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This paper investigates the capacity of quantum channels, and shows that enhance-
ments in channel capacity can be obtained by coupling together the information
degrees of freedom in quantum channels. By coupling together modes in a mul-
timode optical fiber, one can in principle obtain a significant enhancement of the
capacity of the fiber for fixed power over the same fiber with uncoupled modes.

Communication channels, like all physical systems, are at bottom quan-
tum mechanical, and their physical limits are calculated using the laws of
quantum mechanics.! 722 A variety of results suggest that enhancements in
channel capacity can be obtained by exploiting techniques of quantum in-
formation processing.22726 For example, quantum systems can be correlated
with each other in ways that classical systems cannot, a feature known as
entanglement. It has been speculated that entanglement might be used en-
hance the capacity of quantum communication channels.?4*~2® In general, the
amount by which entanglement can enhance communication is not known.

A recent paper by the author?” investigates the question of whether it
is possible to enhance the capacity of communication channels by coupling
together their information-bearing degrees of freedom in a way that induces
entanglement. That paper showed that for fixed power, M coupled, entangled
spin chains or modes of the electromagnetic field can in principle transmit in-
formation at a rate at least v/M times greater than M uncoupled, unentangled
chains or modes. Presented herein is a summary of those results.

To understand how quantum mechanics allows enhancements of commu-
nication capacity, first review the case of unentangled parallel quantum chan-
nels. In particular, it is well established' =22 that the broadband bosonic
channel (a single transverse mode of the electromagnetic field) with power P
can transmit C14 = «y/P/h bits per second, where o = /7/3(1/In2). A
similar result holds for propagation of information down spin chains. (The
power P is equal to the energy E used to transmit the information, divided
by the total time ¢ over which the transmission takes place; as noted in
Refs. 8,17, this energy need not be dissipated in the course of transmission.)
As a consequence,! if the power is spread amongst M unentangled broad-
band bosonic channels, each with power P/M, the rate of communication is
Cre = VM Ch4. This is the best known rate for power-limited communica-
tion using M unentangled channels, though it is not proven to be the limiting
rate. For noiseless channels, however, Refs. 26,27 imply that this rate cannot
be surpassed merely by entangling the states of the channels while leaving
their dynamics unchanged. By contrast, in Ref. 29 the author showed that
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if one couples together M spin chains or transverse modes of the electro-
magnetic field to induce entanglement between the modes in the course of
propagation, then using power P one can send information from A to B at a
rate Carg = /2/7(1 = 2=M)M\/P/h ~ MCy = VMCy.. That is, for a fixed
power, dynamics that entangle chains or modes can in principle outperform
by a factor of v/M dynamics that leave the chains or modes unentangled.

To analyze the effect of an entangling dynamics on information propa-
gation, consider a qubit channel that transmits a quantum bit from A to B.
Initially, A and B each possess a two-state quantum system, or ‘qubit.” A’s
qubit holds the quantum state |¢)) which is to be transmitted to B, whose
qubit is initially in the state |0). The two states |0) and |1) of the qubits are
assumed to be degenerate, so that no energy is required to store the qubit.
The qubit channel can be used either to transmit classical information —
|y =]0) or |1) — or to transmit quantum information — |¢b) = «|0) + G|1).
The dynamics of the channel transfers the information from A’s qubit to B’s
qubit. After the transfer has taken place, B’s qubit is in the state |1)) and
A’s qubit is in a standard state such as |0). The sole restriction placed on
dynamics of the channel is that it obeys the rules of quantum mechanics: the
time evolution of A’s qubit and B’s qubit, together with their environment
and whatever interaction they use to transfer the information, is a unitary,
Hamiltonian dynamics. (An arbitrary strictly positive time evolution can be
embedded in such dynamics.??) This requirement bounds the rate of reliable
information transmission down the qubit channel for any possible dynamics
given limited power.

Quantum dynamics obey the Margolus-Levitin theorem, which implies
that when B’s qubit is rotated by m, the average energy of the complete
system above its ground state is E > wh/2At, where At is the time over
which the transfer takes place.?! In Ref. 29, the Margolus-Levitin theorem
was used to show that the maximum rate at which information can be sent
down the qubit channel is Ciy = 1/At = (2//7)y/P/h. This result holds
for any dynamics that reliably transfers the qubit from A to B. In other
words, the power-limited capacity of the qubit channel differs from that of
the broadband bosonic channel by a constant of order unity.

Note, as above, that the energy applied during transmission need not be
dissipated: it is merely the energy invested in the propagation of information
and can in principle be recovered after transmission. In fact, existing quan-
tum logic devices can swap information from one place to another at rates
approaching C14, with minimal dissipation during the transfer process.

A simple example of an interaction that attains the qubit capacity limit
(14 is the application of a ‘swap’ operation: S|y)a|d)p = |@)al|y)p for all
|1}, |p). Clearly, the swap operator performs the desired transfer, and as
shown in Ref. 29, attains the power/capacity limit of the qubit channel. It does
so coherently and without dissipation in principle. As noted above, existing
quantum logic devices can swap information from one place to another at
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rates very close to this limit.3?—38

The proof that swap attains the desired limit C1, relies on the properties
of the swap operator:2 § is unitary, S2 = 1, consequently S is also Hermitian,
S = St. It is straightforward to show that e¢™5/2 = 4S. The proof that
swap attains the desired power-limited information transfer rate for the qubit
channel uses S as a Hamiltonian, and applies this Hamiltonian for a time
necessary to effect the information transfer.

The ‘swap’ picture of quantum information transmission assumes a di-
rect transfer of A’s qubit to B over a time At > d(AB)/c, where d(AB)
is the distance between A and B. To look at propagation effects, consider
the case in which A’s and B’s qubits are coupled by an intervening chain of
qubits A1B1A3Bs ... A, By, where A has access to A; and B has access to
B,,. Here, it can be shown?® that the transmission of information from A to
B by repeated swapping down the chain of qubits comes within v/2 of the
power/capacity limit C4.

Now turn to the case of multiple qubit channels that can be coupled
to each other during the course of propagation. It is here that entangle-
ment leads to a significant enhancement in power-limited transmission rate.
Clearly, M uncoupled qubit channels can transmit information at a rate
VM greater than a single quantum channel using the same power P merely
by dividing the power equally amongst the channels.! Each channel now
transmits at a rate (2/y/m)\/P/MF giving an overall rate of transmission
Cue = (2M/\/E)\/m = (Z/ﬁ)\/m = \/MClq. This rate enhance-
ment is the best known enhancement for parallel unentangled channels and
holds for both the bosonic channel and for the qubit channel. Because of the
square root dependence of transmission rate on power, both the qubit and
broadband bosonic channel are more efficient at a lower power. As a result,
one improves performance by dividing up information and power among the
different channels.

Now we show that one can improve on the unentangled transmission rate
C)sc by engineering interactions that entangle the qubit channels in the pro-
cess of transmission. The goal of the M-channel transfer is to enact the
2M-qubit analog of the swap above: Sy 3 = S152...Sy, where Sy is the
swap operator on the first of A and B’s qubit channels, S is the swap op-
erator on the second, etc. The 2M qubit swap S swaps A’s M qubits
with B’s M qubits and has the same properties as the 2-qubit swap above
(Hermitian, squares to one, etc.). An obvious way to perform the 20 -qubit
swap is just to apply M two-qubit swaps, i.e., one applies the Hamiltonian
S1 4S5 +...4+ Sy for an amount of time required to perform the transfer in
each of the channels. Since ¢?™(S1+S2+-+5m)/2 — (Mg G, G, this method
clearly effects the transfer. It is straightforward to verify that this method
attains the unentangled transfer limit Cjs4 above.

But the unentangled limit can be surpassed by the following method.
S1..m is Hermitian and can be applied as a Hamiltonian. It is easy to verify
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that e™51..m/2 = S, 3, accordingly, applying the 2M-qubit swap operator
as a Hamiltonian also swaps the qubits. In addition, it does so more effi-
ciently than swapping the qubits one by one. In fact, in Ref. 29 it is shown
that the transmission rate for applying the 2M-qubit swap Hamiltonian is
Crg = 1/At = \/2(1 — 2-M)P/rh. Comparing Cyr, with Cpre we see that
using the 2M-qubit swap operator as a Hamiltonian gives an enhancement in
transmission rate of VM over swapping the qubits one by one.

In addition, applying the Hamiltonian S, ;s necessarily entangles the
M qubit channels (except in some very simple cases as when the message
being transmitted is 00...0). For example, if A’s input state is |bps) =
|b1...bar), then at time At/2 (halfway through the controlled flipping opera-
tion) A and B’s qubits are in the state (e="/*/v/2)(|b1...ba)a[00...0)5 +
i(00...0)4lb1...bar)B). Transferring M bits down M uncoupled, unentan-
gled quantum channels using the same power as a single qubit channel takes
v/M times longer than transferring the information down coupled, entangled
channels. Unentangled transfer corresponds to the application of M two-qubit
swap operations with Hamiltonian S7 + ... Sy as opposed to the 2M-qubit
swap Hamiltonian Sy = S5152...S5y, and takes V/M times the energy
of the entangled swap. As a result, the coupled, entangled channels have a
capacity of at least /M times the capacity of the uncoupled, unentangled
channels.

The use of entanglement allows the transfer of M bits in the same time
and using the same power that it takes to transfer a single bit. In some sense,
that it is just as easy in terms of power and energy to rotate 20 bits from one
state to another as it is to rotate 2 bits from one state to another should not
be surprising: no two states in Hilbert space are more than 7 radians apart
in angle. Accordingly, if one can effect arbitrary evolutions on the M-qubit
channel Hilbert space, M bits can be transferred using the same power and
time as one bit. Effectively, the coupling between the channels allows them to
transmit information in the form a ‘super-boson’ with 2™ internal states. The
VM enhancement afforded by exploiting entanglement is typical of quantum
information processing and arises from essentially the same source as the v/ M
enhancements in quantum search3? and quantum positioning.3?

Of course, enacting the necessary Hamiltonian 5’1 m is likely to prove
experimentally difficult. To attain the v/M enhancement of channel capacity
allowed by entanglement, an M-qubit entangling operation must be used.
The single qubit channel swap operator between A and B can be written S =
pierd —i—a;}af +0408, and the corresponding operator for swapping particles

such as photons between A and B is aAajB + aLaB. The M-channel swap
operator Sy, s is the product 5155 ...y of the individual swap operators,
and corresponds to interaction operators of the form olo2...0M for spin
qubits and aAlagl . ..aAMaTBM + H.C. for particle modes. That is, Mth-
order nonlinear interactions are required to attain the entanglement-enhanced



channel capacity presented here.

The results presented here represent an extension of concepts of quantum
information processing to enhancing the power-limited capacity of communi-
cation channels using entanglement. The use of entanglement and squeezing
to improve the efficiency of power-limited systems appears to be a generic fea-
ture of quantum mechanics. Database search, interferometry, quantum clocks,
the accuracy of positioning and lithography, and now the capacity of quantum
channels, all receive a benefit of v/M by using squeezing and entanglement. It
is interesting to speculate what other quantum technologies might so benefit.
The strength of quantum materials? The power of quantum heat engines?
Time will tell.
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