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The role of entanglement in dynamical evolution
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Entanglement is a fundamental resource to achieve the maximum allowed speed in the dynamical
evolution of a system. In general, energy entangled states evolve to an orthogonal state faster
than their unentangled counterparts. The cases of pre-existing entanglement and of entanglement-
building interactions are separately addressed.
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The problem of determining how to exploit the avail-
able resources to achieve the highest evolution speed is
relevant to deriving physical limits in a variety of con-
texts. Of particular interest are, for example, the max-
imum rate for information processing [1, 2] or for infor-
mation exchange through communication channels [3, 4].

The time-energy uncertainty relation imposes a lower
limit on the time interval T⊥ that it takes for a quantum
system to evolve through two orthogonal states [1, 5].
This bound on T⊥ is related to the spread in energy of
the system. Recently, Margolus and Levitin have linked
such a quantity also to the average energy of the system
[1]. These two conditions together establish the quan-
tum speed limit time, i.e. the minimum time T (E,∆E)
required for a system with energy E and energy spread
∆E to evolve through two orthogonal states. In this pa-
per we analyze the T (E,∆E) of systems composed of M
subsystems, focusing on the role of correlations between
the M components. It will be shown that entanglement
between the subsystems (whether it is present in the ini-
tial state or it is built through interactions between the
subsystems) is a fundamental resource in achieving the
quantum speed limit. In fact, the only way to reach the
bound T (E,∆E) without entanglement is to devote all
the energy resources to one subsystem, at the price of
having only that one subsystem evolve to an orthogonal
configuration and not the others.

In Sect. I we recall the Margolus-Levitin bound and
introduce the notion of quantum speed limit time. In
Sect. II we focus on systems where the subsystems do
not interact, and in Sect. III we analyze the case of in-
teracting subsystems.

I. QUANTUM SPEED LIMIT TIME

Consider a system in an initial state |Ψ〉 of mean energy
E = 〈Ψ|H |Ψ〉 (where H is the Hamiltonian and where
we assume zero ground state energy). The Margolus-
Levitin theorem [1] asserts that it takes at least a time
T⊥ > π~/(2E) for the system to evolve from |Ψ〉 to an or-
thogonal state. This result complements the time-energy
uncertainty relation, which requires T⊥ > π~/(2∆E),

where ∆E =
√

〈Ψ|(H −E)2|Ψ〉 is the energy spread of

the state [1, 5]. The Margolus-Levitin theorem gives a
better bound on T⊥ than the uncertainty relations when
an asymmetric energy distribution yields ∆E > E. Join-
ing the two above inequalities one obtains the quantum
speed limit time, i.e. the minimum time T (E,∆E) re-
quired for the evolution to an orthogonal state, as

T⊥ > T (E,∆E) ≡ max

(

π~

2E
,

π~

2∆E

)

. (1)

In [1] it has been shown that states that saturate this
bound do exist. In the appendix the bound (1), derived
only for pure states in [1], is shown to apply also for
mixed states.

In this paper we analyze the quantum speed limit time
(1) of systems composed of M parts. The Hamiltonian
is of the form

H =
M
∑

k=1

Hk +Hint , (2)

where the Hk are the free Hamiltonians of the subsys-
tems and Hint is the interaction Hamiltonian between
them. When Hint = 0, each subsystem evolves indepen-
dently. In this case, unless correlations are present in the
initial state of the system, if the energetic resources avail-
able are distributed among the M parts, they cannot be
efficiently used to achieve the bound (1). On the other
hand, if the initial state is entangled, the quantum speed
limit can be reached: a cooperative behavior is induced
such that the single subsystems cannot be regarded as
independent entities. A similar cooperative behavior can
also emerge if an interaction is present (Hint 6= 0), al-
lowing the system to reach the quantum speed limit even
when no initial correlations exist.

II. NON INTERACTING SUBSYSTEMS

In this section we show that, for non-interacting sub-
systems, separable states cannot reach the quantum
speed limit unless all energy resources are devoted to one
of the subsystems. This is no more true if the initial state
is entangled, as will be shown through an example.
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To begin with, consider the simple case of pure states.
In this context, a separable state has the form

|Ψsep〉 = |ψ1〉1 ⊗ · · · ⊗ |ψM 〉M , (3)

where |ψk〉k is the state of the k-th subsystem which has
energy Ek and spread ∆Ek. Since there is no interaction
(Hint = 0), the vector |Ψsep〉 remains factorizable at all
times. It becomes orthogonal to its initial configuration
if at least one of the subsystems evolves to an orthogonal
state. The time employed by this process is limited by
the energies and the energy spreads of each subsystem,
through Eq. (1). By choosing the time corresponding to
the “fastest” subsystem, the time T⊥ for the state |Ψsep〉
is [8]

T⊥ > max

(

π~

2Emax
,

π~

2∆Emax

)

, (4)

where Emax and ∆Emax are the maximum values of the
energy and energy spreads of theM subsystems. For the
state |Ψsep〉, the total energy is E =

∑

k Ek and the total

energy spread is ∆E =
√

∑

k ∆E2
k . This implies that

the bound imposed by Eq. (4) is always greater or equal
than T (E,∆E) of Eq. (1), being equal only when Emax =
E or ∆Emax = ∆E, e.g. when one of the subsystems
has all the energy or all the energy spread of the whole
system. The gap between the bound (4) for separable
pure states and the bound (1) for arbitrary states reaches
its maximum value for systems that are homogeneous in
the energy distribution, i.e. such that Emax = E/M and

∆Emax = ∆E/
√
M . In this case, Eq. (4) implies that,

for factorizable states, T⊥ >
√
M T (E,∆E).

The above result can be extended to the general case
of non-pure states: separable mixed states that achieve
the quantum speed limit are given by mixtures where,
in each statistical realization, only one of the subsystem
evolves.

A separable state of an M -parts composite system can
be expressed by the following convex convolution

% =
∑

n

pn%
(n)
1 ⊗ · · · ⊗ %

(n)
M , (5)

where pn are positive coefficients which sum up to one

and where the normalized density matrix %
(n)
k describes a

state of the k-th subsystem with energy E
(n)
k and energy

spread ∆E
(n)
k . Equation (5) is a mixture of independent

configurations, labeled by the parameter n, which occur
with probability pn: it displays classical correlations but
no entanglement between theM subsystems [6]. For non-
interacting systems, the energy E and spread in energy
∆E of % are given by

E =
∑

n

pn

M
∑

k=1

E
(n)
k (6)

∆E2 =
∑

n

pn





M
∑

k=1

(∆E
(n)
k )2 +

(

M
∑

k=1

E
(n)
k −E

)2


 ,

and the state %(t) at time t is always of the form (5) where

%
(n)
k are replaced by their evolved %

(n)
k (t). If % reaches the

quantum speed limit then it is orthogonal to its evolved
at time T (E,∆E), i.e.

∑

nm

pnpmχ
(n,m)
1 (t) · · ·χ(n,m)

M (t)
∣

∣

∣

t=T (E,∆E)
= 0 (7)

where χ
(n,m)
k (t) ≡ Tr[%

(n)
k (t) %

(m)
k ]. Using the spectral de-

composition, one immediately sees that all the terms χ
are non-negative real quantities. This means that Eq. (7)
is satisfied iff each of the summed terms is equal to zero
independently on n and m. In particular, focusing on
the case n = m, at least one subsystem must exist (say

the kn-th) for which χ
(n,n)
kn

[T (E,∆E)] = 0. Applying the

quantum speed limit (1) to the state %
(n)
kn

of this subsys-
tem the following inequality results

T (E,∆E) > T (E
(n)
kn

,∆E
(n)
kn

) . (8)

Suppose now that E > ∆E, i.e. T (E,∆E) = π~/(2∆E).
In this case, from Eqs. (6) and (8) one can show that for

each n, ∆E
(n)
k = 0 for all k 6= kn, while E

(n)
kn

> ∆E
(n)
kn

=
∆E. On the other hand, if ∆E > E then one can anal-

ogously obtain that for each n, E
(n)
k = 0 for all k 6= kn,

while ∆E
(n)
kn

> E
(n)
kn

= E. In both cases the inequality

(8) becomes an identity, i.e. the quantum speed limit

time T (E
(n)
kn

,∆E
(n)
kn

) of the state %
(n)
kn

coincides with the
quantum speed limit time T (E,∆E) of the global state %.

Moreover, for all k 6= kn the states %
(n)
k are eigenstates

of the Hamiltonians Hk [9], i.e. they cannot evolve to
orthogonal configurations.

This result shows that the separable states (5) achieve
the quantum speed limit only if, for any statistical re-
alization n of the system, a single subsystem evolves
to an orthogonal configuration at its own maximum
speed limit time (which coincides with T (E,∆E) of the
whole system). All the other subsystems do not evolve.
Since the above derivation applies for any expansion pn,
one can say that in each experimental run only one of
the subsystems evolves to an orthogonal state. How-
ever, the existence of classical correlations among sub-
systems yields configurations % that achieve the speed
limit and where in average all subsystems share the same
resources. As an example, consider the separable state
%s = (%a⊗%b +%b⊗%a)/2 of a bipartite system composed
by two identical subsystems (e.g. two spins), where %b

is the zero energy ground state and %a is a normalized
density matrix which saturates its own quantum speed
limit. Since the energy E and the energy spread ∆E
of the %s coincide with those of %a, these two matrices
have the same value of T (E,∆E). The density opera-
tor %s describes a mixture where half of the times the
first spin is in the state %a and the second spin is in the
ground state, and in the other half their roles are ex-
changed: of course in this configuration in average the
two spins are in the same state (%a + %b)/2. Assume now
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that Tr[%a(t) %b] = Tr[%b(t) %a] = 0: in this case %s will
saturate the quantum speed limit.

Entangled subsystems.

Separable states can reach the quantum speed limit
only in the case of highly asymmetric configurations
where one of the subsystems evolves to an orthogonal
configuration at the maximum speed allowed by its ener-
getic resources, while the other subsystems do not evolve.
In all other cases entanglement is necessary to achieve
the bound. Consider, for example, the energy entangled
state

|Ψent〉 =
1√
N

N−1
∑

n=0

|n〉1 ⊗ · · · ⊗ |n〉M , (9)

where |n〉k is the energy eigenstate (of energy n~ω0) of
the k-th subsystem. The state |Ψent〉 is homogeneous
since each of the M subsystems has energy E = ~ω0(N −
1)/2 and ∆E = ~ω0

√
N2 − 1/(2

√
3). The total energy

and energy spread are given by E = ME and ∆E =
M∆E respectively. The scalar product of |Ψent〉 with its
time evolved |Ψent(t)〉 is

〈Ψent|Ψent(t)〉 =
1

N

N−1
∑

n=0

e−inMω0t , (10)

where the factorM in the exponential is a peculiar signa-
ture of the energy entanglement. The value of T⊥ for the
state |Ψent〉 is given by the smallest time t > 0 for which
this quantity is zero, i.e. 2π/(NMω0). It is smaller by

a factor ∼
√
M than what it would be for homogeneous

separable pure states with the same value of E and ∆E,
as can be checked through Eq. (4). This effect can be
exploited where it is necessary to increase the speed of
dynamical systems while equally sharing the energy re-
sources among the subsystems. For example, states of
the type |Ψent〉 have been used in [7] in order to increase
the time resolution of traveling pulses.

III. INTERACTING SUBSYSTEMS

In this section we show how interactions between the
M parts can allow the system to achieve the quantum
speed limit, even starting from configurations unable to
reach this limit in the non-interacting case (e.g. factor-
ized pure homogeneous states). The speedup comes from
the correlations that suitable interaction Hamiltonians
introduce between the subsystems.

To understand the phenomenon, consider the
Margolus-Levitin contribution to Eq. (1). The total en-
ergy (11) of a composite system contains a free Hamil-
tonian part which necessarily scales as the number M of
subsystems, and an interaction part which, on the con-
trary, can be independent on M . When the free part is

predominant, the system behaves essentially as discussed
in the previous section: its speed is basically given by the
speed of its constituents which scales as ∼ 1/M with re-
spect to the maximum speed allowed by the total energy
of the system. On the other hand, when the interaction
is predominant, it may introduce a cooperative behavior
among the subsystems that manifests itself as quantum
correlations. In this case, the entire energy can be effi-
ciently employed to evolve the system to orthogonal con-
figurations. Analogous considerations apply also to the
uncertainty relation contribution to Eq. (1).

The simplest example to illustrate this point is a sys-
tem of M qubits with the Hamiltonian

H = ~ω0

M
∑

k=1

(1 − σ(k)
x ) + ~ω(1 − S) , (11)

where σ
(k)
x is the Pauli operator |1〉〈0| + |0〉〈1| for the

k-th qubit and where S =
∏M

k=1 σ
(k)
x . The first term in

Eq. (11) is the free Hamiltonian which rotates indepen-
dently each of the qubits at frequency ω0. The second
term is a global interaction which rotates collectively all
the qubits at frequency ω, coupling them together. Con-
sider an initial factorized state where all qubits are in

eigenstates of the σ
(k)
z Pauli matrices, i.e.

|Ψ〉 ≡ |J1〉1 ⊗ · · · ⊗ |JM 〉M , (12)

where Jk are either 0 or 1. According to (1) this is
an homogeneous configuration of the system. Moreover,
the energy E = ~(ω + Mω0) and the energy spread

∆E = ~
√

ω2 +Mω2
0 of this state give T (E,∆E) =

π/(2
√

ω2 +Mω2
0). The state |Ψ〉 evolves to the entan-

gled configuration

|Ψ(t)〉 = e−iEt/~

[

cos(ωt)|J(t)〉 + i sin(ωt)|J(t)〉
]

, (13)

where

|J(t)〉 =

M
⊗

k=1

[

cos(ω0t)|Jk〉k + i sin(ω0t)|Jk〉k
]

, (14)

with the overbar denoting qubit negation (|0〉 ≡ |1〉, |1〉 ≡
|0〉). Imposing the orthogonality between |Ψ〉 and |Ψ(t)〉,
we find that T⊥ is the minimum value of t for which

cos(ωt) cosM (ω0t) + iM+1 sin(ωt) sinM (ω0t) = 0 . (15)

From Eq. (15) it is easy to check that, for ω = 0 (no

interaction) T⊥ is
√
M times bigger than T (E,∆E). In-

stead, for ω0 = 0 (no free evolution) the system reaches
the speed limit, i.e. T⊥ = T (E,∆E). In Fig. 1 the value
of T⊥ is compared to the value of T (E,∆E) for different
values of ω, showing that as the interaction becomes pre-
dominant, T⊥ tends to T (E,∆E). This example shows
that a suitable Hint (when sufficiently strong) can take
the system to the quantum speed limit. In order to reach
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this bound, however, the interaction must connect all the
qubits. A simple counterexample can be obtained by con-
sidering the case in which the M qubits are divided in G
non-interacting groups which have an Hamiltonian of the
same form of (11) and contain P = M/G qubits each. In
this case entanglement cannot build up between qubits
of different groups and it is immediate to see that T⊥ is
at least

√

M/P T (E,∆E). The order K of the inter-
action (i.e. the number of subsystems that are involved
in a single vertex of interaction) also plays an important
role: the example illustrated by the Hamiltonian (11)
describes an M -th order case. For any given K, a rich
variety of cases are possible depending on how the inter-
action is capable of constructing entanglement between
subsystems. The simplest example is an Ising-like model
where there is a K-th order coupling between neighbors
in a chain of qubits. In this case one only has a

√
K

improvement over the non-interacting case.

FIG. 1: Plot of T⊥ from Eq. (15) (asterisks) and of T (E,∆E)
of the state (12) (dashed line) as a function of the relative
intensity of the interaction Hamiltonian ω/ω0 for M = 9.
The lower shaded region is the area forbidden by Eq. (1).

IV. CONCLUSIONS

In conclusion we have studied the quantum speed limit
[1] for composite systems. We have shown that entangle-

ment between different subsystems is an important re-
source to achieve the ultimate speed in dynamical evo-
lution. Interaction between the subsystems is another
way to achieve such a limit if it can build up sufficient
entanglement. Arguably the most interesting applica-
tion concerns the derivation of the highest possible trans-
mission rate of information through parallel communica-
tion channels for fixed power [3]. A recent proposal [4]
moves along this path in using the same effect discussed
in Sect. III to increase the communication rate by a fac-
tor

√
M over a communication channel composed of M

independent parallel channels which uses the same re-
sources.

Appendix. Here the quantum speed limit, which was
proved for pure states in [1], is extended to mixed states.
The quantity T⊥ is defined as the minimum time t for
which the evolved density matrix %(t) of a system of en-
ergy E and energy spread ∆E becomes orthogonal to
the initial state %, i.e. Tr[%(t)%] = 0. Using the spectral
decomposition, % can be written as % =

∑

n λn|φn〉〈φn|,
where λn are positive coefficients which sum up to one
and where {|φn〉} is an orthonormal set. From the defi-
nition of T⊥ it then follows that

T⊥ = min
t>0

(

〈φn(t)|φm〉 = 0 ∀n,m
)

> min
t>0

(

〈φn(t)|φn〉 = 0
)

∀n , (16)

where |φn(t)〉 is the time-evolved of |φn〉. Applying
Eq. (1) to the pure states |φn〉, one finds

T⊥ > max

(

π~

2Emin
,

π~

2∆Emin

)

, (17)

where Emin and ∆Emin are respectively the minima on
n of the energy En and of the spread ∆En of the state
|φn〉. Since for the state % the energy and the energy
spread are such that E =

∑

n λnEn > Emin, ∆E =
√
∑

n λn[∆E2
n + (E −En)2] > ∆Emin, from Eq. (17)

the quantum speed limit follows.
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