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Nonclassical character of statistical mixtures of the single-photon and vacuum optical states
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We demonstrate, theoretically and experimentally, that statistical mixtures of the vacuum stateu0& and the
single-photon Fock stateu1& are nonclassical according to the Vogel criterion@W. Vogel, Phys. Rev. Lett.84,
1849~2000!#, regardless of the vacuum fraction. The ensembles are synthesized via conditional measurements
on biphotons generated by means of parametric down conversion, and their quadrature statistics are measured
using balanced homodyne detection. A comparative review of various quantum state nonclassicality criteria is
presented.
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I. INTRODUCTION

Nonclassical states of the electromagnetic field have
many years provided an excellent playground for testing f
damental concepts of quantum mechanics@1#. Recently, non-
classical light has also become an important asset to the
idly developing applied fields of quantum optics, such
quantum communication and quantum information techn
ogy. Its applications, to name only a few, include quant
cryptography @2#, interferometric measurements@3#, and
linear-optics quantum computation@4#.

Upon this background, it is becoming more important
have simple criteria for identifying a particular quantum st
as nonclassical. This question has attracted strong inte
from the first days of quantum optics and a number of so
tions, both for the single-mode and multimode cases, h
been proposed@6–11#. Although there exists a commonl
accepted formal definition of a nonclassical state, no ne
sary and sufficient criterion has been proposed that wo
allow verification of an optical state’s nonclassical charac
in a simple experiment.

For single-mode optical fields, nonclassical states
commonly defined as those that cannot be represented
statistical mixture of coherent states. This can be reform
lated in terms of the Glauber-SudarshanP function@5#: if the
latter is positive definite, i.e., if it can be interpreted as
probability density, then the state possesses a clas
analog.

The practical application of the above definition requir
complete information about the quantum state in question
that the P function can be reconstructed. In experimen
practice, however, only partial information about a quant
state is normally available and it is often degraded by de
tion noise and losses. The goal of a nonclassicality criter
is to enable a conclusion about the character of a quan
state based only on this partial information. Known sign
tures of nonclassicality, frequently associated with a parti
lar method of quantum state characterization, include a
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bunching and sub-Poissonian photon statistics@6,7#,
squeezing@8#, photon number oscillations@9#, and negative
values of the Wigner function@10,12#.

All of these nonclassicality conditions are sufficient b
not necessary and leave wide classes of quantum states
side their scope. For example, the Fock states are
Poissonian, but exhibit quadrature noises above the s
noise level; phase-squeezed states are nonclassical,
possess super-Poissonian photon statistics and pos
Wigner functions. This situation was recently improved
Vogel, who showed that a quantum state is nonclassical if
absolute magnitude of the state’s characteristic function
ceeds that of the vacuum state at any point in inverse ph
space@13#. This modification of the traditional squeezin
criterion covers a very wide set of quantum optical states.
noticed by Diósi, however, there are quantum states that
nonclassical but do not satisfy the Vogel criterion, so t
latter is still not a necessary condition for nonclassica
@14#.

The Vogel criterion is now very relevant because of rec
progress in quantum homodyne tomography of highly n
classical optical states. In a recent experiment, Lvovsky
coworkers prepared the single-photon Fock stateu1& by con-
ditional measurements on a photon pair produced via p
metric down conversion@12#. The phase-averaged Wigne
function reconstructed in the measurement showed a st
dip around the phase-space origin, reaching classically
possible negative values.

Although negativity of the Wigner function is a ver
strong indication of a quantum state’s nonclassical charac
it covers many fewer states than does the Vogel condition
an example, we consider statistical mixtures of the sing
photon Fock stateu1& and the vacuum stateu0&

r̂mix5hu1&^1u1~12h!u0&^0u, ~1!

for 0,h<1. The Wigner function associated with th
mixed state takes on negative values only forh.0.5 @15#.
Moreover, reconstruction of the Wigner function requires a
quisition of a set of phase-stabilized marginal distributio
associated with different quadratures, or~as in @12#! the as-
©2002 The American Physical Society30-1
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sumption that the Wigner function is rotationally invaria
and hence deducible from a single phase-randomized m
ginal distribution. On the other hand, as we demonstrate
this paper, the Vogel criterion establishes the nonclass
character of ensembles~1! for any 0,h<1, and it does so
without requiring any assumptions regarding rotational sy
metry or local-oscillator phase stabilization.

II. HOMODYNE DETECTION AND NONCLASSICALITY

Vogel’s nonclassicality condition is applicable to quantu
state data obtained from balanced homodyne detec
~BHD!. BHD is a technique for performing phase-sensiti
measurements, i.e., field quadrature measurements, on a
wave. Proposed by Yuen and Chan in 1983@16#, it has be-
come one of the main techniques for quantum state cha
terization. It has been used to detect squeezed states o
electromagnetic field@17#, to characterize various quantu
optical states tomographically@18#, to demonstrate Einstein
Podolsky-Rosen-type quantum correlations@19#, and to carry
out continuous-variable quantum teleportation@20#.

To perform BHD, the electromagnetic wave whose qu
tum state is to be determined is overlapped on a beam sp
with a relatively strong local oscillator~LO! wave in the
same optical mode. The two fields emerging from the be
splitter are incident on two high-efficiency photodiod
whose output photocurrents are subtracted. The photocu
difference is proportional to the value of the electric-fie
quadrature operatorÊ(u) in the signal mode, whereu is the
relative optical phase between the signal and LO. Repe
homodyne measurements on the same quantum state
the statistical properties of the quantum noise associated
this quadrature. A set of quadrature noise measurement
quired at different values ofu is sufficient to reconstruct the
Wigner function and the density matrix of the quantum st
@21#.

To demonstrate the nonclassical character of quan
states measured via BHD, comparison with the semiclass
theory of photodetection can be used. According to t
theory, light is a classical electromagnetic wave and the
tection noise arises from the discrete nature of the cha
carriers created in the detection process. Assuming that B
is carried out in the time-resolved, pulsed regime, the nu
ber of photoelectronsNi produced by detection of thei th
optical pulse consists of two independent parts: the qua
ture measurementNi ,E of the classical signal field plus th
photoelectron shot-noisedNi ,S ,

Ni5Ni ,E1dNi ,S . ~2!

Assuming the signal field to be much weaker than
local oscillator, we can regard the shot noise as being enti
due to the LO. A local oscillator pulse of energyELO gener-
ates an average ofN0/25hELO/2\v charge carriers in eac
photodiode, whereh is their quantum efficiency andv is the
optical frequency. These charge carriers are subject to P
son statistics and carry a mean-square fluctuation
^d2(N0/2)&5N0/2. When the two photocurrents are su
tracted, the sum of their independent shot noises leads
03383
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total mean-square fluctuation strength of^d2NS&5N0/2
1N0/25N0 per pulse. According to the semiclassical theo
therefore, the total mean-square photodetection noise,

^d2N&5hELO /\v1^d2NE&, ~3!

always equals or exceeds the shot-noise level observed w
the signal field is vacuum (NE[0).

Whenever the signal field is coherent, i.e., carries no c
sical noise, the prediction~3! of the semiclassical calculatio
is identical to that of the ‘‘correct’’ theory, in which both th
detector and the light are treated quantum mechanically
keeping with standard practice in quantum optics, we de
an optical state to beclassicalif it is a statistical mixture of
coherent states. Classical states, therefore, have BHD ph
current noise that can be correctly quantified using the ab
semiclassical theory. A squeezed state, on the other han
an example of a nonclassical state because its quadra
noise at some phase angles falls below the shot-noise le

A more general approach to nonclassicality has been
posed by Vogel, whose treatment is rederived in the follo
ing. Let pr(N) be the probability of detecting exactlyN pho-
toelectrons in the BHD subtraction output. In semiclassi
photodetection theory, the optical quadrature noise of the
nal field is statistically independent of the charge-carrier s
noise, so there exists separate probability distributio
prE(N) for the field noise and prS(N) for the shot noise.
According to Eq.~2!, the measured pr(N) is then the convo-
lution of these two distributions

pr~N!5prE~N! ^ prS~N!. ~4!

Because pr(N) and prS(N) can be determined experimen
tally, the question of classicality reduces to the existence
probability distribution prE(N) that would satisfy the above
equation.

Taking the Fourier transform of Eq.~4!, we find

F@pr#~n!5F@prE#~n!F@prS#~n!, ~5!

whereF@pr# denotes the Fourier transform of the margin
distribution~i.e., the cross section of the state’s Wigner fun
tion associated with the particular LO phase under invest
tion! andn is the transform variable@22#. From probability-
distribution normalization, which implies thatuF@prE#(n)u
<1 for all n, we obtain a necessary condition for the clas
cality of a quantum state—the Vogel criterion@13#

uF@pr#~n!u<uF@prS#~n!u ~6!

for all n. If inequality ~6! is invalid for anyquadrature atany
value of n, then Eq.~4! cannot be satisfied and the state
nonclassical.

An important feature of this nonclassicality condition~not
mentioned in the original Vogel paper! is that it can be gen-
eralized to statistical mixtures of several marginal distrib
tions associated with different phases. In other words, th
is no need to maintain a stable phase relation between the
and the optical state being tested. As soon as the histog
0-2
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NONCLASSICAL CHARACTER OF STATISTICAL . . . PHYSICAL REVIEW A 65 033830
of the quadrature measurements acquired in an experim
run violates inequality ~6!, the state is known to be
nonclassical.

III. STATISTICAL MIXTURES OF VACUUM
AND SINGLE-PHOTON STATES

A. Theoretical analysis

The ensembles defined by Eq.~1! are completely charac
terized by the Wigner function

Wh~X,P!5
2

p
~4h~X21P2!1122h,!e22(X21P2) ~7!

which is equivalent to the following, phase-independent m
ginal distribution for a quadrature measurement:

prh~X!5A2

p
~12h14hX2!e22 X2

. ~8!

The mean-square quadrature deviation of the above di
bution is

^d2X&51/41h/2, ~9!

which always exceeds the vacuum-state value of 1/4. On
other hand, the Fourier image of this distribution,

F@pr#h~n!5E prh~X!einXdX5~12hn2/4!e2n2/8,

~10!

has an absolute value that exceeds that of the vacuum
(F@pr#0(n)5e2n2/8) over two semi-infinite intervals ofn
~Fig. 1!. A simple calculation shows that for a givenh, the
difference between the characteristic functionsDh(n)

FIG. 1. Vogel nonclassicality of the stater̂mix5hu1&^1u 1(1
2h)u0&^0u with h50.5. Cross section of the characteristic functi
of this state~solid line! is shown along with that of the vacuum sta
~dashed line!. The dotted line displays the absolute value
F@pr#h(n), which exceeds its vacuum state counterpart over
semi-infinite intervals.
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5uF@pr#h(n)u2uF@pr#0(n)u reaches its maximum value o
Dh(nopt)52hexp@2(11h)/h# at

nopt
2 58~11h!/h. ~11!

For any 0,h<1, the quantityDh(nopt) is positive. En-
sembles~1! are thus always nonclassical according to t
Vogel criterion, even though they are never squeezed
their Wigner distribution is non-negative for 0<h,1/2.

Experimentally, the characteristic function cross section
evaluated from a set ofN individual quadrature measure
mentsXi as an estimate~empirical average!

F̃@pr#h~n!5^einXi&N . ~12!

This evaluation suffers a mean-square estimation error

^uF̃@pr#h~n!2F@pr#h~n!u2&5
1

N
~12uF@pr#h~n!u2!.

~13!

The nonclassical character of a quantum state can be
tablished only if this uncertainty does not exceedDh(nopt).
Since the latter function decays quickly with reducingh,
demonstrating the nonclassicality of ensembles~1! at low
efficiencies requires an exponentially large number
samples to be acquired~Fig. 2!.

B. Experiment

The experimental apparatus employed in our paper
almost identical to that described in@12# ~Fig. 3!. The 790-
nm, 1.6-ps output of a Spectra Physics Tsunami laser
frequency doubled in a single pass through a 3-mm L
crystal and then passed on to a 3-mm BBO crystal for do
conversion. The down converter operated in a type-I f
quency degenerate, noncolinear configuration. A sing
photon counter~EG&G SPCM-AQ-131! was placed in one
of the emission channels—labeled trigger—to detect phot
pair creation events and to trigger a homodyne system pla

o

FIG. 2. Minimum number of quadrature samples that must
acquired in order to establish the nonclassical character of the
~1! beyond the margin of statistical uncertainty.
0-3
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A. I. LVOVSKY AND J. H. SHAPIRO PHYSICAL REVIEW A65 033830
in the other emission channel—labeled signal. In this w
pulses selected for homodyne measurements are only t
for which a photon has been emitted into the signal chan
thus preparing single-photon Fock states by conditional m
surements.

We used a small fraction of the original optical puls
from the pulse picker—split off before the frequen
doubler—as the local oscillator for the homodyne syste
These pulses have to be temporally and spatially m
matched to the mode of the photons in the signal chan
@23#. In order to resolve the quantum noise of individu
laser pulses, a time-domain homodyne detector with ul
low electronic noise (;1000 electrons per pulse!, high sub-
traction efficiency (.83 dB), and high-frequency band
width (DC22 MHz) has been used@24#.

The apparatus employed in@12# suffered a significant
drawback owing to its very low pair-production rate~around
one pair per four seconds!. This was caused, in particular, b
a deliberate factor-of-100 reduction of the Ti:sapphire ma
laser’s 82-MHz pulse repetition rate, which was achieved
using an acousto-optical pulse picker. The necessity for
reduction arose from the relatively low (;1 MHz) band-
width of the balanced homodyne detector amplifier; the
tector was unable to resolve the shot noise of individual la
pulses arriving at a higher rate.

In the present paper, the pair generation rate was dram
cally increased by installing an electro-optical pulse picke
the beam path of the local oscillator, instead of right after
master laser. The entire setup, apart from the homodyne
tector, was thus operating at the original laser repetition
of 82 MHz. Whenever a trigger photon detection event
curred, the optical shutter in the local oscillator opened
transmit a single local oscillator pulse that activated a b
anced homodyne measurement. In order to compensat
the trigger delay of the optical shutter, a 50-ns optical de
line was introduced. The replacement of the pulse picker
a number of other modifications allowed us to enhance
pair-production rate by a factor of more than a 1000 in co
parison to the work@12#; the original experiment that laste
14 hours would only last 45 seconds with the new appara

Various experimental imperfections cause an admixture
the vacuumu0& to the Fock stateu1& that would be measure
if the setup were ideal@12#. When optimally aligned, our
apparatus constructed ensemblesr̂mix with the highest over-

FIG. 3. Master scheme of the experimental setup. The posi
of the pulse picker allowed a much higher photon pair-product
rate to be achieved.
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all efficiencyh50.61. Further reductions ofh—to probe the
Vogel criterion forr̂mix at high-vacuum fraction—have bee
achieved by misaligning the temporal synchronization
tween the LO and single-photon pulses.

We acquired nine data sets, each containing 100
electric-field quadrature measurements for the states~1! with
the measurement efficienciesh between 0.19 and 0.61 and
single data set of 200 000 points for the vacuum state.
phase-averaged Wigner functions reconstructed from the
sets corresponding toh50.58 and 0.61, as expected, exhi
ited negativities around the phase-space origin point. All d
sets were then binned up to obtain their histograms@Fig.
4~a!#. The Fourier imagesuF̃@pr#h(n)u of the marginal distri-
butions, calculated using Eq.~12! and shown in Fig. 4~b!,
clearly violate inequality~6!. The nonclassicality of the
states investigated is made manifest in Fig. 4~c!, where the
values ofuF̃@pr#h(nopt)u, reflecting the highest difference be
tween the classical and quantum behavior, are plotted.

Because the setup was not interferometrically stable, e
of the quadrature data sets corresponds to the superpos
of marginal distributions of ensembles~1! associated with
different phases. This circumstance does not compromise
conclusion on the nonclassical character of these state
the latter does not rely on any assumptions regarding ph
stability or randomness.

Of special interest are the quadrature data acquired for
0.28 and 0.19 efficiency values. The marginal distributio
associated with these efficiencies@Fig. 4~a!# are not only
wider than that of the vacuum state but also lack any fi
structure which would allow a direct decision on their no
classical character. Only the Fourier analysis of these dis
butions allows us to draw such a conclusion. These exam
show that the suggested reformulation of Vogel’s criterio
stating that ‘‘a quantum state has no classical counter
when these@marginal distribution# functions show structures
that are narrower than the corresponding distributions of
ground state of the oscillator’’@13# is not always rigorous.

IV. DISCUSSION

Comparing the Vogel criterion and the negativity of th
Wigner function as nonclassicality conditions, we first noti
that fulfillment of either one does not automatically imp
satisfaction of the other. In the previous section we ha
considered quantum states that are nonclassical accordin
the Vogel criterion but have positive-definite Wigner fun
tions. As an opposite example one can use the ensem
presented in the Dio´si correspondence on the Vogel pap
@14#

r̂5 (
n51

`

22nun&^nu. ~14!

The Glauber-SudarshanP function for this state is

PGS~X,P!5
2

p
e2(X21P2)2d~X!d~P!. ~15!

n
n

0-4
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NONCLASSICAL CHARACTER OF STATISTICAL . . . PHYSICAL REVIEW A 65 033830
Convolving thisP distribution with a circularly symmetric
zero-mean variance 1/4 two-dimensional Gaussian func
gives the Wigner distribution@21#

W~X,P!5
4

3p
e22(X21P2)/32

2

p
e22(X21P2). ~16!

FIG. 4. Experimental results.~a! Marginal distributions associ
ated with the vacuum state and ensembles~1! for five different
efficiency values;~b! Cross sections of the characteristic functio
obtained through Fourier analysis of the homodyne data;~c! Theo-

retical ~solid line! and experimental values ofuF̃@pr#h(nopt)u. The
function uF@pr#0(nopt)u ~dashed line!, which establishes the classic
limit, is also displayed.
03383
n

This distribution is negative atX5P50, but ~as shown by
Diósi! the above state fails the Vogel criterion for nonclas
cality.

It is also instructive to compare the two nonclassical
criteria from a purely classical viewpoint. To what extent c
the fulfillment of each condition persuade someone who o
believes in classical physics that something is wrong w
her picture of the world? In this aspect, the two criteria a
strikingly different in terms of fundamental assumptions t
‘‘classicist’’ must maintain in order to be convinced of
contradiction by observing one or the other criterion fulfille
The Vogel condition is based on the semiclassical theory
photodetection, i.e., it assumes that homodyne detection
sults in field-quadrature observation that is embedded i
certain, well-defined amount of~shot! noise. Homodyne to-
mography, from which the Wigner distribution in recon
structed, makes no such postulate, and can be fully in
preted in the framework of classical physics. In particul
this classical interpretation makes the Wigner distribution
~positive-definite! classical probability distribution ove
phase space. All that is presumed in making this class
interpretation are Maxwell’s equations for the electroma
netic wave and the fact that a photodiode’s output curren
proportional to the intensity of the incident beam~perhaps
with some added classical noise!. The combination of a clas
sically understandable measurement method and an ev
non-classicality of its result—the negative Wigner functio
such as in the work@12#—provides very strong evidence o
quantum mechanics.

In the framework of this discussion it is interesting
compare the Wigner function’s negativity with another we
known signature of nonclassicality, namely, the violation
Bell’s inequality. In the latter, the assumptions that are ma
are even less restrictive. Causality is the only physical p
tulate; no assumptions need to be made regarding the ph
cal nature of the experiment itself. If a tomographic reco
struction of a Wigner function with negative values wou
convince aphysicistthat the world is quantum, a loophole
free violation of the Bell inequality would convince aphi-
losopher who has no knowledge of physics whatsoev
From a purely philosophical point of view, tomographic r
construction of a negative Wigner function is stronger e
dence of quantum mechanics than is the incompatibility
the detection noise distribution with the semiclassical pho
detection theory, but weaker than violation of Bell’s inequa
ties.

In terms of experimental simplicity, however, th
sequence goes the other way. Apart from the fact t
quantum states with negative Wigner functions~e.g., Fock
states! are quite exotic and difficult to synthesize, the com
plete reconstruction of the Wigner distribution requir
acquisition of a full set of marginal distributions with fixe
relative phase between the LO and the state being exami
On the other hand, verification of the Vogel criterion can
applied to a single marginal distribution or to a superposit
of marginals associated with different phases. To date,
loophole-free violation of Bell’s inequalities has bee
reported@25#.
0-5
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V. CONCLUSIONS

We have shown that the electric-field-quadrature statis
of the ensembles~1! of the vacuum stateu0& and the single-
photon Fock stateu1& are nonclassical according to the Vog
criterion@13#. These states were synthesized and measure
a setting similar to that of Lvovskyet al. @12# but with an
improved pair-production rate achieved thanks to a met
of pulse picking. The Vogel criterion has been generalized
apply to quadrature distributions obtained in interferome
-
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cally unstable settings. A quantitative analysis of statisti
errors has been given.
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