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Deconvolution-Based Partial Volume Correction
for Volumetric Blood Flow Measurement
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Abstract— Ultrasound-based blood flow (BF) monitoring
is vital in the diagnosis and treatment of a variety of cardio-
vascularand neurologic conditions.Finite spatial resolution
of clinical color flow (CF) systems, however, has hampered
measurement of vessel cross section areas. We propose
a resolution enhancement technique that allows reliable
determination of BF in small vessels. We leverage sparsity
in the spatial distribution of the frequency spectrum of
routinely collected CF data to blindly determine the point
spread function (PSF) of the imaging system in a robust
manner. The CF data are then deconvolved with the PSF,
and the volumetric flow is computed using the resulting
velocity profiles. Data were collected from phantom blood
vessels with diameters between 2 and 6 mm using a clin-
ical ultrasound system at 2 MHz insonation frequency.
The proposed method yielded a flow estimation bias of
0 mL/min, standard deviation of error (SDE) of 22 mL/min,
and a root-mean-square error (RMSE) of 22 mL/min over
a 150 mL/min range of mean flows. Recordings were also
obtained in low signal-to-noise ratio (SNR) conditions using
a skull mimicking element, resulting in an estimation bias of
−13 mL/min, SDE of 23 mL/min, and an RMSE of 26 mL/min.
The effect of insonation frequency was also investigated
by obtaining recordings at 4.3 MHz, yielding an estimation
bias of −16 mL/min, SDE of 16 mL/min, and an RMSE of
22 mL/min. The results indicate that our technique can lead
to clinically acceptable flow measurements across a range
of vessel diameters in high and low SNR regimes.

Index Terms— Arterial blood flow (BF), color flow (CF),
ultrasound, velocity measurements, volumetric BF.

I. INTRODUCTION

ARTERIAL volumetric blood flow (BF) measurement is
vital for assessing organ health [1]. In coronary disease

treatment, for instance, BF measurement helps determine the
need for and success of revascularization procedures [2].
In neuromonitoring applications, BF measurement can help
guide the treatment of patients with conditions such as cerebral
vasospasms, extracranial and intracranial arterial stenoses,
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intracranial hypertension, and traumatic brain injury [3], [4].
BF estimation may also lead to noninvasive estimates of
intracranial pressure, elastance, and flow resistance [5]–[7].
Invasive thermodilution or gas exchange techniques are not
suitable for continuous BF monitoring, particularly outside
an operating room. Imaging modalities such as magnetic
resonance angiography (MRA) and positron emission tomog-
raphy are also not suited for continuous monitoring appli-
cations. Ultrasound-based techniques, in contrast, have the
potential to provide noninvasive and continuous BF measure-
ment. Such methods, however, have largely been limited to
BF monitoring in larger, more superficial vessels (≥4 mm
diameter) such as the common carotid artery where high-
frequency (HF) ultrasound waves (>4 MHz) can be used to
get accurate estimates of vessel cross section areas [8]. For
smaller vessels (<4 mm diameter) deeper inside the body,
such as those of the intracranial or coronary circulation, lower
ultrasound frequencies (∼2 MHz) have to be used to overcome
increased attenuation. The resulting lack of spatial resolution
and unknown aberration-induced perturbation of the point
spread function (PSF) leads to poor BF estimates [9]. In such
applications, physicians may rely instead on only measuring
spatial-maximum/average BF velocity (BFV) [9]–[12]. BFV,
however, has been shown to be an imperfect surrogate for BF,
and a need persists for reliable, continuous, and noninvasive
BF measurement, particularly for smaller vessels deeper inside
the body [13].

Color flow (CF) [14] is often used to determine vessel cross
section areas that can then be multiplied by BFV estimates
derived from spectral Doppler ultrasonongraphy, assuming that
BF is well represented by the product of vessel area and BFV.
However, commercial ultrasound scanners do not account
for subject-specific acoustic attenuation by the underlying
tissue, and instead sonographers must adjust the systems’ color
gain manually to obtain vessel diameter and area measure-
ments. The resulting diameter estimates are therefore user-
dependent [15] and may show a significant measurement bias
compared with those obtained from methods such as MRA.
Wilson et al. [9], for instance, reported that while CF-derived
middle cerebral artery diameter estimates were correlated with
those obtained from MRA, the former were higher by nearly a
factor of two. The resulting BF measurements have also been
reported to be sensitive to variations in beam-to-vessel angle
and rely on the assumption that the vessel cross section is
circular [8], [16].

A related measurement approach relies on using 2-D phased
arrays or mechanically actuated 1-D array transducers to scan
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over the entire vessel cross section [8], [17]–[19]. Mean
velocity estimates are computed over the entire lumen and
are integrated to yield estimates of the mean BF in an angle-,
vessel-geometry-, and flow-profile-independent manner. While
this method is calibration-free in principle, it cannot overcome
the relatively poor lateral resolution of standard ultrasound
transducers. Regions adjacent to a blood vessel also tend
to register a nonzero velocity, leading to overestimation of
the true flow. Lui and Burns [18] proposed weighting CF
power observed at each voxel by the power observed at
the vessel center to compensate for this partial insonation
effect. Kripfgans et al. [8] introduced a similar weighted sur-
face integration method where each voxel was weighted in
proportion to its overlap with the estimated vessel lumen. The
voxel weights were determined through histogram analysis
of the observed CF power. In their original scheme, the
authors computed the weights by linearly scaling the CF
power. Recently, however, Kripfgans et al. [16] suggested that
the relationship between true voxel weight and CF power is
nonlinear. Moreover, the authors have noted that their method
may not be applicable for imaging “small vessels at depth,
where high frequency beams are challenged by signal to noise
ratio (SNR) and possible aberration effects.”

If the PSF of the imaging system is known, the CF
power map can be deconvolved to remove the signal leakage.
The vessel boundaries can then be determined by standard
image processing techniques. Prior work on the application
of deconvolution methods to ultrasound imaging has shown,
however, that the PSFs are space-varying and may be subject-
dependent, thus precluding the use of a single predetermined
PSF [20]. Several blind deconvolution approaches have also
been proposed that include the use of signal cepstra [21], [22]
and higher order signal statistics [23] to estimate the PSF in
segments of ultrasound images.

Here, we present a method suitable for BF determination
in small vessels (2–4 mm diameter) with low-frequency (LF)
(2.3 MHz) CF. Our method relies on deconvolving CF maps
to determine the vessel area and velocity profile. Importantly,
we show that for CF imaging, the PSF can be estimated by
analyzing the CF power spectral density in space. Since fully
developed flow profiles encountered in physiological scenarios
are near-parabolic, the highest velocity is assumed to occur at a
single point within the vessel. The spatial spread of CF power
at this velocity therefore serves as an estimate of the PSF. The
CF power at the lower velocities can then be deconvolved with
this PSF to yield an image with enhanced spatial resolution.
The resulting velocity profile can be integrated to yield the
volumetric flow. Flow phantom studies were carried out for a
range of vessel diameters for two transmission frequencies.
The effect of reduced SNR was also investigated using a
skull phantom. Our results suggest that our method may be
appropriate for BF measurement in vessels including cerebral
arteries.

We present our proposed method in Section II and describe
our flow phantom setup in Section III. The estimation results
are described in Section IV. We then discuss the results
in Section V before providing the concluding remarks in
Section VI.

Fig. 1. Coordinate system used in this study. The imaging plane may be
rotated about the z-axis by an angle ψ. Coordinates within the imaging
plane are given by (ρ, φ) pairs.

II. VOLUMETRIC FLOW MEASUREMENT METHOD

We develop our technique for sequential ultrasound imag-
ing, but note that the method is also applicable to parallel
imaging methods [24], [25]. In the current study, volumetric
scanning was not possible and only 2-D CF scans were
available. As a result, our method could only be validated
for vessels with circular cross sections where the vessel–beam
angle was known in advance.

We first present a model for the power spectral den-
sity (PSD) of the CF data. A technique for estimating the
PSF from PSDs is then outlined and used in a deconvo-
lution procedure—deconvolution is performed laterally—to
determine the velocity profile within the target blood vessel’s
lumen. The velocity profile is subsequently integrated to yield
the BF.

A. Preliminaries

As shown in Fig. 1, the radial distance along each measure-
ment plane is denoted as ρ, and the corresponding azimuth
angle is denoted as φ. CF data are acquired by transmitting
an ensemble, N , of focused beams in several directions. The
transmission center frequency is denoted as f0, the pulse
duration is denoted as Tp, and the pulses are transmitted at a
fixed pulse repetition frequency (PRF). The echoes backscat-
tered by static tissue and moving red blood cells are recorded
and demodulated into in-phase and quadrature components.
The resulting received signal samples from the coordinates
(ρ, φ,ψ) are denoted as s̃ρ,φ,ψ [n] = s̃i

ρ,φ,ψ [n] + j s̃q
ρ,φ,ψ [n],

where s̃i and s̃q denote the in-phase and quadrature com-
ponents, respectively, and n ∈ {1, . . . , N} is the ensemble
index. Owing to the sequential nature of data acquisition, the
ensemble length, N , is kept small and typically varies between
8 and 32. We model the received signal as

s̃ρ,φ,ψ [n] = a ∗ (
Cρ,φ,ψ [n]+ rρ,φ,ψe j2π fρ,φ,ψn

)
(1)

where the asterisk denotes the spatial convolution, a is the
3-D PSF of the imaging system, rρ,φ,ψ is a complex val-
ued reflectivity function corresponding to flowing red blood
cells with (normalized) frequency fρ,φ,ψ ∈ [−1/2, 1/2), and
Cρ,φ,ψ [n] is the signal due to static or slowly moving tissue
(clutter) [14], [20]. The reflectivity values, rρ,φ,ψ , are assumed
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to have a random valued magnitude and a random uniformly
distributed phase. Red blood cells typically have a small
backscattering cross section than the surrounding tissue. This
causes |r | to be orders of magnitude below |C| [26]. The signal
frequencies are related to the underlying velocities, vρ,φ,ψ , by

fρ,φ,ψ = 2 f0

c f p
vρ,φ,ψ cos

(
θρ,φ,ψ

)
(2)

where c is the speed of sound (≈1540 m/s in soft tissue),
θρ,φ,ψ is the flow beam angle, and f p is the PRF [14]. The
clutter and signal from blood can be separated if the signal
frequency of the latter is higher than the clutter frequencies.
A high-pass (wall) filter is applied to s̃ to yield

sρ,φ,ψ [n] ≈ a ∗ rρ,φ,ψe j2π fρ,φ,ψn. (3)

We stress here that the expression above is merely an approx-
imation. In practice, particularly near vessel boundaries when
using smaller ensembles, the signal strength may be modulated
by the clutter removal process. In our approach, we therefore
used relatively larger ensembles of 16 and 32. We use a
detrending procedure to remove the clutter [27]. A velocity
estimate without angle correction can be obtained from s by
a correlation-based estimator [28]

v̂ = c f p

4π f0
arg{�ss(1)} (4)

where dependence on spatial coordinates has been omitted for
notational simplicity, and �ss(1) is an estimate of the unit-lag
autocorrelation of s[n]

�ss(1) = 1

N − 1

N−1∑
n=1

s∗[n]s[n + 1]. (5)

Here, the superscript asterisk denotes complex conjuga-
tion [14]. Also, CF power is defined as

P = 1

N

N∑
n=1

|s[n]|2. (6)

The vessel center, (ρt , φt , ψt ), can be located by finding
the spatial coordinates corresponding to the peak of the
frame-averaged CF power.

The velocity profile for all the azimuth angles at the target
depth ρt can be extracted and is denoted as v̂k , where k is the
azimuth index. This process can be repeated for all the rotation
angles, ψ , and the resulting velocity profiles can be numeri-
cally integrated over φ and ψ to determine the volumetric flow.
To deal with partial volume effects, Kripfgans et al. proposed
using weighted velocity values, v̂kωk , where ωk is a weight
that is determined by analyzing the statistics of the CF power
distribution as outlined in Appendix A. The weighted velocity
integration procedure proves inadequate when measuring BF
in smaller vessels with lower-frequency ultrasound because
both vessel areas may be overestimated and the velocity
profile may not be faithfully measured. A spatial resolution
enhancement procedure is then necessary.

Deconvolution-based resolution enhancement techniques
proceed using a measured or estimated PSF to deconvolve
the received signals. The deconvolution should ideally be

performed in 3-D space. Sequential volumetric data acqui-
sition, however, leads to low frame rates, and thus, con-
ventional sequential ultrasound measurements are made in a
2-D plane (i.e., constant ψ). Deconvolution procedures have
been developed, therefore, that operate in two dimensions [29].
Methods have also been proposed that operate only along a
single dimension (constant φ) [21]. In our approach, to save
computational effort, we chose to perform deconvolution only
along the azimuth (constant ρ and ψ) leading to a model of
the form

sk[n] = ak ∗ rk[n] =
∑

l

ak−lrle
j2π fl n (7)

where k and l are the indices of the azimuth, and the PSF
is assumed to vary only along the azimuth. We will show
that the spatial distribution of the CF frequency spectra is
sparse with the highest frequency (velocity) typically close
to the vessel center. Here, sparsity implies that the frequency
spectra are largely zero, containing energy spikes in regions
corresponding to the underlying velocity profiles. We exploit
these observations to develop a robust technique to blindly
estimate the PSF in a straightforward manner that subsequently
allows us to estimate the BF. To do so, we first develop a
frequency-domain model for CF data.

B. Frequency-Domain Model of CF Data

We begin by noting that the spatial convolution relationship
of (7) applies equivalently in both the time (ensemble) and fre-
quency domains. Equivalently, as shown in Appendix B, com-
puting Fourier transforms of s and r along the time (ensemble)
domain

Sk( f ) =
∑

l

ak−l Rl( f ) = ak ∗ Rk( f ) (8)

where Sk( f ) and Rk( f ) are the Fourier transforms of the
measured, sk[n], and actual, rk[n], CF signals at the kth
azimuth, respectively. Here, the measured signals, sk[n], are
the CF signals registered at the kth azimuth and contain effects
of the imaging system’s PSF, while the term actual signal,
rk[n], refers to the CF signal that would have been obtained
from the kth azimuth if a hypothetical system with perfect
spatial resolution were used.

PSD measurements may be preferred in sequential measure-
ment applications or in environments with low SNR where the
phase information may be unreliable. From (8), the measured
PSD at the kth location is

P S
k ( f ) = E{|Sk( f )|2}

=
∑

l

∑
m

ak−l a
∗
k−mE{Rl( f )Rm( f )∗} (9)

where m is an index of the azimuth. Furthermore

P S
k ( f ) ≈

∑
l

|ak−l |2E{|Rl( f )|2} (10)

if E{|Rl( f )|2} � E{Rl( f )Rm( f )∗} for l �= m. Physically,
this corresponds to the velocities being nonuniform across the
vessel lumen—velocities vary spatially and are not constant
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Fig. 2. (a) Example of a measured PSD map. (b) Normalized power
as a function of velocity is plotted and the velocity corresponding to the
highest (frequency) velocity index, w∗, is also illustrated.

over space—so that the cross-spectra, E{Rl( f )Rm( f )∗}, are
small. The resulting PSD model, therefore, is of the form

P S
k ( f ) ≈ |ak |2 ∗ P R

k ( f ). (11)

In summary, the PSD of the CF signal received at the kth
azimuth is given by the convolution of the PSD of the under-
lying CF signals with a space-domain filter with coefficients
|ak |2. In practice, a W -point discrete Fourier transform (DFT)
is computed and we arrange the PSD estimates across all K
azimuths in a K ×W matrix where

P S = AP R. (12)

Here, A is a K × K matrix such that

A =
⎡⎢⎣ |a0|2 |a−1|2 · · ·

∣∣a−(K−1)
∣∣2

...
...

. . .
...

|aK−1|2 |aK−2|2 · · · |a0|2

⎤⎥⎦. (13)

We computed PSDs using the fast Fourier transform (FFT)
algorithm for 64 frequency bins (W = 64). Ensembles were
zero-padded prior to FFT computation. A Hamming window
was used for 32-point ensembles to suppress spectral leakage.
A rectangular window was used instead for smaller ensembles.
Rectangular windows have a more narrow main spectral lobe
compared with Hamming windows of the same size allowing
us to (partly) compensate for the reduced spectral resolution
incurred using the smaller ensemble length [30].

C. PSD Map Recovery

Ideally, the PSD map, P R , is a sparse K × W matrix,
containing nonzero values only at locations inside the vessel
lumen at the corresponding frequency (velocity) indices. Our
estimation method exploits this sparsity to deconvolve the
spectral map, P S. First, the spectral maps from F = 40 frames
are averaged by computing element-wise medians to reduce
noise. The maps are normalized and Gaussian filtering [31]
is applied to each frequency band to suppress stochastic
variations. A three-stage methodology was developed. In the
first stage, the PSF is determined from the measured PSD
maps. Next, the PSDs are deconvolved using the estimated
PSF. This involves solving an optimization problem, regu-
larized with the sparsity-promoting 	1 norm. The last stage
involves postprocessing the deconvolved PSDs to determine
the underlying velocity profile.

Fig. 3. (a) Measured PSD map. The row selected for PSF determination
is marked in red. (b) PSD spread for the selected row (red) along with the
fitted Gaussian (black). (c) Corresponding deconvolved map. (d) Edges
detected in the deconvolved map shown in black. (e) PSD values at edges
in sorted order (black) and the median (red). (f) Final edge points shown
as black dots. The estimated velocity profile is shown in black.

1) PSF Estimation: We assume that in blood vessels far
from the aorta, the velocity is uniquely highest at the center
of the vessel and drops off toward the vessel wall. Thus,
in accordance with (12), the spatial PSD spread at the highest
frequency (velocity) is assumed to represent the PSF of
the imaging system. Thus, we first need to approximately
determine this highest frequency (velocity) before using the
corresponding PSD spread as the PSF estimate. To do so, the
total (normalized) power as a function of frequency is first
determined

NPw =
∑

k

P S
kw. (14)

The highest frequency (velocity) index is selected such that the
normalized power decays to half (γv = 0.5) of its maximum
value (see Fig. 2). Moreover, the Otsu image segmentation
algorithm [32] is also used to reject background pixels.
Fig. 3(a) shows an example of a measured PSD map. The
target velocity for PSF determination is marked with a red
line. The PSD spread at this target velocity, P S

kw∗ , is drawn in
red in Fig. 3(b) and is used as a surrogate for the 1-D impulse
response or PSF of the imaging system. The impulse response
itself is modeled as an exponential function of the form

ak = α exp

(
−1

2
|k/σ |p

)
(15)

where k is the sample index along the axis, and the
parameters, α, σ , and p, are determined by first performing
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a nonlinear least-squares curve fit to P S
kw∗ [drawn in black

in Fig. 3(b)]. We were motivated to choose the model of (15)
after observing “Gaussian-like” distributions of PSD values
at the detected highest velocities.

2) Deconvolution: Once the PSF has been determined,
an estimate, Â, of the matrix A can be formed and the
true underlying frequency map, P R, can be estimated [see
Fig. 3(c)]. In our application P R is expected to be sparse,
and hence the sparsity-promoting 	1 norm was used as a
regularization term. We thus estimate P R by solving the
optimization problem

̂P R = arg min
P R

J
(

P R)
s.t. P R

kw ≥ 0 (16)

where J (P R) is the optimization objective

J
(

P R
) = 	P S − ÂP R	2

F + λ	P R	1. (17)

Here, 	P R	2
F is the Frobenius norm of matrix P R , defined as

the sum of squares of absolute values of P R , 	P R	1 is the
sum of absolute values of P R , and the positivity constraint,
P R

kw ≥ 0, is imposed since P R
kw are PSDs. We solved the

optimization problem using an alternating direction method of
multipliers (ADMM) approach [33]—see Appendix C for a
discussion on the computational complexity of the proposed
approach.

3) Postprocessing: Once the deconvolved map, ̂P R , has
been estimated, a velocity profile is determined. The map ̂P R

is first binarized. The threshold for this binarization step is
determined by examining the boundaries of the map. A Canny
edge detector was used for boundary detection [34], and the
detected boundaries are illustrated in Fig. 3(d). The median
of the PSDs at the map boundaries is used as a subsequent
binarization threshold as shown in Fig. 3(e) where the PSD
values at the boundaries are shown in black and the resulting
median is indicated in red. Thresholds determined in this
fashion were found to be more resilient than those determined
with other segmentation methods such as the Otsu technique.
Pixels where the deconvolved PSD is above this threshold
are selected. This is followed by an area opening procedure
(7 pixels) to reject spurious detection. Finally, a piecewise-
cubic spline is fitted to the edges of the binarized map in a
least-squared error sense. This is illustrated in Fig. 3(f) where
the outer edges selected using the threshold of Fig. 3(e) are
shown as black dots, and the fitted spline that serves as the
velocity profile estimate is shown as a black line.

Once the velocity profile has been determined, the volu-
metric flow can be determined by integrating the profile over
all imaging plane angles, ψ . The process can be repeated for
more than one depth and the results can be averaged. In our
method, we selected depths where the highest CF power at that
depth was above 95% of the maximum CF power across all the
depths. As in the current study, when the imaging is possible
in one plane only, the vessel–transducer angle must be known,
and the volumetric flow can be estimated by integrating the
velocity profile by assuming the vessel is circular.

III. FLOW PHANTOM VALIDATION

A. Flow Phantom Construction

A flow phantom (see Fig. 4) was constructed to model
cardiac and transcranial ultrasound scanning. The system com-
prised a gear pump (Seaflo, Xiamen, Fujian, China) driven by
a motor driver (Dimension Engineering, Hudson, OH, USA).
The pump was connected to C-flex tubing (Cole Parmer,
Vernon Hills, IL, USA) of varying diameters. For this study,
we used tubings of inner diameters (IDs) 2.4, 3.2, 4.0, 4.8,
and 6.4 mm. All the tubes had a wall thickness of 0.8 mm
with the exception of the 6.4 mm tube that had a 1.6 mm
wall thickness. C-flex tubing has previously been used in
ultrasound flow phantoms to mimic blood vessels [35]. The
tubing was embedded in an agar-based tissue mimicking
material mold [36]. Care was taken to keep the vessel segments
as straight as possible. This, combined with the dimensions of
the flow phantom, allowed us to estimate the vessel angles.
Blood mimicking fluid containing suspended nylon particles
was circulated through the flow phantom [37]. The mold
was designed to mimic cardiac or transcranial insonation,
and vessel–beam angles from 20◦ to 40◦ could be obtained
with transducer–vessel distances of 5–7 cm. A removable
Delrin plastic sheet of 1 cm thickness was used to model
transcranial insonation and to investigate the effect of reduced
SNR on estimation performance. Sound propagates in Delrin
at 2430 m/s and is attenuated by 30 dB/cm at 5 MHz [38].
One-way attenuation in the range 5–20 dB, with a mean
of 7 dB, was previously reported in four samples of the
temporal region of the human skull at 2 MHz [39]. Thus,
two-way travel attenuation of 20–40 dB may be expected in
transcranial imaging at 2 MHz. Assuming the attenuation in
Delrin at 2 MHz is 30/5 × 2 = 12 dB/cm, this amounts to
two-way attenuation of 24 dB in 1 cm of the plastic layer (i.e.,
comparable to transcranial attenuation). We found it necessary
to perform an aberration correction for results obtained with
this skull element in place. The aberration correction strategy
is outlined in Appendix D. The flow phantom tubing consisted
of a fixed length section of 2.4 mm ID. Two volumetric flow
probes (Transonic Systems, Ithaca, NY, USA) were placed
around this section of tubing, and the average of their readings
was used as the ground truth for volumetric flow following
an initial calibration stage in which Transonics measurements
were compared with timed-flow measurements.

B. Ultrasound Probe

The Butterfly iQ handheld ultrasound device was used for
our experiments [40]. A proprietary software development
kit (SDK) was provided by the device manufacturers to export
raw in-phase and quadrature demodulated data and allowed
for adjustment of transmission and reception parameters. The
Butterfly system uses capacitive micromachined ultrasound
transducers that allow operation over a wide range of fre-
quencies. Data were collected for an LF stack comprising
B-mode and CF images at 1.5 and 2.3 MHz, respectively. Data
were also collected in a high-frequency (HF) configuration
comprising B-mode images and CF data at 6.5 and 4.4 MHz,
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TABLE I
ULTRASOUND TRANSMISSION AND RECEPTION

PARAMETERS FOR (LF) AND (HF)

Fig. 4. (a) Flow phantom schematic. BMF: Blood mimicking fluid;
TMM: Tissue mimicking material. (b) Flow phantom with skull mimicking
element along with examples of CF recordings at (c) ψ = �

◦ and
(d) ψ = ��

◦.

respectively, to investigate frequency dependence of our esti-
mation technique. For the CF modes in each configuration,
five-cycle pulses were emitted in ten directions over an 18◦
span and K = 88 multilines were recorded, leading to 0.2◦
receive line spacing [41]. The reception and transmission
parameters are summarized in Table I.

Data were acquired for constant and pulsatile flow without
the skull mimicking element for both LF and HF stacks.
Measurements were then repeated for the LF stack with the
skull element in place. For each tubing, a range of flow rates
was generated. The current Butterfly SDK does not allow
volumetric CF scanning, and thus, data were collected for two
rotation angles, ψ = 0◦ and 90◦, by manually rotating the
probe (see Fig. 4). Velocity profiles across the vessel were
determined using the proposed approach, and the volumetric
flow was computed following the method of Kripfgans et al.
by integrating the velocities over a spherical surface passing
through the vessel center

Q̇ =
∫∫

v̂(ρt , φ,ψ)ρ
2
t | sin φ|dφ dψ (18)

≈ β
∫
v̂(ρt , φ)ρ

2
t | sin φ|dφ (19)

where v̂ is the estimated velocity, and ρt is the radial distance
to the vessel center. The vessel was assumed to be circular,
allowing (18) to be approximated as (19) where β is a
constant that depends on the transducer–vessel angle, θ , and
the measurement plane, ψ

β =
{

1/ cos(θ), ψ = 0◦

cos(θ), ψ = 90◦
(20)

IV. RESULTS

In total, 104 recordings were obtained with the LF con-
figuration without the skull mimicking element in place. The
CF data from all the recordings were processed offline, and
the flow measurements were compared against the reference
Transonics measurements. For all the experiments, the same
set of parameters were used: W = 64 DFT points and λ = 0.1
[see (16)]. The weighted integration approach was also used
to determine velocity profiles. The measured lumen extents
were compared with known (angle-corrected) values, and the
measured average velocities were compared with expected
mean velocities.

Examples of the velocity profiles for different tubings are
shown in Fig. 5 where the top panel shows overlaid B-mode
and CF images for several recordings. The detected vessel cen-
ters are indicated with green dots, and the corresponding PSD
maps are shown in the bottom panel. Velocity profiles deter-
mined both with our approach and with the weighted integra-
tion method are also shown, and the resulting volumetric flow
measurements are listed. It may be noted that peak velocities
determined by our approach are higher than the correlation-
based measurements, while the vessel extents determined
by our method are smaller. These results demonstrate the
need for a deconvolution-based technique for more accurate
determination of velocity profiles and volumetric flows.

Fig. 6 shows the Bland–Altman plots for mean velocity,
vessel extents, and volumetric flow. Scatter plots are also
shown for the volumetric flow measurements along with the
corresponding ±20% error bounds. In summary, across all
the tubings, the proposed deconvolution method yielded a
flow estimation bias of 0 mL/min, standard deviation of
error (SDE) of 22 mL/min, and with a root-mean-square
error (RMSE) of 22 mL/min over a 150 mL/min range of mean
flows. Pearson’s correlation coefficient between reference and
estimated mean flow measurements was 86%. In contrast, the
weighted integration approach yielded a measurement bias of
10 mL/min and SDE of 40 mL/min, with a corresponding
RMSE of 41 mL/min with the greatest estimation error accrued
for the 2.4 and 3.2 mm tubings. The results are summarized
for both the weighted integration approach [see Fig. 7(a)] and
our proposed method [see Fig. 7(b)] as a function of tubing
diameter. It may be seen that our proposed method exhibits
reduced diameter dependence than the weighted integration
method.

A. Effect of Reduced SNR

We next obtained 106 recordings for the LF configuration
with the skull mimicking element in place to assess the
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Fig. 5. Examples of CF data and detected vessel centers (green dots) for the LF stack without skull mimicking element. Examples are shown
for both ψ = �

◦ and 90◦. Raw PSD maps are shown. Extracted flow profiles are shown with the weighted integration (red) and proposed (green)
methods. The resulting flow rates are also listed along with the reference (white).

Fig. 6. Bland–Altman and scatter plots for vessel extent, mean velocity, and flow for constant (circles) and pulsatile (triangles) flow with the LF
configuration. Bias (solid) and unit SD lines (dotted) are also shown. The mean and unit standard deviation bounds are shown on the scatter plot.
Reference lines (dashed) for ±20% flow are also shown in the scatter plot on the right.

Fig. 7. Per-pipe flow estimation bias and unit standard deviation
for (a) weighted integration and (b) the proposed method for the LF
configuration without the skull mimicking element.

effect of reduced SNR on the estimation results. Estimates
were obtained without altering any hyperparameter. Compared
with the measurements without the skull mimicking element,
the estimation bias worsened to −13 mL/min and the SDE
increased from 22 to 23 mL/min, resulting in an increased
RMSE of 26 mL/min. Pearson’s correlation coefficient

Fig. 8. Per-pipe flow estimation bias and unit standard deviation
for (a) weighted integration and (b) the proposed method for the LF
configuration with the skull mimicking element.

between reference and estimated mean flow measurements
decreased to 79%. The results are summarized in Figs. 8
and 9. Furthermore, the effect of disabling the skull correction
option is illustrated in Fig. 10 and shows that the diameters
are underestimated in the absence of the aberration correction
scheme of Appendix D.
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Fig. 9. Bland–Altman and scatter plots for vessel extent, mean velocity, and flow for constant (circles) and pulsatile (triangles) flow for the LF
configuration with the skull mimicking element. Bias (solid) and unit SD lines (dotted) are also shown. The mean and unit standard deviation bounds
are shown on the scatter plot. Reference lines (dashed) for ±20% flow are also shown in the scatter plot on the right.

Fig. 10. Effect of disabling skull correction for the LF preset.

B. Effect of Insonation Frequency

Finally, recordings were obtained for the HF configuration.
Data collected for the 6.4 mm tubing were found to have a very
low SNR due to the larger wall thickness and were thus dis-
carded. The mean flow estimates were obtained in the remain-
ing 87 recordings as before without altering hyperparameters.
The qualitative effect of altering the insonation frequency
on the imaging resolution was investigated by examining the
estimated PSFs. Fig. 11 shows the mean estimated PSFs for
the different conditions evaluated here. The results suggest that
the estimates are independent of tubing diameters, and that as
expected, the PSF widens with lowering frequencies, thereby
qualitatively confirming the method’s operating principle.

Compared with the measurements with the LF config-
uration, the flow estimation bias was −16 mL/min, with
a significantly reduced SDE of 16 mL/min, resulting in
an unchanged RMSE of 22 mL/min. Pearson’s correlation
coefficient between reference and estimated mean flow mea-
surements remained unchanged at 86%. These results are
illustrated in Figs. 12 and 13 and are summarized further in
Table II. The negative estimation bias compared with the LF
configuration suggests residual dependence on the insonation
frequency. This could be addressed in the future by, for
instance, tuning the regularization parameter.

C. Sensitivity to Estimation Parameters

The estimation results were computed with varying values
of the regularization parameter λ. The results are illustrated in
Fig. 14 where it may be seen that the estimation bias starts to
become increasingly negative for large values (>0.5) of the
regularization parameter. In addition, multi-depth averaging

Fig. 11. Mean of estimated PSFs (normalized) for (a) HF and LF stacks
(b) without and (c) with the skull along with unit SD bounds (dashed
lines). Both 3-D and frontal views are shown. SD bounds removed from
frontal views for clarity.

was disabled, and the estimation results were recomputed for
only a single depth. For the LF configuration without the
skull mimicking element, the RMSE increased from 22 to
24 mL/min, while the bias was −5 mL/min. Similarly, with
the skull in place, the RMSE increased to 30 mL/min with a
bias of −9 mL/min, while the RMSE changed to 23 mL/min
with a bias of −17 mL/min for the HF configuration. More-
over, we altered the velocity selection threshold, γv , used
to approximately select the highest velocity. The resulting
flow estimation bias is shown in Fig. 15 and shows that the
estimation bias decreases very slightly with increasing values
of γv . Finally, the ensemble size was reduced from 32 to 16,
and the results were computed by averaging over varying
number of frames. The results are shown in Fig. 16 and
they show that the estimation results did not change sig-
nificantly despite the reduced ensemble. Moreover, reducing
the number of frames did not lead to estimation degradation.
In fact, this helped reduce the estimation bias in certain cases
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Fig. 12. Bland–Altman and scatter plots for vessel extent, mean velocity, and flow for constant (circles) and pulsatile (triangles) flow for the HF
configuration without the skull mimicking element. Bias (solid) and unit SD lines (dotted) are also shown. The mean and unit standard deviation
bounds are shown on the scatter plot. Reference lines (dashed) for ±20% flow are also shown in the scatter plot on the right.

TABLE II
ESTIMATION RESULTS’ SUMMARY (BIAS, SDE, RMSE)

Fig. 13. Per-pipe flow estimation bias and unit standard devia-
tion for (a) weighted integration and (b) proposed method for the
HF configuration.

(at the potential expense of increased standard deviation in the
results).

V. DISCUSSION

A. Flow Estimation Accuracy

Our method achieved RMSEs of 24%, 24%, and 29% for
the HF scheme, and for the LF scheme without and with
the skull, respectively, in tubings with diameters ranging from
2.4 to 6.4 mm. Prior application of CF-based volumetric flow
estimation has largely been limited to major vessels (diameters
∼5 mm) [1]. Holland et al. [42] previously showed that flow
measurement errors with conventional imaging systems could
be as high 50% in 3.2 mm diameter vessels and that the error

reduces to 17% for a 12.7 mm diameter vessel. In a more
recent study, Hudson et al. [15] used the volumetric weighted
integration approach to measure flows in porcine abdominal
vessels with diameters in the range of 3–6 mm using a
Philips 2–7 MHz transducer. Compared with a Transonics
flow probe, the derived estimates had a bias of −4.2% with
a standard deviation of 10.7% for flows between 60 and
750 mL/min. Kripfgans et al. [8], [16] have proposed using
weighted velocity integration to overcome partial insonation
effects in major vessels. The authors used a wideband 2 to
5 MHz transducer in [8], and a 3.75 MHz transducer in [16].
Recently, they conducted a multi-laboratory investigation of
their proposed technique using three different commercial
ultrasound scanners [43]. Volumetric flows were measured in
a conduit with a mean diameter of 5 mm over a wide range
of flows and depth variations. For depths between 2.5 and
5.5 cm and for constant flows, the three scanners had a
measurement bias of 4%, −2%, and −23%, respectively, and
the measurement standard deviation was seen to degrade for
greater depths. Performance, however, was not evaluated for
smaller vessels.

We found that the flow estimation accuracy of our imple-
mentation of the weighted integration approach showed a
diameter dependence, with poorer estimation for diameters
below 4 mm [see Fig. 7(a)]. For larger vessels, the estimation
error reduced significantly, and the estimated velocity profiles
closely followed the ridges in the PSD maps [see Fig. 5]. For
smaller vessels, the estimated velocity profile often deviated
from the ridge visible in the PSD maps. In some cases, the
noise floor setting proved inadequate, leading to significant
overestimation. While the noise floor can be raised in such
circumstances, the marked deviation of estimated velocities
from the PSD map ridges suggests that an alternate approach
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may be desirable for recovering the true underlying velocity
profile while being resilient to system noise.

The proposed deconvolution-based approach appears feasi-
ble for flow estimation in small vessels (<4 mm diameter)
using LF (2.3 MHz) ultrasound. The method exhibits reduced
diameter dependence compared with the weighted integration
approach and yielded volumetric flow estimates with a bias of
0 mL/min and an RMSE of 22 mL/min across a 2–6 mm diam-
eter range at two different measurement angles in both constant
and pulsatile flow conditions. Importantly, the estimation was
carried out without altering the method’s hyperparameters,
pointing to the potential robustness of the technique. The
estimation accuracy did not degrade substantially (RMSE of
26 mL/min) when the SNR was reduced by introducing a skull
mimicking element. Moreover, the estimation performance
was also evaluated at a higher frequency (4.4 MHz) without
altering the hyperparameters, and while the estimation bias
decreased to −16 mL/min, the RMSE did not change due to
a reduced SDE.

The estimation bias was close to zero for the LF config-
uration without the skull mimicking element in place (see
Fig. 7). For the remaining configurations, however, the bias
was generally negative, indicating flow underestimation. This
was potentially caused by diameter underestimation resulting
from aggressive deconvolution and can be addressed in the
future by, for instance, altering hyperparameters such as the
regularization threshold individually for each configuration.

B. Comparison With Prior Deconvolution-Based Methods

Solutions to deconvolution problems can often exhibit sen-
sitivity to changing regularization. Another challenging aspect
of deconvolution problems involves the estimation of the PSF.
For medical ultrasound imaging, the PSF is known to vary spa-
tially [20] and with changes in acoustic properties of the tissue.
Ideally, therefore, the PSF estimates should be space-varying
and subject-specific. Classically, deconvolution has been used
in medical ultrasound for B-mode resolution enhancement
[21], [44]. Recently, a deconvolution-based approach has also
been proposed for enhancing the quality of power Doppler
images of the microvasculature [45], [46]. In [45], a pretrained
PSF was used. At the expense of computing power, not only
the Doppler signal but the clutter signals were also estimated.
Subsequently, Pham et al. [46] proposed a joint-optimization
scheme in which deconvolution and PSF estimation were
performed iteratively, precluding the need for a pretrained PSF
at the cost of increased computation. A single, 2-D, space-
invariant PSF was determined for the entire image of interest.
The technique was evaluated for imaging the microvasculature
using 9 MHz ultrasound with plane wave imaging. Quantita-
tive measurements of flow were not reported. Sensitivity of the
results to changes in the regularization parameters was also not
reported.

Our proposed technique also relies on deconvolution. The
proposed PSF estimation method leverages the observation
that the highest velocity occurs at a single point in vessels
with fully developed flow. We can approximately isolate the
signal from that point by passing the received CF signals

Fig. 14. Effect of changing regularization.

Fig. 15. Effect of changing velocity selection threshold, γv .

through a passband filter (implemented via PSD estimation).
The spatial distribution of the passband filtered signal naturally
serves as an estimate of the PSF. The PSFs are inherently
space-varying such that separate and possibly different PSFs
will be estimated for two vessels at different depths. The
proposed technique does not allow estimation of the axial
component of the PSF, and thus, estimation accuracy may suf-
fer when using pulses that are longer than the ones evaluated
here. The results of our sensitivity analysis show that the esti-
mation results remain comparatively invariant for nearly two
orders of magnitude change in the regularization parameter
(0.01 ≤ λ < 0.5), pointing to the potential robustness of the
technique. For higher values of λ, we found the estimation
bias to become increasingly negative (see Fig. 14). We also
found that the estimation results were robust to the changes
in the velocity selection threshold (see Fig. 15). Importantly,
we also found that reducing the ensemble length to 16 did not
significantly alter the estimation results. In addition, the results
were found to remain consistent when we averaged over fewer
frames (see Fig. 16).

C. Features of Our Work

In addition to yielding better estimation accuracy compared
with the weighted integration approach, the RMSEs of the
estimated vessel extents were 0.6, 0.5, and 0.7 mm across the
HF scheme, and for the LF scheme without and with the skull,
respectively. This suggests that the underlying mean velocity
estimates were also correctly estimated. It is encouraging that
these estimation results were obtained across all the tubes
and configurations without altering the method’s parameters.
Moreover, the estimation accuracy does not exhibit as strong
a diameter dependence as that of the weighted integration
approach (see Figs. 7, 8, and 13) which is also quite encour-
aging.

Our results suggest that the technique may be appropriate
for cerebral arterial BF measurement where the vessels’ diam-
eters are of the order of 3 mm [9], [47], [48] and where
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Fig. 16. Effect of averaging over multiple frames for ensemble of (a) 32 and (b) 16.

the SNR may be worse compared with that in soft-tissue
insonation. In transcranial applications, however, aberration
correction may be necessary as evident from Fig. 10 that
shows systematic underestimation may occur if the refrac-
tion effects of the skull mimicking element are not incorpo-
rated. The current skull aberration removal technique applies
an approximate correction during data postprocessing. The
advantage of this method is that data collected by standard
beamforming techniques can be used. Adaptive beamforming
techniques, however, will be necessary if greater fidelity is
required.

The current work did not explicitly account for spectral
broadening [26]. This may be done, for instance, by including
a frequency-domain convolution matrix in (12) leading to a
model of the form P S = AP RW where a pretrained value
for W may be used.

Demené et al. [49] have recently demonstrated feasibility
of imaging cerebral vessels with 2 MHz ultrasound. Their
approach, however, requires microbubble infusion. In con-
trast, the approach proposed here does not require contrast
agents and is therefore suitable for long-duration monitoring
applications. This comes, naturally, at the expense of imaging
resolution that may be obtained with use of contrast agents.

The contributions of our work therefore include the devel-
opment of a mathematical description for the PSD maps of
CF data. A simple technique has been proposed to determine
the PSF of the imaging system, and an algorithm has been
proposed to deconvolve the PSD maps to obtain velocity
profiles. A coordinate mapping technique has also been pro-
posed to account for cranial aberrations. Extensive experiments
have been conducted, and the proposed technique has been
shown to measure volumetric flows in vessels with diameters
as low as 2.4 mm with both 2.3 and 4.4 MHz ultrasound
across a range of measurement angles. The proposed algorithm
was applied to data from all the frequencies without altering
the estimation parameters, pointing to the robustness of the
proposed technique. At present, raw radio frequency (RF)
signal averaging was not used and could help yield more
consistent results, particularly in cases with low SNR.

D. Extension to Physiological Flow Profiles

The proposed PSF estimation method relies on the velocity
being higher near the center of the vessel. Such conditions may
not always exist in physiological flow profiles encountered in

clinical practice. For instance, there may be plug-like flow
during the systolic phase with near-constant velocity across the
vessel lumen. In such scenarios, PSF estimation will have to
be performed in the diastolic phases where parabolic-like flow
may be expected to exist. Moreover, cardiac gating techniques
may be used in future work to overcome limitations imposed
by interframe PSD averaging used in the current work. Such
PSD averaging may not be applicable to vessels with, for
instance, plug flow during systole. Advanced clutter rejection
techniques may be explored in the future for more accurate
estimation of velocities close to the vessel wall that could
get contaminated by clutter due to wall-motion. Under certain
(patho)physiological conditions, red blood cells are known to
form rouleaux. While our method has not been evaluated under
such circumstances, the deconvolved PSD map, ̂P R , can be
expected to comprise bright spots corresponding to the regions
with rouleaux. The ensuing velocity profile estimation method
can be expected to function as before as long as the brightness
does not vary by multiple orders of magnitude across the
vessel lumen.

E. Limitations and Future Work

While we tested our technique on sequentially recorded CF
data, the underlying mathematical formulation is also valid
for parallel data acquisition schemes where PSD analysis
may not be necessary as the model of (8) may be directly
applicable. At present, our clinical ultrasound device did
not allow volumetric CF, and thus we performed manual
angle correction. In clinical use, such manual angle correction
can itself introduce errors in the measurement with a 20◦
error in the measured angle leading to a 6% error in the
estimated velocity [50]. It will be desirable, therefore, to use
volumetric CF in subsequent work. For instance, sequential
scans may be performed along 2-D planes rotated by a range
of angles ψ about the z-axis (see Fig. 1). The vessel cross
section in each plane may then be analyzed to extract the
velocity profile in that plane. The extracted velocity profiles
can then be integrated across all the rotation angles ψ to
yield the volumetric flow. The resulting BF estimates would
be independent of the vessel–beam angle and vessel shape [8].
Moreover, the current study was limited to a flow phantom.
A more realistic skull phantom may be used in future work
modeling variable thickness, surface contours, and diffraction
from the diploe. Alternate vessel mimicking substances may
also be used to overcome shadowing caused by the vessels
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used in this work (see Fig. 4). Tests can also be conducted
on human subjects, with the ground-truth vessel diameters
possibly obtained via MRI or CT imaging. Future work can
also focus on implementing the algorithm for real-time oper-
ation to allow long-term data collection for monitoring appli-
cations. In future work, simultaneous M-mode measurements
of the vessel diameter under varying flow conditions would
be beneficial to independently confirm the diameter values.
Work could also be done to evaluate the method’s performance
on models of stenosed vessels where beam–vessel angles
can vary drastically. Moreover, at present the PSF estimates
could only be evaluated qualitatively, and future work could
include comparisons with ground-truth measurements made
with hydrophones.

VI. CONCLUSION

With the proposed approach, we were able to determine
volumetric flows in vessels with diameters from 2 to 6 mm
using the same set of parameters with different insonation
frequencies. Experiments were performed with and without
skull mimicking elements at multiple vessel–beam angles.
The results suggest that our method remains robust to both
changes in insonation frequency and SNR. Thus, the proposed
technique could pave the way for reliable volumetric flow
measurement in small arteries such as those of the cerebral
circulation. Ultrasound measurements are currently limited by
the need to have trained ultrasound technicians, and clinical
translation of our method would greatly benefit from “smart”
ultrasound sensors with automated volumetric vessel scanning
and detection capabilities.

APPENDIX A
PARTIAL VOLUME CORRECTION VIA

WEIGHTED INTEGRATION

Here, we outline our implementation of the partial volume
correction method proposed by Kripfgans et al. Specifically,
weighted velocity values, v̂kωk , are generated, where ωk is a
weight that is determined by first computing the mode, PM

(most frequently occurring value), of the corresponding distri-
bution of power values, Pk [8], [16] (see Fig. 17). An upper
power threshold, PT , is then set equal to γ × PM where γ is
set to 0.9 as originally prescribed [8]. In our implementation,
we found it necessary to also estimate the power noise floor,
NF. The weights in our implementation are then

ωk =
{

0, Pk ≤ NF

min
(

1, Pk
PT

)
, otherwise.

(21)

We empirically set NF as the 60th percentile of the power
values.

APPENDIX B
DERIVATION OF (8)

Applying the DFT along the ensemble dimension to sk[n]
Sk( f ) =

∑
n

sk[n]e− j2π f n

Fig. 17. Illustration of the method of Kripfgans et al. [8]. (a) Velocity
weights (red) are determined by analyzing the CF power (black). The
process is shown here for a single imaging plane. (b) Raw velocity
trace (gray) and weighted velocity profile (red) are shown. Weighted
velocity profiles across all the imaging planes are integrated to yield
volumetric flow.

=
∑

n

(∑
l

ak−l rle
j2π fl n

)
e− j2π f n

=
∑

l

ak−l

(∑
n

rle
j2π fl ne− j2π f n

)
=

∑
l

ak−l Rl( f ) = ak ∗ Rk( f ) (22)

where Rk( f ) = ∑
n rke j2π fkne− j2π f n . Thus, it may be seen

that the spatial convolution relationship between sk[n] and
rk[n] also applies in the frequency domain between Sk( f ) and
Rk( f ).

APPENDIX C
COMPUTATIONAL ASPECTS OF THE PROPOSED METHOD

Summary: Compared with the approach of Kripfgans et al.,
the proposed flow estimation procedure is more computa-
tionally intensive as it requires computing the PSDs and
solving the optimization task of (16). PSD computation was
performed using the FFT algorithm. Thus, O(K W log2 W )
steps were needed where K is the number of azimuths and
W is the number of frequency bins. As shown subsequently,
the deconvolution procedure used in the current work required
O(I K 2W ) steps, where I is the number of aggregate iterations
required in the optimization routine. The optimization method
used here can be sped up in the future via parallelization
techniques if the current computation cost proves prohibitive
for real-time applications.

Derivation: To derive the computational cost of the ADMM
approach used here, we begin with the augmented Lagrangian
function

L = h
(

P R)+tr{��(P R− P Z)}
+ λ	P Z	1+ ζ

2
	P R− P Z	2

F (23)

where h(P R)=||P S − ÂP R||2F , tr{} is the trace of a matrix,
� is a K × W matrix of Lagrange multipliers, and P Z is a
K × W set of dummy variables. The iterative procedure of
Algorithm 1 was then used.

Here, J (P R) is the optimization objective function of (17).
Step 7 in Algorithm 1 can be performed in an elementwise,
closed-form fashion

P Z
kw = g

(
λ

ζ
, P R

kw − 1

ζ
�kw

)
(24)
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Algorithm 1 ADMM Procedure

Input: Â, P S

Output: ̂P R

/* Initialization */

1 ̂P R ←− P S

2 P Z ←− ̂P R

3 �kw ←− 1 ∨ k, w
4 ζ ←− 10
/* Optimization */

5 while Change in J (̂P R) > 1% do
6 ̂P R ←− arg minP R,P R

kw≥0 h(P R)+ ζ
2	P R+ 1

ζ
�−P Z	2

F

7 P Z ←− arg minP Z λ	P Z	1 + ζ
2	̂P R− 1

ζ
�− P Z	2

F

8 � ←− �+ ζ(̂P R − P Z)

where k and w are the row and column indices, respectively,
and g(a, b) is a shrinkage operator [33] defined as

g(a, b) =

⎧⎪⎨⎪⎩
b − a, b > a

0, |b| < a

b + a, b < −a.

(25)

Thus, Step 7 requires O(K W ) steps as does Step 8.
A coordinate-descent approach was used for Step 6 in

Algorithm 1 in which the optimization problem was solved
for each element of P R while holding the remaining elements
fixed. Specifically, the objective function in Step 6 is

J2
(

P R) = h
(

P R)+ ζ
2
	P R − X	2

F (26)

where X = P Z − (1/ζ )�. The gradient of J2 is

∂ J2

∂ P R = A2 P R + ζ
2

P R − ζ
2

X − X2 (27)

where A2 = Â
ᵀ

Â, and X2 = Â
ᵀ

P S. Setting the gradient to
zero for the kwth element in P R and applying the positivity
constraint

P R
kw = max(0, b/a)

a = A2,kk + ζ/2
b = ζ

2
Xkw + X2,kw −

∑
j, j �=k

A2,k j P R
jw. (28)

Elements in P R were iteratively updated using this formula-
tion as shown below in Algorithm 2.

Algorithm 2 requires O(I2 K 2W ) where I2 is the number
of iterations of the while loop. Consequently, the ADMM
procedure itself requires O(IA I2 K 2W ) where IA is the number
of iterations of the while loop in Algorithm 1. On average,
I = IA I2 is of the order of 50 steps with a maximum of 100.

APPENDIX D
CRANIAL ABERRATION CORRECTION

A cranial aberration correction stage may be needed for
transcranial application of our technique. Specifically, the skull
is known to defocus transmitted beams, leading to a systematic
error in the estimated vessel diameters. Several approaches
have been proposed to account for the cranial aberration and

Algorithm 2 Step 6, Algorithm 1

Input: Â, A2, X, X2, P R
0 , ζ

Output: ̂P R

/* Initialization */

1 ̂P R ←− P R
0

/* Optimization */

2 while Change in J2(̂P R) > 0.5% do
3 for k = 1 : K do
4 a ←− A2,kk + ζ/2
5 for w = 1 : W do
6 b ←− ζ

2 Xkw + X2,kw −∑
j, j �=k A2,k j ̂P R

jw

7 ̂P R
kw ←− max(0, b/a)

Fig. 18. (a) Model of acoustic transcranial acoustic propagation. Ray
refracts at two interfaces. (b) Geometry for one interface is shown.

typically require access to data from individual transducer
elements [51]–[53]. These techniques may not be applicable in
cases where only postbeamformed data are available as is the
case with most commercial devices. In our case, we therefore
chose to remap the spatial coordinates of postbeamformed
data using ray-theory-based arguments as illustrated in Fig. 18.
The skull thickness and position can first be determined
using B-mode images (in our case, we manually specified the
skull thickness and speed of sound). To account for cranial
aberrations, we consider the simplified geometry where two
media, Pi and Pi+1, are separated by an interface whose
coordinates are given by z = pi(x). The speed of sound in
the two media is ci and ci+1, respectively. A ray originating at
(xi , zi ), moving along the direction φi in medium Pi , intersects
the interface at a coordinate (xi+1, zi+1) and makes an angle
φi + δi with the interface normal such that

xi+1 = xi + (zi+1 − zi ) tan(φi )

zi+1 = pi(xi+1)

δi = tan−1

(
d

dx
pi(xi+1)

)
�Ti = 1

ci

√
(xi+1 − xi)

2 + (zi+1 − zi)
2 (29)

where the interface makes an angle δi relative to the z-axis, and
�Ti is the one-way travel time through the medium. By Snell’s
law, the ray emerges in medium Pi+1 with an angle φi+1

relative to the z-axis where

φi+1 = sin−1

(
ci+1

ci
sin(φi + δi)

)
− δi . (30)

Transcranial ultrasound propagation can be modeled using a
two-interface geometry [see Fig. 18(a)] where the objective is
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to determine corrected coordinates (x �, z�) for the ultrasound
echo received after a one-way travel time Tr , and initially
registered as having come from a radial distance ρ0 = cTr

for a beam transmitted from the origin, (x0 = 0, z0 = 0),
along initial direction φ0. Then

(
x �, z�

) =
⎧⎪⎨⎪⎩
ρ0(S0,C0), Tr ≤ T0

(x1, z1)+�ρ1(S1,C1), T0 < Tr ≤ T1

(x2, z2)+�ρ2(S2,C2), Tr > T1

(31)

where Ti = �T0 + · · · + �Ti , �ρ1 = cs(Tr − T0),
�ρ2 = c(Tr − T1), and Si and Ci denote sin(φi ) and cos(φi),
respectively. Here, c and cs are the speeds of sound in
tissue and skull, respectively. The three cases correspond to
reflections from regions proximal to the skull, within the
skull, and beyond the skull, respectively. The velocity profile
estimation and flow computation can proceed as before once
the corrected coordinates have been obtained.
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