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c⃝ Società Italiana di Fisica 1



2 Martin W. Zwierlein

1. – Introduction

Strongly interacting gases of ultracold fermionic atoms provide an amazingly rich

test-bed for many-body physics, and a platform for the search of novel states of matter.

Ultracold atomic Fermi gases are a million times thinner than air (density n ∼ 1013 cm−3)

and up to 100 million times colder than interstellar space (temperature T ∼ 10 nK).

Typical Fermi energies are measured in µK: EF ∼ kB × 1µK ∼ 10−10 eV. Interactions

in these gases can be freely tuned to be as strong as quantum mechanics allows, by

means of Feshbach resonances [1, 2, 3, 4]. Free tuning of the interaction strength has

allowed the discovery of pair condensation and superfluidity in these Fermi gases in

the crossover from Bose-Einstein condensation of tightly bound molecules to Bardeen-

Cooper-Schrieffer (BCS) superfluidity of long-range Cooper pairs [5, 6, 7, 8, 9, 10, 11,

12, 13]. The remarkable properties of these gases have been uncovered in a sequence of

experiments over the past years: Superfluidity and phase coherence in these gases was

directly demonstrated via the observation of lattices of quantized vortices in rotating

Fermi gases [14]. The critical velocity of the superfluid was found in [15] to be a good

fraction of the Fermi velocity in the strongly interacting regime, demonstrating the robust

nature of the superfluid. Upon cooling under slow rotation, a reduced moment of inertia

was found below a critical temperature [16]. As a further hallmark of superfluidity, second

sound, a relative motion of superfluid and normal parts of the gas, was directly observed

in [17]. The characteristic drop of flow resistance expected for a superfluid was revealed

in a transport experiment between two reservoirs [18]. Radio-frequency spectroscopy

allowed the direct measurement of the single-particle excitation spectrum [19, 20, 21,

22, 23, 24]. Collective excitations revealed almost inviscous hydrodynamic flow even in

the normal state above the superfluid critical temperature [12, 25, 26, 27, 28]. At the

Feshbach resonance, the gas is said to be a “perfect fluid”, as the mean-free-path for

collisions is as short as at all possible: One interparticle spacing. This leads to quantum

limited transport, for example a shear viscosity η ≃ ~n [29] and a spin diffusion coefficient

Ds ≃ ~/m [30] that has a minimum value just given by constants of nature. The ratio

of shear viscosity to entropy density comes close to a lower bound predicted for a wide

class of theories [31], a property that strongly interacting Fermi gases at Nanokelvin

temperatures share with the Quark-Gluon plasma created at several trillion Kelvin [32].

At the Feshbach resonance, where the interactions become limited by the unitarity

of quantum mechanics, the gas enters a universal regime of scale-invariance. The only

energy scales are the Fermi energy and the temperature. The thermodynamics of the

gas become universal [33] and directly relate for example to the physics of dilute neutron

matter in the crust of neutron stars. The equation of state of strongly interacting Fermi

gases was measured with a precision that allows to distinguish between current theories

of interacting Fermi gases [34, 35, 36, 37, 38, 39]. Such theories are often plagued by the

fermion sign problem - the fact that fermions must be in a fully antisymmetric state -

and their validity can now be tested in ultracold atom experiments, with direct impact

into condensed matter, nuclear and particle physics.

Spin-imbalanced mixtures of strongly interacting fermions represent a novel system
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without weakly interacting counterpart in condensed matter physics [40, 41, 42, 43, 44].

Indeed, to induce spin imbalance in conventional superconductors one would have to ap-

ply magnetic fields that are however expelled by the Meissner effect. In ultracold gases,

chemical potential imbalance and orbital effects in the superfluid can be studied indepen-

dently, the first via spin imbalance, the second via rotation. Spin imbalance has allowed

the demonstration of the Clogston-Chandrasekhar (or Pauli) limit of superfluidity, where

the mismatch in Fermi energies outweighs the gain in pairing energy. Beyond this limit

lies an attractive Fermi liquid of quasi-particles, dressed spin impurities immersed in the

majority Fermi sea - the Fermi polarons [45, 44, 46, 47].

2. – Universal Thermodynamics

Ultracold atomic Fermi gases provide us with a unique test-bed for many-body the-

ories of strongly interacting fermionic matter. The key to their use as idealized model

systems is the short range of interparticle interactions, which leads to universal behavior.

The temperatures are so low that particles scatter purely in head-on collisions, i.e. in

the s-wave channel - and only between opposite spins thanks to the Pauli principle. In-

deed, the characteristic wavelength for the scattering waves, the de Broglie wavelength

λ =
√

2π~2

mkBT , is much larger than the range of the interatomic potential R ∼ 50−100 a0,

so that particle scattering does not reveal the intricacies of the interatomic potential.

Interactions are then described by one parameter only, the scattering length a. Near

Feshbach resonances, a becomes much larger than R. Furthermore, the diluteness of the

gas ensures that also the interparticle spacing n−1/3 ∼ 10 000 a0 is much larger than R.

Therefore, the system can be described by an idealized hamiltonian involving contact

interactions only. This has the profound consequence that all thermodynamic variables

of the gas can only depend on the three relevant length scales, the interparticle spac-

ing n−1/3, the de Broglie wavelength λ and the scattering length a. The equivalent

energy scales are the Fermi energy EF = ~2

2m (3π2n)2/3, kBT and ~2/ma2, the latter

describing, for positive a, the bound state energy of the two-body molecular state. For

example, the pressure P of the homogeneous gas must be a function of n, T and a only:

P = P (n, T, a). We can proceed further via dimensional analysis. The density n sets

a natural scale of pressure, namely the pressure of a non-interacting Fermi gas at zero

temperature: P0 = 2
5nEF . The density also provides a natural scale for temperature,

the Fermi temperature TF = EF /kB , as well as for length, namely the interparticle spac-

ing or 1/kF . The ratio of P and P0, a dimensionless number, must then be given by a

dimensionless, universal function fP that can only depend on the dimensionless ratios

T/TF and 1/kFa, the latter comparing the interparticle spacing to the scattering length:

(1) P = P0 fP

(
T

TF
,

1

kFa

)
The same considerations hold for all thermodynamic quantities. The energy of the gas

E must be given by the energy of a non-interacting Fermi gas at zero temperature,
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E0 = 3
5NEF , times a universal dimensionless function:

(2) E = E0 fE

(
T

TF
,

1

kFa

)
In the same way the entropy must be given by NkB times a universal dimensionless

function:

(3) S = NkB fS

(
T

TF
,

1

kFa

)

It is remarkable that with ultracold Fermi gases near Feshbach resonances, there exists

a strongly interacting system in nature whose equation of state is universal, i.e. whose

properties do not depend on a microscopic variable such as the interaction range, or

whether we are dealing with a gas of 6Li atoms or a gas of 40K atoms. For the first

time we are presented with a system whose thermodynamic properties should be exactly

predictable by many-body theory - the hamiltonian is known. The problem of finding

the equation of state is not only relevant to cold atomic gases. We are faced with

the same situation in the case of dilute neutron matter, for example in the crust of

neutron stars. The interaction between neutrons is described by a scattering length

a = −18.6 fm that is much larger than the interneutron distance n−1/3 ∼ 1 fm, and we

find ourselves in the same universal regime as one encounters with a dilute Fermi gas near

a Feshbach resonance - despite a difference in particle densities of 25 orders of magnitude.

Of course, neutron stars are far more complex objects - the interactions between neutrons

acquire a finite range correction, protons are present, and the core might even be a quark

superfluid [48]. But stripped of all complications, a theory of dilute neutron matter must

at its core be able to describe a spin-1/2 Fermi gas with strong contact interactions, and

it is at this level that a direct comparison to ultracold atomic gas experiments allows to

validate current many-body theories.

Right at the Feshbach resonance, where the scattering length diverges and interactions

are as strong as quantum mechanics allows (i.e. they are unitarity-limited), we encounter

an even stronger degree of universality. In the absence of any interaction-dependent

length scale the thermodynamics of this unitary gas can only depend on the interparticle

distance n−1/3 and the de Broglie wavelength λ. The dimensionless quantities P/P0,

E/E0 or S/NkB will now only depend, in a universal way, on T/TF or equivalently on

nλ3. Said otherwise, any dimensionless quantity involving thermodynamic quantities,

must depend in a universal way on any other such dimensionless quantity. This has

immediate consequences for the relation between thermodynamic variables. The entropy,

for example, is now given by S = NkBfS(T/TF ), i.e. it is fully specified by T/TF and

the number of particles. The pressure is generally related to the energy of the system via

(4) P = − ∂E

∂V

∣∣∣∣
N,S
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where V is the volume of the system. Fixing particle number and entropy is equivalent

to fixing T/TF and thus to fixing E/E0. Therefore

P = − E

E0

∂E0

∂V

∣∣∣∣
N,S

=
2

3

E

V
(5)

We thus find the important relation E = 3
2PV for the unitary gas [33, 49, 50], valid at

all temperatures, that is remarkably identical to that for a non-interacting gas.

Since we know that a strongly interacting Fermi gas forms a superfluid at low temper-

atures, the critical temperature Tc must be given by a universal number times the Fermi

temperature TF , and there must likewise be a universal number describing the critical

entropy Sc/NkB = fS(Tc/TF ), and the critical energy Ec/E0 = fE(Tc/TF ), etc.

At zero temperature, the thermodynamics of a unitary Fermi gas simplify even fur-

ther. E/E0 must tend to a universal constant ξ, i.e. the energy must be given by a

universal dimensionless constant times the energy of a non-interacting Fermi gas at zero

temperature:

(6) E = ξE0

As P = 2
3
E
V , P/P0 must tend to the same universal constant ξ. The chemical potential

µ = ∂E
∂N

∣∣
S,V

likewise tends to the same constant ξ times the Fermi energy, µ = ξEF . The

constant β = ξ− 1 is called the Bertsch parameter, as G. Bertsch posed the challenge to

find the ground-state energy of a Fermi gas with unitarity limited interactions [51].

The calculation of the Bertsch parameter has been the subject of many theoretical

calculations over the past decade [52, 53]. With the advent of Feshbach-resonant Fermi

gases, this number - and the entire thermodynamics of strongly interacting Fermi gases

- became suddenly accessible to experimental measurement.

2
.
1. Thermodynamics of trapped gases. – In actual experiments, the gas is trapped

in a potential U(r). This might lead one to the incorrect conclusion that cold atom ex-

periments cannot obtain thermodynamic quantities relevant for the bulk system, i.e. the

homogeneous system one would encounter in a (very large) box. Instead, as we will show

here, the spatially varying trapping potential can be turned from a problem into the

crucial feature that allows to obtain the entire thermodynamics of strongly interacting

Fermi gases from - in principle - a single image of a trapped atom cloud. This only

requires the local density approximation, in which local thermodynamic equilibrium is

assumed to hold in an infinitesimal volume ∆V around every point r in the trapped gas.

Each of these local volumes, at (locally constant) potential U(r), can exchange particles

with the surrounding ones, prompting us to pass to the grand-canonical description of

fixed local chemical potential µ(r) = µ0−U(r), where µ0 is the global chemical potential.

The local density n(r) is then given by the bulk equation of state for the homogeneous

case n(µ, a, T ) via the local chemical potential µ(r), the scattering length a and the
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Fig. 1. – Local density approximation. The local chemical potential µ(r) = µ0 −U(r), together
with the temperature T , determines the local density n(r) = n(µ0 − U(r), T ) via the equation
of state. In turn, the equation of state follows from the knowledge of n(U).

temperature T , which is constant throughout the trapped gas in equilibrium:

(7) n(r) = n(µ0 − U(r), a, T )

We see that thanks to the variation of the trapping potential, the density profile samples

an extended region of the equation of state. We will show below for the unitary gas how

to obtain from such density profiles and the knowledge of U(r) alone the equation of state

of the system. The local density approximation will be valid for short-range interactions

and as long as we can neglect the discrete nature of the single-particle energy levels in

the trap, i.e. as long as the range of occupied energy levels is much larger than one. For

example at unitarity, the local density approximation will hold even at zero temperature

as long as the Fermi energy is much larger than the spacing between energy levels in the

trap.

2
.
1.1. Zero temperature equation of state. As a simple application of the local density

approximation, we can find the density profile of a unitary Fermi gas in the trap. We

know that the equation of state must be of the form µ = ξEF . Locally, this relates the
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potential U(r) to the local Fermi energy EF (r), given by the local density via EF =
~2

2m (3π2n(r))2/3.

(8) µ(r) = µ0 − U(r) = ξEF (r) = ξ
~2

2m
(3π2n(r))2/3.

The density profile must thus be

(9) n(r) =
1

3π2

(
2m

~2
1

ξ
(µ0 − U(r))

)3/2

which is just 1/ξ3/2 times the density profile of a non-interacting Fermi gas at zero

temperature at the same global chemical potential µ0. A measurement of the local

density at the center of the trap where U(r) = 0 yields µ0/ξ, and a measurement of the

potential Vmax where the density vanishes yields µ0 = Vmax, thus allowing to determine

the Bertsch parameter ξ. For harmonic trapping, where U(r) = 1
2mω

2r2 (anisotropic

trapping can be dealt with as well), one can simply measure the size of the atom cloud,

i.e. the radius Rµ where the density vanishes, to obtain µ0 = 1
2mω

2R2
µ, and the total

atom number N =
∫
d3r n(r), related to µ0 and ξ via µ0 =

√
ξ~ω(3N)1/3 =

√
ξEF,trap,

where EF,trap is the Fermi energy of a non-interacting spin mixture with total number

N in the same trap. Denoting with RF the Fermi radius of such a non-interacting spin

mixture, i.e. 1
2mω

2R2
F = EF,trap, we obtain a simple formula for ξ =

(
Rµ

RF

)4

. It was

used in [22] to obtain an estimate for ξ. However, this determination depends very

sensitively on the size measurement Rµ, the trapping frequency and the atom number

calibration. Of course, experiments can also create non-interacting Fermi gases with

relative ease (either a spin-polarized sample or a weakly interacting gas far away from

the Feshbach resonance), and ξ can be obtained by comparing the interacting and non-

interacting radii (Rµ and RF ) and total numbers (Nnon−int. and Nint.) of atom clouds via

ξ =
(

Rµ

RF

)4 (
Nnon−int.

Nint.

)2/3

, which only involves relative quantities and is thus free from

calibration errors. Of course, experiments are performed at finite temperature, which

will lead to a systematic error in the measurement of ξ.

2
.
1.2. Viral theorem for the trapped gas at unitarity. A simple Virial theorem holds

for a trapped gas at unitarity, relating the total energy ETrap of the gas to an average

over the trapping potential [50, 54, 55]:

(10) ETrap = N

⟨
U +

1

2
r · ∇U

⟩
where ⟨. . . ⟩ denotes a density-weighted n(r). For a harmonic trapping potential, where

r · ∇U = 2U , it simplifies to

(11) ETrap = 2N ⟨U⟩
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The theorem directly follows from the scale invariance present at unitarity [54], where

no interaction dependent length scale enters the description of the gas. One deriva-

tion [50] employs mechanical equilibrium ∇P = −n∇U and the general relation between

the pressure and the energy density, Eq. 5. Applied to a local volume ∆V , the local

energy density (the sum of kinetic and interaction energy densities) is given by E = 3
2P .

The total energy is the integral over kinetic, interaction and potential energy densities,

i.e. ETrap =
∫
d3r (E + nU). Via

(12)

∫
d3r E =

3

2

∫
d3r P = −1

2

∫
d3r r · ∇P =

1

2

∫
d3r n r · ∇U

the Virial theorem follows. Away from unitarity, a more general Virial theorem holds

(see below and [55, 56, 57]).

As for harmonic trapping, ⟨U⟩ = 3
2mω

2
z

⟨
z2
⟩
, one may thus simply measure the cloud

size to determine the energy of the gas. The Virial theorem at unitarity has been demon-

strated experimentally in [50].

The total energy of the trapped cloud not only determines how large the cloud is in the

harmonic oscillator potential, but also how fast it expands after switching off the trap.

The total energy of a trapped, interacting Fermi gas at or close to resonance was derived

from measurements of the cloud size either in trap or after expansion [58, 59, 10, 60, 41,

61]. In the ENS experiment [62], the magnetic field was rapidly switched off to zero. In

this case, the interaction energy could be removed before it had been converted to kinetic

energy. By comparing the cloud’s expansion with immediate or delayed magnetic field

switching, the interaction energy was directly measured.

It is possible to obtain the entropy of the trapped gas from size or energy measure-

ments. For this, the magnetic field is adiabatically (meaning isentropically) swept to

transform the system into a weakly interacting Fermi gas. The observed size or energy

in this regime yields the entropy through known relations for an ideal Fermi gas. This

allows the determination of entropy as a function of energy for trapped gases [63]. The

homogeneous equation of state obtained from this trap-averaged equation of state is how-

ever unreliable due to the necessary derivatives that would need to be taken. In addition,

it is difficult to observe signatures of the superfluid phase transition in a trap-averaged

equation of state, as only a narrow shell of the trapped atom cloud is critical. Local

measurements as presented below are able to obtain the homogeneous equation of state

and to directly observe the superfluid phase transition in the density profiles of the gas.

2
.
2. General thermodynamic relations. – In the micro-canonical description of statis-

tical mechanics, the energy E of the gas, given as a function of the entropy S, particle

numberN , volume V and scattering length a, serves as the thermodynamic potential that

defines the temperature T = ∂E
∂S

∣∣
N,V,a

, the pressure P = − ∂E
∂V

∣∣
S,N,a

, and the chemical

potential µ = ∂E
∂N

∣∣
S,V,a

. The scattering length a can be viewed as yet another inten-

sive thermodynamic variable. The change in the energy of the system as the scattering

length is adiabatically varied is measured by the so-called contact [64, 57, 65, 53]. Such
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an adiabatic change in a is possible experimentally via a Feshbach resonance through the

change of an external magnetic field. We define the extensive contact C as the variable

conjugate to the negative of the inverse scattering length 1/a, i.e.

(13) C = − ∂E

∂a−1

∣∣∣∣
S,N,V

The contact measures the probability for two particles to be within a short distance

of each other (see below section 2
.
4) and is thus a positive quantity. The energy thus

increases as a−1 is decreased. This is obvious at zero temperature, where for weak at-

tractive interactions (a−1 large and negative), we have a Fermi gas with positive energy

E = 3
5NEF , while in the regime where a−1 is large and positive, atoms are paired in

tightly bound molecules of negative binding energy EB = −~2/ma2 and E = N
2 EB < 0.

Including the contact as an extensive thermodynamic quantity, the first law of thermo-

dynamics is written as

(14) dE = T dS + µdN − P dV − C da−1

We have seen that the grand-canonical description of the gas with fixed chemical potential

µ instead of fixed number N as well as fixed temperature T instead of fixed entropy S is

well suited for the study of trapped atomic gases. The relevant thermodynamic potential

is the grand-canonical potential

(15) Ω(T, µ, V, a) ≡ E − TS − µN

with total derivative

(16) dΩ = −S dT −N dµ− P dV − C da−1.

The contact is thus also written as C = − ∂Ω
∂a−1

∣∣
T,µ,V

. Since V is the only extensive

variable that Ω depends on, and since Ω itself is extensive, we have Ω(T, µ, αV, a) =

αΩ(T, µ, V, a) for any scaling factor α. It follows for the pressure that P (T, µ, a) =

− ∂Ω
∂V

∣∣
T,µ,a

= −Ω
V . This yields the fundamental relation

(17) E = TS + µN − PV

Using the first law, we obtain for the total derivatives the Gibbs-Duhem equation

(18) S dT +N dµ− V dP + C da−1 = 0

that provides an important relationship between the intensive variables of the gas.
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2
.
2.1. Obtaining the pressure from density profiles. In particular, for a trapped atom

cloud at a given temperature and fixed, uniform scattering length, we obtain the equation

for hydrostatic equilibrium

(19) dP = ndµ = −n dU

since the local chemical potential µ(r) = µ0−U(r) and thus dµ = −dU . The pressure at

any given point in the trap thus simply results from integrating the density profile n(U):

(20) P (U) =

∫ µ

−∞
dµ′ n(µ′) =

∫ ∞

U

dU ′ n(U ′)

2
.
2.2. “Magic formula” for harmonic trapping. In the case of a harmonic trap, there

follows a simple relation [66, 67] between the pressure and the doubly integrated den-

sity profile n1D(z) =
∫
dxdy n(x, y, z). We take for simplicity a cylindrically symmetric

harmonic trap, U(x, y, z) = 1
2mω

2
⊥ρ

2 + 1
2mω

2
zz

2 with ρ2 = x2 + y2. We then have

(21) n1D(z) =

∫
dxdy n(x, y, z) = 2π

∫ ∞

0

dρ ρn(ρ, z)

On the other hand, for fixed z we have dU = mω2
⊥ ρdρ, so the local pressure P (z) ≡

P (µ0 − U(0, 0, z), T, a) at position (0, 0, z) in the trap is just given by

(22) P (z) =

∫ ∞

U(0,0,z)

dU ′ n(U ′) = mω2
⊥

∫ ∞

0

dρ ρn(ρ, z) =
mω2

⊥
2π

n1D(z)

The doubly integrated profile can be directly measured in experiments. Absorption

images yield the column density n2D(y, z) =
∫
dxn(x, y, z), and the doubly integrated

profile or line density is obtained via one more integration along the y-axis.

This relation has allowed a series of measurements of the equation of state in strongly

interacting Fermi gases, for balanced and spin-imbalanced mixtures, at the Feshbach

resonance and in the entire BEC-BCS crossover [35, 37]. In [35], the EoS of the balanced

gas was determined in an iterative fashion. For every realization of the experiment, the

temperature T was obtained from a co-trapped gas of weakly interacting bosons (7Li),

while the chemical potential µ was obtained from fits to the pressure profiles using the

portion of the equation of state that was already known at high temperatures. Each

cloud profile thus yielded a new portion of the equation of state now valid at lower

temperatures. In [37], the equation of state of balanced and imbalanced spin mixtures

was studied as a function of interaction strength at low temperatures, which will be

discussed in section 2
.
4. We will now present an approach that yields the equation of

state at unitarity with high accuracy [38] without relying on the assumption of harmonic

trapping.
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2
.
3. Universal Thermodynamics of the Unitary Fermi Gas. – Initial measurements on

the thermodynamics of strongly interacting Fermi gases have focused on trap averaged

quantities [60, 61, 68] in which the superfluid transition was inherently difficult to observe.

The transition is second order, and therefore singular behavior is expected only for second

derivatives of the grand potential (or pressure). The local energy density is proportional

to the pressure and thus already not sensitive to the transition, but trap averaging

reduces any remaining sensitivity further, as only a narrow shell of the gas is critical.

Even revealing the critical behavior through the study of local thermodynamic quantities

is challenging. The emergence of the condensate of fermion pairs in a spin-balanced Fermi

gas is accompanied by only minute changes in the density [69] (n is a first order derivative

of the grand potential). Therefore, quantities that involve integration of the density over

the local potential, such as the energy E [36] (see Eq. 11) and the pressure P [35] (see

Eq. 22), are only weakly sensitive to the sudden variations in the thermodynamics of the

gas that one expects near the superfluid phase transition [38].

A thermodynamic quantity involving the second derivative of the pressure P is the

(isothermal) compressibility

(23) κ ≡ − 1

V

∂V

∂P

∣∣∣∣
T,N,a

=
1

n

∂n

∂P

∣∣∣∣
T,a

,

the relative change of the gas density n due to a change in the pressure P . As the change

in pressure is related to the change in chemical potential µ of the gas via dP = ndµ at

constant temperature and scattering length,

(24) κ =
1

n2
∂2P

∂µ2

∣∣∣∣
T,a

is a second derivative of the pressure (and the grand potential Ω = −PV ), and should

thus provide a clear signature of the superfluid transition.

A high-precision measurement of the local compressibility, density and pressure across

the superfluid phase transition in the unitary Fermi gas was reported in [38], using a

trapped, two-spin mixture of fermionic 6Li atoms at a Feshbach resonance [69, 70]. The

combination of these three directly measurable, local quantities determines the entire

thermodynamics of the homogeneous gas. The method is general and applies to other

systems as well, such as Bose gases in three or two dimensions.

2
.
3.1. Compressibility equation of state. At unitarity, the grand-canonical equation

of state Ω(T, µ, V ) can be expressed via the pressure P (µ, T ) = −Ω/V . Equivalently,

replacing the pressure by the density n = ∂P
∂µ |T , one can determine the density EoS

n(µ, T ).

The local gas density n(U) can be directly measured as a function of the local poten-

tial U from in-situ absorption images of a trapped gas. In [38], the trapping potential

was cylindrically symmetric, with harmonic confinement along the axial direction. This

symmetry allows to find the 3D density via the inverse Abel transform of the measured



12 Martin W. Zwierlein

column density [42]. Other than cylindrical symmetry, no other assumption on the shape

of the potential is made. Instead, the local potential is directly measured via the atomic

density distribution and the accurately known harmonic potential along the axial direc-

tion of the atom trap.

The compressibility κ follows as the change of the density n with respect to the local

potential U experienced by the trapped gas. As dµ = −dU , the compressibility is

(25) κ = − 1

n2
dn

dU
|T .

The compressibility allows replacing the unknown chemical potential µ in the density

EoS n(µ, T ) by its known variation in the atom trap, yielding the equation of state

n(κ, T ). Instead of the a priori unknown temperature, one can use the pressure P (U) =∫∞
U

dU ′n(U ′) [66, 67] (see Eq. 20). The resulting equation of state n(κ, P ) contains only

quantities that can be directly obtained from the density distribution. This represents

a crucial advantage over methods that require the input of additional thermodynamic

quantities, such as the temperature T and the chemical potential µ, whose determination

requires the use of a fitting procedure or an external thermometer, as in [36, 35].

The compressibility and the pressure is normalized by the respective quantities at the

same local density for a non-interacting Fermi gas at T = 0, κ0 = 3
2

1
nEF

and P0 = 2
5nEF ,

yielding

(26) κ̃ ≡ κ

κ0
=

2

3
κnEF and p̃ ≡ P

P0
=

5

2

P

nEF
.

As discussed in the introduction, in the unitarity limit the thermodynamics is univer-

sal [33], all dimensionless thermodynamic quantities, such as κ̃, p̃, T/TF , µ/kBT etc.

must directly depend on each other. Away from unitarity, an additional dependence on

the interaction strength 1/kFa would appear. On resonance, however, κ̃ is a universal

function of p̃ only. Every experimental profile n(U), whatever the trapping potential,

the total number of atoms or the temperature, must produce the same universal curve κ̃

versus p̃. By averaging many profiles, one obtains a low-noise determination of κ̃(p̃).

2
.
3.2. Specific heat versus temperature - the Lambda transition in a gas. From the

universal function κ̃(p̃) one can obtain all other thermodynamic quantities of the unitary

gas. First of all, it allows to obtain the relation between the pressure thermometer

p̃ = P/P0 and the normalized temperature T/TF .

To obtain this relation, note that

(27)
dp̃

d(T/TF )
= −T

2
F

T

∂p̃

∂TF

∣∣∣∣
T

= −TF
T

3

2
n
∂p̃

∂n

∣∣∣∣
T

involves the relative change in pressure with density and thus the measured compress-
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ibility, as

(28) n
∂P/P0

∂n

∣∣∣∣
T

=
n

P0

∂P

∂n

∣∣∣∣
T

− nP

P 2
0

∂P0

∂n
=

5

3

(
κ0
κ

− P

P0

)
This gives the relation [38]

(29)
dp̃

d(T/TF )
=
TF
T

5

2

(
p̃− 1

κ̃

)
The reduced temperature T/TF thus follows by integration [38]

(30)
T

TF
=

(
T

TF

)
i

exp

{
2

5

∫ p̃

p̃i

dp̃
1

p̃− 1
κ̃

}
.

Here, (T/TF )i is the normalized temperature at an initial normalized pressure p̃i that

can be chosen to lie in the known high-temperature Boltzmann or Virial regime.

Furthermore, using E = 3
2PV valid at unitarity (Eq. 5), one can directly obtain the

heat capacity per particle at constant volume [38],

(31)
CV

kBN
≡ 1

kBN

∂E

∂T

∣∣∣
N,V

=
3

5

dp̃

d(T/TF )
=

3

2

TF
T

(
p̃− 1

κ̃

)
.

Note that the last equation follows precisely because p̃ only depends on T/TF and not on

another dimensionless variable, such as 1/kFa as would be the case away from unitarity.
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Fig. 2. – A Normalized compressibility κ̃ = 3
2
κnEF and B specific heat per particle CV /NkB

of a unitary Fermi gas versus reduced temperature T/TF , shown in solid red circles. The black
solid curve shows the theory for a non-interacting Fermi gas, the blue solid curve shows the
third order Virial expansion for the unitary gas. Black open squares denote data for a non-
interacting Fermi gas. C Condensate fraction at unitarity as determined from a rapid ramp
to the molecular side of the Feshbach resonance. The onset of condensation coincides with the
sudden rise of the specific heat. From [38].
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Fig. 2 shows the normalized compressibility and the specific heat as a function of

T/TF . At high temperatures, the specific heat approaches that of a non-interacting

Fermi gas and eventually CV = 3
2NkB , the value for a Boltzmann gas. A dramatic rise

is observed around Tc/TF ≈ 0.16, followed by a steep drop at lower temperatures. Such

a λ-shaped feature in the specific heat is characteristic of second order phase transitions,

as in the famous λ-transition in 4He [71]. Jumps in the specific heat are also well-

known from superconductors [72] and 3He [73]. Below Tc, the specific heat is expected to

decrease as ∼ exp(−∆0/kBT ) due to the pairing gap ∆0. At low temperatures T ≪ Tc
the phonon contribution ∝ T 3 dominates [74], but is not discernible at the resolution of

the experiment.

The critical temperature Tc/TF was determined directly from the density profiles,

finding a sudden rise in the specific heat and the onset of condensation at Tc/TF =

0.167(13), in agreement with theoretical determinations [75, 74], and Monte-Carlo cal-

culations which give Tc/TF = 0.173(6) [76] and 0.152(7) [77]. It disagrees with Tc/TF =

0.23(2) [78], but is close to a later determination of Tc/TF . 0.15(1) [79].

We note here that the low-temperature behavior of the equation of state is completely

fixed by the value of the parameter ξ, as this fixes the speed of sound for phonons via

(32) cs =

√
1

m

∂P

∂n

∣∣∣∣
S

−−−→
T→0

√
ξ

3
vF

where vF = ~kF

m is the Fermi velocity. We have used P = ξP0 = 2
5ξnEF valid at low

temperatures deep in the superfluid regime. The contribution of phonons to the specific

heat is then

(33) CV = kB
2π2

15
V

(
kBT

~cs

)3

or in dimensionless form

(34)
CV

NkB
=
π4

20

(
3

ξ

)3/2 (
T

TF

)3

,

which indeed only depends on the parameter ξ.
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Fig. 3. – A Chemical potential µ (red), energy E (black) and free energy F (green) of the unitary
Fermi gas versus T/TF . µ is normalized by the Fermi energy EF , E and F by E0 = 3

5
NEF .

At high temperatures, all quantities approximately track those for a non-interacting Fermi
gas, shifted by ξn − 1 (dashed lines). The peak in the chemical potential signals the onset of
superfluidity. In the deeply superfluid regime at low temperatures, µ/EF , E/E0 and F/F0 all
approach ξ. B Entropy per particle. At high temperatures, the entropy closely tracks that of
a non-interacting Fermi gas (solid line). Below T/TF = 0.1, the entropy per particle reaches
values < 0.04 kB . The open squares are from the self-consistent T-matrix calculation [74]. A
few representative error bars are shown, representing one standard deviation. From [38].
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2
.
3.3. Chemical potential, energy and free energy. From the definition of the compress-

ibility κ = 1
n2

∂n
∂µ |T one can obtain the reduced chemical potential µ/EF as a function

of the reduced temperature, see Fig. 3A. In terms of the normalized compressibility κ̃,

viewed as a function of T/TF , one has

(35) βµ = (βµ)i −
∫ T/TF

Ti/TF

d( T
TF

)
1

κ̃

(
TF
T

)2

.

Alternatively, one can consider T/TF as a function of p̃ and obtain

(36) βµ = (βµ)i +
2

5

∫ p̃

p̃i

dp̃
TF
T

1

1− κ̃p̃
.

Around T/TF ∼ 0.25 to 1, the chemical potential is close to that of a non-interacting

Fermi gas, shifted by (ξn− 1)EF due to interactions present already in the normal state,

with ξn ≈ 0.45. However, unlike a normal Fermi gas, the chemical potential attains a

maximum of µ/EF = 0.42(1) at T/TF = 0.171(10), and then decreases at lower temper-

atures. This is expected for a superfluid of paired fermions [74]. As the temperature is

increased from zero in a superfluid, the first excitations that emerge are phonons. They

increase the chemical potential µ. In addition, fermion pairs start to break and single

fermions contribute increasingly to the chemical potential with increasing temperature.

At Tc, µ/EF must have a sharp change in slope, as observed, because d(µ/EF )/d(T/TF )

involves the singular compressibility. At low temperatures, the reduced chemical poten-

tial µ/EF saturates to the universal value ξ. As the internal energy E and the free energy

F satisfy

(37) E(T ) > E(T = 0) =
3

5
NξEF = F (T = 0) > F (T )

for all T , the reduced quantities fE ≡ 5
3

E
NEF

= p̃ and fF ≡ 5
3

F
NEF

= 5
3

µ
EF

− 2
3 p̃ provide

upper and lower bounds for ξ [80], shown in Fig. 3A. The determined value of ξ is

ξ = 0.376(5). A slight shift in the Feshbach resonance position, measured in [81], shifts

ξ down by 1.6% to ξ = 0.370(5)[8], where the first error is the statistical uncertainty,

while the second is the systematic error, estimated from the difference in the corrected

values of µ/EF , E/E0 and F/E0. This value is consistent with an upper bound ξ <

0.383 [82], is close to ξ = 0.36(1) from a self-consistent T-matrix calculation [74], and

agrees with ξ = 0.367(9) from an epsilon expansion [83]. It lies below earlier estimates

ξ = 0.44(2) [84] and ξ = 0.42(1) [85] via fixed-node quantum Monte-Carlo that provide

upper bounds on ξ. The measurement agrees with several less accurate experimental

determinations [52], but disagrees with the experimental value 0.415(10) that was used

to calibrate the pressure in [35], shown in Fig. 4B.
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2
.
3.4. Entropy, density and pressure. From the energy, pressure and chemical poten-

tial, one can obtain the entropy S = 1
T (E + PV − µN) (see Eq. 17). Shown in Fig. 4B

is the entropy per particle

(38)
S

NkB
=
TF
T

(
p̃− µ

EF

)
as a function of T/TF . At high temperatures, S is close to the entropy of an ideal

Fermi gas at the same T/TF . Down to Tc, neither the non-interacting nor the unitary

Fermi gas has S/N ≪ kB . Also, the specific heat CV is not linear in T . Thus it is

questionable to identify the normal regime as a Landau Fermi Liquid, although some

thermodynamic quantities agree surprisingly well with the expectation for a Fermi liquid

(see [35] and [38]). Below about T/TF = 0.17 the entropy starts to strongly fall off

compared to that of a non-interacting Fermi gas, indicating the freezing out of single-

particle excitations due to formation of fermion pairs. At the critical point one obtains

Sc = 0.73(13)NkB , in agreement with a calculation based on the self-consistent T-matrix

approach [74].

From the chemical potential µ/EF and T/TF = 4π
(3π2)2/3

1
(nλ3)2/3

, one can finally obtain

the density EoS n(µ, T ) ≡ 1
λ3 fn(βµ). The pressure EoS follows as P (µ, T ) ≡ kBT

λ3 fP (βµ)

with

(39) fP =
2

5

TF
T
p̃ fn(βµ).

Fig. 4B shows the density and pressure normalized by their non-interacting counter-

parts at the same chemical potential and temperature. For the normal state, a Bold

Diagrammatic Monte-Carlo calculation agrees well with the experiment [39].
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Fig. 4. – A Density and B pressure of a unitary Fermi gas versus µ/kBT , normalized by
the density and pressure of a non-interacting Fermi gas at the same chemical potential µ and
temperature T . Red solid circles: experimental EoS. Dashed lines: low-temperature behavior
with ξ = 0.364, 0.376 and 0.389. Black dashed line: low-temperature behavior from the ξ upper
bound ξ = 0.383 [82]. Green open circles and black dashed line at 1.0: MIT experimental density
and pressure, and theory for the ideal Fermi gas. Blue solid squares (blue band): Diagrammatic
Monte-Carlo [39] for density (pressure). Solid green line: 3rd order Virial expansion. Open
black squares: self-consistent T-matrix [74]. Open green circles: [78]. Orange star: [76]. Blue
star: [77]. Solid diamonds: ENS experiment [35]. Open diamonds: Tokyo experiment [36].
From [38].
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Thermal expansivity from Maxwell relation. Since CV /N = 3
2
1
n

∂P
∂T

∣∣
N,V

, we can make

use of the relation

(40)
∂P

∂T

∣∣∣∣
N,V

= −

(
∂V
∂T

)
P,N(

∂V
∂P

)
T,N

=
α

κ

where α is the thermal expansivity (the expansion coefficient) of the gas. This gives

us for α the relation

(41) α =
2

3
nκ
CV

N
=

5

2

1

kBT

(
Pκ− 3

5

)
Specific heat at constant pressure. Further use of thermodynamic relations yields the

specific heat at constant pressure

CP

N
=
CV

N
+
Tα2

nκ
(42)

=
CV

N
+

25

4

1

nκT

(
Pκ− 3

5

)2

(43)

which reduces to the well-known expression CP /N = CV /N + 1kB in the classical limit

where Pκ→ 1 and nκkBT → 1.

Speed of sound . The speed of sound c of the gas directly follows from the adiabatic change

of pressure with density. As constant entropy per particle implies constant P/P0, we have

mc2 = ∂P
∂n

∣∣
S,N

= P
P0

∂P0

∂n = 5
3
P
n . The speed of sound, normalized by the Fermi velocity

vF , is thus given by

(44)
c

vF
=

√
5

3

1

m

P

n
=

√
1

3
p̃

with the limiting value at zero temperature c
vF

=
√

ξ
3 . The speed of sound as a function

of temperature at unitarity was measured in [17] (see section ??).
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2
.
4. Equation of state in the BEC-BCS crossover - The contact . – As we move away

from unitarity and vary the scattering length a, the thermodynamic quantity governing

the change of the thermodynamic quantities with a is the contact [49, 64, 57, 86, 53]

C = − ∂E
∂a−1

∣∣
S,N,V

. From the known hamiltonian of the gas we can obtain an explicit

expression for the contact via the Hellmann-Feynman theorem

(45) C = − ∂E

∂a−1
= −∂ ⟨H⟩

∂a−1
= −

⟨
∂H

∂a−1

⟩
,

where ⟨. . . ⟩ can denote the expectation value in a given quantum state of the system or a

thermal average in the canonical ensemble, with the derivative taken at constant entropy

S. The hamiltonian is:

H =
∑

σ=↑,↓

∫
d3r

(
1

2m
∇ψ†

σ(r) · ∇ψσ(r)

)
+

∫
d3rd3r′v(r− r′)ψ†

↑(r)ψ
†
↓(r

′)ψ↓(r
′)ψ↑(r)(46)

Here v(r − r′) is the bare potential between two atoms in states |↑⟩ and |↓⟩ (not a

low-energy effective interaction). v(r) determines the scattering length, and varying the

scattering length means in turn to vary properties of v(r). Thanks to the low temperature

and the diluteness of the gas, instead of inserting the true interatomic potential with short

range R ≪ n−1/3 and R ≪ λ, we may use a short-range contact interaction with large

momentum cutoff Λ ≃ 1/R. The interaction part of the hamiltonian then simplifies to

ḡ
∫
d3r ψ†

↑(r)ψ
†
↓(r)ψ↓(r)ψ↑(r). In order to obtain the same scattering length a as the true

potential, the bare coupling strength ḡ of the contact potential must be related to the

measured low-energy coupling g = 4π~2a
m via

(47) ḡ−1 = g−1 −
∫

d3k

(2π)3
1

2ϵk
= g−1 − mΛ

2π2~2

with ϵk = ~2k2/2m the single-particle energy, as can be found by solving the t-matrix

equation [69]. Introducing the cutoff distance r0 ≡ π
2Λ , this can be expressed equivalently

through the bare scattering length ā ≡ mḡ/4π~2 as

(48) ā−1 = a−1 − r−1
0

A variation in the inverse scattering length a−1 is thus equivalent to varying the inverse

of the bare coupling strength of a contact interaction. We therefore obtain immediately:

(49) C = − ∂E

∂a−1

∣∣∣∣
S,N,V

= −
⟨
∂H

∂ā−1

⟩
=

4π~2V
m

ā2
⟨
ψ†
↑(0)ψ

†
↓(0)ψ↓(0)ψ↑(0)

⟩
The contact thus measures the probability for particles in |↑⟩ and |↓⟩ to be at the same

point in space, i.e. the pair correlation function at zero distance.
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Such a relation was first found in one dimension [87], where the pair distribution

function was expressed in terms of the change of the gas energy with respect to the one-

dimensional scattering length. In [88] the tail of the momentum distribution was also

tied to this energy derivative. In three dimensions, such a connection was shown first

for the weakly interacting Bose gas [89, 90]. For interacting bosonic or fermionic gases,

the change in the energy at constant entropy and density determines the radiofrequency

(RF) clock shift, as was shown in [91], where this change was related to the pair corre-

lation function. The clock shift is the average shift of the radiofrequency spectrum with

respect to the non-interacting case. It measures the change of the energy as the spins

are rotated into a new spin state with new scattering properties [91, 92] - it therefore

directly measures the contact. For strongly interacting Fermi gases, the relation was

found in [49, 64], and independently in work on the RF clock shift [92]. The relation was

also derived from the operator-product expansion in [57], who introduced the short-hand

term contact for the quantity C ≡ 4πm
~2 C. The latter quantity was introduced in [49, 64]

as the average contact intensity that was shown to also govern the large momentum tails

of the momentum distribution nkσ for each spin state σ =↑, ↓ in interacting gases:

(50) nkσ −−−−→
|k|→∞

C

k4

This relation is general for contact interactions, and was demonstrated in a diagram-

matic theory of the BEC-BCS crossover in [75]. To derive it, one considers that at very

large momenta k ≫ kF one probes physics at very short length scale r ≪ n−1/3, where at

most two particles can be near each other. The scattering length a imposes the boundary

condition for the wavefunction of two particles of opposite spin at r1 and r2 to depend

as

(51) ϕ(r1, r2) −−−−→
r1→r2

A

(
1

r
− 1

a

)

on their distance r = |r2 − r1| as r goes to zero. While A depends on all other

particles and thus changes with the many-body state of the system, the dependence

on r for small r only involves two-particle scattering. The limiting value is given

when r → r0, the cutoff distance, and ϕ(r1, r2) = A
(

1
r0

− 1
a

)
= −A/ā. We have⟨

ψ†
↑(r1)ψ

†
↓(r2)ψ↓(r2)ψ↑(r1)

⟩
−−−−→
r1→r2

|ϕ(r1, r2)|2 and Eq. 49 thus immediately yields [49,

64]

(52) C =
4π~2V A2

m

or C = (4π)2V A2. On the other hand, the Fourier transform ϕk1,k2
of ϕ(r1, r2) is

dominated by the singular A/r term and will go like ϕk,k′ ≃ (2π)3A 4π
k2 δ (k+ k′) for high
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momenta k. The momentum distribution is then

(53) nkσ =
∑
k′

|ϕk,k′ |2 −−−−→
k→∞

(4π)2V A2

k4
=
C

k4

As we deal with contact interactions, it is intuitive that the change in the energy with

interaction strength is directly sensitive to the probability for two interacting particles

to be at the same point in space. At the same time, at high momenta we are probing

physics at short range, so that the tail of the momentum distribution should again be

sensitive to pair correlations.

Although the system can be a complicated many-body state, at short enough distance

scales the likelihood to find three or more particles nearby becomes negligible, and the

behavior of pair correlations must be given by simple two-body physics alone, described

at low energies by the scattering length. Only the overall scale of these short-range pair

correlations is dependent on the many-body state in question.

It follows that the contact measures the number of pairs in a volume V that have dis-

tances smaller than a small distance s. Indeed, integrating the pair distribution function⟨
ψ†
↑(r1)ψ

†
↓(r2)ψ↓(r2)ψ↑(r1)

⟩
−−−−→
r1→r2

|ϕ(r1, r2)|2 ≈ A2

r2 over a spherical volume of radius

s, one finds [64]

(54) Npair =
Cs

4π

For this result to hold, the distance s must be much smaller than the scattering length

a, the interparticle distance n−1/3 and the de Broglie wavelength λ, but still much larger

than the cutoff distance r0. Note that the number of pairs is proportional to the distance

s, not to the volume ∝ s3 as one might expect, precisely because the probability to have

pairs at distance s decreases as 1/s2.

Due to the divergent behavior of the two-body wavefunction ϕ(r1, r2) → A
(
1
r − 1

a

)
→

−A
ā , which causes nkσ to fall off as C/k4 at high momenta, the kinetic energy Ekin as well

as the potential energy Epot each separately diverge (i.e. they depend on the cut-off):

Ekin =
∑
σ

∫
d3k

(2π)3
nkσϵk → C

∫
d3k

(2π)3
~2

mk2
= C

~2Λ
2π2m

(55)

(56) Epot = ḡ
⟨
ψ†
↑ψ

†
↓ψ↓ψ↑

⟩
= ḡV |ϕ(0,0)|2 =

ḡ

ā2
V A2 =

~2C
4πma

− C
~2Λ
2π2m

However, as we see, their sum is convergent, independent on the cutoff Λ and equal to

the energy content of the many-body state [64]:

(57) E = Ekin + Epot =
∑
σ

∫
d3k

(2π)3
~2k2

2m

(
nkσ − C

k4

)
+

~2C
4πma
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The relation is general for contact interactions. A similar equation also holds for Bose

gases, provided the infinite-cutoff limit Λ → ∞ exists [86]. For a (single-component)

Bose gas, the spin-sum is omitted in the derivation above, and the interaction term is

now (to avoid over-counting) 1
2 ḡ

∫
d3r ψ†ψ†ψψ, resulting in ~2C

8πma instead of ~2C
4πma in the

second term of Eq. 57, and also to a modified definition of C = − 8πm
~2

∂E
∂a−1 that preserves

the relation nk → C/k4 at high momenta. The relation is thus

(58) EBose gas =

∫
d3k

(2π)3
~2k2

2m

(
nk − C

k4

)
+

~2C
8πma

2
.
4.1. Energy of molecular Bose-Einstein condensates. To obtain the energy of the

gas in the molecular regime of the BEC-BCS crossover, we consider a Bose-Einstein

condensate with repulsive interactions described by a scattering length a, at chemical

potential µ. Within the mean-field approximation the free energy G = E − µN is

G = −µ2V
2ḡ , and N = −∂G

∂µ = µV
ḡ so that E = G + µN = N 2π~2ā

m n. G, E and

N are all cutoff dependent within the mean-field approximation. The contact is C =

− 8πm
~2

∂G
∂a−1

∣∣
µ,V

= m2

~4 µ
2V . The fact that C is non-zero implies that the momentum

distribution of the Bose gas must fall off as C/k4, i.e. the atoms cannot all be Bose-

condensed in the k = 0 state, as the mean-field solution assumes. This is precisely the

result of Bogoliubov theory, which shows that boson pairs are coherently excited out of

the condensate into k,−k pairs of non-zero momentum states. The resulting momentum

distribution is given by [93]

(59) nk/V =
ϵk + µ

2Ek
− 1

2
−−−−→
k→∞

m2

~4
µ2

k4
=
C/V

k4

where Ek =
√
ϵ2k + 2µϵk is the Bogoliubov spectrum. nk indeed behaves as C/k4 at large

momenta, as it should be. The corrected energy of the Bose condensate, which takes

into account the non-zero contact, is thus Eq. 58 with C = m2

~4 µ
2V . The integral over

momenta in 58 converges, giving

(60) EBEC = − 4

5π2
µ
V

ξ3
+
mµ2V

8π~2a

with the healing length ξ =
√
~2/mµ. Eliminating µ in favor of the particle number N =∫ µ

0
dµ′ 1

µ′
∂E
∂µ′ =

µV
g − 4

3π2
V
ξ3 we recover the famous result by Lee, Huang and Yang [94, 95]

(61) EBEC = N
2π~2an
m

(
1 +

128

15
√
π

(
na3

)1/2
+ . . .

)
.

Expressed in terms of the particle number, the contact C for the Bose gas is

(62) CBEC = 16π2a2nN

(
1 +

64

3
√
π

(
na3

)1/2
+ . . .

)
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The number of boson pairs within a distance smaller than s behaves in leading order like

Nna2s, with the simple interpretation that each boson, traveling a short distance s, will

collide with ∼ na2s other atoms, as 4πa2 is the scattering cross section. To apply these

formulas to a BEC of molecules, one simply replaces N → N/2 by the number of fermion

pairs in a gas of total fermion number N , m → 2m as the molecule mass is twice the

fermion mass, and the scattering length between molecules a→ ad ≈ 0.6a [96]. One also

needs to add the binding energy −~2/ma2 of N/2 molecules. The total energy is then

(63) EMol.BEC = −N
2

~2

ma2
+N

π~2adn
4m

(
1 +

128

15
√
π

(n
2
a3d

)1/2

+ . . .

)
For weak interactions, the contact is dominated by the first term, the binding energy of

molecules, which contributes Cmol =
4πN
a :

(64) CMol.BEC =
4πN

a
+ π2Nnaad

(
1 +

64

3
√
π

(n
2
a3d

)1/2

+ . . .

)
2
.
4.2. Energy of weakly interacting Fermi gas. In the BCS-regime where 1/kFa →

−∞, the energy of an equal spin mixture of fermions with a total number of atoms N is

given by [94]

(65) E =
3

5
NEF

(
1 +

10

9π
kFa+

4

21π2
(11− 2 ln 2)(kFa)

2 + . . .

)
.

The contact is dominated by the second term above, the mean-field (or Hartree) energy

Nπ~2na/m, leading to

(66) C = 4π2Nna2
(
1 +

12

35π
(11− 2 ln 2)kFa+ . . .

)
.

Note that Cooper pairing changes the ground state energy only by a minute piece

∝ ρ(EF )∆
2 where ρ(EF ) is the density of states at the Fermi surface. ∆ decays ex-

ponentially as exp(−π/2kF |a|) for vanishing interaction strength while the mean-field

energy only decays as kFa. The contact is thus insensitive to Cooper pairing in the BCS

regime.

2
.
4.3. Near unitarity. Near unitarity, the energy can be expanded in the small param-

eter 1/kFa:

(67) E =
3

5
NEF

(
ξ − ζ

kFa
+ . . .

)
where ξ is the Bertsch parameter and ζ is related to the contact via

(68) C =
6πζ

5
NkF = V

2ζ

5π
k4F
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Theoretical values for ζ are ζ ≈ 0.8 from a diagrammatic theory that calculates the full

thermodynamics in the BEC-BCS crossover [75, 97], as well as the tails of the radiofre-

quency (RF) spectra [98] and that was used to determine the average RF cock shift

in [99], ζ ≈ 1 from the slope of the ground-state energy versus interaction strength from

Monte-Carlo calculations [85, 100] used in [92] to estimate the average RF clock shift on

resonance, and ζ ≈ 0.95 from the study of the pair correlation function [101].

2
.
4.4. Pressure relation. In the BEC-BCS crossover, the energy E normalized by the

energy of a non-interacting Fermi gas E0 at the same density is a universal function

of T/TF and 1/kFa, or alternatively a universal function fE(s, x) of s ≡ S/NkB and

x ≡ 1/kFa:

(69) E = E0fE

(
S

NkB
,

1

kFa

)

Derivatives of E at constant entropy and particle number will thus only involve deriva-

tives with respect to the interaction parameter 1/kFa. From this observation one can

deduce a general relation between the energy, pressure and the contact [55]. The con-

tact is the change of −E with scattering length at constant entropy, atom number and

volume:

(70) C = − ∂E

∂a−1

∣∣∣∣
S,N,V

= − 1

kF
E0

∂fE
∂x

The pressure is the change in −E with volume at constant entropy, atom number and

scattering length:

(71) P = − ∂E

∂V

∣∣∣∣
S,N,a

=
2

3

E

V
− E0

∂x

∂V

∂fE
∂x

=
2

3

E

V
+

1

3

C
aV

One finds the relation

(72) E =
3

2
PV − 1

2

C
a
.

This is the generalized form, valid in the entire crossover, of the relation Eq. 5 found at

unitarity. Along with E − TS − µN = Ω = −PV , it follows for the entropy

(73) S =
1

T

(
5

2
PV +

1

2

C
a
− µN

)

2
.
4.5. General Virial theorem. When the gas is confined in a trapping potential, we

can use the relation between energy, pressure and contact in Eq. 72 in every local volume
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∆V , introducing the contact density c(r) = C/∆V . We have for the energy density E ,
the sum of kinetic and interaction energy densities:

(74) E =
3

2
P − 1

2

c

a

The integral over 3
2P gives N

⟨
1
2r · ∇U

⟩
(see Eq.12). The total energy of the trapped

system ETrap =
∫
d3r (E(r) + nU(r)) is [55, 56]

(75) ETrap = Ekin + Eint + Epot = N

⟨
U +

1

2
r · ∇U

⟩
− 1

2

C
a

In the case of harmonic trapping, we have N
⟨
1
2r · ∇U

⟩
= N ⟨U⟩ = Epot so that one

finds [55]

(76) Ekin + Eint − Epot = −1

2

C
a

This Virial theorem generalizes the simpler relation found at unitarity. It was tested

experimentally in [102] (see Fig. 5).

Fig. 5. – Testing the virial theorem. (Inset) The measured potential energy, Epot, and release
energy, Ekin+Eint, per particle in units of EF are shown as a function of 1/kF a. (Main) Taking
a discrete derivative of the inset data, it is found that 2π dE

d(−(kF a)−1)
agrees well with the average

value of the contact obtained from measurements in Fig. 11. From [102].
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2
.
5. Equation of state in the BEC-BCS crossover - Experiments. – For a system

with contact interactions, it is natural that many physical properties are directly tied

to the probability for particles to be near each other, i.e. to the contact. We there-

fore find the contact in vastly different experimental contexts, from radiofrequency spec-

troscopy [20, 91, 92, 103, 102, 104], Bragg spectroscopy [105] and photoassociation [13], to

measurements of the momentum distribution of the gas [106, 102], the variation of the sys-

tem’s energy with interaction strength [10, 102], the structure factor [107, 105, 108, 109],

pair correlations [101], viscosity [110, 29] and generally the equation of state of the

gas [37].

2
.
5.1. Radiofrequency Spectroscopy. Radiofrequency (RF) spectroscopy has been an

invaluable tool to detect correlations, interactions and pairing in strongly interacting

Fermi gases [19, 20, 91, 111, 21, 22, 112, 113, 23, 24, 45]. In the typical setting, the

gas is initially in a two-state mixture of (hyperfine) spin states, say |1⟩ and |2⟩. In RF

spectroscopy, a short pulse (typically ∼ 1 ms, much longer than the characteristic time

~/EF ∼ 10µs) transfers atoms from state |2⟩, say, into a third, initially unoccupied spin

state |3⟩. In the absence of interactions the necessary RF frequency for resonant transfer

is precisely known (atomic clocks are based on such hyperfine transitions). However,

if states |1⟩ and |2⟩ interact, the RF photon needs to make up for the change in the

interaction energy as atoms are transferred out of state |2⟩ into the new state |3⟩. The

average frequency shift of an RF spectrum I(ω) is

(77) Ωc = ⟨ω⟩ =
∫
dω ω I(ω)∫
dω I(ω)

where the offset of the frequency ω is chosen for convenience to be the transition frequency

of a single atom in the absence of interactions. Ωc is also called the clock shift, as density-

dependent interactions limit the accuracy of atomic clocks.

Absence of the clock shift in a two-state mixture of fermions. One might attempt to

naively obtain the clock shift by taking the difference in energies of a state with N1

atoms in state |1⟩, N2 atoms in state |2⟩, versus a state where only N2 − 1 atoms are in

state |2⟩, and one additional atom in state |3⟩ - i.e., the difference in chemical potentials

that an atom has in the final and the initial state. However, this simple accounting

will generally fail, as these two states necessarily have different entropies and cannot be

connected by a coherent interaction such as the RF drive. As a simple example, consider

driving a transition from |1⟩ to |2⟩, with no third state involved. Let the coupling

constant for scattering between states |1⟩ and |2⟩ be g12 = 4π~2a12/m, where a12 is the

scattering length between the two states (note that there is no s-wave contact interaction

between two fermions of the same spin). Ignoring the coherent nature of the RF coupling,

simple accounting, say within mean-field, would find as the required frequency shift

~Ωc = g12(N1−1)(N2+1)/V −g12N1N2/V ≈ g12(n1−n2), i.e. the difference in chemical

potentials of |1⟩ and |2⟩. However, the correct result is zero (and for bosons it is twice as
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large as the naive result [114, 91]). The RF frequency drive does not incoherently take

out an atom from state |1⟩ and puts it into state |2⟩. Instead, it coherently rotates atoms

in state |1⟩ into a superposition state |1, θ⟩ = cos θ |1⟩+sin θ |2⟩, while atoms in state |2⟩
are at the same time rotated into the orthogonal superposition |2, θ⟩ = cos θ |2⟩−sin θ |1⟩.
We need to calculate the energy cost for this coherent rotation. The scattering length

between the rotated states |1, θ⟩ and |2, θ⟩ is still equal to a (the scattering cross section

is 4πa2(cos2 θ + sin2 θ) = 4πa2). Also, the RF drive leaves the spatial part of the many-

body wavefunction unchanged. As for s-wave contact interactions fermionic atoms only

interact with orthogonal spin partners - and their number has not changed in the coherent

drive - there is no change in the interaction energy at all under the influence of the RF

drive. Consequently, there is no clock shift [91].

This absence of the clock shift for two-state mixtures of fermions makes fermionic gases

highly attractive for atomic clocks. In [115], density-related clock shifts in a fermionic

strontium clock were shown to be suppressed to a fractional uncertainty of 10−16. The

residual clock shifts were first attributed to s-wave clock shifts made possible by the

inhomogeneous excitation of the trapped sample. Such inhomogeneous rotation can

rotate spins at a different rate in different regions of the atom cloud, and when atoms

having different spin orientations travel through the cloud and meet, they can collide as

they are no longer spin-polarized. However, it was later shown that p-wave interactions

are stronger than initially believed, and these might have dominated the residual clock

shift [116, 117].

Clock shift for transitions to a third state. Generally, the clock shift can be obtained from

the change in the interaction energy of the system per transferred particle as atoms are

coherently rotated into a new spin state [91]:

(78) ~Ωc =
dEint

dN2

∣∣∣∣
S

where dN2 is the number of particles transferred from state |2⟩ into the final state. Note

that the coherent RF drive preserves entropy.

In the above case for an RF drive between |1⟩ and |2⟩, the interaction energy is

invariant and the clock shift is zero. However, when one drives RF transitions from state

|2⟩ to a new final state |3⟩ that has different interactions with the interacting partner

state |1⟩ than state |2⟩, there will be a clock shift.

To treat this case, the interaction hamiltonian must now include possible interactions

between all spins:

(79) Hint =
∑
i<j

∫
d3rd3r′ vij(r− r′)ψ†

i (r)ψ
†
j (r

′)ψj(r
′)ψi(r)



30 Martin W. Zwierlein

Here, vij(r− r′) is the bare potential between two atoms in state |i⟩ and |j⟩ (not a low-

energy effective interaction). The (spatially uniform) RF field couples the states |2⟩ and
|3⟩, and is represented by Hrf = B(t)Y with the pseudospin-flip operator

(80) Y = i

∫
d3r

(
ψ†
3(r)ψ2(r)− ψ†

2(r)ψ3(r)
)
,

where B(t) = 2ωR cosωt, with ωR the Rabi frequency. The RF clock shift is simply the

change in energy per |2⟩ atom required to rotate all |2⟩ atoms infinitesimally into state

|β⟩ = cos θ |2⟩+ sin θ |3⟩. This rotation transforms the many-body state |12⟩ into a state

|1β⟩ = eiθY |12⟩ of |1⟩ and |β⟩ atoms, with the same spatial many-particle wave function

as |12⟩. The energy difference of the two states is thus δE = ⟨1β|H |1β⟩− ⟨12|H |1β⟩ →
1
2θ

2 ⟨12| [[Y,H] , Y ] |12⟩ to second order in θ. Since the number of atoms δN2 transferred

from |2⟩ to |3⟩ is N2θ
2, we have for the clock shift [92]

(81) Ωc =
1

2N2
⟨12| [[Y,H] , Y ] |12⟩

a result valid for superfluid and normal phases. The general expression for the clock shift

in terms of the interactions is

(82) Ωc =
1

n2

∫
d3r [v13(r)− v12(r)]

⟨
ψ†
1(r)ψ

†
2(0)ψ2(0)ψ1(r)

⟩
For short-range contact interactions with coupling constants ḡij = 4π~2āij/m and cut-off

Λ as introduced above, one finds [92]

(83) Ωc =
1

n2
(ḡ13 − ḡ12)

⟨
ψ†
1(0)ψ

†
2(0)ψ2(0)ψ1(0)

⟩
An immediate way to find this result is to observe via Hellmann-Feynman that δE =

δ ⟨H⟩ = ⟨δH⟩ = δ(ḡ)
⟨
Ψ†

1Ψ
†
2Ψ2Ψ1

⟩
, where δ(ḡ) = ḡ13 − ḡ12 is the change in the bare

coupling strength for a transferred atom. As before, the correlation function is given

by the change of the energy density with ḡ12 at constant entropy,
⟨
Ψ†

1Ψ
†
2Ψ2Ψ1

⟩
=

∂E/∂ḡ12|S . Expressing the bare coupling strengths ḡij in terms of the renormalized

coupling strengths and taking the cut-off distance r0 to be independent of the states of

the atoms, one finds, for scattering lengths much larger than r0, [92, 99]

(84) Ωc =
1

N2

(
1

a13
− 1

a12

)
∂E

∂a−1
12

∣∣∣∣
S,N,V

=

(
1

a12
− 1

a13

)
C
N2

The RF clock shift thus directly measures the contact C of the gas per |2⟩ atom times the

change in the inverse scattering length. The result has the simple intuitive interpretation

that on average, the RF photon has to make up for the change in the many-body energy
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per |2⟩ atom as the inverse scattering length is changed from a−1
12 to a−1

13 . This change

in the energy occurs at constant entropy, as it should be for a coherent drive [91].

The formula explains why in the case of 6Li brought quickly near the 1-2 Feshbach

resonance, before molecule formation could occur, a near-zero clock shift was found [20].

The reason is that both a13 and a12 were large and comparable, suppressing the clock

shift according to the formula 84. No divergence occurs if a13 or a12 become resonant,

instead, if both are resonant, or generally if both are equal, the clock shift is zero. The

spectrum is then trivially a delta-function centered at the “atomic”, unshifted resonance,

as the interaction energy does not change during spin-rotation.

For a molecular BEC, the energy is given by −N
2 EB with EB = ~2/ma212 and one

finds

(85) Ωc = 2EB (1− a12/a13) .

The clock shift in the strongly interacting regime can be obtained from Monte-Carlo

results for the ground-state energy [85] (see Fig. 6). To apply the result to experimental

data, the data must be available in the entire frequency range, beyond a frequency scale

∼ ~/ma213, where there are significant contributions to the spectral weight [118, 119].

The next section shows why the clock shift is sensitive to these typically far-out wings

of the RF spectrum.
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Fig. 6. – Calculated clock shift for a gas of 6Li atoms at zero temperature as a function of
magnetic field. The dashed-dot line (c) shows the result Eq. 85 for a non-interacting gas of
molecules. Curve (b) is derived from the Monte-Carlo result [85] for the energy of a strongly
interacting Fermi gas. The dashed part of curve (a), the difference between (b) and (c), is thus
a measure of the many-body contribution to the shift below the 12 resonance. From [92].

In the case of 6Li, the scattering length a13 is large (comparable to 1/kF ) and nega-

tive in the entire resonant regime of a12. In this case the clock shift near the Feshbach

resonance will be on the order of the Fermi energy, and the spectral weight must neces-

sarily be well localized around this energy scale, i.e. there will not be long tails in the
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RF spectrum that would cause the clock shift to be very much larger than EF . This is

a favorable case for the application of the clock shift formula to extract the contact. An

early experiment on RF spectroscopy in the strongly interacting regime was performed

at the 6Li 1-2 Feshbach resonance [120], and the spectra were indeed observed to be

well localized, without long tails (see Fig. 7). The shift of the peak position from the

unperturbed atomic resonance was initially interpreted as a possible signature of fermion

pairing, but the previous discussion has shown that a shift is expected whenever there is

a non-zero contact 6, i.e. whenever there are interactions in the gas. Indeed, no change

in the trap-averaged RF spectrum was observed in [112] when imbalancing the spin pop-

ulations beyond the Clogston-Chandrasekhar limit, where superfluidity and pairing are

destroyed (see section 3). The observed bimodality originates from trap-averaging, as

clarified in [22, 118, 23, 121]: signals from the low-density wings of the cloud are un-

shifted, while signals closer to the center are shifted more strongly. Locally, there is only

one single peak, as observed in [22, 23].

The data can thus serve as a direct measurement of the temperature- and interaction

dependence of the trap-averaged contact of a strongly interacting Fermi gas. Since the

spectra are observed to be rather symmetric, and 1/kFa13 ≈ 1, the measured peak

position will quite closely (within a factor of about two [99]) correspond to the average

transition frequency, i.e. to the clock shift. Indeed, the interaction dependence of the peak

position, qualitatively follows the trend obtained for the clockshift in Fig. 6. In particular,

the peak position becomes density dependent in the strongly interacting regime and the

BCS regime, as expected for the contact. In addition, the spectra show an increasing shift

as the temperature is lowered (see Fig. 8), as expected from the temperature-dependence

of the contact.

Locally resolved RF spectra of strongly interacting 6Li at the 12-resonance have been

obtained in [22], by applying a short pulse on the |2⟩ → |3⟩ transition and immediately

imaging the density difference between states |2⟩ and |1⟩ in situ (see Fig. 9). Due to

the strong final state interactions a13 ∼ 1/kF , the spectra were indeed well-localized in

frequency. The clock-shift formula at the 12-resonance reads, in terms of C = 4πm
~2 C and

ζ = 5/(6π)C/NkF :

(86) Ωc = − 1

2π

1

kFa13
EF

C

N2kF
= −6

5

1

kFa13
EF ζ

The spectral peak in the center of the cloud occurred at ~∆ω = 0.48(4)EF . The expected

clock-shift is Ωc ≈ 1.0EF , indeed within a factor of two equal to the peak position [99].

With low-noise spectra the clock shift itself, rather than the peak position, can be deter-

mined. Such local measurements of the RF clock-shift in the presence of strong final state

interactions thus constitute an ideal probe of the contact. A single spectrum will yield

the contact as a function of the reduced temperature T/TF , which varies across the cloud

together with the varying density. The entire shape of the spectra has been successfully

described theoretically via a diagrammatic calculation that explicitly includes the final

state interaction of the transferred atom with the state |1⟩ medium [118, 119].
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Fig. 7. – RF loss spectra on the |2⟩ → |3⟩ transition with strong final state interactions, starting
with a 1-2-mixture at various magnetic fields and at different degrees of evaporative cooling. The
RF offset is given relative to the atomic transition. Spectra in the molecular regime are observed
for B = 720G (first column). Resonantly interacting Fermi gases are studied for B = 822G
and B = 837G (second and third columns). The fourth column shows data at B = 875G on
the BCS side of the Feshbach resonance. Temperature and Fermi energy decreases from the
top row T ′ ≈ 6TF (TF = 15µK), middle row T ′ = 0.5TF (TF = 3.4µK) to the bottom row,
T ′ < 0.2TF (TF = 1.2µK). The temperature T ′ was measured in the BEC regime. The solid
lines are introduced to guide the eye. From [21].
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Fig. 8. – RF spectra measured close to the Feshbach resonance at B = 837G and TF = 2.5µK
for different temperatures T ′ adjusted by controlled heating. The arrow marks the peak of the
“interacting” feature, originating from a strong interaction shift due to the build-up of “contact”,
initially interpreted as a signal of fermion pairing. From [21].
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Fig. 9. – Locally resolved RF spectra with strong final state interactions. The total trap-averaged
spectrum (c) is shown to originate from the summed response over equi-density shells (a) that
each have their resonance shifted according to their local density. The total absorption of the
cloud is shown in (b) as a reference. (d) reports the spectra as a function of radial position.
Such localized RF spectra can become an ideal probe of the contact via the clock-shift formula.
From [22].



36 Martin W. Zwierlein

Wings of the RF spectrum. The clock shift diverges for vanishing final state interactions

(a13 → 0), which hints at the fact that short-range physics on the order of r0 must play

an important role for the wings of the RF spectrum. Given the pseudospin-flip operator

Y , the frequency dependent transition rate of atoms from state |2⟩ to state |3⟩ can be

found by Fermi’s Golden rule:

(87) I(ω) = 2π~ω2
R

∑
f

|⟨f |Y |12⟩|2 δ (~ω + E12 − Ef ) ≡ 2π~ω2
RĨ(ω)

where E12 is the initial energy of the gas mixture in states |1⟩ and |2⟩ and the sum

includes all final eigenstates |f⟩. We can express the mean clockshift as

(88) ω̄ =

∫∞
−∞ dω ωI(ω)∫∞
−∞ dω I(ω)

≡ ω0 +Ωc

where ω0 = ϵ3 − ϵ2 is the bare energy difference of a single atom in state |2⟩ and |3⟩, due
to the hyperfine plus Zeeman energy, and Ωc is the clock shift. From the first moment

of the spectrum, we rederive the result for the clock shift above [92],∫ ∞

−∞
dω ωĨ(ω) =

∑
f

(Ef − E12) |⟨f |Y |12⟩|2(89)

=
1

2
⟨12| [[Y,H] , Y ] |12⟩(90)

Since state |3⟩ is initially unoccupied,∫ ∞

−∞
dω Ĩ(ω) =

∫
d3r d3r′ ⟨12|ψ†

2(r)ψ
†
3(r)ψ3(r

′)ψ2(r
′) |12⟩(91)

= N2.(92)

Taking the ratio of these expressions we thus again find Eq. 81 for the clock shift. We may

now ask what part of the spectrum I(ω) might have the largest contribution to the average

clockshift. We already know that the clockshift measures short-range correlations. It

is thus natural to expect that processes resulting in atoms moving at high momenta,

that can probe such short distance correlations, will have a large contribution. To see

this, we can look at the final eigenstates |f⟩ that are relevant for the spectrum. In a

large box, momentum is a good quantum number and the possible final states can be

written |f⟩ ≡ c†k,3 |12(N − 1), λ⟩ according to the momentum ~k of the free fermion

in state |3⟩ having energy ϵk = ~2k2/2m (here we will ignore interactions of |3⟩ with

other states). The strongly interacting gas that was initially in state |12⟩ will now

be in |12(N − 1)λ⟩, a state with one missing fermion in state |2⟩Ṫhe momentum -~k
can in principle be deposited into excitations in the mixture in a multitude of ways,

leading to many possible eigenstates |12(N − 1), λ⟩ with eigenenergies ϵλ. However, at
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high momenta k much larger than the Fermi momentum, corresponding to a wavelength

much shorter than the interparticle distance, the hole is going to propagate without being

affected by interactions, and its energy will be ϵk, just like that of the free particle in

state |3⟩. Only this one final state, |12(N − 1),k⟩, then contributes for each k. The total

energy of the final state with one hole in the 12 mixture and a free particle in state |3⟩ is
then Ef ≈ E12 + 2ϵk (compared to ϵk we can ignore the chemical potential difference µ

between state |3⟩ (µ3 = 0) and the 12-mixture). The matrix element ⟨f |Y |12⟩ reduces to
⟨12(N − 1),k| c2,k |12⟩. The resonant RF photon will have an energy ~ω = 2ϵk, i.e. high

momenta correspond to the wings of the RF spectrum. Since the final states are in this

case uniquely determined by the momentum k, we have the relation

(93) ⟨12| c†2,k|12(N − 1),k⟩⟨12(N − 1),k|c2,k |12⟩ = ⟨12| c†2,kc2,k |12⟩ = nk

We then find for the spectrum:

Ĩ(ω → ∞) ≈
∑
k

nk δ(ω − 2ϵk)(94)

=
1

2
ρ(ϵk)nk

∣∣∣∣
ϵk=ϵk(ω)

(95)

Here, ρ(ϵk) is the free density of states, and ϵk(ω) = ω/2. Since nk → C/k4 at high

momenta, we find, with ρ(ϵk) =
1

2π2
mk
~2 :

Ĩ(ω) −−−−→
ω→∞

1

4π2

(
~2

m

)1/2
C

ω3/2
(for a13 ≈ 0)(96)

A measurement of the tails of the RF spectrum thus yields the contact [122, 98, 123].

This result holds for frequencies large compared to the temperature and Fermi energy (all

expressed in energy units), but small compared to the energy scale ~2/ma213 associated

with final state interactions. At ω ≫ ~2/ma213, the wings of the RF spectrum decay with

1/ω5/2, which yields a finite clock shift.

A good approximation for the RF spectrum, valid for all frequencies ω ≪ ~2/ma213,
can be given in cases where the state c2k |12⟩ has a well-defined energy, i.e. when the hole

corresponds to a sharp quasi-particle. Then the simple expression Eq. 93 for the matrix

element is still correct. The resonant RF photon now has an energy ~ω = Ek + ϵk − µ,

where Ek is the sharply defined energy difference between |12(N − 1)⟩ and |12⟩ and µ

is the chemical potential in the 12-mixture that the free atom in state |3⟩ has given up.

The spectrum then reads

(97) Ĩ(ω) =
ρ(ϵk)

1 + ∂Ek

∂ϵk

nk

∣∣∣∣∣
ϵk=ϵk(ω)

where again ϵk(ω) solves the equation ~ω = Ek + ϵk − µ for ϵk. For a gas of tightly

bound molecules, we have ~ω = 2ϵk + |EB |, with EB = −~2/ma2 the molecular binding
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energy, and, since ϕ(r) ∝ e−r/a we have nk = |ϕk|2 ∝ (1+k2a2)−2 = (1+2ϵk/|EB|)−2 =

(|EB |/(~ω))2. The spectrum will thus be

(98) ĨBEC(ω) ∝
√
~ω − |EB |

1

ω2
.

For the BEC-BCS crossover mean-field theory with well-defined quasi-particles, we

have 1 + ∂Ek

∂ϵk
= 1 + ξk/Ek = 2u2k, and one finds

(99) ĨBEC−BCS(ω) =
1

2
Np ρ(ϵk) |φk|2

∣∣∣
ϵk=ϵk(ω)

where φk = vk/(uk
√
Np) is the Fourier transform of the pair wavefunction in the Leggett

Ansatz, Np the number of fermion pairs, ϵ(ω) = 1
2~ω (~ω − ~ωth)(~ω + ~ωth + 2µ) and

v2k/u
2
k

∣∣
ϵk=ϵ(ω)

= ∆2/(~ω)2. With ρ(EF ) = 3N/4EF the spectrum finally becomes

(100) ĨBEC−BCS(ω) =
3

8
√
2

N ∆2

E
3/2
F

√
~ω − ~ωth

~2ω2

√
1 +

ωth

ω
+

2µ

~ω

In the BEC-limit, where ∆ =
√

16
3π

EF√
kF a

, this reduces to

(101) ĨBEC(ω) =
2

π
NM

√
|EB |

√
~ω − |EB |
~2ω2

.

This is exactly the dissociation spectrum of NM = N/2 non-interacting molecules, con-

sistent with Eq. 98. For high frequencies, from Eq. 96, we read off C = 8πNM/a, which

is just the contact for a gas of NM non-interacting molecules found before directly from

the energy E = −NM~2/ma2 (see Eq. 64).

In the BCS-limit, the result from basic BEC-BCS theory incorrectly predicts the

contact to be ∝ N∆2/E2
F kF ∝ NkF e

−π/kF |a|, which would imply that one could measure

the BCS pairing gap via the wings of the RF spectrum, for example. Instead, we know

from Eq. 66 that in the limit of weak interactions, the contact of the gas is dominated

by the mean-field interaction, C ∝ Nna2 ∝ NkF (kFa)
2. This is exponentially larger

than the result from the basic BEC-BCS theory. The reason for this failure is that the

basic theory ignores interactions present already in the normal state, and thus completely

misses the mean-field interaction in the gas.

A RF line shape demonstrating the universal tail is shown in Fig. 10b. The trap-

averaged contact obtained from this measurement is compared to the result from the

momentum distribution in Fig. 10. Also included in this graph are measurements via

momentum-resolved radiofrequency spectroscopy, in which the atoms are momentum

analyzed after the RF spin flip. This yields the trap-averaged spectral function A(k, ω)

whose frequency integral is the momentum distribution n(k). This method of obtaining

n(k) does not require the interactions to be switched off via magnetic field sweeps, as in



Thermodynamics of Strongly Interacting Fermi Gases 39

the ballistic expansion method to be described next. The latter can yield a systematically

lower apparent contact due to the finite sweep rate.

Fig. 10. – Extracting the contact from the momentum distribution and the RF line shape. a)
Measured momentum distribution for a Fermi gas at 1/kF a = −0.08 ± 0.04. The wavenumber
k is given in units of kF , and n(k) has been multiplied by k4. The dashed line corresponds to
2.2. The measured value of C depends on the rate of the magnetic field sweep that turns off the
interactions. b) RF spectrum of a unitary Fermi gas. The spectrum is multiplied by 23/2π2ν3/2,
which should asymptote to C for large ν. The dashed line corresponds to 2.1. From [102].

Fig. 11. – The trap-averaged contact is obtained via three different methods. Filled circles - from
the wings of the momentum distribution. Open circles - from the wings of n(k) as measured
via momentum-resolved RF spectroscopy. Stars - from the wings of RF spectra. The line is a
theory curve from [65]. From [102].
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2
.
5.2. Momentum distribution. The momentum distribution of the atoms in the cloud

can be determined by releasing them from the trap and simultaneously switching the

scattering length to zero. Such studies have been performed in both 40K [106, 102] and
6Li [62].

Far on the BCS side, one finds the momentum distribution of an ideal Fermi gas in

a harmonic trap. On the BEC side, the momentum distribution approaches the squared

magnitude of the molecular wave function’s Fourier transform. The crossover region

smoothly interpolates between these two limits. The modification of the momentum

distribution due to the superfluid phase transition is too small to be discernable in these

measurements [124].

The far wings of the momentum distribution display the universal tail nk = C/k4,

and measurements of the wings of the momentum distribution thus directly yield the

trap-averaged contact (see Fig. 11a)). The results are compared in Fig. 11 with results

from RF spectroscopy.

2
.
5.3. Photoassociation. As the contact measures the probability for two particles

of opposite spin to be near each other, it will govern the rate of photoassociation to a

tightly bound molecular state. This experiment was performed in [13], see Fig. 12 and

its relation to the contact was demonstrated in [65].

Fig. 12. – The trap-averaged contact C = −dE/da−1 as determined from the photoassociation
experiment in [13], from [65]. Solid line: Theoretical prediction combining the Lee-Huang-Yang
formulas Eqs. 64, 66 in the weakly interacting regimes with an interpolation of the fixed-node
Monte-Carlo results of [85, 101] in the strongly interacting regime. Dashed lines: Analytical
predictions in the weakly interacting regimes. Circles: Experimental measurement of the number
Nb of closed-channel molecules in a lithium gas [13], combined with the theory from [65] linking
C to Nb.
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In the photoassociation of two atoms into a bound molecule of electron spin singlet

character, only the singlet admixture of the two-body wavefunction will contribute to

the transfer. Near the Feshbach resonance of 6Li, the continuum of scattering states, the

so-called open channel, is predominantly triplet in character, while the closed channel

molecular state causing the resonance is an electron singlet bound state. The Feshbach

resonance mixes the closed channel molecular state with the continuum of scattering

states in the open channel resulting in a “dressed” molecular state. The rate of pho-

toassociation measures the closed-channel fraction of the many-body state, or in other

words the number of closed-channel molecules Nb. This quantity was measured in [13]

and it was verified that the closed channel contribution to the pair wave function is very

small throughout the crossover region. It is the smallness of this closed channel fraction

that allows for a description of the BEC-BCS crossover in 6Li within an effective single-

channel model whose single parameter is the scattering length a. However, it was pointed

out in [65] that paradoxically the small number of closed channel molecules is directly

related to the contact, i.e. a thermodynamic quantity of the single-channel model.

The reason is that the change in energy with scattering length in the two-channel

model comes entirely from the change in energy of the closed-channel molecular state

with magnetic field, which gives Nb:

(102)
dE

dB
= µbNb

where ϵ(B) is defined relative to the energy of two unbound atoms at rest (the “thresh-

old”), and µb is the difference in magnetic moments of the closed-channel molecular state

and the open channel. So one has [65]

(103) Nb =
∂E

∂a−1

∣∣∣∣
S

da−1

dB

1

µb

The derivative da−1

dB is known from two-body physics. The relation between the ex-

perimental measurement of Nb and the contact is demonstrated in Fig. 12. For this

comparison, a trap average of the local contact from the homogeneous equation of state

was performed in order to take into account the spatial variation of the density in the

trap.

As seen above, in basic BCS-theory, interactions in the normal state of the gas, such

as in Eq. 66, are not taken into account and one finds the incorrect result that the

contact is proportional to the square of the pairing gap, C ∝ ∆2. This contribution

decays exponentially with interaction strength, C ∝ exp(−π/kF |a|), while already the

mean-field energy present already in the normal, non-superfluid Fermi gas contributes

C ∝ Nna2. The contact as a function of interaction strength is thus not sensitive to the

superfluid transition and many-body pairing. However, a possible strong variation as a

function of temperature, near the critical temperature of superfluidity, might indicate

the phase transition, just like the compressibility and specific heat strongly vary at the

transition [38].
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Fig. 13. – Universal dependence of the static structure factor for a strongly interacting Fermi
gas. Measured and calculated static structure factor versus kF /k for 1/kF a = +0.3, 0.0, and
−0.2. The fitted slope on resonance yields C/NkF = 3 ± 0.12 for the trap-averaged contact.
From [108].

2
.
5.4. Bragg specroscopy. As we have seen, for two points at short distance r =

|r1 − r2|, the pair correlation function ⟨ρ̂↑(r1)ρ̂↓(r2)⟩ =
⟨
ψ†
↑(r1)ψ

†
↓(r2)ψ↓(r2)ψ↑(r1)

⟩
reduces to the two-body result |ϕ(r1, r2)|2, the probability of finding two particles (of

opposite spin) at short range of each other. Its r-dependence is given by two-body physics

(Eq. 51), only the prefactor depends on the many-body state via the contact [64]:

g
(2)
↑↓ (r) =

V 2

N↑N↓

⟨
ψ†
↑(r1)ψ

†
↓(r2)ψ↓(r2)ψ↑(r1)

⟩
(104)

−−−−→
r1→r2

V

N

C

4π2N

(
1

r2
− 2

ar

)
(105)

=
3

4
I
(

1

k2F r
2
− 2

k2Far

)
(106)

valid for r ≪ a. Here, I = C/NkF is the dimensionless contact.

While pair correlations are difficult to measure directly, the Fourier transform of g
(2)
↑↓

is directly related to the static structure factor S↑↓(k) that is accessible to experimental

measurement via Bragg spectroscopy [125]. This technique has been used to determine

the static and dynamic structure factor of Bose-Einstein condensates [126, 127, 128, 129].

For strongly interacting Fermi gases it was applied in [105, 108].
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In this method, atoms diffract of a moving light grating created by the intersection of

two laser beams, of frequencies ω1 and ω2 and wavevectors kL1 and kL2. The coherent

absorption of one photon from one laser beam and stimulated emission into the other laser

beam - the first order Bragg scattering process - transfers a momentum k = kL2 − kL1

and an amount of energy ~ω = ω2 − ω1 to the atom. The magnitude of the transferred

momentum is |k| = 2~kL sin(θ/2), where kL is the magnitude of the wave vector of

the laser beams and θ the angle between them. For non-interacting atoms with initial

momentum ~q, the resonance condition is given by the Bragg condition ~ω = ϵq+k−ϵq =

~2k2/2m+~q·k/m, which reflects energy and momentum conservation for a free particle.

~ωr ≡ ~2k2/2m is the recoil energy associated with the transferred momentum ~k, and
~q ·k/m is simply the Doppler shift due to the motion of the atom relative to the grating.

The process is thus Doppler sensitive and lends itself to the analysis of the momentum

distribution of a non-interacting gas. For an interacting many-body system, however,

there are a multitude of ways in which the Bragg momentum can be deposited in the

atom cloud. Instead of outcoupling a given momentum class of atoms, one only observes

a slight shift in the center-of-mass position of the cloud, after a given time T after the

Bragg pulse. This shift is enough to deduce the strength of the system’s response to the

Bragg grating, which yields the static and dynamic structure factor.

Fig. 14. – The trap-averaged contact as a function of kHO
F a, where kHO

F is the trap-averaged
Fermi wavevector. The red grey circles are experimental data from [108], the red data from [109].
Various theory curves are included for comparison (see [109]). At unitarity, the experimental
result is C/NkHO

F = 3.06 ± 0.08 compared with the quantum Monte-Carlo value of 3.336 and
the Nozières-Schmitt-Rink result of 3.26.
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The operator associated with the Bragg pulse is V̂Bragg = V
2

∑
σ ρ̂

†
σ(k)e

−iωt+ρ̂†σ(−k)e+iωt

where ρ̂σ(k) =
∑

q c
†
σ,q+kcσ,q is the Fourier transform of the density operator of spin state

σ at wave vector k. Starting from an initial many-body state |g⟩ with energy Eg, the

excitation rate per particle is given by [127, 125]

(107)
2π

N~

(
V

2

)2 ∑
f

∣∣∣∣∣⟨f |∑
σ

ρ̂†σ(k) |g⟩

∣∣∣∣∣
2

δ(~ω − (Ef − Eg)) = 2πω2
RS(k, ω)

where, for an equal mixture of atoms in both spin states, as we assume here, the dynamic

structure factor S(k, ω) = 2 (S↑↑(k, ω) + S↑↓(k, ω)) and

(108) Sσσ′(k, ω) =
∑
f

⟨g| ρ̂σ(k) |f⟩ ⟨f | ρ̂†σ′(k) |g⟩ δ(~ω − (Ef − Eg))

are the spin-parallel and spin-anti-parallel structure factors. The static structure factor

Sσσ′(k) is obtained by integrating over all frequencies ω:

(109) Sσσ′(k) =
2

N
~
∫ ∞

0

dω Sσσ′(k, ω) =
2

N
⟨g| ρ̂σ(k)ρ̂†σ′(k) |g⟩

The spin-parallel and spin-anti-parallel static structure factors are directly related to the

spin-parallel and spin-anti-parallel correlation functions g↑↑(r) and g↑↓(r) via a Fourier

transform [125]:

S↑↑(k) = 1 +
n

2

∫
d3r (g↑↑(r)− 1) eik·r

S↑↓(k) =
n

2

∫
d3r (g↑↓(r)− 1) eik·r(110)

which leads to S(k) = 1+n
∫
d3r (g(r)− 1) eik·r with g(r) = (g↑↑(r)+g↑↓(r))/2. At high

momenta, and thus short distances, the spin-parallel structure factor is dominated by

auto-correlation, and S↑↑ → 1. The spin-anti-parallel structure factor at large momenta

is directly sensitive to the probability for two opposite spin particles to be near each

other - which is again measured by the contact.

Indeed, from Eq. 106 one obtains directly [125, 108]

(111) S↑↓(k ≫ kF ) =
I

4

kF
k

(
1− 4

πkFa

kF
k

)
At unitarity, S↑↓(k) depends linearly on kF /k, with a slope that directly yields the

contact. The measurements of [108] shown in Fig. 13 directly show this universal behav-

ior, and yield a trap-averaged contact of C/NkF = 3± 0.12.

The interaction dependence of the trap-averaged contact, as measured via Bragg

spectroscopy [108], shows the qualitative features expected from the previous discussion
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(see Fig. 14): The contact is large in the molecular regime, and gradually shrinks in the

BCS regime.

Fig. 15. – Temperature dependence of the trap-averaged contact obtained from Bragg spec-
troscopy. Solid lines are theoretical predictions (see [130]).

The temperature dependence of the (trap-averaged) contact was measured via Bragg

spectroscopy in [130], see Fig. 15. The contact is seen to rise steadily as temperatures are

decreased, showing the increasing pair correlations building up in the gas. This build-up

starts already far above the superfluid transition. The value at the lowest measured

temperatures is about C = 3.1NkF .

2
.
5.5. Temperature dependence of the homogeneous contact. The contact depends on

the state of matter of the gas and also on temperature. One may expect that the con-

tact displays a significant change at the normal-to-superfluid transition, similar to the

compressibility and specific heat. However, all of the previously discussed experimental

determinations of the contact provided trap-averaged results. RF spectroscopy, momen-

tum distribution, photoassociation, Bragg spectroscopy, etc., are typically applied to the

entire trapped atom cloud. They are thus insensitive to the sudden change of local prop-

erties - the transition occurs only in a narrow shell within the three-dimensional cloud.

The experiment in [104] overcomes this problem by selecting a central region in the cloud

whose RF response is measured. This yields the contact for a nearly homogeneous gas.

Fig. 16 shows such “localized” RF spectra, which again display the universal tail that

allows to determine the contact.

Fig. 17 shows the experimentally measured contact as a function of temperature.

Coming from high temperatures, the contact steadily grows in the normal phase. At
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Fig. 16. – An RF spectrum for the unitary Fermi gas at T/TF = 0.25. The red line is a fit to
the expected ∝ C/ν3/2 behavior at high frequencies (ν = ω/2π). The inset shows the same data
multiplied by ν3/2, demonstrating the universal tail. From [104].

T/TF ≈ 0.16, close to the critical temperature found in [38], a sudden drop is observed.

Theoretical predictions for the contact versus T/TF differ substantially, from the sum-

mation of certain classes of Feynman diagrams [133, 110, 134] to lattice Monte-Carlo

simulations [132]. The Bold Diagrammatic Monte-Carlo method, which compared excel-

lently to experimental determinations of the equation of state [39, 38], shows a steadily

increasing contact as T/TF decreases, while Monte-Carlo calculations on the lattice pre-

dict the opposite trend in a certain temperature interval and 30% larger values. There

is a clear need for further experiments on the homogeneous contact using the various

available techniques, for example momentum-resolved RF spectroscopy [24, 102], as well

as theoretical calculations in the superfluid phase.

2
.
5.6. Collective oscillations. Collective oscillations of the trapped atom cloud have

provided a rich source of information on the collisional properties of strongly interacting

Fermi gases [135, 12, 25, 26, 136, 28]. In the context of equation of state measurements,

one can distinguish between surface modes, that do not change the volume of the gas,

and compressional modes that do. The latter type can thus serve as a sensitive probe of

the equation of state.

Initial measurements [12, 25, 26] demonstrated a strong variation of compression mode

frequencies in the BEC-BCS crossover, reflecting the variation of the density equation of

state with interaction strength. In a high-precision version of this experiment [136] (see

Fig. 18), the collective mode frequencies were shown to be inconsistent with mean-field

theory, but consistent with the equation of state as calculated via Monte-Carlo calcu-
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Fig. 17. – The contact of a nearly homogeneous sample of a unitary Fermi gas versus T/TF

at unitarity [104] (brown circles) is compared to a calculation from Bold Diagrammatic
Monte-Carlo [131] (blue solid circles). Auxiliary Field Quantum Monte-Carlo results: Grey
crosses [132]. From [131].

lations [85, 137]. Importantly, in the BEC-regime the data agreed with the prediction

for collective oscillations deduced from Eq. 64 that includes the Lee-Huang-Yang beyond

mean-field correction due to quantum depletion [135].

For highly elongated (cigar-shaped) atomic clouds in the hydrodynamic regime, col-

lective mode frequencies can be directly tied to the equation of state. One exception is

the lowest energy mode, the sloshing or dipole mode, where the cloud undergoes axial

center-of-mass oscillations with a frequency always equal to the axial trapping frequency

for a single atom. For harmonic trapping and pair-wise interactions one can show that

such center-of-mass motion completely decouples from the relative motion of the particles

and is thus insensitive to the state of the system. For a unitary Fermi gas in a harmonic

trap, there exists a second exception, the lowest axial breathing mode, as found in [138].

Its oscillation frequency is independent of temperature and only a function of the aspect

ratio, as has been checked experimentally [28]. However, the next higher axial mode, for

which the deviation of the density has a node in the center of the cloud, is temperature

dependent and can serve as a test of the unitary equation of state. The experiment was

reported in [28] and provided a first independent check of the equation of state measured

in [38].
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Fig. 18. – Radial compression mode frequency of an elongated atom cloud, normalized by the
radial trapping frequency as a function of interaction strength. The theory curves refer to mean-
field BCS theory (lower curve) and the quantum Monte-Carlo calculations (upper curve) [85,
137]. The horizontal dashed lines indicate the values for the BEC limit (fc = 2) and the unitarity
limit (fc =

√
10/3 = 1.826). From [136].
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Fig. 19. – Temperature dependence of the nodal axial breathing mode frequency. The experi-
mental data are shown as a function of (a) the measured energy parameter E/E0, and (b) the
temperature scale T/TF . The theoretical curves (solid lines) are based on the EOS in [38]. This
EOS is also used to extract T/TF from the measured profile in two different ways: The filled
symbols in (b) result from a direct conversion of E/E0 to T/TF , while the open symbols result
from fitting the cloud profiles. Dashed curves: Mode frequencies that would result from the
EOS of an ideal Fermi gas. Thin horizontal lines: T = 0 superfluid limit (ω/ωz =

√
21/5) and

the classical hydrodynamic limit (ω/ωz =
√

19/5). In (a) the dashed vertical line indicates the
T = 0 ground state with E/E0 =

√
ξ = 0.613(3), while the dash-dotted vertical lines in (a)

and (b) indicate the critical energy E/E0 = 0.934(39) and temperature Tc/TF = 0.223(15) for
a trapped gas. From [28].
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2
.
5.7. The equation of state in the BEC-BCS crossover. In [37], the equation of state in

the BEC-BCS crossover was directly obtained from the density profiles of a harmonically

trapped gas via the “magic formula” Eq. 22 relating the local pressure to the column den-

sity. The gas was determined to be at temperatures T/TF = 0.03(3), much lower than the

critical temperature for superfluidity in the explored regime, justifying the assumption of

zero temperature made in the analysis. In the superfluid regime, a spin-imbalanced gas

consists of a central core at equal densities, surrounded by a normal mixture at unequal

densities [40, 41, 139, 42]. Such a mixture thus allows for the study of the balanced

superfluid in the center, while the normal wings are used for thermometry and to obtain

the chemical potential. Thermometry was performed on the non-interacting wings of the

spin-imbalanced Fermi gas [139]. The chemical potentials of the majority and minority

cloud were directly obtained from the measured cloud sizes and the knowledge of the en-

ergy of a single minority atom immersed in a Fermi sea [45]. The outcome of the analysis

is a zero-temperature equation of state for the two-component Fermi gas in the BEC-BCS

crossover. Focussing here on the results for the balanced superfluid, the study directly

gave the pressure P (µ, a) as a function of chemical potential and scattering length. The

results are reported using the normalized quantity hS (δ) = P (µ, a)/(2P0(µ)), the ratio

of the pressure of the interacting system to the pressure of the non-interacting system, as

a function of the normalized interaction strength δ ≡ ~√
2mµa

that plays the role, in the

grand-canonical ensemble, of 1/kFa in the canonical ensemble. This function is shown

in Fig. 20. In the BEC-regime, the measurement is consistent with the Lee-Huang-Yang

result Eq. 64, and in the BCS regime it approaches the Lee-Yang formula Eq. 66. Fur-

thermore, the data yielded a value of the local, homogeneous contact corresponding to

ζ = 0.93(5) (i.e. C/NkF = 3.5(2)), in good agreement to other experimental and theo-

retical values. It is remarkable that the trapping potential, that was often regarded as

a nuisance in ultracold atom experiments, has turned out to provide the key method

to obtain the homogeneous equation of state - in principle from one single experimental

image.

2
.
6. Condensation energy . – The superfluid state is favored with respect to the normal

state when its free energy FS is smaller than the free energy FN of the normal state. The

difference Ec can be defined as the condensation energy. In BCS theory, the condensation

energy is directly related to the pairing gap ∆ as (see section ??)

(112) Ec = FS − FN = −1

2
ρ(EF )∆

2 = −3

8
N

∆2

EF

At zero temperature, we have ES,N = 3
5NEF ξS,N (1/kFa), where the subscript S and N

denote the superfluid and normal state, respectively. In the BCS regime, the condensation

energy is thus related to ξN − ξS via

(113) ξN − ξS =
5

8

(
∆

EF

)2
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Fig. 20. – Equation of state in the BEC-BCS crossover. black circles data; blue and red solid
lines: Padé expansion. Comparison with analytical expansions: MF: mean-field, LY: Lee-Yang,
LHY: Lee-Huang-Yang. From [37].

This relation between ξN − ξS and the gap is strictly valid only the BCS limit, and

generally, as pointed out in [140], one rather has a more complicated relation

(114) ξN − ξS =
5

8

(
∆

EF

)2

f(∆/EF )

with an unknown function f(∆/EF ). It is argued in [140] that f(0) = 1 to recover the

BCS limit, and f should only receive corrections from unity starting with (∆/EF )
2. At

unitarity a moderate 25% correction to the simpler BCS relation is expected. The relation

can be tested for its validity (see Fig. 21). ξN can be obtained by extrapolating the

equation of state of the normal state either from temperature above Tc to T = 0 [35, 38]

or from large spin imbalance to zero imbalance [140] (see section 3). The pairing gap ∆

has been measured in RF spectroscopy [23] (see Fig. 22). Comparison shows that the

simple BCS expression 114 is still in excellent agreement up to 1/kFa ≈ 0.5. This is on

the BEC side of the resonance but still in the regime where µ > 0. Here, pairing is a
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Fig. 21. – Condensation energy in the BEC-BCS crossover. Main panel: Dimensionless conden-
sation energy ξN − ξS versus interaction strength 1/kF a (solid black line). In red points, BCS
expression 5

8
(∆/EF )

2 using the values of ∆ measured in [23]. Dashed blue line Mean-field BCS
theory. Solid black line Fixed node Monte-Carlo calculation. Inset: Ratio of the condensation
energy ξN − ξS to 5

8
(∆/EF )

2. From [140].

many-body affair, with a minimum single-particle excitation energy at finite momentum

given by the pairing gap ∆. This might give a qualitative explanation why the BCS

relation (that has f = 1) still works in the strongly interacting regime.

2
.
7. The normal state above Tc: Pseudo-gap phase, Fermi liquid, or Fermi gas? . – Of

considerable interest is the state of the system close to, but above the critical temperature

for superfluidity. Does fermion pairing occur already above Tc, i.e. is there a “pseudo-

gap” phase of preformed Cooper pairs [141, 142]? Or is the gas a Fermi liquid, with

well-defined quasi-particles [35, 143]? Or is the gas in fact too “hot” at temperatures at

and above Tc to speak of a Fermi liquid? After all, Tc is a fair fraction of the Fermi energy,

and the Fermi surface is likely significantly broadened by thermal effects. This question

is a subject of current debate, as we discuss below. It is of relevance to the regime of

high-temperature superconductors above but close to Tc, the so-called “Nernst” regime,

where it is believed that pairing and strong phase fluctuations with well-defined vortices

may exist [144]. This is however only a small part of the region in the high-Tc phase

diagram known as the “pseudo-gap”, a phenomenon that persists at temperatures much

larger than Tc and that is unrelated to pairing, but rather related to the nearby Mott

insulating state [145].
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In the BCS-regime, pairing and superfluidity occur together. Tc is just given by

the temperature of pair formation. However, in the BEC regime, it is natural to have

pairing without superfluidity: Molecules can first form at a temperature on the order of

the binding energy EB , before they condense at much lower temperatures given by the

criterion for Bose-Einstein condensation, which yields Tc ≈ TF . Thus on the BEC-side

above Tc we expect to find a normal Bose gas of molecules, while in the BCS regime one

should find a Fermi liquid of unpaired quasi-particles above Tc. Pairing above Tc in the

BEC-regime is however simply a two-particle effect. The question of interest is whether

many-body pairing, that requires the presence of the surrounding Fermi gas, may persist

in the strongly interacting regime above Tc. Such BCS-type many-body pairing would

be characterized by a pairing gap ∆∗, and the lowest single-fermion excitations of the

gas at that pairing energy would have non-zero momentum.

Fig. 22. – Measurement of the pairing gap via RF spectroscopy on imbalanced Fermi mixtures.
The spectrum in a), from the balanced superfluid in the center of the trap, reveals an energy shift
with respect to the bare atomic frequency (at 0 rf offset). In b) some majority atoms spatially
coexist with superfluid pairs. Two peaks result, and the peak difference yields the pairing gap.
Further out, in c) and d), one enters the polaronic regime (see section 3). From [23].

The superfluid pairing gap was observed in localized RF spectroscopy [23], where a

small population of quasi-particles was induced by spin-imbalance. In this way, both

the spectrum of pairs and the spectrum of unpaired quasi-particles was detected at the

same local position, and the difference in peak positions yielded the pairing gap (see

Fig. 22). A balanced mixture did not reveal such double-peaks for any temperature,

and the spectra above Tc were observed to acquire a width comparable to the Fermi

energy. This speaks against a standard Fermi liquid picture, but rather than confirming

an exotic non-Fermi liquid scenario this is likely due to the fact that Tc ≈ 0.17TF is a

substantial fraction of TF and thermal effects are important. Pauli blocking will not be

effective at protecting quasi-particles at temperatures larger than a few percent of TF .

Also, the strong interactions at unitarity imply a short mean-free path on the order of the

interparticle distance, and thus quasi-particle energies are likely to be ill-defined, with an

energy width that could be comparable to the Fermi energy. The short mean-free path

is reflected in the low viscosity of the gas above Tc [29, 146, 110], and in the low spin

diffusivity on the order of ~/m [30, 147, 148].
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Momentum-resolved RF spectroscopy was employed to investigate the possibility of

pairing above Tc [142]. Gap-like features and the associated “back-bending” of the dis-

persion near kF , away from the chemical potential, were observed as a function of mo-

mentum (see Fig. 23). Note that back-bending far from kF , with small but non-zero

spectral weight, is predicted to be a universal feature of Fermi gases with contact inter-

actions in all phases, normal and superfluid. It is a direct consequence of the 1/k4-tail in

the momentum distribution associated with non-zero contact, as discussed above. Such

a tail is indeed observed in the experiment [142], with back-bending persisting up to

very high temperatures, even when the near-kF behavior no longer exhibits the pseudo-

gap-like behavior. The spectra are broadened to about the Fermi energy, possibly due

to an interplay of temperature, short mean-free path and trap-averaging. Momentum-

resolved spectra of a homogeneous sample will be of great value in the interpretation of

the gap-like back-bending.

In weakly coupled layers of quasi-two-dimensional Fermi gases, evidence for similar

back-bending was found [149] and the evolution of pairing from three to two dimensions

was studied [150]. However, the interpretation of back-bending revealing a pseudo-gap

is challenged by a theory that only includes a high-temperature Virial expansion and

reproduces the qualitative features of the measurements [151].

Fig. 23. – Temperature dependence of the spectral function from momentum-resolved RF spec-
troscopy. Spectra are shown for Fermi gases at four different temperatures at an interaction
strength 1/kF a ≈ 0.15. The intensity plots show the fraction of out-coupled atoms as a function
of their single-particle energy (normalized to the trap-averaged EF ) and momentum (normal-
ized to the trap-averaged kF ), where E = 0 corresponds to a particle at rest. The black curve
is the quadratic dispersion expected for a free particle. The white curve is a fit to a BCS-like
dispersion with back-bending. From [142].

As an argument in favor of the Fermi liquid scenario, measurements of the equation

of state have revealed that surprisingly, the pressure, normalized by the pressure of a

non-interacting Fermi gas at the same chemical potential, is to a high degree linear in

(kBT/µ)
2, a property one would associate with Fermi liquid behavior [35, 38]. However,

at the elevated temperatures above Tc, already a non-interacting Fermi gas would deviate
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from this behavior, displaying a slope that varies with temperature [38]. Also, as argued

above, quasi-particles might not have well-defined energies due to finite temperature and

strong interactions that imply a short mean-free path and thus a short quasi-particle

lifetime. The observed behavior seems to be a coincidence, related to the quadratic de-

pendence of the chemical potential on temperature, and it does not persist when the

temperature is normalized by the Fermi temperature, instead of the chemical poten-

tial [152, 38]. Still, a Fermi liquid picture was shown to explain the momentum resolved

RF spectra quite satisfactorily [143], and the width of the spectra was recovered despite

the assumption of long-lived quasi-particles and attributed instead to temperature, trap

inhomogeneity and measurement resolution.

One way to very clearly bring out Fermi liquid behavior in a strongly interacting Fermi

gas is to work with spin-imbalanced mixtures above the Clogston-Chandrasekhar limit

of superfluidity [40]. A single spin down impurity immersed in a Fermi sea, the Fermi

polaron [153, 154, 155, 156], possesses definite quasi-particle properties, a long lifetime,

a sharply defined energy [45] and an effective mass [44]. As the number of impurities in-

creases and the gas becomes less highly imbalanced, the energy of the minority spins does

not significantly change [45], implying that a Fermi liquid description of non-interacting,

well-defined quasi-particles is valid in this regime. Indeed, the equation of state of such

imbalanced Fermi mixtures at near-zero temperature is excellently described within a

Fermi liquid picture [34, 35, 37, 143]. Since there is no phase transition between the

regime of high imbalance and low temperature T ≪ TF and the balanced Fermi gas

above Tc, this spin-imbalanced Fermi liquid must smoothly evolve to the spin-balanced

state above Tc that may or may not contain preformed pairs. The study of this evolution

is subject of current experiments.

A quantity that directly indicates pairing is the spin susceptibility χs of the gas [157].

Quantum Monte-Carlo studies see clear evidence of preformed Cooper pairs in a down-

turn of the spin-susceptibility before the superfluid critical temperature is reached [158,

159]. The spin susceptibility of the superfluid Fermi gas in the BEC-BCS crossover has

been obtained experimentally via the detection of spin fluctuations [160]. As expected,

the spin susceptibility was strongly suppressed in the superfluid regime. On resonance,

for a condensate fraction of 35%, it was found χSF = 0.28(6)χ0, where χ0 = 3n/2EF

the spin susceptibility of a non-interacting Fermi gas. However, also the interacting

normal state retained significant suppression of spin fluctuations due to the strong at-

tractive interactions. The spin susceptibility for a normal spin-imbalanced Fermi gas has

been measured via the equation of state in [143], and the data was extrapolated to the

spin-balanced case. On resonance, the result was χn = 0.54χ0, about a factor of two

larger than in the superfluid regime of [160]. The temperature dependence of the spin

susceptibility was obtained from spin transport as the ratio of spin conductivity to spin

diffusivity [30]. At high temperature T ≫ TF , the spin susceptibility χ closely tracked

the compressibility κ in accord with the result for a Boltzmann gas, where χ = n2κ. Be-

low T ≃ TF , the susceptibility was seen to decrease below n2κ, as expected for a Fermi

liquid where spin- and density-response each come with their own Landau parameters.

A further sudden decrease in χ was not observed down to T/TF = 0.2 within the signal
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to noise of the experiment, rather arguing for the Fermi liquid side. A precision mea-

surement of the temperature dependence of the spin susceptibility would reveal whether

the decrease to the superfluid value occurs at or already above Tc, and might provide

insight into the question of the pseudogap for a resonant Fermi gas.

3. – Fermionic Superfluidity with Spin Imbalance

The question of superfluidity in the presence of spin imbalance is almost as old as

BCS theory itself. Bardeen, Cooper and Schrieffer described the superconducting state

as a condensate of pairs of electrons carrying opposite spin. But what is then the fate

of a spin-imbalanced mixture? In this case, not every majority atom can find a minority

partner to pair with. Will the gas still be superfluid? If so, are the excess fermions

tolerated inside the gas of pairs or are they expelled from the superfluid? If superfluidity

breaks down, what is the nature of the strongly interacting, imbalanced normal mixture

left behind? The question is relevant to various fields of physics were fermion mixtures

coexist at unequal populations, for example in nuclei but also in the core of neutron

stars. Here, a quark superfluid (or color superfluid) is predicted to exist [161] that is

neutral, and therefore must contain unequal densities of quarks.

Imbalanced superfluidity is difficult to study in conventional superconductors. To

induce spin imbalance, one would apply a magnetic field, but that is expelled from the

superconductor because of the Meissner effect. In ultracold atomic gases, one can freely

choose the population in the two (hyperfine) spin states. This opens up an entirely new

avenue for studying fermionic superfluids.

Fig. 24. – Superfluidity in a strongly interacting Fermi gas with imbalanced spin populations.
Vortices mark the region of superfluidity. The population imbalance (N↑ −N↓)/(N↑ +N↓) was
(from left to right) 100, 90, 80, 62, 28, 18, 10 and 0%. From [40].

In the following we discuss the major findings for imbalanced Fermi mixtures. The

creation of spin imbalanced fermionic superfluids and the determination of the equation

of state of imbalanced Fermi gases can be considered a major success of ultracold atom

experiments [40, 41, 42, 43, 34, 45, 35, 35]. The superfluid state was found to be robust

against spin imbalance in the strongly interacting regime [40, 41] (see Fig. 24). At a

critical population imbalance, that depends on the interaction strength, the superfluid
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state was found to break down [40, 44]. This was the observation of the Clogston-

Chandrasekhar (CC) limit of superfluidity, also known as the Pauli limit. Thus, in

spin-imbalanced Fermi gases, there is no longer a smooth crossover between the BEC-

and the BCS regime. Instead, a first order transition takes place: If the attractive in-

teractions become too weak, the superfluid state becomes normal. This is in contrast to

the spin-balanced case, where superfluidity occurs for arbitrarily small interactions. The

stronger the imbalance, the smaller is the window of superfluidity. The phase diagram

of imbalanced Fermi mixtures is much richer than for the balanced case. At low temper-

atures, the superfluid state requires equal spin densities, and phase separates from the

normal state in a trap [40, 41, 162, 42, 43]. Accordingly, the density difference jumps,

a direct consequence of the first order transition due to the Pauli limit. The first or-

der transition at zero temperature continues as a first order phase transition at finite

temperature, up to a critical point, where it becomes second order [163, 43]. Here, the

density difference evolves continuously across the superfluid to normal transition.

At high imbalance, the system is normal down to the lowest temperatures realized so

far, and behaves as a Fermi liquid [45, 44, 35, 37, 143]. In the limit of high imbalance

there is one minority atom “swimming in the Fermi sea” [164] of majority atoms. This

is the Fermi polaron [165, 166, 155, 167, 168], an impurity dressed by the surrounding

fermionic bath, that has a well-defined energy E↓ and an effective mass m∗. Apart from

mass-balanced, strongly interacting Fermi gases in 3D [45, 44], it has also been observed

in unequal Fermi mixtures of two different fermionic species of atoms, 6Li and 40K [47],

as well as in mass-balanced mixtures in two dimensions [46].

As always when symmetries are broken, one obtains new insights also for the sym-

metric state. Indeed, the study of imbalanced mixtures has improved our understanding

of the balanced case. It enabled the direct observation of the formation of the superfluid

without a rapid ramp to the BEC-side [139, 42] (see section ??). Imbalance also offered a

way to directly measure temperature in the strongly interacting regime, by using the fully

polarized majority wings of the density distribution as a thermometer [139, 43, 35, 37].

This solved a long-standing problem of strongly interacting Fermi gases, where no simple

thermometry had been available before, and enabled the determination of the equation

of state of balanced and imbalanced Fermi mixtures.

3
.
1. Chandrasekhar-Clogston limit . – If magnetic fields do enter a superconductor, the

BCS state of electron pairs should be fragile as the field tends to align the spins. Following

this thought, Chandrasekhar [169] and independently Clogston [170] derived an upper

limit for the critical magnetic field of a superconductor: Once the energy gain for aligning

the electron spins is larger than the energy gain from pairing opposite spins, Cooper pairs

must break and the system should turn normal. This is the Pauli or Chandrasekhar-

Clogston limit of superconductivity. The first-order superfluid-to-normal transition was

studied by Sarma [171]. In 1964, Fulde and Ferrell [172], and independently Larkin and

Ovchinnikov [173] found that not all the pairs necessarily break at once, but that there

exists a novel superfluid state that tolerates a certain amount of majority spins if the

remaining Cooper pairs are allowed to have a common non-zero momentum (FFLO or
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LOFF state). The order parameter is thus not constant, but corresponds to a traveling

(FF state) or standing (LO state) wave, and majority spins can reside in its nodes without

energy penalty. The number of nodes is given by the number difference between the spin

states. Forty years later, the debate about the ground state of imbalanced superfluidity is

still not settled. The problem arises in condensed matter, where exotic superconductors

were found [174, 175, 176] that are essentially Pauli limited, in nuclear physics in the

study of superfluid pairing of quarks at unequal Fermi energies [161], and in atomic

physics, were the advent of ultracold atomic Fermi gases presented a new opportunity to

study imbalanced superfluidity [40, 41, 44].

Fig. 25. – Clogston-Chandrasekhar limit of superfluidity. The critical Fermi energy mismatch
δEF between the two spin states at the superfluid-to-normal transition shown in c) is observed in
the condensate fraction for varying interaction strength at fixed δEF (a), and at fixed interaction
strength and varying δEF (d). b) Window of superfluidity as obtained from the condensate
fraction at 1/kF a = 0.11 (triangles pointing up), 1/kF a = 0 (resonance, circles), 1/kF a = −0.27
(BCS-side, triangles pointing down), 1/kF a = −0.44 (diamonds). From [40].
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To derive the CC limit, we need to compare the free energy F (h) of the normal and

the superfluid state in the presence of a “magnetic field” h = (µ↑ − µ↓)/2. For zero

field, the superfluid state is the ground state, but there will be a critical field - the CC

limit -, beyond which the normal state has lower free energy than the superfluid. For

illustration of the effect, we focus on the weakly interacting BCS regime, work at zero

temperature and neglect the attractive mean-field (Hartree) interaction between opposite

spins present already in the normal state. This will lead to an overestimate of the critical

field, as it neglects attractive interaction present in the normal state that lowers its free

energy. A balanced fermionic superfluid has free energy FS = FN (0)− 1
2ρ(EF )∆

2, lower

than the free energy of the balanced normal gas at h = 0 by the condensation energy
1
2ρ(EF )∆

2 (see section ??). The free energy of the normal state as a function of h is

FN (h) = − 4

15
ρ(1)

(
µ
5/2
↑ + µ

5/2
↓

)
= FN (0)

1

2

{(
1 +

h

EF

)5/2

+

(
1− h

EF

)5/2
}

≈ FN (0)− ρ(EF )h
2(115)

where we have set µ↑ = EF + h, µ↓ = EF − h and FN (0) = − 8
15ρ(EF )E

2
F in this

approximation. We immediately obtain the critical “magnetic field“

(116) hCC =
1√
2
∆

In superconductors, this corresponds to about 18.5Tesla for a Tc of 10 K, much larger

than the typical critical field Hc2 where superconductivity breaks down due to the or-

bital effect of the magnetic field - the generation of vortices. The Pauli limit is thus not

observable in conventional superconductors, but heavy fermion superconductors or lay-

ered superconductors may be in the Pauli limited regime [177]. For strongly interacting

Fermi gases, where ∆ approaches the Fermi energy, the critical field will be a substantial

fraction of EF , and the window of superfluidity as a function of the field h will be wide.

In atom traps, the control parameter is not the field h but the atom numbers N↑
and N↓ in each spin species. For a given equation of state that relates densities to

chemical potentials and temperature, the field h is implicitly given as a function of N↑
and N↓. In the trap, the local chemical potentials depend on the trapping potential

as µσ = µ0,σ − U(r) and thus the field h(r) = 1
2 (µ↑(r) − µ↓(r)) = 1

2 (µ0,↑ − µ0,↓) is

constant throughout the trap. However, the pairing gap ∆(r) depends on the local

density. In the BCS limit, including the correction to the BCS result due to density

fluctuations [178], one has ∆(r) =
(
2
e

)7/3
µ(r)e−π/2kF (r)|a|. Densities depend on the

local chemical potential as nσ(r) = nσ(µ0,↑ − U(r), µ0,↓ − U(r), T, a). Accordingly, the

Clogston-Chandrasekhar limit will be reached for a specific value of the trapping potential

U(r) where ∆(r) ≈
√
2hCC. This first order superfluid to normal transition thus occurs
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at a certain equipotential shell in the cloud and will leave its trace in the density profiles,

as shown in section ??.

To directly demonstrate the robustness of superfluidity in the strongly interacting

regime, the MIT group studied spin imbalanced Fermi mixtures in the presence of a

stirring beam. The part of the mixture that was still superfluid despite the imbalance

revealed a lattice of quantized vortices (see Fig. 24).

The window of superfluidity was determined from the number of vortices as a function

of imbalance, as well as from condensate fraction measurements as in section ?? (see

Fig. 25). Superfluidity was shown to be robust in the strongly interacting regime. At the

Feshbach resonance, superfluidity was quenched at a critical population imbalance P =

(N↑−N↓)/(N↑+N↓) of about Pc = 75%. This critical value agrees with the phase diagram

obtained later by the ENS group [37]. A Monte-Carlo study obtains Pc = 77% [154].

BCS mean-field theory overestimates the critical population difference to Pc = 92% as

it neglects interactions in the normal state, that make it more favorable at large fields h

compared to the superfluid state. The experiments by the Rice group [41, 162] did not

observe a critical population difference, and it was concluded that the critical imbalance

was close to 100% at resonance. The reason for the discrepancy with the MIT results

was later found to be due to the rapid evaporation sequence used at Rice [147, 179]. Slow

spin transport, as observed in [30, 180], resulted in a non-equilibrium mixture.

Fig. 26. – Phase separation in an imbalanced spin mixture. a) In-situ column density dif-
ference between the majority and minority species for various population differences δ =
(N↑ − N↓)/(N↑ + N↓). Below an imbalance of δ < 75%, a central depletion indicates the
fully paired superfluid, surrounded by a normal shell. b) Density difference as a function of
radial position. The central core has equal spin densities. From [42].

3
.
2. Phase separation. – Within BCS theory, at zero temperature, the superfluid

state is expected to be fully paired. Excess fermions will require an energy of at least

the pairing gap ∆ to reside within the superfluid, so at low temperatures their presence

should be exponentially suppressed. In contrast, beyond the Clogston-Chandrasekhar

limit, the normal state will have imbalanced spin densities. The first order transition

from the balanced superfluid to the imbalanced normal state should be signalled by a
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jump in the density difference. First hints for phase separation between the normal and

superfluid phase were seen in [40, 41]. Using tomographic techniques, a sharp separation

between a superfluid core and a partially polarized normal phase was found in [42] (see

Fig. 26). The jump in the density difference was observed in [43], directly demonstrating

the first order nature of the phase transition. At higher temperatures, the signature of

the first order transition disappears at a tricritical point (Fig. 27). The results are in

good agreement with theoretical calculations [154, ?]. In the BEC regime, the sharp

first order transition including the jump in the density difference ceases to exist. One

then deals with a strongly interacting Bose-Fermi mixture, where majority atoms are

expelled from the condensate due to strong repulsive interactions [181]. However, for

weaker interactions majority atoms can enter the superfluid and there will thus be a

“magnetized superfluid” on the BEC-side of the phase diagram [182].
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Fig. 27. – Phase diagram for a homogeneous spin-polarized Fermi gas with resonant interactions.
Below the tricritical point first order phase boundaries are observed. The polarization jumps
from the value in the superfluid (gray solid circles) to the higher value in the normal phase (black
solid circles). Above the tricritical point, no abrupt change in spin polarization is observed. The
phase transition was determined from the onset of pair condensation (black square). The blue
open symbols show theoretical predictions for the critical temperature of a homogeneous equal
mixture. From [43].

3
.
3. Limit of high imbalance - the Fermi Polaron. – The fate of a single impurity inter-

acting with its environment determines the low-temperature behavior of many condensed
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Fig. 28. – From polarons to molecules. a) For weak attraction, an impurity (blue) experiences the
mean field of the medium (red). b) For stronger attraction, the impurity surrounds itself with
a localized cloud of environment atoms, forming a polaron. c) For strong attraction, molecules
form despite Pauli blocking from the environment. From [45].

matter systems. A well-known example is given by an electron moving in a crystal lattice,

displacing nearby ions and thus creating a localized polarization. The electron, together

with its surrounding cloud of lattice distortions, phonons, forms the lattice polaron [183].

It is a quasiparticle with an energy and mass that differ from that of the bare electron.

In the limit of highly imbalanced spin mixtures, one can study a novel kind of polaron

problem, a spin down impurity immersed in a spin up Fermi sea - the Fermi polaron.

This particle holds the key to the quantitative understanding of the phase diagram of

imbalanced Fermi mixtures [166, 154, 112, 184, 155, 99, 185, 186, 153, 168, 187, 156].

Unlike in liquid 3He, the s-wave interactions between the impurities and the spin up

atoms in this novel spin-imbalanced Fermi liquid are attractive, and tunable via Fesh-

bach resonances. Fig. 28 depicts the scenario for a single impurity: For weak attraction

the impurity propagates freely in the spin up medium of density n↑ = k3F /6π
2 (Fig. 28c).

It merely experiences the familiar mean field energy shift E↓ = 4π~2an↑/m. However,

as the attractive interaction grows, the impurity can undergo momentum changing colli-

sions with environment atoms, and thus starts to attract its surroundings. The impurity

“dressed” with the localized cloud of scattered fermions constitutes the Fermi polaron

(Fig. 28b). Dressing becomes important once the mean free path ∼ 1/n↑a
2 of the im-

purity in the medium becomes comparable to the distance ∼ 1/kF between environment

particles or when (kFa)
2 ∼ 1. Collisions then reduce the impurity’s probability of free

propagation, the quasiparticle residue Z, from unity and shift its energy E↓ away from

the simple mean field result. This polaronic state is stable until, for very strong attrac-

tion, the spin down impurity will bind exactly one spin up atom, thus forming a tightly

bound molecule (Fig. 28a). This molecule is itself a dressed impurity, albeit a bosonic

one [153].

The properties of the polaron were studied via RF spectroscopy that provided the

polaron energy [45] (see Fig. 29), via collective excitations that provided the effective mass

m∗ [44] and via thermodynamic measurements that provided the full equation of state

of imbalanced Fermi mixtures [34, 35, 37, 143]. These experiments have demonstrated
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Fig. 29. – RF spectroscopy on Fermi polarons. Shown are spatially resolved, 3D reconstructed
rf spectra of the majority (blue, state |1⟩) and impurity (red, state |3⟩) component in a highly
imbalanced spin-mixture. a) Molecular limit, b), c) Emergence of the polaron, a distinct peak
exclusively in the minority component. d) At unitarity, the peak dominates the impurity spec-
trum. The interaction strengths 1/kF a were a) 0.76(2) b) 0.43(1) c) 0.20(1), d) 0 (Unitarity).
From [45].

the quasi-particle nature of the spin impurity, as predicted in theoretical work [166, 154,

155, 99, 153, 168, 187, 156]. The dispersion law of the impurity follows that of a free

particle with renormalized parameters:

(117) ϵk,↓(p) = E↓ +
~2k2

2m∗ + . . .

Here, E↓ is an energy shift with respect to the vacuum, due to the interaction of the

impurity with the Fermi sea of spin up atoms. At unitarity, the shift must necessarily

be a numerical constant A times the spin up Fermi energy µ↑ = EF,↑, as this sets

the only available energy scale at low temperature T ≪ EF,↑. The experiment [45] is

consistent with the theoretical value A = −0.615 . . . from diagrammatic Monte-Carlo

calculations [168] and the analytical result [156].

Remarkably, the theoretical calculations for the polaron can be well approximated by

a variational ansatz due to F. Chevy [166] that captures the essential properties of the

polaron:

(118) |Ψ⟩ = φ0 |0⟩↓ |FS⟩↑ +
∑

|q|<kF<|k|

φkqc
†
k↑cq↑ |q− k⟩↓ |FS⟩↑

The first part describes an impurity with a well-defined wavevector (k↓ = 0) that is

not localized and free to propagate in the Fermi sea of up spins |FS⟩↑. In the second part

the impurity particle recoils off environment particles that are scattered out of the Fermi

sea and leave holes behind. This describes the dressing of the impurity with particle-hole

excitations. The probability of free propagation is given by the first, unperturbed part,
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Fig. 30. – a) Chemical potential of an impurity immersed in a Fermi sea. Measurements via
RF spectroscopy at MIT [45] (circles) are compared to theoretical predictions for polaron and
molecule energies. Full (empty) diamonds Monte-Carlo simulations of the molecule (polaron).
Full (dashed) line, variational Ansatz for the polaron [166, 155] and molecule [189, 190, 182].
b) Effective mass of the Fermi polaron in the BEC-BCS crossover measured at ENS [37] (black
dots). Blue dashed line calculation from [155], red open squares [168], green dot-dashed line [186],
and blue solid line [190]. Measurements from density profile analysis (blue triangle [34]) and
collective modes study (brown empty circle [44]). From [53].

Z = |φ0|2. The two portions of |Ψ⟩ give rise to two distinct features of the impurity rf

spectrum Γ(ω), measured in [45] (see Fig. 29):

Γ(ω) = 2π~Ω2
R Zδ(~ω + E↓) + Γincoh.(ω)(119)

The first part in |Ψ⟩ contributes, according to Fermi’s Golden Rule, a coherent narrow

quasiparticle peak ∝ Zδ(~ω+E↓) to the minority spectrum. Its position is a direct mea-

sure of the polaron energy E↓, its integral gives the quasiparticle residue Z. The particle-

hole excitations in the second part give rise to an incoherent background Γincoh.(ω). For

large detuning the spectrum decays like C/ω3/2, where C is the contact of the polaron

(see section 2
.
4). For theoretical studies of polaron RF spectra see e.g. [187, 188]. In the

weakly interacting regime, the coherent part leads to coherent Rabi oscillations of the

impurity during the RF pulse. The Rabi frequency provides a direct way to measure the

quasi-particle residue Z [47, 46].

In a trap, the polaron will oscillate in an effective potential given by the combination

of the bare trapping potential U(r) and the interaction term AEF,↑(r), where the Fermi

energy of the spin up atoms is itself spatially varying according to EF,↑ = E0
F,↑ − U(r).

The effective potential is thus (1−A)U(r), and the polaron oscillation frequency will be

(120) ω∗
x,y,z = ωx,y,z

√
m

m∗ (1−A)
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where ωx,y,z are the bare trapping frequencies for a single atom in the potential U(r).

With the knowledge of A (from RF spectroscopy [45] or directly from theory), the mea-

surement of the impurity’s oscillation frequency gives access to the polaron mass m∗.

The experiment has been performed at the ENS [44], and the resulting effective mass

at unitarity was m∗ = 1.17(10)m, consistent with theoretical calculations. Figure 30

summarizes the polaron properties obtained from RF spectra, collective excitations and

thermodynamic measurements. In the BEC regime beyond a critical interaction strength

of 1/kFa ∼ 0.9, the polaron becomes unstable towards the formation of a molecule [168].

This transition is apparent in the evolution of RF spectra [45] (Fig. 29). Repulsive and

attractive Fermi Polarons have been observed in a mass-imbalanced mixture of 6Li and
40K [47] as well as in a mass-balanced mixture of 40K in two dimensions [46].

3
.
4. Fermi liquid of polarons. – As we move away from the limit of a single impurity

and add more spin down atoms to the spin up Fermi sea, we encounter a strongly inter-

acting Fermi mixture. Still, it was found via RF spectroscopy [45] that the energy shift of

the minority species depends only weakly on the impurity concentration. In other words,

polarons appear to interact weakly. This is precisely the situation Landau describes: A

normal, possibly strongly interacting fermionic system will behave as a weakly interact-

ing gas of quasi-particles, a Fermi liquid. While in a typical scenario the nature of the

quasi-particles might be obscure, in the present case it appears that the quasi-particles

are simply polarons. It is natural that a dilute gas of spin down impurities will be weakly

interacting if the characteristic distance between impurities 1/kF,↓ is much larger than

the distance between majority spins. Then, each impurity will be surrounded by its own

dressing cloud of majority spins and polarons will not overlap. They should thus behave

as a weakly interacting Fermi gas. This intuitive picture was confirmed in Monte-Carlo

calculations [154] and analytic studies of the equation of state [191]. It was found that in

the limit of a small number of impurities, the gas can be described as a non-interacting

mixture of an undressed Fermi sea of majority spins and a Fermi sea of polarons with

the renormalized energy and mass found for a single impurity above. In the next section

we describe measurements of the full equation of state of imbalanced Fermi mixtures,

including the Fermi liquid regime.

3
.
5. Thermodynamics of spin-imbalanced Fermi mixtures. – In the presence of spin-

imbalance, we have two separate chemical potentials µ↑ for spin up and µ↓ for the

spin down species, that are the thermodynamic variables conjugate to the atom num-

bers N↑ and N↓. The first law of thermodynamics for the variation of the energy

E(T,N↑, N↓, V, a) is now written

(121) dE = T dS + µ↑ dN↑ + µ↓ dN↓ − P dV − C da−1

The grand potential Ω(T, µ↓, µ↑, V, a) = E − TS − µ↑N↑ − µ↓N↓ has total derivative

(122) dΩ = −S dT − C da−1 −N↑ dµ↑ −N↓ dµ↓
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which generalizes Eq. 16 for spin-imbalanced species. Ω = −PV still holds, as V is still

the only extensive variable that Ω depends on. We obtain the Gibbs-Duhem equation

for spin-imbalanced gases

(123) S dT +N↑ dµ↑ +N↓ dµ↓ − V dP + C da−1 = 0

In the local density approximation, we may again relate the local quantities, such as

the local densities nσ(r) and the local pressure P (r) from the equation of state for the

homogeneous system. As in the case of a balanced mixture (see section 2), the local

chemical potentials are simply shifted by the trapping potential U(r), that for simplicity

we assume to be identical for the two spin states. Thus µσ = µ0,σ − U(r), and therefore

dµ↑ = dµ↓, i.e. the chemical potentials of spin up and spin down change in exactly the

same way in the trap (if the trapping potentials are different, the changes are still related

to each other in a known way if the trapping potentials are known). One then finds for

a trapped atom cloud at given temperature and fixed, uniform scattering length

(124) dP = n↑ dµ↑ + n↓ dµ↓ = −ndU

where n = n↑ + n↓ is the total density. This is identical to the relation found before for

balanced gases, and thus one again finds Eq. 20

(125) P (U) =

∫ ∞

U

dU ′ n(U ′)

The “magic formula” for the pressure in a harmonic trap is still valid in the presence

of imbalance [66, 67, 35, 37]:

(126) P (z) = P (µ↑(z), µ↓(z), T, a) =
mω2

⊥
2π

n1D(z) =
mω2

⊥
2π

(n↑,1D(z) + n↓,1D(z))

As in the balanced case, measurements of the doubly integrated total density are

directly related to the local pressure in the gas at the local chemical potential µσ(z) =

µ0,σ − U(0, 0, z). If the global chemical potentials µ0,σ, the temperature T , and the

scattering length a are known, one obtains the homogeneous equation of state of the spin-

imbalanced mixture [34, 35, 37] in a wide range of chemical potentials, µ↑ = −∞ . . . µ0,↑
and µ↓ = −∞ . . . µ0,↓. As in the balanced case, the trap is not a nuisance but the key

tool that allows to obtain the equation of state - in principle, in a single shot of the

experiment. Averaging of many such determinations results in a low-noise experimental

equation of state.

3
.
5.1. Equation of state at unitarity. At unitarity and at zero temperature, the energy

of the gas can only depend on the two available energy scales, the Fermi energies EFσ =

~2/2m(6π2nσ)
2/3. This allows to write for the energy density E = E/V [184]

(127) E(n↑, n↓) =
3

5
n↑EF↑ g

(
n↓
n↑

)5/3



Thermodynamics of Strongly Interacting Fermi Gases 67

with a universal function g(x) of the density ratio x = n↓/n↑. From this expression, one

finds a simple relation between the chemical potentials µσ = ∂E/∂nσ

µ↑ = EF↑ g(x)
5/3 − n↓

n↑
µ↓(128)

and the energy density takes on the simple form

(129) E =
3

5
(n↑µ↑ + n↓µ↓)

As Ω = E − µ↑N↑ − µ↓N↓ = −PV , one again finds P = 2
3E/V as in the balanced case

on resonance. In terms of the universal function g(x), one has:

(130) g(x)5/3 =
µ↑

EF↑
(1 + xy)

where y = µ↓/µ↑ is the chemical potential ratio. Within the local density approximation,

the local chemical potentials are given by µσ(r) = µ0,σ −U(r), with the global chemical

potentials µ0,σ for each species. In the outer wings of the atom mixture one simply

has a non-interacting Fermi gas of only majority atoms. One can therefore directly

obtain the majority global chemical potential from the radius of the majority cloud R↑,

i.e. µ0,↑ = U(R↑). The minority global chemical potential µ0,↓ can be obtained by

noting that the last majority atom at the outermost wing of the minority cloud is a

polaron, and thus µ0,↓ = AEF↑(R↓) = A(U(R↑) − U(R↓)). This method was employed

in [166] and [184] to estimate the polaron energy from the experimental cloud radii

measured in [139]. Alternatively, if the central part of the mixture is superfluid, we know

from the balanced equation of state that E = 3
5ξnEF , where n and EF are the total

density and Fermi energy, and since n↑ = n↓ this implies µ0,↑ + µ0,↓ = 2ξEF (0), where

EF (0) is the Fermi energy in the center of the trap. This analysis also provides a link

between the polaron energy parameter A, the Bertsch parameter ξ and the experimental

quantities EF (0), R↑ and R↓. The Bertsch parameter ξ can be obtained directly from

the normalized compressibilities κ̃ = κ/κ0 = dEF↑/dU of the majority species in the

fully polarized normal wings where κ̃ = 1 and in the superfluid region where κ̃ = 1/ξ.

The equation of state of spin-imbalanced Fermi gases in the form of the universal

function g(x) was directly measured from the density profiles of the trapped gas in [34],

following the proposal in [184] (see Fig. 31). The density was obtained via an inverse

Abel transform of the measured column density [42]. As known from previous studies at

MIT [40, 139, 42, 43], three distinct phases are found: A superfluid region at equal spin

densities in the core at small distances from the trap center, followed by a normal mixed

region at unequal densities, and beyond the minority cloud radius R↓ a region of a fully

polarized normal gas of majority atoms. In Fig. 31a, the normal-to-superfluid transition

is directly visible as the boundary between the spin-balanced region at equal densities

and the imbalanced region. The jump in the density difference marks the first-order

transition [43]. The universal function g(x) was obtained from only five independent
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Fig. 31. – Equation of state of a spin-imbalanced Fermi mixture at unitarity. The 3D density
profiles (a) obtained via an inverse Abel transform from the measured column density profiles
(b) (at population imbalance of 44%) directly yield the equation of state (c) for spin-imbalanced
Fermi gases. The normal-to-superfluid transition at x = n↑/n↓ ≡ n2/n1 = 0.53(5). From [34].

measurements. The form of g(x) is constrained by the limiting cases: In the superfluid

region where (µ↑ + µ↓)/2 = ξEF↑, µ↑/EF↑ = 2ξ/(1 + y) and thus g(1) = (2ξ)3/5; in a

fully polarized (x = 0) non-interacting Fermi gas one has µ↑ = EF↑ and g(0) = 1. The

critical chemical potential ratio yc above which the superfluid forms was found to be

yc = 0.03(2), at a critical density ratio x = 0.53(5). The polaron energy was estimated

to be yc = A = −0.58(5) from a Thomas-Fermi fit to g(x), and yc = A = −0.69(8)

from the measured cloud radii, assuming ξ = 0.42(1), which is however slightly larger

than the current value ξ = 0.37(1). The values for A are in good agreement with later

studies via RF spectroscopy. The experiment yielded good agreement with a Fermi liquid

description of the normal mixed state.

A later experiment by the ENS group [35] yielded a low-noise equation of state for

imbalanced gases, making use of the “magic formula” relating the pressure to the doubly

integrated density n1D, and working in the grand- ensemble of fixed chemical potentials

(see Fig. 32). In the superfluid region with µs = (µ↑ + µ↓)/2 the pressure is

(131) P (µ↑, µ↓) =
1

15π2

(
m

ξ~2

)3/2

(µ↑ + µ↓)
5/2

while in the Fermi liquid region good agreement was found, as in [34], assuming a non-

interacting Fermi gas of majority atoms coexisting with a Fermi liquid of polarons with

renormalized energy and mass. The corresponding pressure is

(132) P (µ↑, µ↓) =
1

15π2

[(m
~2

)3/2

µ
5/2
↑ +

(
m∗

~2

)3/2

(µ↓ − E↓)
5/2

]

In terms of the energy density, this can be expressed in the canonical form as a Landau-
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Fig. 32. – Equation of state of a spin-imbalanced Fermi mixture at unitarity (black dots). P0(µ↑)
is the pressure of a non-interacting Fermi gas at a chemical potential µ↑. The red solid line is
the superfluid equation of state, the blue dashed line is the ideal Fermi liquid equation 132 with
A = −0.615, m∗ = 1.20m and the black dotted line is the Monte-Carlo calculation from [154].
η corresponds to y = µ↑/µ↓ in the text. From [35].

Pomeranchuk functional [154, 186, 191]

(133) E(n↑, n↓) =
3

5
n↑EF↑

(
1 +

5A

3
x+

m

m∗x
5/3 + Fx2

)
The first term is the majority Fermi energy, the second is the polaron energy shift, the

third is the Fermi energy of a non-interacting gas of polarons with effective mass m∗,

and the fourth describes an effective interaction between polarons. The interaction term

was found in Monte-Carlo calculations [186], the analytic expression F = 5
9

(
dE↓
dµ↑

)2

was

found in [191] and shown in [192] to be due to the induced interaction between minority

atoms through interaction with the majority spins.

Assuming ξs = 0.42(1), the experiment in [35] agreed excellently with the theoretical

value for the polaron energy A = −0.615 and found m∗/m = 1.20(2), in agreement with

theory [156, 153]. It is remarkable that the simple expression 132 works well even for a

large number of minority atoms, close to the superfluid-to-normal transition. One can

expect that the majority Fermi sea will eventually experience dressing by the minority

cloud so that the energy and mass of majority atoms will also be renormalized. The

work was extended to interaction strengths in the BEC and BCS regime in [37], and the

Fermi liquid picture for the mixed region confirmed in detail in [143].
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Fig. 33. – Evolution from the uniform superfluid to the Larkin-Ovchinnikov state via solitons
and soliton trains, as a function of the chemical potential difference. The top row shows the
pairing gap ∆(x), the bottom row the excess spin density ρS(x). a) Below h < hc, the uniform
superfluid is favored. b) For one unpaired atom (per transverse area), at h slightly above hc,
∆(x) develops a soliton kink. c) Soliton lattice at small imbalance. d) LO state at h ≫ hc,
∆(x) is sinusoidal. Note that ρS(x) peaks where ∆(x) vanishes. From [193].

3
.
6. Prospects for observing the FFLO state. – The Clogston-Chandrasekhar limit of

superfluidity at a critical field hCC ≈ ∆/
√
2 (in the BCS limit) assumed a homogeneous

pairing amplitude ∆. Fulde and Ferrell [172], and independently Larkin and Ovchin-

nikov [173] proposed a new superfluid ground state in the presence of a magnetic field

that allows for an inhomogeneous order parameter, ∆(r). Fulde and Ferrell (FF) consid-

ered a state with ∆(r) = ∆0e
iQ·r corresponding to Cooper pairs that are condensed at

finite momentum Q. This yielded a lower free energy than the BCS and normal state at

h = ∆/
√
2. Larkin and Ovchinnikov (LO) introduced a standing wave, an equal super-

position of left- and right-moving Cooper pairs, or in other words a sinusoidally varying

order parameter such as ∆(r) = ∆0 cos(Qx). This was energetically more favorable than

the FF state. The magnitude of the order parameter is here spatially varying, as is the

spin density n↑ − n↓, which is concentrated at the nodes of the gap. This is natural in

a local density approximation, as near ∆ ≈ 0 it does not cost extra energy to place an

excess particle.

In the limit of very small population imbalance, the LO state evolves into a train of

domain walls, a soliton train [194] (see Fig 33 and [195, 196, 193] and references therein).

The limit of a single soliton, where the order parameter switches sign once - corresponding

to a phase shift of π -, has famous connections to quantum field theory [197], the Su-

Schrieffer-Heeger model of Polyacetylene [198], and Josephson π-junctions. The spin

density is concentrated at the soliton. In 1D, it is well-known that a single soliton

provides exactly one bound state per spin [197], and it is in this bound state that the
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excess spin resides. The energy cost for forming a soliton in one dimension is [194] 2
π∆0,

where ∆0 is the magnitude of the order parameter far away from the soliton, given by

the BCS result for the uniform system. The critical magnetic field h at which it becomes

energetically favorable to form the soliton is hc =
2
π∆0 = 0.637 . . .∆0, smaller than the

CC limit ∆0/
√
2 = 0.707 . . .∆0. A calculation in three dimensions [199] gives a critical

field of hc = 0.67 . . .∆0. The LO state is thus more robust than the uniform superfluid

and the normal state, at least in the window hc < h < hCC, but probably even up to

h ≈ 0.84∆0.

The range of magnetic fields in which inhomogeneous superconductivity is predicted

to be stable is narrow. In typical atom traps with harmonic confinement, the interesting

range would only encompass a narrow shell of the entire superfluid, as h/∆(r) varies

in the trap. However, one prospect is to produce Fermi mixtures in a uniform box

potential, as was demonstrated with bosons in [200]. This would allow tuning the density

difference and therefore the chemical potential difference to the right value and enable

the observation of the LO state.

Another exciting prospect is the creation of the FFLO state as a non-equilibrium ex-

cited state of the superfluid, in a regime where the ground state is still uniform. Solitary

waves in a fermionic superfluid have been observed after phase-imprinting in an exper-

iment at MIT [201], and in the presence of imbalance, they should offer bound states

for majority spins. It might be possible to engineer entire soliton trains in the presence

of spin imbalance. These would realize the LO state as a metastable excited state. Al-

though this would not realize the FFLO state as the ground state of the system, the

philosophy here is not different from what has applied for Bose-Einstein condensation -

it is, after all, an excited metastable state of the absolute ground state of a collection of

alkali atoms - the solid.

4. – Conclusion and Perspectives

This chapter presented a review of many of the experimental achievements in the study

of fermionic superfluidity in ultracold atomic gases. The strong interactions induced by

the Feshbach resonance mechanism enabled the realization of crossover superfluids in

atomic Fermi gases that lie in between the limit of Bose-Einstein condensation of tightly

bound fermion pairs to Bardeen-Cooper-Schrieffer superfluidity of long-range Cooper

pairs. These gases provide an ideal realization of Fermi mixtures interacting via a contact

potential, and therefore make direct contact to many-body theories. Spectroscopic tools

and thermodynamic measurements have reached a precision that allows to validate or

discard existing theories of interacting fermions that are used in many other contexts in

physics. For example, a full-fledged theory of the equation of state of neutron matter

must, at its core, contain the physics of strongly interacting fermions with s-wave contact

interactions. If here it does not overlap with experimental results from ultracold Fermi

gases, it must be modified. Thermodynamic measurements have played a crucial role

for validating the bold diagrammatic Monte-Carlo method [39] that allows to sample the

space of Feynman diagrams - a novel method where the fermion sign problem turns into
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a sign blessing [167], making the sum of all Feynman diagrams convergent.

An intriguing question is whether the strongly interacting Fermi gas at unitarity has

a weakly interacting gravity dual [202, 203, 204]. Thus far, we do not even know the

wave equation governing the resonant Fermi gas. Through the study of solitons [205,

206, 201] and phonon-soliton scattering, one might be able to “guess” the properties of

the underlying wave equation. If scattering is observed to be reflectionless, there is hope

for the existence of a non-interacting dual theory.

Spin-imbalanced mixtures of strongly interacting fermions represent a novel system

that has no weakly interacting counterpart in condensed matter physics. Their study

has revealed a complex phase diagram with first- and second order transitions separated

by a tricritical line [43]; a superfluid phase at equal spin densities phase separated from

a normal mixed phase [40, 41, 42, 34, 35]; a novel attractive Fermi liquid whose quasi-

particles can be studied “in isolation” in the limit of a single spin impurity immersed in a

Fermi sea - the Fermi polaron [45, 44, 35, 37, 47, 46]; a transition line from a Fermi liquid

of polarons to a “magnetized” superfluid in the BEC regime where fermions and bosonic

molecules coexist [181]. Furthermore, there is hope to observe the long-sought Fulde-

Ferrell-Larkin-Ovchinnikov state of non-zero momentum Cooper pairs, more specifically

the LO state in the limit of small imbalance. Here it represents trains of solitons that

each carry excess atoms in Andreev bound states. Solitons have already been observed

in balanced superfluids and found to be long-lived [201].

Novel fermionic systems offer the prospect of observing new states of matter and

to gain further insight into many-body physics. Atomic gases allow the realization of

high-spin mixtures of fermions [207, 208] that offer the prospect of realizing exotic states

of matter, such as a “color” superfluid [209]. In addition, one may create mixtures of

fermions with another species. Mixtures between two fermionic species (e.g. 6Li and
40K) may allow the study of pairing and superfluidity where the pairs are made from

atoms with different masses [210, 211]. Hydrodynamics caused by strong interactions in a
6Li-40K mixture [212], as well as attractive and repulsive polarons [47] have already been

observed. Bose-Fermi mixtures have been used to study how the addition of fermionic

atoms affects the bosonic superfluid-to-Mott-insulator transition [213, 214]. Also intrigu-

ing is the study of boson-mediated interactions between fermions [215, 216]. Interspecies

Feshbach resonances between fermionic and bosonic atoms have been identified [217,

218, 219], and heteronuclear molecules observed in 40K87Rb [220, 221], 23Na40K [222]

and 23Na6Li [223].

Another direction is the study of lower-dimensional Fermi gases, that has already

revealed pairing in 1D [224, 225, 226, 227, 228] and 2D [149, 229, 150] and polarons

in 2D gases [46, 230]. Fermionic superfluids in 1D optical lattices should realize ideal

models of layered superconductors. In a single two-dimensional layer, the physics of the

Berezinskii-Kosterlitz-Thouless (BKT) transition of proliferating vortex pairs, and the

interplay with fragile fermion pairing will be an interesting future topic. An exciting

avenue is the preparation of systems with a precisely controlled number of fermions. The

odd-even effect due to pairing [227] as well as the interaction of a single spin down atom

with a Fermi sea [228] has been studied by adding one atom at a time.
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Experiments on Fermi gases in 3D optical lattices [231, 232, 233, 234, 235, 236],

equipped with single-site-resolution imaging [237, 238, 239] are on the verge of becoming

ideal testbeds for the Fermi Hubbard model. At low temperatures, the system should

be antiferromagnetic, and at lower filling, it may show d-wave superfluidity, and should

help to elucidate the nature of pairing in high-temperature superconductors. A mixture

of a Fermi gas, e.g. 40K, representing itinerant electrons, and another species, e.g. 23Na,

that can represent localized impurities in an optical lattice might allow realization of a

Kondo-correlated state [240, 241].

An exciting prospect is the observation of p-wave superfluidity and topological states

of matter in ultracold Fermi gases. p-wave Feshbach resonances have been observed [242,

243, 244, 245], and p-wave molecules have been produced [246]. However, the lifetime of

the gas at such resonances was limited as three-body collisions are no longer suppressed,

a feature that was so crucial for the stability near s-wave resonances. A novel way to cre-

ate effective p-wave, i.e. single-band, interactions between fermions is to induce synthetic

spin-orbit coupling [247]. In this method, laser fields provide momentum-dependent cou-

pling of two (hyperfine) spin states of the atom. Spin-orbit coupling lies at the heart of

topological states of matter [248, 249]. Laser-induced spin-orbit coupling has been real-

ized for Fermi gases [250, 251, 252]. In combination with an s-wave Feshbach resonance,

spin-orbit coupling leads to effective p-wave (and higher order partial wave) collisions and

p-wave pairing. Spin-orbit coupled superfluids have been shown to be topological and

they will feature Majorana fermions inside vortex cores [253, 254]. Feshbach molecules in

the presence of spin-orbit coupling have been created [?, 255, 252], however the lifetimes

were short and heating was severe. Novel methods to realize strong effective spin-orbit

coupling and large magnetic fields in optical lattices [256, 257, 258] do not rely on near-

resonant laser beams and might allow realization of topological states of fermionic matter,

from quantum Hall states to topological superfluidity.

Finally, the realization of Fermi gases with strong dipolar interactions is currently one

of the major avenues towards novel exotic many-body states. Fermi gases with magnetic

dipolar interactions have been cooled to quantum degeneracy [259, 260]. In Erbium, a

high density, long-lived dipolar Fermi gas was achieved with a dipolar interaction en-

ergy of about 1% of the Fermi energy [260]. In parallel, a highly promising route is

the creation of ultracold fermionic molecules with tunable, strong electric dipole mo-

ment. In a pioneering experiment at JILA, a high-phase space density gas of ultracold

fermionic ground-state molecules of 40K87Rb was formed [261] from loosely bound Fes-

hbach molecules. The method was independently used at Innsbruck to create ultracold

bosonic ground-state molecules of Cs2 [262]. Chemical reactions limited the lifetime of

the molecular gas in the bulk [263], but long lifetimes in an optical lattices at moderate

filling were achieved [264]. Dipolar collisions have been studied in the bulk [265]. Co-

herent spin dynamics, driven by dipolar interactions, have been observed in a 3D optical

lattice [266], demonstrating the utility of dipolar molecules to realize models of quantum

magnetism. For possible p-wave superfluidity in a bulk gas, chemically stable molecules

would be required. Possible candidates among bialkalis are NaK and KCs. NaK features

a strong dipole moment of 2.7 Debye. Ultracold fermionic Feshbach molecules of 23Na40K
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have been created [222]. A stable Fermi gas of fermionic dipolar molecules of NaK would

feature a dipolar interaction energy that can reach up to several ten percent of the Fermi

energy and would dominate the many-body physics of the gas, possibly leading to p-wave

superfluidity.

The multitude of novel systems already in preparation is remarkable. The techniques

to control and manipulate cold atoms are in place. The field is ready to embark on new

adventures, and exotic states of matter are already on the horizon.
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