribu- 
tions within HV stressed dielectrics. Since traditional metal probe based 
measurement techniques often are invasive, much research is devoted 
to development of noninvasive techniques. Numerical solutions always 
can be obtained for space charge free cases or when the space charge 
distribution is known. However, often the charge injection and charge 
transport properties are not known, so that numerical solutions cannot 
be obtained. In fact, a primary purpose of Kerr effect measurements is 
to determine the charge injection and charge transport properties of di- 
electrics. This paper is part of our continuing effort to measure electric 
field and space charge distributions in liquid dielectrics using the Kerr 
electro-optic effect [l-91. 

The Kerr electro-optic measurement technique utilizes the applied 
electric field induced birefringence (Kerr effect) to convert incident lin- 
early or circularly polarized light to elliptically polarized light. From 
polariscope measurements of optical intensity variations as a function 
of applied voltage, it is possible to measure electric field and space 

charge distributions. A typical experimental setup is illustrated in Fig- 
ure 1. Here the expanded light beam entering the Kerr cell, typically is 
of known linear or circular polarization obtained by the polarizer and 
the quarter wave plate. During propagation through the HV stressed 
electrode system housed in the liquid dielectric filled chamber (Kerr 
cell), the applied electric field induced birefringence modifies the light 
polarization across the beam. The output beam with spatially varying 
polarization results in optical intensity variations or fringe patterns of 
optical intensity minima and maxima which yield information on the 
electric field distribution in the Kerr cell. The optical electric field has 
essentially no effect on the applied electric field and thus the method is 
noninvasive. 

Much of the experimental work based on optical fringe patterns has 
been limited to cases where the electric field magnitude and direction 
are constant along the light path, such as two long concentric or parallel 
cylinders [l, 2,7] or parallel plate electrodes [4,7]. Since it is possi- 
ble to obtain fringe patterns of optical minima and maxima only for 
highly birefringent dielectrics, earlier work investigated polar liquid 
dielectrics with high Kerr constants such as nitrobenzene [I, 10,111 and 
highly purified water and watedethylene glycol mixtures [2,4,5]. 

With the advent of the ac modulation method [12-141, Kerr electro- 
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Figure 1. A basic Kerr electro-optic measurement setup. The main 
chamber is filled with a liquid dielectric and houses a HV stressed elec- 
trode system (here point/plane electrodes) whose electric field and 
space charge distributions are under investigation. A typical experi- 
mental setup also includes filtration, vacuum and temperature control 
systems to control and monitor the dielectric state. 

optic measurements are used also for weakly birefringent dielectrics, 
most notably transformer oil [14-181. In the usual ac modulation method, 
the experimental setup illustrated in Figure 1 is slightly modified where 
the beam is not expanded, and an ac field is superposed onto a dc elec- 
tric field. The resulting light signal at the photodetector then has dc, 
fundamental frequency ac, and a double frequency component and a 
lock-in amplifier is used to increase the sensitivity to measure the very 
small fundamental frequency ac and double frequency components. 

Either using fringe patterns or the ac modulation method, Kerr 
electro-optic measurements generally have been limited to cases where 
the electric field magnitude and direction are constant along the light 
path. However, to study charge injection and breakdown phenomena, 
very high electric fields are necessary (=lo7 V/m) with long electrode 
lengths, and for these geometries large electric field magnitudes can 
be obtained only with very high voltages V (typically >lo0 kV). Fur- 
thermore, in these geometries the breakdown and charge injection pro- 
cesses occur randomly along the electrode surface, often due to small 
unavoidable imperfections on otherwise smooth electrodes. The ran- 
domness of this surface makes it difficult to localize the charge injection 
and breakdown and the problem is further complicated because the 
electric field direction also changes along the light path in the vicin- 
ity of the space charge initiating imperfections. To create large electric 
fields for charge injection at known location and at reasonable voltages, 
a point electrode often is used in HV research, but here again the elec- 
tric field direction changes along the light path. Hence it is of interest 
to extend Kerr electro-optic measurements to cases where the applied 
electric field direction changes along the light path. 

In our recent research, we have concentrated on this goal. In partic- 
ular we applied the characteristic parameter theory of photoelasticity 
[191 to Kerr electro-optic measurements to reconstruct the axisymmetric 
electric field distribution of point/plane electrodes in weakly birefrin- 
gent transformer oil [8] and in strongly birefringent propylene carbon- 
ate [9] stressed by relatively low voltage. In both papers we used the 
ac modulation method and the onion peeling algorithm proposed by 
Aben [20]. In this algorithm axisymmetric geometries are discretized 

using planes perpendicular to the axisymmetry axis; the planes are dis- 
cretized further using annular rings, and electric field distributions are 
reconstructed layer by layer from outside to inside using data available 
from Kerr electro-optic measurements. For weakly birefringent materi- 
als we also developed a new algorithm called finite element based Kerr 
electro-optic reconstructions (FEBKER) [21-231 which is more powerful 
than the onion peeling method. In the literature there are also efforts 
to use algebraic reconstruction techniques to extend the applicability of 
such Kerr electro-optic measurements [24-281. 

In this paper we concentrate on highly birefringent materials and ex- 
plore possible fringe pattern based Kerr electro-optic measurements in 
axisymmetric geometries and in particular point/plane electrode geom- 
etry. Using the theory developed in [8] we calculate theoretical optical 
fringe patterns that would result in a case study point/plane geometry 
when the dielectric medium is nitrobenzene. We compare these pat- 
terns to the fringe patterns of the 2-dimensional analog blade/plane 
geometry. We highlight various important differences and use the onion 
peeling algorithm to reconstruct the electric field distribution from the 
fringe patterns. 

Light propagation $ 

t direction 

Figure 2. The coordinate system used to describe the Kerr effect. 
Unit vectors Gi andjjare perpendicular to the light propagation direc- 
tion Fwith which they form a Cartesian reference frame. Kerr electro- 
optic birefringence depends only on ET, the transverse component of 
the applied electric field E'. Unit vectors?,, and71 are respectively in 
the direction of &- and perpendicular to ,??T in the mp plane. The 
counterclockwise angle from 6 to E'T is denoted by 'p. 

2 ONE AND TWO DIMENSIONAL 

2.1 THEORY 

FIELDS 

The Kerr electro-optic effect can be expressed in terms of the refrac- 
tive index tensor components as 

where ET is the magnitude of l ? ~ ,  the component of the applied elec- 
tric field transverse to the light propagation direction as shown in Fig- 
ure 2; n11 and n1 are respectively the refractive indices for light po- 
larized in the direction of l ? ~  and in the direction perpendicular to 
both and the light propagation direction; X is the free space wave- 
length of the light; and B is the Kerr constant. Nitrobenzene has the 

An = 7211- n1= XBE? (1) 
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largest known Kerr constant of B M 3 ~ 1 0 - l ~  m/V2 among insulating 
dielectrics. Thus even for breakdown range electric field magnitudes 
(=los V/m) the Kerr electro-optic birefringence is weak 

An<1 (2) 

Due to the birefringence described in (l), incident linearly or circu- 
larly polarized light propagating through Kerr media becomes ellipti- 
cally polarized. Optical intensity measurements at the photodetector 
then provide information on the applied electric field. In particular, 
for 1 or 2-dimensional geometries such that the applied electric field 
direction is perpendicular to the light propagation direction, which is 
assumed to be along the infinitely long axis of the 1 or 2-dimensional 
geometry, birefringence introduces a phase shift @ between the light 
electric field components parallel and perpendicular to l ? ~  = l? as- 
sumed constant along the electrode length 1 

1 

@ = J %And3 = 27rBE21 (3) 

where s is the position coordinate along the light path as shown in 
Figure 2. Thus if is measured, the electric field magnitude follows as 

s=o 

I 

E=\i& (4) 

Figure 3. Linear and circular polariscopes typically are used in Kerr 
electro-optic measurements. A h e a r  polariscope (left) consists of an 
input polarizer and an output polarizer, often referred to as an ana- 
lyzer, that sandwich the Kerr medium. The circular polariscope (right) 
adds quarter wave plates respectively after and before the polarizer 
and the analyzer. Here 8, and 0, refer to the angles between the fixed 
axis 6 of Figure 2 and the transmission axes of the polarizer and the 
analyzer and 8,’s refer to the respective angles between 2 and the 
slow axes of the quarter wave plates. 

To measure the optical phase shift @, various optical polariscope 
systems can be used. Figure 3 illustrates a linear polariscope (LP) and 
circular polariscope (cP); two of the most commonly used optical po- 
lariscope systems. For a LP the polarizer and analyzer transmission 
axes are usually either set to be aligned (e, = e,) or crossed (e, = 
0, + 7r/2) to simplify the input/output intensity relations. In the rest 
of this paper LP will refer to the crossed linear polariscope. Similarly 
for a CP the transmission axis of the polarizer and the slow axis of the 
input quarter wave plate, and the transmission axis of the analyzer and 
the slow axis of the output wave plate are set to make an angle of +7r/4 
to simplify the input/output intensity relations. In the rest of this paper 
CP refers to the case when these angles are both set to be +7r/4. Note 
that in theory it makes no difference what the relative angle is between 
the two polarizers or two quarter wave plates, just as long as each po- 
larizer and quarter wave plate set of axes are at angle n/4. However 
with non-ideal quarter wave plates it is advantageous to use crossed 
polarizers. 

The input/output intensity relations for LP and CP are well doc- 
umented in the literature and can be found using Jones calculus [29] 
where the optical elements and the Kerr medium are represented by 
2x2 complex matrices which act on the 2-dimensional complex light 
electric field polarization vector 

(5) 
A polarizer transmits only the component of e along its transmission 

axis and a quarter wave plate adds a 7r/2 optical phase shift between 
the components of e along its slow axis and its fast axis. The Jones 
matrices of polarizers and quarter wave plates can then be written in 
the form 
LP: 

up(e) = s(-e)Ps(e) (6) 

u,(e) = s(-e)~(+qs(e) (7) 
cp: 

where 

cos0 sine 
~ ( 0 )  = [ - sin e cos e] 

The matrices S and G are known respectively as ‘rotator’ and ’re- 
tarder’. In (6) the first rotator transforms the light electric field into the 
frame whose first axis coincides with the transmission axis of the polar- 
izer, P transmits only the component along the first axis and the second 
rotator transforms the light electric field back into the fixed m p  frame. 
Equation (7) is similar for CP and the action of the Kerr medium can be 
described similarly by a Jones matrix as 

where T~ = @/2 and cp is the transverse electric field direction as 
shown in Figure 2. 

Once the Jones matrices are specified the input/output intensity re- 
lations of the optical polariscopes are found from 

(10) 
I - lefI2 eotU,+U,eo 

where t denotes the transposed complex conjugate and U, is the over- 
all Jones matrix for the particular polariscope system which respec- 
tively for LP and CP is 

Um(~c1 CP) = S(+P)G(Y~)S(P) (9) 

10 leoI2 = leoI2 

LP: 
Us = Up(ea = + n/2)Um(Yc, (~)Up(ep) (11) 

(12) 

CP: 
us = up(e,)u,(e,, = e, + +)um(ycl 

U,(@,, = e, + 7r/4)Ud&) 
The input output intensity relations are found using (6) to (12) 

I - = sin2 yc sin2(2cp - 20,) 
IO 

LP: 

(13) 

= sin2 yc (14) 

CP: 
I 
IO 
- 

Again here cp is the direction of the transverse electric field and 0, is 
the position of the polarizer transmission axis both with respect to 6 
and the parameter yc = 7rBE2Z is half of the optical phase shift of (3). 
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I I 

Figure 4. The point/plane electrode geometry used as the case study 
in this paper. The axisymmetry axis z coincides with the maxis of 
Figure 2. The radius of curvature of the needle is 0.5 mm. 

Figure 5. (a) Calculated circular polariscope (top), crossed linear po- 
lariscopes (middle, 8, = 7r/4), and crossed linear polariscope (bot- 
tom, 8, = ~ / 2 )  optical intensity patterns for a 2-dimensional space 
charge free electric field distribution from a blade/plane electrode ge- 
ometry with gap of 2.5 mm, blade radius of curvature of 0.5 mm, and 
depth of 5 mm in nitrobenzene ( B  x 3~10-l~ m/V2) stressed by 
40 kV. 

2.2 MEASUREMENT FROM 
OPTICAL FRINGE PAnERNS 

In this Section we present calculated optical fringe patterns for the 
2-dimensional analog (an infinite blade/plane) of the point/plane elec- 
trode geometry illustrated in Figure 4. In Section 3.2 the calculated 
optical patterns for this 2-dimensional blade/plane electrode geometry 
are contrasted to calculated optical patterns for the analog axisymmetric 
geometry with point/plane electrodes. For the simulations, the length 
of the 2-dimensional blade of radius of curvature 0.5 mm is taken to be 
5 mm, the applied voltage is 40 kV across a 2.5 mm gap and the medium 
is nitrobenzene ( B  M 3 ~ 1 0 - l ~  m/V2). The transverse electric field 
magnitude and direction distributions are found by a finite element 
program which we developed for this research to facilitate obtaining 
synthetic Kerr electro-optic data in axisymmetric geometries and is ap- 

plicable to 2-dimensional geometries as well. Optical phase shift CJ is 
given by (3) and used together with transverse electric field direction 
'p to obtain output intensity from (13) and (14). 

In Figure 5 we present the calculated space charge free optical pat- 
terns for CP and two optical pattems for LP with polarizer angles at 
n/4 and n/2 with respect to the vertical axis of the blade electrode. 
The rightmost plots expand the region near the blade tip where there 
are many fringes because of the high electric field near the tip. 

For the circular polariscope the fringe patterns are govemed by (14) 
and are independent of the direction of the electric field 'p. The condi- 
tion for light minima follows from (14) as 

--yc = n ~ ~ 2 i  = nn (15) n = 0,1,2, .. . 
These field magnitude dependent lines are called isochromatic lines 

[7]. For each minimum, n can be found by counting the number of 
previous minima between the positions where the electric field goes to 
zero which, for this geometry, are at the lower right and left corners. 

For the linear polariscope, in addition to the same isochromatic lines 
as for the circular polariscope, there exist superposed field direction de- 
pendent minima, known as isoclinic lines, whenever the applied electric 
field direction 'p is either parallel or perpendicular to the light polar- 
ization 6,. The condition for these minima follows from (13) as 

, -2, -1,o, 1 , 2 , * .  * (16) n: . . .  n7r ' p - e  - -  
p -  2 

Note that in Figure 5, all three cases have the same isochromatic 
lines as given by (15), while the circular polariscope has no isoclinic 
lines. The isoclinic lines for crossed linear polariscope in Figures 5(mid- 
dle) and Figure (bottom) differ because of the different light polariza- 
tion directions 0,. 

The main objective of Kerr electro-optic measurements is to investi- 
gate space charge injection and transport phenomena in dielectrics. To 
this end we postulate a space charge distribution to illustrate the effects 
on the fringe patterns. The chosen space charge distribution is 

P ( X ,  Y) 

(x, y)inside needle 
whose axisymmetric analog with T replacing 2, and z replacing y, is 
shown graphically in Figure 11 and used for the analog point/plane 
geometry in Section 3. Here d=2.5 mm is the tip plane distance, A = 
1 mm is the radial extent of the space charge distribution, E~ is the 
relative permittivity of nitrobenzene whose value is not needed since it 
cancels out in Poisson's equation and P0=0.12 C/m3. This is a piecewise 
linear space charge distribution which is chosen for its simplicity and 
is a reasonable model for injection of positive charges from the needle. 
The resulting fringe pattems are shown in Figure 6. 

In general space charge distributions depend on electric field through 
injection and transport laws which often are unknown; the main reason 
this research is undertaken. Here we avoid a space charge distribution 
based on postulated injection and transport laws since obtaining the 
electric field and the fringe patterns in those cases is a project in itself 
and adds little to the scope of this paper. 
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Figure 6. (a) Calculated circular polariscope (top), crossed linear PO- 

lariscope (middle, 19, = ~ / 4 )  and crossed linear polariscope (bot- 
tom, OP = .rr/2). optical intensity pattems for the blade/plane elec- 
trode geometry with the identical parameters described in Figure 5 
and the imposed space charge distribution described in Equation (17). 

3 AXISYMMETRIC FIELDS 

3.1 THEORY 

When the electric field magnitude and direction vary along the light 
path, (1) indicates an inhomogeneous anisotropic medium for light 
propagation. Although a rigorous treatment of light propagation in in- 
homogeneous anisotropic media is difficult, due to (2) it is possible to 
use the slowly varying amplitude approximation which has been used 
long in nonlinear optics and photoelasticity The resulting governing 
equations of polarized light propagation in Kerr media is [8] 

dbo = A(s)b(s) 
ds 

In (19) and (20) m, p ,  and s refer to the Cartesian coordinate system 
shown in Figure 2 with s as the light propagation direction and b is 
related to the time harmonic complex light electric field e by a constant 
phase factor 

Here ~ i j  are the respective components of the permittivity tensor 
and E is the isotropic permittivity constant. The component of the light 
electric field along the light propagation direction (and thus b,) is ne- 
glected since the anisotropy is small. Again due to weak anisotropy 
diffraction effects are negligible and light propagation only depends on 
s; variations with respect to m and p are negligible. Since ete = btb 
a distinction between e and b is not necessary for intensity based Kerr 

electro-optic measurements and b will be referred to as the light polar- 
ization vector hereafter. 

Equation (18) relates the change in light electric field polarization 
components to the applied electric field. Given the applied electric field 
distribution it is possible to  determine the evolution of light propaga- 
tion inside Kerr media with numerical integration. In Kerr electro-optic 
measurements however the problem is just the opposite where it is nec- 
essary to determine the applied electric field distribution from the light 
polarization. Typically the light polarization is known in two places; in- 
put to Kerr media where the polarization is set and at the output where 
intensity measurements coupled with rotation of optical elements gives 
information on the light polarization. Thus we first relate the polariza- 
tions at the input and at the output. 

z (m) 
out of page qJ 

Light 

Figure 7. For axisymmetric geometries when the light propagation 
direction is in a plane perpendicular to the axisymmetry axis z = m, 
the transverse electric field distribution is symmetric with respect to 
the zp-plane. 

Figure 8. Calculated circular polariscope (top), crossed linear po- 
lariscope (middle, n/4), and crossed linear polariscope (bottom, 
n/2) optical intensity pattems for the space charge free axisymmetric 
point/plane electrode geometry of Figure 4. The medium is nitroben- 
zene, the applied voltage is 40 kV, tip-plane distance is 2.5 mm, and 
point plane electrode radius of curvature is 0.5 mm. 

Given an initial point SO with initial condition b(so), the solution 
to (18) can be expressed in the form 

b(s) = a(s, so)b(so) (22) 
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where a ( s ,  S O )  is a 2x2 complex matrix known as the matricant of 
(18) [30,31]. It has been shown that by substituting (22) into (18) and 
using relations between the entries of A in (19) that the matricant is a 
unitary matrix with unit determinant [32]. A general form for a unitary 
matrix with a unit determinant is a combination of two rotators and a 
retarder 

where S and G are given in (8) 
Equation (23) relates the light polarization between two points. For 

Kerr electro-optic measurements the input polarization can be set and 
optical intensity measurements are available at the output. Thus (23) is 
used to relate input and output polarizations at s = sout and SO = sin. 

It follows that a o  ( S o u t ,  Sin), ~f ( S o u t ,  Sin) and Y( S o u t ,  sin) com- 
pletely describe the action of Kerr media on the light polarization, and 
thus each Kerr electro-optic measurement at most yields these three 
so-called characteristic parameters [8]. 

%, so) = s [ - q ( s ,  so)] G [Y(% so)] s [ao(s,  so)] (23) 

....................................................................... 

0 2 4 6 8 10 
P (") 

................................................ : 

................................................. 
E ...................................................................... 
---1 * 

a" .J ..................................................................... 
I 

0 2 4 6 8 10 
-2 I 

P ("1 
Figure 9. The characteristic parameters as and ys along 2=2.1 mm. 

Equation (23) is valid for any geometry and any two points inside 
that geometry. For axisymmetric geometries, using symmetry consid- 
erations (23) can be specialized further. In the rest of this paper we 
concentrate on axisymmetric geometries when the light propagation di- 
rection is in a plane perpendicular to the axisymmetry axis z. We also 
choose 6 to coincide with 2. 

Consider the light ray illustrated in Figure 7. Along the light path 
the transverse electric field distribution from S O  = -SI to o is iden- 

tical to the transverse electric field distribution from SI to o due to 
axisymmetry. Using this symmetry condition it has been shown that 
between any two symmetric points -s and s the matricant a ( s ,  -s)  
is symmetric [32]. For this case we define 2 new parameters as ( s )  and 
yS (s) such that 

a&) = a&, -s) = " f ( S ,  -s )  (24) 
74s) = Y(S, -4 (25) 

For axisymmetric geometries sin = -sout. Thus a,(sout) and 
y,(sout) completely specifies the action of the Kerr medium on light 
polarization 

where we do not show explicit functional dependence of as and yS 
when s = sout 

Um(Qs,Ys) = S ( - a s ) G ( y s ) S ( a s )  (26) 

a s  = a s  (sout) (27) 
Ys = 7 s  (Sout ) (28) 

3.2 MEASUREMENT FROM 
OPTICAL FRINGE PATTERNS 

For axisymmetric electric field distributions, when the light propa- 
gation direction is perpendicular to the axisymmetry axis we conclude 
by comparing (26) with (9) that the input/output intensity relations in 
(13) and (14) are respectively replaced by 
LP: 

I 
IO 

= sin2 ys sin2(2a, - 26,) (29) 

= sin2 ys (30) 

- 

CP: 
I 
IO 
- 

Equations (29) and (30) show that the same experimental setups used 
for measurement of the magnitude and direction of 2-dimensional elec- 
tric fields can be used in principle for measurements of the characteristic 
parameters a, and ys. Furthermore, it is natural to expect the existence 
of analogs of isoclinic and isochromatic lines of Section 2.2. 

In Figure 8 we show the calculated optical fringe patterns for the 
point/plane electrode geometry of Figure 4 which has a point plane gap 
of 2.5 mm. To calculate these patterns we first find the axisymmetric 
electric field distribution from a finite element program which we de- 
veloped for this research to automate obtaining synthetic Kerr electric 
field data. Using the electric field distribution and b(sh) = [A] (18) 
is integrated between sin and sout by the adaptive fourth order Runge- 
Kutta method [33] to obtain b(sOut) and thus the first column of the 
matricant a ( sout, s,) = U, (a,, 7,). Since the matricant is unitary 
with unit determinant, the first column completely specifies the matri- 
cant and (26) is used to find a, and ys which are then used to find the 
intensity from (29) and (30). 

Similar to Figure 5, in Figure 8, there are light maxima and minima 
dependent only on ̂ /s for the circular polariscope. For the linear polar- 
iscope Q, dependent minima are introduced. There are however visible 
differences. One immediate observation is that at the minima of the 
circular polariscope the optical intensity does not become completely 
extinct. Furthermore, for the linear polariscope when 0, = n/4 the 
intensity pattern near the tip is essentially unmodified and there are 
no real analogs of isoclinic lines, except the ones that extend from the 
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Figure 10. The plot of characteristic parameters a, and ys as a func- 
tion of p when z=2.4 mm. 

Figure 11. Case study space charge density distributions for the ge- 
ometry shown in Figure 4. The 2-dimensional charge density p ( r ,  z )  
can be found by multiplying the z dependence on the left and the T 

dependence on the right. The relative permittivity of the medium is 
E r .  

lower right and left corners towards the needle. Even these lines do not 
extend right to the needle. 

To understand these differences for linear and circular polariscopes, 
in Figures 9 and 10 we plot a, and y, along 2=2.1 mm and .z=2.4 mm 
respectively. The dotted lines on the ys plots correspond to y, = n 
and ys = 7r/2 and the dotted lines on the a, plots correspond to 
a, = nn/4 where n is an integer. 

Figures 9 and 10 show that there are striking differences between 
a, and ys and their 2-dimensional counterparts cp and yc. The char- 

acteristic angle y, never reaches nn with the possible exception of the 
axisymmetry axis p = 0. Therefore, the isochromatic optical minima 
lines in Figure 8 can never have zero intensity except at p = 0. The 
characteristic angle a, is not totally independent of y, but is affected 
by the minima and maxima of 7,. In fact near the maxima and minima 
of y,, a, sharply increases with increasing p and the slope of this sharp 
change decreases at points further away from the needle. For example, 
in the 2=2.1 mm plot the slope at aroundp=0.5 mm is so large that the 
curve is essentially vertical within the scale chosen, while at p=2.2 mm 
the slope is less. 

Figure 12. Calculated circular polariscope (top), crossed linear po- 
lariscope (middle, n/4), and crossed linear polariscope (bottom, ~ / 2 )  
optical intensity pattems for the axisymmetric point/plane electrode 
geometry of Figure 4 when the space charge distribution in Figure 11 
is present. 

We close this section by illustrating the effects of a postulated space 
charge distribution on the optical fringe patterns. The space charge dis- 
tribution chosen is described in Figure 11. The resulting fringe patterns 
are shown in Figure 12. 

3.3 DIFFERENTIAL EQUATIONS 

In an attempt to explain the characteristics of the plots in Figures 9 
and 10 we begin with 

= A(s)n(s, SO) (31) ds 
which follows from (18) and (22). Equation (31) expresses the evolution 
of the matricant along the light path for a fixed point S O  in arbitrary 
geometries. To specialize to axisymmetric geometries we first note that 

o(s, -s)  = q s ,  O)Sz(O, -s)  
q - s ,  O ) i l ( O ,  - s )  = I 

(32) 
(33) 

where I is the identity matrix. Equations (32) and (33) are intuitive 
properties of the matricant that are easily proved [8]. Using the chain 
rule it follows from (31) (with SO = 0) that 

da2(-s10) = -A(-s)a(-s, 0 )  (34) ds 
and taking the derivative of (33) with respect to s using the product 
rule, noting that the derivative of I is zero, and substituting (33) and 
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(34) show that 

(35) 
dfl(0, -s)  

= a(0, -s)A(-s) 
ds  

Now taking the derivative of (32) using the product rule and substitut- 
ing (31) (with SO = 0), (32) and (35) yields 

dfl(s, -s)  
= A ( s ) ~ ~ ( s ,  -s)  + Q(s, -s)A(-s) 

ds  
Equation (36) is a matrix differential equation with four entries. The 

matricant fl( s ,  -s) is a function of the characteristic parameters y, ( s )  
and a,(s) and A(s) is a function of the transverse electric field com- 
ponents Ep (s) and E, ( s )  = E, ( s )  or, equally valid, is a function 
of transverse electric field magnitude ET (s) and direction p( s) . After 
explicitly expressing the differential equations (36) in terms of y, (s), 
a, (s), ET (s) and p( s) and lengthy but straightforward algebra [32] 
it is possible to relate the characteristic parameters directly to the trans- 
verse electric field by 

da ( s )  = TBE?(S) coty,(s) sin[2p(s) - 
ds 

Recall that a, = a, ( sout) and ys = y, ( sout) where sout is the 
exit point of the light from the medium. Although Figure 9 shows the 
p dependence of y, and as, (37) and (38) can still be used to qualita- 
tively interpret the results by assuming that the electric field distribu- 
tion along the optical path are approximately equal for close p and the 
variations of a, and 7, with respect to p are due to the change in the 
path length within the medium (change of sOut). In fact, any change in 
the electric field can be lumped also into a change in sOut for qualitative 
interpretation. 

Near p=10 mm, sout M 0, and y, - 0 and a, = cp = 7r/2, where 
the angles are measured with respect to the symmetry axis z.  Although 
for 7, = 0 (38) is singular this singularity can be avoided using the 
L'Hopital rule yielding 

d {nBE$(s) sin[2p(s) - 2a,(s)]} - -  

da;:s) I,=; d tan 7 s  ( s )  Is_o 
- - --___ W s )  d y  (39) 

ds 

- - 

where we used (37) and a, = p at s=O. Thus as the electric field in- 
creases with decreasing p towards the point electrode, ys and a, also 
increase in accordance with (37) to (39). There are no notable character- 
istics until 7, crosses $. At this juncture, which is around p=3.8 mm, 
a, reaches a maximum as predicted by the sign change of cot ys in 
(38). The picture gets complicated when y, nears 7r, Then cot y, nears 
infinity and the rate of change in a, increases as predicted by (38). The 
value of a, falls sharply to change the sign of cos [2p(s) - 2as(s)]  
in (37). When this happens, y, reaches a maximum and begins to de- 
crease. This also decreases the rate of change in a, until y, nears 0. The 
cycle of occurrence of minima and maxima of ys and sharp decrease in 
a, repeats until p=O. 

4 ONION PEELING METHOD 
4.1 DESCRIPTION 

Unlike the 1 and 2-dimensional geometries, in axisymmetric geome- 
tries it is not possible to obtain the electric field magnitude and direc- 
tion directly from the measurements of the characteristic parameters as 
and 7,. Rather a set of measurements must be used together with a re- 
construction algorithm in which the geometry is discretized. The most 
straightforward discretization is to use planar layers perpendicular to 
the axisymmetry axis and further discretizing the planes with annular 
rings as illustrated in Figure 13 for a point/plane electrode geometry. 
An approximate electric field distribution with unknown parameters 
then can be constructed in terms of this discretization. The inverse 
problem of reconstructing the applied electric field from Kerr electro- 
optic measurements then reduces to determination of these unknown 
parameters. 

L U  

% 
Figure 13. Discretization of space with planar layers and annular 
rings for axisymmetric geometries shown on a point/plane electrode 
geomeq. 

Postulating an electric field distribution with stepwise constant ra- 
dial and axial components in each ring is the most obvious choice for 
approximation. This introduces two unknowns for each ring. Assum- 
ing the electric field vanishes outside the discretization region, if we 
assign a Kerr electro-optic measurement for each ring from which we 
can determine two characteristic parameters, we can obtain a mathe- 
matically square system where the number of independent equations 
equals the number of unknowns. The onion peeling algorithm proposed 
by Aben [20] solves this square system to obtain the unknown electric 
field components. The algorithm is thus called because it recovers the 
electric field layer by layer from outside to inside. The algorithm is 
detailed in [8]. Here we give a quick summary. 

The distribution is first discretized into slices parallel to the ps-plane 
at constant values of z and each slice is radially discretized into the n 
rings shown in Figure 14. There are 2 n  unknowns, the components of 
the electric field E,, and E,, for i = 1 , 2 ,  . . . n, and 2 n  measured 
values, the characteristic parameters a, and yz for i = 1,2 ,  . . . n. 
Here we do not use the subscript s for the characteristic parameters, in 
contrast to Section 3, to avoid double subscripts. 

For the ith light ray we can express the matricant experimentally as 

where the subscript e refers to experiment, and in terms of the unknown 
components of the electric field 

fl€k = S(-ai)G(y,)S(a,) (40) 
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Figure 14. The discretization of a general axisymmetric electric field 
distribution for the onion peeling method. 

nai = n c i n x n c i ( n - l ) x .  . ~ x n c i ( i + l ) x n c , , x  
(41) 

where a refers to approximate, x denotes matrix multiplication and 
nCij are given in terms of the electric field components as 

(42) 
(43) 

(44) 

(45) 
Ei and +j are respectively the magnitude of the electric field and 

(46) 

(47) 

nci(i+l) x . . . xf i c i (n - l )  x n c i ,  

Clc%i = S( -$ i )G(~BE: l i i )  S(+j) 

ncij = s (-Pij) G (.BE& lij) s (Cpij) 
E& = E;(cos2$j + sin2$jcos28ij) 

'pij = arctan(tan $j cos 8 i j )  

E: = E:{ + E:i 

where 

the angle between the electric field and the axisymmetry axis z 

ET 
E,, 

tan& = 2 

and 8ij and l i j  are shown in Figure 14 and can be expressed in terms 
of the ps coordinates as 

(49) 
Pi ~ 0 ~ 8 i j  = 

2 
JP? + [ 0 . 5 ( S i j  + S i ( j - I ) ) ]  

Here pi is the p-coordinate of the ith ray and s i j  is the s-coordinate of 
the point where the ith ray exits from j th  layer. We can also express pi  
and sij in terms of the discretization layer thickness Ar 

pz  = (i  - 0.5)Ar (50) 
(51) sY = (dj2 - (i  - 0.5)2) Ar 

Notice that the layer thickness Ar is equal to the distance between 
consecutive measurements A p  = p,+l - p,. 

By equating the experimental matricants in (40) and the approximate 
matricants in (41) 

we obtain n matrix equations that relate 2n unknown electric field 
components to 2n known characteristic parameters. 

The onion peeling algorithm begins with the outermost layer i = n 
for which (52) reduces to 

s ( - l l n ) G ( ~ B E ~ l n n ) S ( l l n )  = S ( - a n ) G ( ~ n ) S ( a n )  (53) 
from which E, and lln (and thus Ern and Ezn) can be determined 
directly. The algorithm then iteratively solves for each layer where in 
the ith step E and 1c, of all the (i + 1 to n) outer layers are known and 
E, and qZ are found from 

f i a t  = n e %  (52) 

0 C t %  = s (-?A) G (.rrBE,2 1 2 , )  s ($2 

- - n-1 C ( . + 1 ) x n , ; * + 2 ) x . .  *xQ;:x%,xn,:x.  .. (54) 

nC,:%+q)XflC,:,+l) 

which follows from (41) and (52). Here from (43) 
be 

can be seen to 

a-1 c 2 3  =nt C q  =n* C,J = s(-Cpz3)G(-.BE~~3~z3)S(cPz3) 
(55) 

We note that the onion peeling method can recover the direction of 
the electric field up to a multiple of 7r. Thus the sign of the components 
of the electric field cannot be determined from the algorithm alone. This 
is the direct result of the quadratic dependence of the Kerr effect on the 
applied electric field magnitude. This however is not a serious problem 
since the sign of the electric field components is often easily determined 
by the sign of the applied voltage. 

4.2 APPLICATION OF THE 

In this Section we apply the onion peeling algorithm to synthetic 
data which is assumed to be obtained from Figure 12. Measurement 
sampling rate Ap and discretization layer thickness Ar are chosen to 
be 0.1 mm. 

Figure 15 shows the data at three values of z=1,2 and 2.5 mm. Plots 
show the general characteristics of 7, and a, discussed in Section 3.2. 
In particular a, decreases rapidly near the maxima and minima of 7,. 

Figure 16 compares the reconstructed electric field distributions at 
z=1,2 and 2.5 mm, using the onion peeling method from data shown in 
Figure 15 to theoretical finite element method calculated field distribu- 
tions. We only show the region between r=O mm and r=4 mm. In the 
region between r=4 mm and r=10 mm the algorithm reconstructs the 
electric field almost perfectly for all three z values. Between r=O mm 
and r=4 mm at z=1 mm there is practically no difference between the 
numerical electric field and reconstructed electric field. At 2=2 mm 
there are slight differences although the overall match is good while at 
z=2.5 mm the reconstructed electric field, especially the r component, 
is in serious disagreement with the numerical electric field. A close look 

ALGORITHM 
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z = 1,2, 2.5 mm 

................................................................. 
Ap=O.l  mm ................................................................. 

0 2 4 6 8 10 
P ") 

....................................................................... 

........................................ 

I I 
0 2 4 6 a 10 

P ") 
Figure 15. Calculated characteristic parameter data for the case 
study system. 

at Figures 15 and 16 reveals that the disagreement corresponds to the 
steep decrease in a, at -p=l mm. 

In Figure 17 we show reconstructions at z=2.5 mm for different 
sampling rates. When the sampling rate is increased the reconstructed 
electric field progressively approaches the theoretical electric field. We 
conclude that for highly birefringent media the onion peeling method 
performs well when the data sampling rate is high enough to character- 
ize the steep decreases in as that occur around the maxima and minima 
of ys. When the electric field magnitude distribution is small enough 
or the medium is weakly birefringent so that the steep decreases in a, 
do not exist, the onion peeling method almost perfectly recovers the 
electric field for perfect artificial data. 

Note that a 1 pm sampling rate is not realistic since it is too close 
to the wavelength of typical laser light used in Kerr electro-optic mea- 
surements (A = 600 nm). However also notice that the point r=O and 
z=2.5 mm is the point where the electric field changes most rapidly and 
has the highest magnitude. For planes below or above this extreme case 
the onion peeling method will work with much lower sampling rates 
as exemplified for the 2=2 and z=1 mm planes in Figure 16. 

I 
0 1 2 3 4 

-5 ' 
r ") 

o x  10 
J 

Figure 16. Reconstructed electric field components from the charac- 
teristic parameter data in Figure 15 (dotted lines) compared to theoret- 
ical space charge free electric fields calculated from the finite element 
method (solid lines). 

5 DISCUSSION AND 

N this paper we theoretically investigated the possibility of extending I optical fringe pattern based Kerr electro-optic measurement of elec- 
tric field distributions to axisymmetric electrode systems. In particular 
we concentrated on a point/plate electrode geometry which is espe- 
cially of interest since it is widely used in contemporary HV research. 
The results are promising but preliminary and more algorithm refine- 
ments are necessary before building the actual experimental systems. 

The first result of this paper is the illustration of the absence of 
true isoclinic and isochromatic lines in fringe patterns of axisymmet- 
ric geometries. This surprising result suggests that measurements from 
fringe patterns in axisymmetric geometries are potentially less sensi- 
tive than their counterparts in one and 2-dimensional geometries since 
dark fringes no longer correspond to complete extinction of light but 
only to a gray scale. We showed that unlike one and 2-dimensional ge- 
ometries, the pseudo isoclinic and isochromatic lines in axisymmetric 
geometries are related to the applied electric field through highly non- 
linear differential equations. We did explain the general behavior of 
these pseudo isoclinic and isochromatic lines using the derived differ- 
ential equations. However the explanation provided is rather qualita- 
tive and deeper mathematical analysis is necessary to better understand 
the characteristics so that they can be exploited in future reconstruction 

CONCLUSIONS 
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Figure 17. Reconstructed electric field components for different spa- 
tial sampling rates at z = 2.5 mm. For a 1 pm sampling rate the 
onion peeling algorithm almost perfectly recovers the theoretical elec- 
tric field. 

algorithms. 

The main motivation of this research is to develop a noninvasive 
electric field measurement technique that can be used in investigation 
of space charge injection and transport. To this end we studied the 
effects of space charge on the fringe patterns. The change in the fringe 
patterns showed that Kerr electro-optic fringe patterns can be used as 
a measure for charge injection. 

Finally we used the onion peeling method to quantitatively recon- 
struct the electric field distribution from fringe patterns. The results 
were satisfactory for positions that are sufficiently far from the needle 
tip. However near the needle tip, for accurate reconstructions very high 
sampling rates were required. Thus with the present method, recon- 
struction of the electric field around the needle tip is not accurate. This 
is troublesome as the region around the needle is also the most im- 
portant and interesting region for investigation of charge injection and 
transport. On the optimistic side, the onion peeling method is open to 
various possible refinements such as using a piecewise linear discretiza- 
tion instead of the piecewise constant discretization or incorporating 
the Laplacian solution of the field into the solution process. 
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