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Abstract

We propose a fidelity measure for quantum channels in a straightforward analogy to the corresponding mixed-state fidelity
of Jozsa. We describe properties of this fidelity measure and discuss some applications of it to quantum information science.
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1. Introduction

Given any pairp, o of density operators, the fi-
delity [1]

F(p,0):= (tr,/ﬁoﬁ)z 1)

guantifies the extent to which andos can be distin-

where |y,) and |y, ) are purifications ofp and o
on an extended Hilbert space. Furthermore, fidelity
(1) is known to be equivalent to other measures of
distinguishability of quantum states [3].

In a paper of Childs et al. [4] it was suggested that
a notion of distinguishability for quantum channels
would be as vital to quantum information science as
the corresponding notion for quantum states. (We re-

guished from one another. The properties it possessescall that a quantum channel between two systems with

are quite natural from the physical point of view. For
instance, 0K F(p,0) <1, andF(p,0) =1 if and
only if p = o; for any unitary transformatior/, *
F(UpU*,UoU*) = F(p,0); and, according to a the-
orem of Uhlmann [1,2],

2

F(p, = -
(p,0) W,T,"T%'“”"'W

: )

E-mail addressmaxim@northwestern.edu (M. Raginsky).
1 In this Letter, given an operatof, the adjoint operator will be
denoted byx*, notxT.

Hilbert space${ andC, respectively, is a completely
positive trace-preserving linear map from theSétt)

of density operators ofi to the seiS(K) of density
operators orik.) In this Letter we show that a fidelity
measure for a pair of quantum channgland 7 can

be derived from fidelity (1) for suitably chosen den-
sity operatorsps and pr, and that the proposed fi-
delity measure enjoys properties that are quite similar
to those of the mixed-state fidelity. We also prove an
analogue of Uhlmann’s theorem, formulated in terms
of dilations of channels on an extended Hilbert space.
We then discuss our fidelity measure in the context of
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(a) distinguishing channels via superdense coding, (b) and only if S = T (see Ref. [5] for a detailed dis-
improving distinguishability of channels through pre- cussion). The requirement f@rto be trace-preserving
processing, and (c) characterizing the performance of translates into [5]

guantum error-correcting codes.

tric Rr = 1x. @)
_ This formalism can be extended to channels acting
2. Duality between quantum channels and on bipartite systems [6]. L&t be a channel that maps
bipartite states states onH; ® H to states onk; ® K2 (here we

. assume, for simplicity, that difiy = dimH2 = d).
In order to state our results in clear and compact Then we define
form, we briefly recall a very convenient character-

ization of quantum channels by means of bipartite Rr := (Todd®ideven)(|</)7§l)(</)7§l| ® |¢7§2)(<ﬂ;§2

).

states. Lef” be a channel that converts systems with (8)

the finite-dimensional Hilbert spack into systems where Toqd ® ideven Signifies that the channel

with the finite-dimensional Hilbert spadg. It is well- acts only on odd-numbered factors |gff, )(p}, | ®
1 1

known that the action of can be described by giving
its Kraus operatorsV,, : H — K, so that, for any den-
sity operatorp € S(H),

|go;;2)(<p7+_[2|, while the identity channel acts on even-
numbered factors. The operat®f defined in Eq. (8)
acts onK1 ® H1 ® K2 ® Ho2, and the action of the

T(p) = Z Vyp Vi, ) channell’ on anyp € S(H1 ® H>) is given by
a T

_ _ _ T(p)=tr 1 ® Rr|. 9
SinceT is trace-preserving, the Kraus operators must (P) =24, (Licsk, @ Prsan) Rr | ©
satisfy the relation All of the above relations can be cast into a par-

. ticularly nice form by exploiting the correspondence

Z Ve Vo =1H. (4) between an operatot: H — K and a vectofA)) in

o

K ® H [7]. Fix orthonormal basefie;)} and{|e,)} of
The Kraus representation (3) is unique only up to uni- H and K, respectively. Then the required correspon-
tary equivalence, and thus does not provide a one- dence is given by
to-one characterization of channels. One such charac-
terization was described in Ref. [5]. Given a channel A=Y Auileu)(eil
T:S(H) — S(K) with dimH =d < oo, we define an Wi
operatorRy on K ® H through |A)) = Z Agiley) ® |ei), (10)

W,

Ry := (T ®id) |7, e, 5)

where “id” denotes the identity channel, atw;;) €
H®2 is the unnormalized maximally entangled state
Z?:l le;) ® |e;). Then the action of” on an arbitrary

so that the double kefl)) denotes the vector ik @ H
whose components are the matrix elementd of et
A andB be operators acting oG andH, respectively,
and letC be an operator front to K. Then, using

density operatop on’H is given by Eq. (10), we can readily prove the relations [7]
T(p)=trn[(1®p")R7], ©  (aeB)ic)=|AacBT), (1)
wherep " denotes the transposefn the basig|e;)}. tr2|A) (B = AB", (12)

We must be careful with Eq. (6) because (a) the sub-
script’H refers to thesecondfactor in the tensor prod-
uct, since bot ® p T andRr are operatorsthatacton where the subscripts “1” and “2” refer, respectively, to
K ® H; and (b) all matrix operations (e.g., the trans- the first and second factors in the tensor product, and
pose) refer to the basis which has been fixed before- B is the operator whose matrix elements are complex
hand, when defining®7. It turns out that the corre-  conjugates of the matrix elements Bf Remarkably,
spondencel’ — Ry is one-to-one, i.e.Rs = Ry |if the inner product{A|B)) is just the Hilbert—-Schmidt

tr1|A)(B| = AT B, (13)
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inner product of the operatord and B: ((A|B)) =
tr(A*B).

Using the double-ket notation, we can Wﬂi&%) =
|1)) with respect to the basife;)}. For any set of
Kraus operator¥,, for the channer, it can be easily
shown thatRr = >, [Va){(Vul. It is then an im-
mediate consequence of Eqgs. (11) and (12) that

try[(1®@ p ) Rr] =D trs | Vo) ( Vel

o
=Y VapV;. (14)
o

3. Fiddity for quantum channelsand its
properties

Let T:S(H) — S(K) be a channel. Defining the
density operatopr := (1/d) Ry, we note that the cor-
respondenc& +— pr is obviously one-to-one. There-
fore, given two channelS, T : S(H) — S(K), we de-
fine the correspondinfidelity as

F(S.T):=F(ps, pr), (15)

where the right-hand side is fidelity (1) between the
density operatorgs and pr. Properties of the chan-
nel fidelity (15) follow directly from the properties of
the mixed-state fidelity (1) (see Ref. [1] or [8] for the
properties off’ and the corresponding proofs), and we
now list them with proofs.

Properties of the channel fidelit§

CF1. 0K F(S,T) <1, andF(S,T) =1 if and only
if S=T.

CF2. F(S8,T)=F(T,S) (symmetry).

CF3. For any two unitarily implemented channels
U and V (i.e., U(p) = UpU* and V(p) =
VpV* with unitary U and V), F(U,V) =
(1/d?)|tr(U*V)|2.

CF4. Forany O< A < 1, F(S,ATh + A — M)T2) >
AF (S, T1) + (1 — A)F(S, T2) (concavity).

CF5. F(81 ® So, 71 ® To) = F(S1, TV)F(S2, T?)
(multiplicativity with respect to tensoring).

CF6. F is invariant under composition with unitarily
implemented channels, i.e., for any unitarily
implemented channell, (U o S,U o T) =
F(S,T).

CF7. F does not decrease under composition with
arbitrary channels, i.e., for any channd,
F(RoS,RoT)>=F(S,T).

Proof.

CF1: It follows from the fact thaps and py are den-
sity operators, and from the fact tHEt— o7 is
a one-to-one mapping.

CF2: Same reasoning applies.

CF3: Ry = [U){U|, and similarly for Rj,. Thus
both o, andp;, are pure states. Since for pure
states ), |¢) we haveF = |(y|¢)|?, it follows
that (U, V) = (1/d®)|(U|V)|? = (1/d?) x
|tr(U*V)|2.

CF4: Note that the maf — pr is linear. Thus, for
T =AT1 + (1 — 1)T2, we havepr = App, +
(1—X)pr,, and the concavity of follows from
the concavity of the mixed-state fidelity (1).

CF5: It follows from Eq. (8) thalosgr = ps ® or,
and the multiplicativity property ofF follows
from the corresponding property &f.

CF6: Write (U o T) ® id = (U ® id)(T ® id) to
obtainp., = (U ® 1)pr (U* ® 1), and do the
same forU o S. Since the mixed-state fidelity
F is invariant under unitary transformations, the
same property holds for the channel fidelfy

CF7: Same reasoning as before, except now we have
to use the property thaf'((R ® id)ps, (R ®
id)or) = F(ps, pr). O

Despite its fairly obvious definition, the channel fi-
delity (15) possesses properties that are natural from
the physical point of view. First of all, the fact that
the channel fidelity is derived from the mixed-state fi-
delity on a subset of bipartite quantum states implies
that, in general, reliable discrimination between quan-
tum channels requires multiparty protocols with en-
tanglement. Indeed, setting= ps ando = pr in the
equation [8]

) =mi m m)s
VF(p,o) {rp:rLr}]Zm:\/tr(pF Ytr(o Fyy) (16)

where the minimum is taken over all positive operator-
valued measures (POVM$Y,,}, we see that distin-
guishability of the channel§ and T can be related

to distinguishability of probability distributions of out-
comes of collective measurements on the bipartite sys-
temK @ H.
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Also, property CF4 implies that mixing channels
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have the same nonzero eigenvalues [9]. All eigenval-

has adverse effect on distinguishability, and properties ues of ti por = (1/d)1 are equal and positive. Since

CF6 and CF7 show that npostprocessingclassical

or quantum, can render any two channels more distin-

guishable. On the other hangkeprocessingnay im-
prove distinguishability of channels, as we shall see
later.

We mention a couple of useful formulas involv-
ing F. For instance, the expression fd¥(T,id),
where T is an arbitrary channel, takes particularly
simple form. Let{V,} be any Kraus decomposition
of T. Thenpr = (1/d) ", |Va ) (V| @nd, sinceig =
(1/d)|1) (1] is pure, we have

F(T,id) = F(pr, pid) = tr(piapr)
1 1
= S (v = 5 > Vel (a7)

This implies that, for any two unitarily implemented
channeld/ andV, we have the relation
F(0,V)=F(U*V,id), (18)
whereU*V is the unitarily implemented channel—
U*VpV*U. In other words, distinguishing between
two unitarily implemented channels is equivalent to
distinguishing between a suitably chosen unitarily
implemented channel and the identity channel.

4. Fidelity for quantum channelsand Uhlmann’s
theorem

Our next step is to obtain a meaningful analogue of
Uhlmann'’s theorem for the channel fidelify. In order

H ~ K by assumption, i por and ts; por are isospec-
tral. Hencepr is a maximally entangled state and
therefore has the forrfl/d)|U)) (U| for some unitary
U (see the paper by D’Ariano et al. in Ref. [7] for a
proof). Using Eqg. (11), we can write

IUNU| = (U @ DILH(LIU* ® 1), (19)

which implies thatT = U, i.e., T is a unitarily
implemented channel.

Therefore, for any two unitarily implemented chan-
nelsU andV, the stateg,, oy, are already pure and,
as we have shown in the previous section,
F(O,V)= ? ?,

1 1 .
ﬁ|((U|V)) Eﬁ“ﬁr(U V)

which is nothing but the squared normalized Hilbert—
Schmidt product of the operatofg and V. As we
shall now show, the fidelity7 (S, T) for arbitrary
channelsS andT can be expressed as a maximum of
expressions similar to the right-hand side of Eq. (20),
but with the difference that in place of the unitariés
andV there will appear certairsometriesfrom H to

K ® £, wheref is a suitably defined auxiliary Hilbert
space.

For this purpose, it is convenient to consider not
the channell’, but rather thedual channelT, [10]
which converts observables @nhinto observables on
H, i.e.,itisamappingy : B(K) - B(H), where, e.g.,
B(H) is the space of all (bounded) operators&n
The channeld” and T, are related by T, (F)p) =
tr(FT(p)), where F is any observable ok and
p is any density operator of. Roughly speaking,
the channell corresponds to the Schrédinger picture

(20)

to do that, we must draw the connection between the of quantum dynamics, while the dual chanrigl

channell’ and purifications of the density operajgr.
First let us prove the followinggiven a channel
T:S(H) — S(K), where’H and K are isomorphic
Hilbert spaces(H ~ K), the density operatopr is
pure if and only if the channef” is unitarily imple-
mentedProving the forward implication is easyy, =
(1/d)|U) (U], which is a pure state. Let us now prove

the reverse implication. Suppose that, given the chan-

nel T, the stateor is pure. As evident from Eq. (7),
the reduced density operatogtpr is a multiple of the
identity, i.e., itis a maximally mixed state. Sinpg is
pure, the reduced density operatojs pr and tey or

describes the Heisenberg picture.

We will need to make use of the Stinespring dilation
[10,11] of the dual channdl,. That is, giverT, there
exist a Hilbert spac€ and anisometry : H - KQ&
(i.e., V*V =14) such that, for an) € B(K),

T.(X) = V¥ (X ® L¢)V. (21)

The isometryV contains complete information about
the channell, (or, for that matterT’) and is unique
up to a unitary transformation &. In order to arrive
at decomposition (21) fof, from its Kraus represen-
tation, fix a sefV, },_, of Kraus operators (it is easy
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to see that ifT'(p) is determined from Eqg. (3), then
T.(X)=)_, ViXVy). Let& be a Hilbert space of di-
mensionn. We pick an orthonormal basigey)};,_;
for £ and define the isometry through its action on
an arbitrary vectofy) € H:

Vi) : vaf ® lea).

The action of the adjoint operat®r* on product vec-
tors (elementary tensorg)) ® |¢) € LQ £ is given by

VEIY) ® o) =Y (eal@) ViIY), (23)
and then extended to all & ® £ by linearity. The fact
that V is an isometry can be easily verified; it is also
straightforward to confirm Eq. (21).

Let H, K be Hilbert spaces withl = dim’+ and
d" = dimK. Our goal is to compute the fidelity
F(S, T) for channelsS, T : S(H) — S(K) by “com-
paring” various Stinespring dilations of their dual
channels. In order to do that, we will relate purifica-
tions of ps and o7 to suitable Stinespring dilations of
S, and Ty, respectively, and then invoke Uhimann’s
theorem for the mixed-state fidelity [1,2].

(22)

15

whereVeyt: H®? - KQH R E is an isometry defined,

for an arbitraryly) € H®2, by
dd'

Vextl V) 1= > (Vo @ 1|¥)) @ lea). (27)
a=1

The same thing can be carried out fpg. Upon
defining the purification

dd’'

ZIW N ® | fa)

of ps (Where W, are Kraus operators fof), the
derivation of|gs) = (1/+/d)Wex1)) proceeds along
the same lines.

Now, according to Uhlmann’s theorem [1,2],

lps) : (28)

F(ps, pr) = max |(<PS|¢>T)| . (29)

los)lor)

As evident from the discussion above, any purifica-
tion of py can be written in the fornil//d ) Vext|1)),
where the isometryext is determined by the eigenvec-
tors|Vy)) of pr (or by their images under any unitary
transformation ofC ® H) and by the choice of basis

Sincepr is adensity operator, it possesses a spectral {|ex)} of £. The same goes farg, and we can there-

decomposition
dd’ o

T = Z Vo | Va))((Va ) (24)
a=1

where (V| Vg)) = tr(VVg) = 84p. The operators
Vy := +/dvgV, are then the Kraus operators of
(thoseV,, that correspond to the zero eigenvalues of
por do not enter into the description of the chanfiel

at all). The purifications opy can thus be constructed
in a (dd’)?-dimensional Hilbert space. For instance,
the state

dd’
loT) Zm“/ ® lew)
a=1
dd’
[Z|Va ® lea), (25)

where {|e0[)}”l"1 is an orthonormal basis of ~
K ® H, is a purification ofpr in the Hilbert space
£%2_ 1tis quite easy to see that

1
—= Vext|1)), (26)

Vd

lor) =

fore write

1 N 2
Flps.pr) =75 max [({t](VeaWed)L))|".  (30)
Itis then an easy exercise to show that
(1] (VexWex) 1)) = tr(v:w), (31)

whereV andW are isometrie${ — K ® £ that define
Stinespring dilations of” and S, respectively, using
the same Kraus operatovy, W, and the same bases
{lea)}, {| fo)} that appear in the corresponding expres-
sions forVext and Weyt. We thus arrive at the formula

F(S,T)=

(32)

which can be taken as the statementbfmann’s the-
orem for the channel fidelitf.

5. Applications
Now that we have defined a fidelity measure for

quantum channels, and formulated and proved an
analogue of Uhlmann’s theorem for it, it is time to ask:
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can this measure be at all useful? In this section, we If we are to distinguish between the Hamiltonians
offer some examples which suggest that the answer to H,, in fixed time, we are faced with the optimization

the above question is “yes”.
5.1. Distinguishing channels by superdense coding

It has by now become conventional wisdom in
guantum information theory that “you cannot extract
more than one bit of classical information out of one
qubit” (this assertion can be proved rigorously [12]).

In other words, there is no measurement that would al-

low reliable discrimination between symbols from an
alphabet of sizef > 2 if the corresponding message
(of logM bhits) is “carried” by a two-state quantum-

problem
Fopt=_inf max _ F(Un. Uy), (35)
t€[0,T] m,ne{d,...,d?)
m#n

where T is finite. Provided that the Hamiltonians
H,,(t) are sufficiently well-behaved (so that the ex-
ponentialse~*f» are continuous), the maximum of
]—"(l}m, U,,) over all pairs(m, n) with m, n distinct is
a lower semicontinuous function, and thus attains its
infimum on the compact s¢d, T].

This problem can be formulated analogously for ar-
bitrary channeldl;,,, where time dependence can be

mechanical system. However, it is possible for one either continuous (say, via time-dependent Kraus op-
party to send a 2-bit message to another using a sharecrators) or discrete (e.g., when the chantiglsct on

entangled state of two qubits in a “superdense coding a comparable timescate and we can make measure-
scheme” [13] (this scheme can in fact be extended [14] ments only at times<, wheren =0, 1,2, ...).

to permit reliable discrimination betwee? symbols

with the use of entangled states on a tensor product of 5 2 pistinguishing channels with preprocessing

two d-dimensional Hilbert spaces).
As noted by Childs et al. [4], the same strategy

As we have shown earlier, for any three channels

can be used to improve distinguishability of quan- p ¢ 7 (whereS, T : S(H) — S(K) andR: S(K) —
tum channels in the following way. Suppose we want S(K'), and H, K, K’ are Hilbert spaces), we have

to distinguish betweed? (possibly time-dependent)
Hamiltonians H,,, m € {1,...,d?}, acting on ad-
dimensional Hilbert spacél. We prepare the maxi-
mally entangled stat@/\/c_l)w;;) and then compare
the states

1

2
ﬁ( ,d.

(W) = eiiH"’t/h®]l)|(p;_'{>, m=1,...

(33)
The idea is to “stop” the entangled state from evolving
at such a timeyg that the quantity maxz, (W0 | W) |
(m,n=1,...,d% is minimized (i.e., the pure states
|¥,,) € H®? are maximally distinguishable).

We can cast this problem into an equivalent form
involving the fidelity measurer. We note first that,
for eachm, the projectoi¥,,) (¥, is nothing butAthe
statep,; for the unitarily implemented channél,,
with U, := e "1Hnt/h That is,o; = (1/d)|e~ Hmt/hy)
«e—iHmt/h| and
|2 _i(Hm_Hn)t/h |2

|<'1/m|wn> = d_12|tr€

= F (U, Uy). (34)

F(RoS,RoT) > F(S,T).Inotherwords, when one
aims to distinguish between the channgbndT, any
postprocessing can only make things worse.

It is pertinent to ask: what aboytreprocessing
Given a pair of channelS, T : S(H) — S(K), can we
find a Hilbert spacel’ and a channeR:S(K') —
S(H) such that

F(SoR,ToR)<F(S,T)? (36)

Itturns out that in some cases the answer is “yes”. In
a recent paper [15], Acin demonstrated the following
remarkable fact. Suppose that we have a black box that
implements one of two unitarie§1, Uz € SU(2). In
order to tell what the black box does (or, equivalently,
to distinguish between these unitaries), the optimal
strategy consists of preparing the maximally entangled
state(1/+/2)(]00) + |11)) (here we use the “computa-
tional basis” notation so that, e.gQ0) := |0) ® |0))
and then comparing the states obtained from it by ap-
plication of the channeléll ® id and ﬁg ® id. In this
case, the measure of distinguishability betw&emand
Uz (or between the corresponding channels) is given
by F (U1, Uo).
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Now suppose that we hav€ copies of the black
box and can run them in parallel. If we attempt to com-
pareUP"N andUS" on the basis of the fidelity mea-
sure F alone, we see thafFy := F(UPN, U2V =
F(U1, U2)N (cf. property CF5 of the channel fidelity).

If 0 < F(U1,U2) < 1, then the fidelityFy will de-
crease exponentially witN, but it will reach zero only

in the limit N — oo. However, as Acin showed in a
straightforward argument [15], there exist an integer
No and a statéw) € H®No, whereH is a single-qubit
Hilbert space, such thdt? |(U; U2)®Now) = 0. This
means that thevp-fold tensor product of the channel
U4 can be distinguished from théy-fold tensor prod-
uct of the channelll» perfectly

We can express this result in terms of the pre-
processing channély that acts orS(H®No) by map-
ping an arbitrary density operater to the projec-
tor |W)(¥| (i.e., the channely describes the act of
preparing the statg?)). Thus, for any channel on
S(H®N),

1 .
PT =258 (Todd ® 'devefﬁ(|¢7—;)<(p;:( |)®N’

and the channel fidelityF (S, T) is defined, as before,
as the mixed-state fidelityf'(ps, or). Therefore we
obtain the result

.7:(01, 02) > ]_—([}](-X)N’ [}?N)

> FOPM o Ty, 02 o Ty)=0. (37)

It certainly is an interesting and important problem
to decide whether (and when) preprocessing can im-
prove distinguishability of arbitrary channels. For this
purpose, it suffices to consider oritycal preprocess-
ing since, as shown in the paper by D’Ariano et al. in
Ref. [7], the action of an arbitrary channel on the max-
imally entangled statél)) (1| can be represented as
the action of a channel of the forf® id. Preprocess-
ing could also involve tensoring and 7 with some
suitably chosen channéd, but we can exclude such
“catalyst” channels becausg is multiplicative with
respect to tensor products. Even with these simplifi-
cations, however, the preprocessing problem is still
quite challenging. A first natural step would be to
demonstrate equivalence $#fto some other measure
of “distance” between quantum channels. One such
measure is induced by theorm of complete bound-
ednesgor cb-norm) [10,16]| - ||cp. Thatis,||S — Tlich

17

serves as a measure of “closeness” between the chan-
nels $ and T. For any channell, |T|cp = 1, and

1S ® Tllco=ISllebll T |lcb- Using properties of the cb-
norm [10,16], as well as the inequality [3]

2—-2JF(p,0)<|lp—ol1<2y1~F(p,0),

where|| - ||1 is the trace norm [17], it is easy to prove
that

2=2JF(S, T)<|IS = Tllco. (38)

The cbh-norm distinguishability measure, however,
cannot be used to decide the preprocessing problem
for F since||SoR —T o R|lcb < ||S — T||cb, SO that,
as far as the cb-norm criterion is concerned, any pre-
or postprocessing can only make channels less distin-
guishable. The reason for this is likely to be the fol-
lowing. For any mapX between operator algebras, the
cb-norm is defined as the supremum, over all posi-
tive integers:, of the usual operator norifX ® id, ||,
where ig, is the identity map om x n complex ma-
trices. Thus the cb-norm is a much stronger measure
of distinguishability than the channel fidelit§ be-
cause preprocessing (at least in terms of initial-state
preparation) is implicitly contained in its definition. It
is therefore important to determine whether a tight up-
per bound on|S — T|cp in terms of F(S, T) can at
all be obtained. Inequality (38), on the other hand, can
be useful for deriving tight lower bounds on channel
capacity.

5.3. Quantum error-correcting codes

Our final example involves the problem of charac-
terizing the performance of a quantum error-correcting
code (QECC). We briefly recall the basics of QECCs
[18]. The state of a system inkadimensional Hilbert
space’H is protected by isometrically embedding
‘H as ak-dimensional subspack (the codg of an
n-dimensional Hilbert spac@{. (the coding spack
Let the effect of errors be modelled by a channel
T:S(H:) — S(H.). Then, according to a theorem of
Knill and Laflamme [18], the subspade of H. can
serve as a QECC faof if and only if there exists a
channelrR : S(H.) - S(H,.), such thatR o T | = id,
whereT | is the restriction off to S(K). The chan-
nel R is called theecovery channel

Let {|e;)} be an orthonormal basis of, and
define the corresponding sta@é). Then the above
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necessary and sufficient condition is equivalent [18] to
the requirement thatR o T) (|oi5) (¢ |) = log) (@]

In other wordsK is aT-correcting code if and only if
F(RoT|g,id)=1.

For the special case of comparing a chaniiel
with the identity channel, we can derive upper and
lower bounds o (7, id) in terms of|| T — id||¢p. For
this purpose we need ttadf-diagonal fidelityof the
channell : S(H) — S(H), defined by [10]

Fu(T):= sup Re|T(lp)(¥])¥). (39)
[¥).lp)eH

for which we have the inequality [10]

IT —idllch < 4y'1— Fop(T). (40)

Then F(T,id) < Fo(T ® id), so that, using the fact
that the cbh-norm is multiplicative with respect to
tensor products, we get

IT —id]lcp <4y1— F(T,id). (41)
Combining inequalities (38) and (41) yields
1 2
(1 —IT - iducb) < FT,id)
1 -
<1—EIIT—Idllcb- (42)

The upper bound in this inequality is not nearly as tight
as the lower bound. Indeed, whighi —id||cp equals its
maximum value of 2, the fidelit§ (7, id) can take any
value between 0 and/8. This serves as yet another
indication that the cb-norm is a much more stringent
distinguishability criterion than the channel fidelity

6. Conclusion

In this Letter, we have proposed a fidelity measure
F for quantum channels. This fidelity measure pos-

sesses properties that are similar to the properties of

the mixed-state fidelity. We have stated and proved

M. Raginsky / Physics Letters A 290 (2001) 11-18

an analogue of Uhlmann’s theorem f@r and dis-
cussed possible applications of this fidelity measure
to problems in quantum information science. We have
also outlined the wayF is related to another criterion
of channel distinguishability, the cb-norm distance.
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