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Abstract—Many spectroscopic techniques today rely on time-
resolved measurements under short excitation pulses. Instead of
using a chopped pump excitation, or ultrafast optical pulses, we
expand on and apply the previously developed set of frequency
domain methods to analyze the population level dynamics in
rare-earth-doped media. By identifying the full frequency response
of the gain medium, this method can accurately yield excited state
lifetimes and can also be used to estimate transition cross-sections.
The accuracy of the frequency domain methods are verified with
Er3+- and Tm3+-doped fibers, and an Al2O3 :Tm3+ waveguide,
recovering similar results as reported by time-resolved techniques.
The complete frequency domain model presented here can be used
in characterization of novel optical gain media, and can provide in-
sights into population dynamics in solid state amplifiers and lasers.

Index Terms—Rare-earth metals, optical pumping, laser ampli-
fiers, frequency domain analysis.

I. INTRODUCTION

S PECTROSCOPIC parameters such as lifetimes and transi-
tion cross-sections are essential pieces of information for

understanding population level dynamics in gain media. Many
optical phenomena including absorption, laser emission, sat-
uration, and even high-order effects like energy transfer up-
conversion and cross-relaxation can be modeled by using ex-
cited state lifetimes and transition rates between energy states
[1]–[5]. Knowledge of these spectroscopic properties is there-
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fore essential for understanding the photon dynamics in ampli-
fiers and lasers.

With the development of novel photonic materials engineered
for enhanced spectroscopic properties [6]–[9], measurements of
transition cross-sections and excited state lifetimes are becom-
ing important problems of topical interest. A wide range of
materials have been studied for their fluorescence and excited
state lifetimes after Gaviola’s demonstration of what he called
the fluorometer in 1927 [10]. In general, most lifetime measure-
ments are performed using either time-resolved or frequency
domain techniques [11]. For time domain measurements, in or-
der to resolve the transient response, pump excitations that can
be modulated with rise/fall times much shorter than the lifetime
are typically required [12]. Earlier time domain measurements
were based on pumping the active medium with a pulsed exci-
tation created either by flash lamps [13]–[15], or by mechan-
ically chopped continuous-wave pump lasers [16], [17]. Later
on, many doped crystals [18], [19], fibers [20], [21], and waveg-
uides [22]–[24] have been characterized for their excited state
lifetimes using mechanical choppers. Depending on the required
pump duration and the media studied, the excitation signal can
also be modulated with a pulsed electrical pump [25]; or an ex-
ternal electro-optic [26], [27] or acousto-optic modulator [28],
[29] may be used. It is also possible to use pulsed sources such
as Q-switched [30], or mode-locked femtosecond lasers [31]
to create the required pulsed excitations. Another time domain
technique involves the use of step-scan Fourier transform in-
frared (FTIR) spectroscopy to study time-resolved absorbance.
In contrast to a wavelength-by-wavelength measurement, an
FTIR spectroscope gives access to the whole infrared region
in one measurement by using a broadband infrared source and
a Michelson interferometer with a movable mirror [32]. Time
domain data is collected from the change in absorbance of the
studied sample, resulting in spectral data as a function of time
and wavelength [33], [34]. For all time-resolved measurements,
the recorded time domain data is analyzed for exponential de-
cay components, where one or multiple time-constants [35] or a
continuous lifetime distribution [36]–[38] can be extracted de-
pending on the number and types of luminescent species studied.

The fluorescence can also be analyzed in the frequency do-
main, where the sample is excited with a pump whose inten-
sity is sinusoidally modulated. The lifetime of the excited sam-
ple results in a phase shift between the intensity-modulated
pump and the resulting fluorescence [39]–[41]. Moreover, the
modulation amplitude of fluorescence is gradually attenuated
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with increasing driving frequency, due to the finite system
bandwidth. Measurements taking advantage of this phase shift
and the corresponding attenuation have been demonstrated in the
past [42]–[46]. Many biochemical samples have been studied
using these frequency domain techniques [47]–[50], resolving
lifetimes as short as a picosecond. However, despite its ver-
satility, the general family of frequency domain spectroscopic
techniques has not been widely used in the characterization of
solid state gain media. Specifically, no analyses of pump and
signal power dependence of the frequency response, or applica-
tions to measurements other than the lifetime have been found.

In this paper, we study the above described frequency domain
analysis in detail by deriving the complete transfer function be-
tween a modulated pump input and the signal output in rare-
earth doped glass media. We analyze the dependence of system
behavior on signal and pump rates in the frequency domain,
and confirm the transfer function approximation by numerical
simulations of the rate equations. We then use this system de-
scription for accurately measuring the spontaneous emission
lifetime and pump absorption cross-sections in rare-earth doped
gain media. After verifying our methods in Er3+- and Tm3+-
doped fibers, we characterize thulium-doped aluminum oxide
(Al2O3:Tm3+ ) waveguides. These newly found parameters can
be utilized to design high performance amplifiers and lasers in
the 1.8 μm − 1.9 μm gain spectrum of Tm3+ [51], [52].

II. TWO-LEVEL POPULATION MODEL WITH AN

AMPLITUDE-MODULATED PUMP

To model a sinusoidally modulated excitation in rare-earth
doped media, we represent the gain medium with a two-level
system. The use of a two-level system is validated by the follow-
ing assumptions: The steady state pump power is low, there are
already only a few energy levels accessible due to pump pho-
tons being low enough in energy, and some higher energy states
rapidly decay to the upper lasing level [3]. For systems pumped
stronger with higher-energy photons or those with longer-lived
higher-energy states, a general frequency domain analysis is
presented in the appendix.

The populations of the two levels are governed by the rate
equations that describe the rate of change of the number of rare-
earth ions in the ground or excited states. Here, we will refer to
the total population by Nt , the population in the ground state by
N0 , and the population in the excited state by N1 , where N0 +
N1 = Nt at all times. As Nt is constant, the rates of change in N0
and N1 have the same magnitude with opposite signs. This rate
of change is dictated by stimulated signal and pump absorption
from the ground state, and the stimulated and spontaneous signal
emission from the excited state as described by

dN0

dt
= −dN1

dt
= −σsaφsN0 − σpaφp(1 + m(t))N0

︸ ︷︷ ︸

stimulated signal and pump absorption

+ σseφsN1
︸ ︷︷ ︸

stimulated
emission

+
N1

τ
︸︷︷︸

spontaneous
emission

(1)

where φp and φs are the rates of pump and signal photons per
unit area, σpa , σsa , and σse are the signal absorption, pump
absorption, and signal emission cross-sections, and τ is the
spontaneous emission lifetime. Pump and signal rates can be
expressed as φp,s = Ip,s/(hνp,s) where h is Planck’s constant,
Ip,s are the intensities, and νp,s are the frequencies of the
pump and signal photons respectively. Here, we have added a
modulation term m(t) to represent the introduced perturbation
to the otherwise constant pump rate. In (1), we can separate the
modulation dependent pump absorption, and rewrite the rate of
change of the ground state population as

dN0

dt
= −N0

τeff
+ Nt

(

σseφs +
1
τ

)

− σpaφpN0m(t) (2)

where we defined the effective lifetime

1
τeff

= (σsa + σse) φs + σpaφp +
1
τ
≈ σpaφp +

1
τ

(3)

for φs � φp . Here, choosing to operate with a signal rate much
smaller than the pump rate allows us to simplify the effective
lifetime. This yields 1/τeff as a linear function of φp , with a
proportionality constant of σpa and a vertical intercept of 1/τ .
From the description in (3), σpa and 1/τ can be independently
determined from a dataset of (φp, 1/τeff ) pairs. Moreover,
even if the exact pump rate φp cannot be characterized due to
various pump coupling losses, as long as the pump power from
the source is well known, the vertical intercept 1/τ can still be
precisely calculated.

So far, we assumed that all the pump power input into the sys-
tem goes into modulating the population levels where the signal
mode spatially exists. Although this is a good approximation for
fibers, many waveguides in the tight confinement regime have
non-perfectly overlapping pump and signal modes due to strong
waveguide dispersion. We must therefore let φp = φp0Γ where
φp0 is the original input pump rate, and define the pump-signal
intensity overlap factor by

Γ =

∫∫

G e∗pepe
∗
ses da

(∫∫

∞(e∗pep)2 da
∫∫

∞(e∗ses)2 da
)1/2 (4)

where ep and es are the electric fields at the pump and signal
wavelengths. The overlap integral in the numerator is calculated
over the doped gain medium represented by region G, whereas
the normalization integrals in the denominator are calculated
over the whole waveguide cross-section.

In order to decouple the modulation dependence from the
nominal population levels, we let N0 = N0(ss) + ΔN0 , where
N0(ss) is the steady state population in the ground state, and
ΔN0 is the change introduced due to the pump modulation.
N0(ss) can be calculated from (2) by setting m(t) = 0, and is
given by N0(ss) = Ntτeff (σseφs + 1/τ). Equation (1) can then
be written in terms of N0(ss) and ΔN0 , and is simplified to

d

dt
ΔN0 = −ΔN0

τeff
− σpaφp

(

N0(ss) + ΔN0
)

m(t)

≈ −ΔN0

τeff
− σpaφpN0(ss)m(t). (5)
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Here, by restricting operation to only small modulation depths
where |m(t)| � 1, we made sure that ΔN0 � N0(ss) , and
obtained a simple relationship between ΔN0 and m(t). The
frequency dependence of ΔN0 on m(t) can be obtained from
the Laplace transform of (5), yielding the single-pole transfer
function

H1(s) =
ΔN0(s)
M(s)

= −σpaφpN0(ss)τeff

1 + sτeff
(6)

where ΔN0(s) and M(s) are Laplace transforms of ΔN0 and
m(t) respectively. Equation (6) describes a single-pole low-pass
filter with corner frequency s0 = 1/τeff . Physically, the low-
pass response of H1(s) indicates that the population levels will
lag behind the modulation m(t); and the system will respond
to the modulation with a bandwidth determined by the effective
lifetime τeff .

Although the modulation dependence of population levels is
predicted by (6), the experimentally observable quantities in a
gain medium are typically the output pump and signal powers
as measured by a photodetector. We therefore have to relate
the population levels to the resultant optical output power at the
pump or signal wavelengths. For the signal, the output power can
be expressed by the input power modulated by the absorption
and emission due to the changing population levels in the gain
medium of length L, and is given by

Pout = Pin exp (−σsaN0L + σseN1L)

= Pout(ss) exp (− (σsa + σse)ΔN0L) (7)

where we separated the signal output into its steady state level
Pout(ss) and a time-varying exponential. Using N1 = Nt − N0
and the definition of N0(ss) above, it can be shown that
Pout(ss) = Pin exp

((

σseNt − (σsa + σse) N0(ss)
)

L
)

. Since
ΔN0 is small compared to N0(ss) , (7) can be further simplified
by a Taylor expansion of the exponential term, yielding

Pout ≈ Pout(ss) (1 − (σsa + σse) ΔN0L) . (8)

With this approximation, we can completely separate
the signal output into its steady state and time-varying
components by Pout = Pout(ss) + ΔPout where ΔPout =
−Pout(ss) (σsa + σse) ΔN0L.

Clearly, the change in the output power depends linearly on
the population level change; and their transfer function includes
no frequency dependence:

H2(s) =
ΔPout(s)
ΔN0(s)

= −Pout(ss) (σsa + σse) L. (9)

Therefore, the only phase shift between the modulation input
m(t) and the recorded change in the signal output power ΔPout
is due to H1(s). The overall transfer function is then calculated
as

H(s) =
ΔPout(s)

M(s)
= H1(s)H2(s)

=
σpaφpN0(ss)τeff Pout(ss) (σsa + σse) L

1 + sτeff
. (10)

According to the low-pass frequency dependence indicated
in (10), the signal output power will lag behind the pump mod-

ulation by an amount determined by the effective lifetime τeff .
For modulations slower than τeff , the signal tracks the modula-
tion closely, since the system is able to effectively respond to
changes within its bandwidth. For modulations with time scales
quicker than τeff , the system will attenuate the change in the
signal output power, due to the low-pass filter response.

For systems with large NtL products, the decay of pump
power along the propagation direction may be significant. Since
the effective lifetime is pump power dependent, one would then
expect different lifetimes at the beginning and at the end of the
fiber or waveguide being tested. In that case, it may be neces-
sary to solve (1) with a spatial discretization where the pump
power can be treated as a piecewise constant function of length.
In the following numerical simulations and experimental mea-
surements, we made sure that the total absorption of pump power
stays within a few dB so that no further spatial discretization is
necessary.

III. NUMERICAL SIMULATIONS OF SIGNAL OUTPUT

WAVEFORM

In order to validate the approximations we made in the deriva-
tion of the low-pass response model in (10), we investigate
numerical solutions to (1) using various pump modulation pa-
rameters. For these numerical solutions, we assumed typical
spectroscopic parameters from rare-earth doped glasses where
Nt = 1020 cm−3 , σpa,sa,se ≈ 10−21 cm2 , and τ = 500 μs in a
10 cm long fiber with mode diameter of 5 μm. Unless indicated
otherwise by the variables in each numerical simulation, a pump
modulation frequency of f0 = 2 kHz, a signal input power of
Pin = 10 μW, and a steady-state pump power of 300 mW were
used, yielding 2πf0τeff ≈ 0.5.

First, we characterize the system response as a function of the
modulation amplitude m0 using a sinusoidal pump modulation
of the form m(t) = m0 sin (2πf0t). In Fig. 1(a), we plot the
normalized signal output in arbitrary units for 0.1 < m0 < 0.9.
With increasing m0 , the signal output deviates from the sinu-
soidal response predicted by the linear system model in (10).
For instance when m0 = 0.9, the output signal tends to quickly
saturate before the end of the first half-cycle of the pump mod-
ulation, due to the large initial increase in the pump rate. This
large pump power also results in the near-complete population
depletion of the ground state, saturating the amplifier and flat-
tening the otherwise sinusoidal output signal level. In contrast,
for small m0 , the output signal remains sinusoidal and can be
modeled with the transfer function approximation above. Con-
sequently, we set m0 = 0.1 for all subsequent simulations and
measurements.

Next, we study the effects of the pump modulation frequency
on the resultant signal. In Fig. 1(b), we plot the signal out-
put waveform with pump modulation frequencies from 50 Hz
to 20 kHz with a nominal pump power of 300 mW. For each
modulation frequency, the variation in the signal output ΔPout
is normalized to its own steady state value of Pout(ss) . The
dashed line indicates the expected 3 dB system bandwidth of
f = 1/(2πτeff ) where τeff is calculated with the spectroscopic
parameters above. For modulations slower than the system band-
width, the signal output stays in phase with the modulation
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Fig. 1. Numerical simulations of signal output waveform as a function of (a) modulation depth m0 , (b) modulation frequency f0 , and (c) steady state pump rate
φp . Waveforms plotted in (b) and (c) share the colorbar indicating the change in the signal output power with respect to the signal output with the unmodulated
pump.

input. On the other hand, with faster modulations, the signal
output lags behind the pump input as indicated by the tilting
phase of the colored waveform. On the dashed line, the phase
shift is exactly π/4 where the modulation frequency is equal to
the system bandwidth. The numerical solutions also verify the
predicted attenuation of the output signal for modulations above
the 3 dB filter cutoff. This is indicated by the dropping contrast
of the plotted waveform with increasing modulation frequency.

Finally in Fig. 1(c), we analyze the pump power dependence
of the signal output waveform. As before, for each pump power
simulated, ΔPout is normalized to its own steady state value
of Pout(ss) . Equivalent pump rates are plotted in the secondary
vertical axis in corresponding spectroscopic units from (3). Ac-
cording to the numerical solutions, for pump powers less than
14 dBm (φpσpaτ < 1), the ground state stays mostly filled,
and no significant change is expected in the signal output as
absorption is only weakly modulated. For pump powers over
24 dBm (φpσpaτ > 10), gain is saturated due to the mostly-
filled excited state; and the output signal power again does not
exhibit significant change with respect to its steady state value.
In contrast, when 1 < φpσpaτ < 10, changes in pump power
result in large variations in the signal phase shift. This variation
is induced by τeff ’s dependence on the pump rate φp , and is indi-
cated by the tilts in the plotted signal waveforms. A higher pump
rate results in a shorter effective lifetime; and the system exhibits
a smaller phase shift due to reduced 2πτeff product. Here, the
dashed line indicates the expected phase shift from the transfer
function in (10), and is equal to the angle of the complex quan-
tity 1/(1 + sτeff ). The excellent agreement of this dashed line
with the tilted signal waveforms once again proves the validity
of the approximations in the above derivation.

IV. EXPERIMENTAL CHARACTERIZATION OF

RARE-EARTH-DOPED GAIN MEDIA

We can utilize the change in the phase shift of the output signal
to study system dynamics for various gain media. Specifically,
due to the pump rate dependence of the effective lifetime, power
dependent system response can be analyzed in order to accu-
rately characterize spectroscopic parameters such as absorption

Fig. 2. Experimental setup for measuring the full transfer function of a rare-
earth doped fiber or waveguide. PCs only used for the waveguide that requires
transverse-electric pump and signal inputs. (PC: polarization controller, WDM:
wavelength division multiplexer, PD: photodetector).

and emission cross-sections, and the spontaneous emission life-
time. The experimental setup is shown in Fig. 2, where a rare-
earth doped fiber or waveguide is pumped with a modulated
pump laser. The signal is coupled to the gain medium with the
use of a fiber wavelength division multiplexer. Modulated sig-
nal output is measured with a photodetector, and its amplitude
and phase are compared to the modulation input using a lock-in
amplifier. The advantages of frequency domain measurements
for these materials are that only kHz modulation frequencies are
required, and high signal-to-noise ratio is achieved by amplitude
and phase measurements with lock-in amplifier averaging. For
an accurate analysis by the lock-in amplifier, it is important to
strongly attenuate any residual pump light at the detector. Even
though typical InGaAs detectors usually have reduced respon-
sivity at the shorter pump wavelengths for many rare-earth ions
(976 nm for Er3+ , 785 nm for Tm3+ ), we added a Si window
for a stronger pump attenuation. The use of counter-propagating
pump and signal lights can also provide additional extinction of
the pump at the detector if necessary.

The key to accurate spectral characterization is identification
of the effective lifetime τeff as a function of pump power as
per (3). We first verify this method with two gain media that
are well documented in literature: Er3+-doped silica fiber, and
Tm3+-doped silica fiber. With the use of the lock-in amplifier,
we measure the magnitude and phase of the transfer function
between the change in the signal output and the pump modu-
lation as a function of pump power. The magnitude and phase
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Fig. 3. (a)–(b) and (d)–(e) Magnitudes and phases of transfer functions for Er3+-doped and Tm3+-doped silica fibers measured with an amplitude-modulated
continuous-wave pump. Linear fits to the first pole locations in (c) Er3+-doped fiber and (f) Tm3+-doped fiber.

responses for a single-mode, 10 cm long Er-doped fiber with
0.30 dB/cm peak absorption are plotted in Figs. 3(a) and (b). The
1550 nm signal power in the fiber was approximately 100 μW,
much smaller than the 976 nm pump power which was over
1.5 mW. A least-squares fit was applied for each pump power
to obtain the solid lines corresponding to the analytical transfer
functions expected according to the model above. Both the mag-
nitude and phase responses show excellent agreement with the
single-pole filter description. Moreover, with increasing pump
rate, the filter cutoff 1/(2πτeff ) shifted to higher frequencies
due to the reduced effective lifetime.

With a two-pole filter fit, to account for the possibility of
a second lifetime, a second pole was found at a much higher
frequency, indicating fast relaxations from higher energy states.
However, the frequency of the first pole remained unchanged
when compared with the single-pole transfer function fits. Even
when the data were fit using the expected transfer function for
a three-level system with two poles and a zero (see appendix),
the location of the first pole did not change. In Fig. 3(c), we plot
the location of this first pole as a function of pump power in the
fiber. The data are accurately represented by the linear fit (solid
line), in agreement with the linear pump power dependence
in our definition of the effective lifetime. The vertical intercept
here corresponds to an unpumped gain medium, and is therefore
equal to the inverse of the spontaneous emission lifetime 1/τ as
before. For the Er3+-doped fiber, τ was measured to be (9.72 ±
0.11) ms from the linear fit, matching literature data for many
types of Er3+-doped silica fiber [53]. This measurement verifies
our effective lifetime model and its pump power dependence,

and demonstrates how it can be used to measure the spontaneous
emission lifetime for new gain media. We can also determine
the pump absorption cross-section from the slope in in Fig. 3(c)
using (3). After converting from the plotted pump power (Pp)
to the pump rate using φp = Pp/ (Ahνp), we can use the slope
to estimate that σpa = (2.24 ± 0.04) × 10−25 m2 at the pump
wavelength of 976 nm, where we calculated the circular mode
area A using a 9 μm mode diameter. This estimation again
matches with previously reported data from various Er3+-doped
silica fibers [54].

Next, we study an 8 cm long Tm3+-doped silica fiber with
an absorption of 0.24 dB/cm at 793 nm. Corresponding to
Tm3+ emission and absorption spectra, we used 1900 nm and
785 nm signal and pump laser diodes, with powers of 90 μW
and 1 mW respectively. As before, at each pump power, we
fit transfer functions using the measured magnitude and phase
responses [Fig. 3(d) and (e)], and represent the inverse of the
effective lifetimes with a linear fit [Fig. 3(f)]. It is known that
the spontaneous emission lifetime in typical Tm3+-doped silica
fibers (∼500 μs) is significantly shorter than that in Er3+-doped
silica (∼10 ms). Therefore, shorter lifetimes corresponding to
higher energy levels can more significantly alter the phase re-
sponse around 1/ (2πτeff ) for Tm3+ . This explains why the
phase response differs slightly from the transfer function fits
at frequencies above 1 kHz in Fig. 3(e). Consequently, two-
pole filter fits were used to capture any shorter lifetimes that
may be influencing system response at these higher frequencies.
However, we did not use the second pole to identify or measure
any upper-state lifetimes, as this second-pole may represent the



3000110 IEEE JOURNAL OF SELECTED TOPICS IN QUANTUM ELECTRONICS, VOL. 24, NO. 5, SEPTEMBER/OCTOBER 2018

Fig. 4. (a) Inverted ridge waveguide design with blanket-deposited Al2O3 :Tm3+ layer. Fundamental transverse-electric (b) pump and (c) signal mode intensity
profiles in the inverted ridge waveguide. (d) Magnitude and (e) phase responses for the Al2O3 :Tm3+ waveguide. (f) Linear fit to the first pole locations calculated
from the transfer function fits.

combined result of several energy states with fast dynamics.
For the Tm3+-doped fiber, due to the shorter lifetime, we used
higher pump powers than in case of Er3+ in order to resolve the
differences in the four plotted magnitude and phase responses in
Fig. 3(d) and (e). Nevertheless, the linear fit to the first pole lo-
cations in Fig. 3(f) indicates a spontaneous emission lifetime of
(611 ± 42) μs, agreeing with previous results [55]. Similarly,
the pump absorption cross-section at 785 nm is estimated from
the slope of the linear fit as σpa = (5.60 ± 0.76) × 10−25 m2 ,
in agreement with previous measurements in Tm3+-doped silica
fiber [56].

Lastly, we characterize our newly developed Al2O3:Tm3+

gain medium. We use the inverted ridge waveguide design in
Fig. 4(a) consisting of a hSiN = 200 nm thick multi-segment
SiN structure and a hAl2O3 = 1.1 μm thick back-end deposited
gain medium. The SiN layer was fabricated in a 300 mm CMOS
foundry via plasma enhanced chemical vapor deposition and
patterned using deep reactive ion etching. Each SiN segment was
designed to be wSiN = 300 nm wide, and separated from the ad-
jacent segment by a gap of gSiN = 350 nm. The Al2O3:Tm3+

gain medium was reactively sputtered on top of the 2 cm long
waveguide from Al and Tm targets as a back-end process, us-
ing methods outlined previously in [57]. The Tm3+ dopant
concentration was 1.6 × 1020cm−3 , as measured by Rutherford
back-scattering.

This specific waveguide design confines majority of pump
and signal fundamental transverse-electric (TE) modes in the
blanket-deposited gain medium as indicated by the mode in-
tensity profiles in Fig. 4(b) and (c). The pump mode area is
calculated from the intensity profile, and is equal to A =
7.4 μm2 . The intensity overlap of the pump and signal modes

in the gain medium is calculated to be 0.934 by the defini-
tion in (4). Corresponding magnitude and phase responses and
transfer function fits are plotted in Fig. 4(d) and (e). Due to
the smaller mode area and higher pump rate φp , the transfer
functions were measured with pump powers of only up to 20
mW, compared to the 150 mW in case of the Tm3+-doped fiber.
We again used two pole filter fits and plotted the correspond-
ing first pole locations in Fig 4(f). Note that the horizontal axis
indicating the pump power in the waveguide as well as the pow-
ers indicated in the legends have been scaled by the intensity
overlap factor Γ. The linear fit yields the spontaneous emis-
sion lifetime of (568 ± 48) μs, and an absorption cross-section
estimate of σpa = (5.83 ± 0.40) × 10−25 m2 . This absorption-
cross section shows good agreement with previously reported
results for other sputtered Al2O3:Tm3+ waveguides [58]. The
reduction in the measured upper lasing-state lifetime compared
to the Tm3+-doped fiber can be explained by the higher Tm3+

dopant concentration in the waveguide.
The frequency domain techniques described here are based on

the linear rate equation in (1) and the assumption of small pump
modulation depth. Consequently, the mathematical description
neglects processes such as energy transfer upconversion or pair-
induced quenching. However, such higher-order phenomena are
significant for fibers or waveguides with high doping concen-
trations due to the nonlinear terms they introduce in the rate
equations. Especially under strong pumping, as the upper las-
ing state reaches appreciable population density, additional de-
cay mechanisms become significant with the pathways intro-
duced by energy transfer processes between rare-earth ions. The
increased decay rate is observed as a reduction in the effective
lifetime at high concentrations and high pump powers [21], [59].
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This nonlinear dependence could explain the deviation of the
first pole locations plotted in Figs. 3(f) and 4(f) from the linear
fit at high pump powers. Moreover, as lightly doped Er-fibers
typically have lifetimes over 10 ms [60], [61], the measured
value of (9.72 ± 0.11) ms may also indicate the presence of
nonlinear energy transfer processes not treated by the presented
model.

V. CONCLUSION

We have identified and detailed a family of frequency domain
methods to characterize the system response in optically-
pumped rare-earth doped gain media. The methods outlined are
based on describing the effective system lifetime as a linear func-
tion of the pump rate, and characterizing how this lifetime dic-
tates system bandwidth. We used a two-level model to describe
the energy levels in the gain medium, and derived a low-pass fil-
ter response between the modulated pump and the resulting pop-
ulation levels that determine the signal gain and absorption. We
verified our methods by confirming the well-known spontaneous
emission lifetimes and pump absorption cross-sections in Er3+

and Tm3+-doped silica fibers. Then we characterized our newly
developed Al2O3:Tm3+ waveguides and measured the spon-
taneous emission lifetime and 785 nm absorption cross-section
as (568 ± 48) μs and (5.83 ± 0.40) × 10−25 m2 respectively.

The methods studied in this paper can be expanded by mod-
eling the gain media as systems consisting of more than two
energy levels. This is described in detail in the appendix. Ob-
taining an analytical description with more transitions can yield
more accurate system representations and allow spectroscopic
measurements of more complex kinetics such as upper state
transition or relaxation cross-sections and lifetimes. The pump
power dependence of system bandwidth can also be utilized in
other media such as semiconductors for excited state lifetime
measurements.

APPENDIX

FREQUENCY DOMAIN ANALYSIS OF THE THREE-LEVEL

GAIN MEDIUM

The analysis in the text assumes a two-level system consisting
of a ground state and an upper lasing state of the rare-earth
dopants. We can generalize the frequency domain treatment
with an amplitude-modulated pump by including higher energy
levels that may be significant in case of short wavelength pump
excitations. In general, we can describe the vector of population
levels (N ) with a set of coupled rate equations that can be
written as

d

dt
N = (Q0 + Qm ) N + P (11)

where Q0 , Qm and P include coefficients and terms involving
absorption and emission cross-sections as well as lifetimes of the
respective energy levels. Here, we separated the time-dependent
part of the right hand side in (11) by defining Qm to represent
the modulated part of the input pump power. Consequently, Q0
and P are time-independent. Conservation of total number of
dopants is implicitly included within the constant term P . This

Fig. 5. Energy levels and transitions in a three-level gain medium.

is also why the size of matrix equation (11) is one less than the
number of energy levels.

As before, we can represent each population level by a
steady state population and a time-varying component due to
the amplitude-modulated pump by letting N = N(ss) + ΔN .
The steady state solution is obtained under no pump modulation
(Qm = 0), and by setting the time-derivative to zero:

N(ss) = −Q−1
0 P. (12)

We can then rewrite (11) in terms of N(ss) and ΔN , and use
the fact that dN(ss)/dt = 0. This yields a new set of differential
equations that describe the rates of change of ΔN :

d

dt
ΔN = (Q0 + Qm )(N(ss) + ΔN) + P

≈ Q0ΔN + Qm N(ss) . (13)

Here, by using only small modulations of the pump power,
we made sure that the population levels only slightly deviate
from their steady state values, and ΔN + N(ss) ≈ N(ss) . The
frequency response is obtained from in (13) by evaluating the
Laplace transform of both sides, yielding

ΔN(s) = (sI − Q0)−1Qm (s)N(ss) . (14)

Once we have the general solution above, we can utilize it in a
particular three-level system. A diagram of the energy levels for
a typical three-level system is shown in Fig. 5. The total popula-
tion of dopant ions is given by Nt = N0 + N1 + N2 . Lifetimes
τ1 and τ2 correspond to the spontaneous decay rates for transi-
tions between levels 1 → 0 and 2 → 1 respectively. Specifically,
population levels in this three-level system are governed by the
rate equations

dN0

dt
= − σpaφp (1 + m(t))N0 − σsaφsN0

+ σseφsN1 +
N1

τ1
(15)

dN1

dt
= σsaφsN0 − σseφsN1 − N1

τ1
+

N2

τ2
. (16)

To match the general form in (11), we rewrite the rate equa-
tions as

d

dt

[

N0
N1

]

=
([

q00 q01
q10 q11

]

+ Qm

)[

N0
N1

]

+
[

p0
p1

]

(17)
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where the specific coefficients are given by

q00 = −σpaφp − σsaφs (18)

q01 = σseφs + 1/τ1 (19)

q10 = σsaφs − 1/τ2 (20)

q11 = −σseφs − 1/τ1 − 1/τ2 (21)

p0 = 0 (22)

p1 = Nt/τ2 (23)

Qm =
[−σpaφpm(t) 0

0 0

]

. (24)

Then, the transfer functions in (14) for the changes in the two
population levels ΔN0 and ΔN1 can be evaluated as

[

ΔN0(s)
ΔN1(s)

]

=
−σpaφpN0(ss)M(s)

D(s)

[

s − q11
q10

]

(25)

where M(s) is the Laplace transform of the pump modulation
m(t), and D(s) = (s − q00)(s − q11) − q01q10 .

As we did for the two-level system, we then relate the change
in the population levels to the measured change in the signal
output by

Pout = Pin exp (−σsaN0L + σseN1L)

= Pout(ss) exp (−σsaΔN0L) exp (σseΔN1L) (26)

where we defined the steady state signal output power
as Pout(ss) = Pin exp

(−σsaN0(ss)L
)

exp
(

σseN1(ss)L
)

. Since
ΔN0 � N0(ss) and ΔN1 � N1(ss) , we can use a first order
Taylor approximation in (26) to approximate the change in the
output power and its Laplace transform by

ΔPout(s) = Pout(ss)(−σsaΔN0(s) + σseΔN1(s))L (27)

Finally, we replace ΔN0(s) and ΔN1(s) in (27) by the so-
lutions in (25) to obtain the full transfer function between the
pump modulation M(s) and the change in the measured pump
power Pout(s):

H(s) =
σpaσsaφpN0(ss)Pout(ss)L

D(s)

×
[

s −
(

q11 +
σse

σsa
q10

)]

(28)

In general, the number of poles in this transfer function is the
degree of the polynomial D(s), and is also equal to the size of the
matrix equation (11). Specifically, H(s) in (28) has two poles
at s± where D(s±) = 0. H(s) also has a zero at s0 = q11 +
(σse/σsa)q10 = −1/τ1 − (1 + (σse/σsa))/τ2 . One can confirm
the response in (28) converges to that of a two-level system by
evaluating the zero and pole locations at the limit where τ2 ap-
proaches 0. In fact, as τ2 → 0, it can be shown that s0 → −∞,
s− → −∞, and s+ → − ((σsa + σse)φs + σpaφp + 1/τ1), ex-
actly matching the response in (10) and the −1/τeff pole
in (3).
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