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Nonclassical character of statistical mixtures of the single-photon and vacuum optical states
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We demonstrate, theoretically and experimentally, that statistical mixtures of the vacuui®statel the
single-photon Fock stafd) are nonclassical according to the Vogel criterfoh Vogel, Phys. Rev. Leti84,
1849(2000], regardless of the vacuum fraction. The ensembles are synthesized via conditional measurements
on biphotons generated by means of parametric down conversion, and their quadrature statistics are measured
using balanced homodyne detection. A comparative review of various quantum state nonclassicality criteria is
presented.
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[. INTRODUCTION bunching and sub-Poissonian photon statistig, 7],
squeezind 8], photon number oscillation®], and negative
Nonclassical states of the electromagnetic field have fovalues of the Wigner functiofil0,12.
many years provided an excellent playground for testing fun- All of these nonclassicality conditions are sufficient but
damental concepts of quantum mechafidsRecently, non- Nnot necessary and leave wide classes of quantum states out-
classical light has also become an important asset to the rasglde their scope. For example, the Fock states are sub-
idly developing applied fields of quantum optics, such a oissonian, but exhibit quadrature noises above the shot-
guantum communication and quantum information technolnoise level; phase-squeezed states are nonclassical, but
ogy. Its applications, to name only a few, include quantumPOSSess super-Poissonian photon statistics and positive

Cryptography [2], interferometric measuremen'[g], and Wigner functions. This situation was I’ecently improved by
linear-optics quantum computati¢d]. Vogel, who showed that a quantum state is nonclassical if the

Upon this background' itis becoming more important toabsolute magnitude of the state’s characteristic function ex-

have simple criteria for identifying a particular quantum stateceeds that of the vacuum state at any point in inverse phase
as nonclassical. This question has attracted strong interespace[13]. This modification of the traditional squeezing
from the first days of quantum optics and a number of solucriterion covers a very wide set of quantum optical states. As
tions, both for the single-mode and multimode cases, havBoticed by Disi, however, there are quantum states that are
been proposed6—11]. Although there exists a commonly nonclassical but do not satisfy the Vogel criterion, so the
accepted formal definition of a nonclassical state, no necedatter is still not a necessary condition for nonclassicality
sary and sufficient criterion has been proposed that wouléL4l-
allow verification of an optical state’s nonclassical character The Vogel criterion is now very relevant because of recent
in a simple experiment. progress in quantum homodyne tomography of highly non-
For single-mode optical fields, nonclassical states aré&lassical optical states. In a recent experiment, Lvovsky and
commonly defined as those that cannot be represented asc@workers prepared the single-photon Fock sftijeby con-
statistical mixture of coherent states. This can be reformuditional measurements on a photon pair produced via para-
lated in terms of the Glauber-Sudarstfunction[5]: if the ~ Metric down conversioi12]. The phase-averaged Wigner
latter is positive definite, i.e., if it can be interpreted as afunction reconstructed in the measurement showed a strong

probability density, then the state possesses a classicdiP around the phase-space origin, reaching classically im-
analog. possible negative values.

The practical application of the above definition requires Although negativity of the Wigner function is a very
complete information about the quantum state in question s&trong indication of a quantum state’s nonclassical character,
that the P function can be reconstructed. In experimentalit covers many fewer states than does the Vogel condition. As
practice, however, only partial information about a quantun®2n e€xample, we consider statistical mixtures of the single-
state is normally available and it is often degraded by detecPhoton Fock stat¢l) and the vacuum stal®)
tion noise and losses. The goal of a nonclassicality criterion R
is to enable a conclusion about the character of a quantum Pmix=1l1){1|+(1—75)|0)0|, (1)
state based only on this partial information. Known signa-
tures of nonclassicality, frequently associated with a particufor 0<x<1. The Wigner function associated with this
lar method of quantum state characterization, include antimixed state takes on negative values only fpr 0.5 [15].

Moreover, reconstruction of the Wigner function requires ac-
quisition of a set of phase-stabilized marginal distributions
*Email address: Alex.Lvovsky@uni-Konstanz.de associated with different quadratures,(as in[12]) the as-
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sumption that the Wigner function is rotationally invariant total mean-square fluctuation strength 68°Ng)=Ng/2
and hence deducible from a single phase-randomized ma# Ny/2= N, per pulse. According to the semiclassical theory,
ginal distribution. On the other hand, as we demonstrate itherefore, the total mean-square photodetection noise,

this paper, the Vogel criterion establishes the nonclassical

character of ensemblé4) for any 0< <1, and it does so (8°NYy=9E o/hw+({5°Ng), (3)
without requiring any assumptions regarding rotational sym-
metry or local-oscillator phase stabilization. always equals or exceeds the shot-noise level observed when
the signal field is vacuumNg=0).
Il. HOMODYNE DETECTION AND NONCLASSICALITY Whenever the signal field is coherent, i.e., carries no clas-

sical noise, the predictiof8) of the semiclassical calculation

Vogel's nonclassicality condition is applicable to quantumis identical to that of the “correct” theory, in which both the
state data obtained from balanced homodyne detectiodetector and the light are treated quantum mechanically. In
(BHD). BHD is a technique for performing phase-sensitivekeeping with standard practice in quantum optics, we define
measurements, i.e., field quadrature measurements, on a light optical state to belassicalif it is a statistical mixture of
wave. Proposed by Yuen and Chan in 1988], it has be-  coherent states. Classical states, therefore, have BHD photo-
come one of the main techniques for quantum state characeurrent noise that can be correctly quantified using the above
terization. It has been used to detect squeezed states of tBemiclassical theory. A squeezed state, on the other hand, is
electromagnetic field17], to characterize various quantum an example of a nonclassical state because its quadrature
optical states tomographicalljt8], to demonstrate Einstein- noise at some phase angles falls below the shot-noise level.
Podolsky-Rosen-type quantum correlati¢h8], and to carry A more general approach to nonclassicality has been pro-
out continuous-variable quantum teleportatj@g)]. posed by Vogel, whose treatment is rederived in the follow-

To perform BHD, the electromagnetic wave whose quaning. Let pr(N) be the probability of detecting exactly pho-
tum state is to be determined is overlapped on a beam splittgdelectrons in the BHD subtraction output. In semiclassical
with a relatively strong local oscillatofLO) wave in the photodetection theory, the optical quadrature noise of the sig-
same optical mode. The two fields emerging from the beanmal field is statistically independent of the charge-carrier shot
splitter are incident on two high-efficiency photodiodesnoise, so there exists separate probability distributions
whose output photocurrents are subtracted. The photocurrepi-(N) for the field noise and g(N) for the shot noise.
difference is proportional to the value of the electric-field According to Eq.(2), the measured pN) is then the convo-
quadrature operatdt(6) in the signal mode, wheré is the  Iution of these two distributions
relative optical phase between the signal and LO. Repeated
homodyne measurements on the same quantum state yield pr(N)=pre(N)®prs(N). (4)
the statistical properties of the quantum noise associated with
this quadrature. A set of quadrature noise measurements aBecause pf{) and pg(N) can be determined experimen-
guired at different values o is sufficient to reconstruct the tally, the question of classicality reduces to the existence of a
Wigner function and the density matrix of the quantum stateprobability distribution pg(N) that would satisfy the above
[21]. equation.

To demonstrate the nonclassical character of quantum Taking the Fourier transform of Eg4), we find
states measured via BHD, comparison with the semiclassical
theory of photodetection can be used. According to this Flprl(v)=F[pre](v)F[prs](v), 5)
theory, light is a classical electromagnetic wave and the de-
tection noise arises from the discrete nature of the chargehereF[pr] denotes the Fourier transform of the marginal
carriers created in the detection process. Assuming that BHElistribution(i.e., the cross section of the state’s Wigner func-
is carried out in the time-resolved, pulsed regime, the numtion associated with the particular LO phase under investiga-
ber of photoelectronN; produced by detection of theh  tion) andv is the transform variablf22]. From probability-
optical pulse consists of two independent parts: the quadradistribution normalization, which implies thaf[prg](v)|
ture measuremerl; ¢ of the classical signal field plus the <1 for all », we obtain a necessary condition for the classi-
photoelectron shot-noiséN; s, cality of a quantum state—the Vogel criteriph3]

N;i=N; g+ N;s. 2 [FLpr(v)|<[F[prs](v)] (6)

Assuming the signal field to be much weaker than thefor all ». If inequality (6) is invalid for any quadrature aany
local oscillator, we can regard the shot noise as being entirelyalue of v, then Eq.(4) cannot be satisfied and the state is
due to the LO. A local oscillator pulse of enerfyo gener-  nonclassical.
ates an average ®y/2= nE o/2h w charge carriers in each An important feature of this nonclassicality conditigrot
photodiode, wherey is their quantum efficiency and is the ~ mentioned in the original Vogel papes that it can be gen-
optical frequency. These charge carriers are subject to Poigralized to statistical mixtures of several marginal distribu-
son statistics and carry a mean-square fluctuation ofions associated with different phases. In other words, there
(8%(Ng/2))=Ny/2. When the two photocurrents are sub-is no need to maintain a stable phase relation between the LO
tracted, the sum of their independent shot noises leads toand the optical state being tested. As soon as the histogram
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FIG. 2. Minimum number of quadrature samples that must be

acquired in order to establish the nonclassical character of the state
(1) beyond the margin of statistical uncertainty.

FIG. 1. Vogel nonclassicality of the stafg,,= 7|1)(1| +(1
—7)|0)(0| with »=0.5. Cross section of the characteristic function
of this state(solid line) is shown along with that of the vacuum state
(dashed ling The dotted line displays the absolute value of
F(pr],(v), which exceeds its vacuum state counterpart over two_

semiinfinite intervals. IF[pr],(v)|—|F[prlo(v)| reaches its maximum value of

D (vop) =2mexd —(1+7)/ 7] at
of the quadrature measurements acquired in an experimental

run viola}tes inequality (6), the state is known to be Vgpt:8(1+,7)/,7_ (12)
nonclassical.
For any O<x<1, the quantityD,(v,,) is positive. En-
ll. STATISTICAL MIXTURES OF VACUUM sembles(1) are thus always nonclassical according to the
AND SINGLE-PHOTON STATES Vogel criterion, even though they are never squeezed and

their Wigner distribution is non-negative for<Onp<<1/2.
Experimentally, the characteristic function cross section is
The ensembles defined by Hd) are completely charac- evaluated from a set oN individual quadrature measure-
terized by the Wigner function mentsX; as an estimatéempirical average

A. Theoretical analysis

Flprl,(v)=(e")y. (12)

This evaluation suffers a mean-square estimation error

which is equivalent to the following, phase-independent mar-
ginal distribution for a quadrature measurement:

2
W,(X,P)= —(4n(X?+P?)+1-2p,)e 2% ) (7)

~ 1
(IFLprl,(v)—F[prl,(»)[?)= N(l—IF[pf]ﬂ(V)lz)-

13
pr,(X)= \/g(l— ntanx?)e 2X, t) 49

The nonclassical character of a quantum state can be es-
Elbllshed only if this uncertainty does not excdeg(vqpy).

The mean-square quadrature deviation of the above distr ince the latter function decays quickly with reducing

bution is demonstrating the nonclassicality of ensemhigs at low
efficiencies requires an exponentially large number of
(82X)=1/4+ 7/2, (99 samples to be acquird@ig. 2).
which always exceeds the vacuum-state value of 1/4. On the B. Experiment

other hand, the Fourier image of this distribution, i )
The experimental apparatus employed in our paper was

almost identical to that described 2] (Fig. 3. The 790-
iy 2 nm, 1.6-ps output of a Spectra Physics Tsunami laser was
F[pr]’/(”):f pr,(X)e"dX= (1= pv/4)e” """, frequency doubled in a single pass through a 3-mm LBO
(10 crystal and then passed on to a 3-mm BBO crystal for down
conversion. The down converter operated in a type-l fre-
has an absolute value that exceeds that of the vacuum stajgiency degenerate, noncolinear configuration. A single-
(F[prlp(v)=€e™" ’8) over two semi-infinite intervals ob photon counte(EG&G SPCM-AQ-13} was placed in one
(Fig. 1). A simple calculation shows that for a givey the  of the emission channels—Ilabeled trigger—to detect photon-
difference between the characteristic functiois, (v) pair creation events and to trigger a homodyne system placed
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trigger  gpatial + — all efficiency »=0.61. Further reductions afj—to probe the
beaQ spectral filter ;I \Vogel criterion forp,,;, at high-vacuum fraction—have been
doubler down \ v achieved by misaligning the temporal synchronization be-
_______ eonvenar tween the LO and single-photon pulses.
F’I:'Sf:rd ' : i We acquired nine data sets, each containing 100000
L electric-field quadrature measurements for the stdjewith
: — the measurement efficienciesbetween 0.19 and 0.61 and a
[ N »;cker \/ single data set of 200000 points for the vacuum state. The
Siopl hgg}ggt’g‘f phase-averaged Wigner functions reconstructed from the data
beam sets corresponding t9=0.58 and 0.61, as expected, exhib-

_  ited negativities around the phase-space origin point. All data
FIG. 3. Master scheme of the experimental setup. The positioRets were then binned up to obtain their histogrdffis.

of the pulse p!cker allowed a much higher photon palr-product|0n4(a)]. The Fourier imageHNZ[pr] (v)| of the marginal distri-

rate to be achieved. . g 7 S
butions, calculated using Eq12) and shown in Fig. &),

clearly violate inequality(6). The nonclassicality of the

in the other emission channel—labeled signal. In this WaYgiates investigated is made manifest in Fi¢g) Awhere the
pulses selected for homodyne measurements are only those

for which a photon has been emitted into the signal channef,’alues of FLpr],(vop)|, reflecting the highest difference be-

thus preparing single-photon Fock states by conditional medWeen the classical and quantum behawor,_are plotted.
surements. Because the setup was not interferometrically stable, each

We used a small fraction of the original optical pulsesOf the qyadra;urg da_ta sets corresponds to the_ superposition
from the pulse picker—split off before the frequency of marginal distributions of ensembld$) associated with

doubler—as the local oscillator for the homodyne system.diﬁerent. phases. This circumstance does not compromise our
These pulses have to be temporally and spatially mod onclusion on the nonclassical character of these states, as

matched to the mode of the photons in the signal channd|'€ 1attér does not rely on any assumptions regarding phase

[23]. In order to resolve the quantum noise of individual StPility or randomness. .
laser pulses, a time-domain homodyne detector with ultra- Of special interest are the quadrature data acquired for the

low electronic noise 1000 electrons per pulsehigh sub- 0.28 apd 0'19 efficiency \(allues'. T.he marginal distributions

traction efficiency 83 dB), and high-frequency band- assomated with these efficiencigBig. 4(a@)] are not only.

width (DC—2 MHz) has been usei®4]. wider than that of the vacuum state but_ a_llso lack any fine
structure which would allow a direct decision on their non-

classical character. Only the Fourier analysis of these distri-
one pair per four secontisThis was caused, in particular, by butions allows us to draw such a conclusion. These examples

a deliberate factor-of-100 reduction of the Ti:sapphire maste [“;.W tht?]t ,:hf suggetsted rteftorrEulatlon ?f ngell S crlt(tarlon, ¢
laser’s 82-MHz pulse repetition rate, which was achieved b)%a Ing that -a guantum state nas no classical counterpar

The apparatus employed i2] suffered a significant
drawback owing to its very low pair-production rgeround

using an acousto-optical pulse picker. The necessity for thi hen thes¢marginal d|str|but|oﬂ1funct|qns ShOV_V structures
reduction arose from the relatively low-( MHz) band- at are narrower than the corresponding distributions of the

width of the balanced homodyne detector amplifier; the deground state of the oscillatof’13] is not always rigorous.
tector was unable to resolve the shot noise of individual laser
pulses arriving at a higher rate. IV. DISCUSSION

In the present paper, the pair generation rate was dramati- Comparing the Vogel criterion and the negativity of the
cally increased by installing an electro-optical pulse picker inyigner function as nonclassicality conditions, we first notice
the beam path of the I_ocal oscillator, instead of right after thgnat fulfilment of either one does not automatically imply
master laser. The entire setup, apart from the homodyne d@ggistaction of the other. In the previous section we have
tector, was thus operating at the original laser repetition ratgonsidered quantum states that are nonclassical according to
of 82 MHz. Whenever a trigger photon detection event 0Che \ogel criterion but have positive-definite Wigner func-
curred, the optical shutter in the local oscillator opened tQjons. As an opposite example one can use the ensemble

transmit a single local oscillator pulse that activated a balyyesented in the D correspondence on the Vogel paper
anced homodyne measurement. In order to compensate f 4]

the trigger delay of the optical shutter, a 50-ns optical delay
line was introduced. The replacement of the pulse picker and "
a number of other modifications allowed us to enhance the ~_ 2 27" n)(n|
pair-production rate by a factor of more than a 1000 in com- P = '
parison to the worl12]; the original experiment that lasted
14 hours would only last 45 seconds with the new apparatu

Various experimental imperfections cause an admixture o
the vacuuni0) to the Fock statél) that would be measured
if the setup were idedl12]. When optimally aligned, our

apparatus constructed ensemhges, with the highest over-

(14)
he Glauber-Sudarshdhfunction for this state is

PedX,P)= %e*X“Fﬂ)—a(X) S(P). (15)

033830-4



NONCLASSICAL CHARACTER OF STATISTICA . .. PHYSICAL REVIEW A 65 033830

0.8 (a) —o— vacuum This distribution is negative &=P=0, but(as shown by
0.7 :_'_';_'_'_'f;;: Dio_si) the above state fails the Vogel criterion for nonclassi-
c0-36% cality.

0.64 --&---28 % It is also instructive to compare the two nonclassicality
054 . —v=19% criteria from a purely classical viewpoint. To what extent can
the fulfillment of each condition persuade someone who only

5 041 believes in classical physics that something is wrong with
0.3 her picture of the world? In this aspect, the two criteria are
strikingly different in terms of fundamental assumptions the

0.21 “classicist” must maintain in order to be convinced of a
0.1 contradiction by observing one or the other criterion fulfilled.
The Vogel condition is based on the semiclassical theory of

) photodetection, i.e., it assumes that homodyne detection re-
X sults in field-quadrature observation that is embedded in a
certain, well-defined amount ¢ghoy noise. Homodyne to-

-
v
o

"o (b) I mography, from which the Wigner distribution in recon-
Fow - 49% structed, makes no such postulate, and can be fully inter-
081 g ¥ - preted in the framework of classical physics. In particular,
e 19 9, this classical interpretation makes the Wigner distribution a
= 067 (positive-definite classical probability distribution over
= phase space. All that is presumed in making this classical
E 0.4- interpretation are Maxwell’s equations for the electromag-
- netic wave and the fact that a photodiode’s output current is
proportional to the intensity of the incident bedperhaps
021 with some added classical nojs&he combination of a clas-
sically understandable measurement method and an evident
0.0 ——— . P ey non-classicality of its result—the negative Wigner function,
10 8 6 4 -2 Q, 2 4 6 8 10 such as in the workl12]—provides very strong evidence of
quantum mechanics.
0.184 (C) In the framework of this discussion it is interesting to
0.164 compare the Wigner function’s negativity with another well-
known signature of nonclassicality, namely, the violation of
0.141 Bell's inequality. In the latter, the assumptions that are made
0.124 are even less restrictive. Causality is the only physical pos-
0.10 tulate; no assumptions need to be made regarding the physi-
cal nature of the experiment itself. If a tomographic recon-
0.08 struction of a Wigner function with negative values would
0.06 convince aphysicistthat the world is quantum, a loophole-
0.044 free violation of the Bell inequality would convince ghi-
0.02. losopher who hag no kpowled.ge of .physics whatsqever.
) From a purely philosophical point of view, tomographic re-
0.000 - construction of a negative Wigner function is stronger evi-

dence of quantum mechanics than is the incompatibility of
the detection noise distribution with the semiclassical photo-
FIG. 4. Experimental resultga) Marginal distributions associ- ~detection theory, but weaker than violation of Bell’'s inequali-
ated with the vacuum state and ensemiBsfor five different  ties.
efficiency values{b) Cross sections of the characteristic functions In terms of experimental simplicity, however, the
obtained through Fourier analysis of the homodyne dajaTheo-  sequence goes the other way. Apart from the fact that
retical (solid line) and experimental values ¢F[pr],(vo)|. The — guantum states with negative Wigner functiolesg., Fock
function|F[prlo(vep)| (dashed ling which establishes the classical state$ are quite exotic and difficult to synthesize, the com-
limit, is also displayed. plete reconstruction of the Wigner distribution requires
acquisition of a full set of marginal distributions with fixed
Convolving thisP distribution with a circularly symmetric relative phase between the LO and the state being examined.
zero-mean variance 1/4 two-dimensional Gaussian functio®n the other hand, verification of the Vogel criterion can be

gives the Wigner distributiofi21] applied to a single marginal distribution or to a superposition
4 5 of marginals associated with different phases. To date, no
W(X,P)= T e 20@+PB_ L o 2(x2+P?) (16) loophole-free violation of Bell's inequalities has been
37 T reported[25].
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V. CONCLUSIONS cally unstable settings. A quantitative analysis of statistical

We have shown that the electric-field-quadrature statistic§" O™ has been given.

of the ensembleél) of the vacuum statf0) and the single-
photon Fock statgl) are nonclassical according to the Vogel
criterion[13]. These states were synthesized and measured in The authors are grateful to Professor W. Vogel for helpful
a setting similar to that of Lvovsket al. [12] but with an  discussions. A.L. is sponsored by the Alexander von Hum-
improved pair-production rate achieved thanks to a methotholdt foundation. He also thanks Professor J. Mlynek for
of pulse picking. The Vogel criterion has been generalized tsupport. The research of J.H.S. was supported by the U. S.
apply to quadrature distributions obtained in interferometri-Army Research Office.
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