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Abstract— Jump linear systems are linear state-space
systems with random time variations driven by a finite
Markov chain. These models are widely used in nonlinear
control, and more recently, in the study of communication
over lossy channels. This paper considers a general jump
linear estimation problem of estimating an unknown signal
from an observed signal, where both signals are described
as outputs of a jump linear system. A bound on the
minimum achievable estimation error in terms of linear
matrix inequalities (LMIs) is presented, along with a simple
jump linear estimator that achieves this bound. While
previous analysis has considered only the strictly causal
estimation problem, this work presents both strictly causal
and causal solutions.
Keywords: Jump linear systems, state estimation, Kalman
filtering.

I. I NTRODUCTION

A jump linear systemis a time-varying linear state-
space system driven by a discrete Markov chain. Since
their initial study in the 1960s, jump linear systems have
found successful applications in a number of fields in-
cluding fault detection in manufacturing, target tracking,
guidance, finance and aerospace. See, for example, [2],
[4], [5], [14], [22]. More recently, we have shown that
jump linear systems can also be used to analyze the effect
of losses in predictive quantization [18], [17].

This works considers a general estimation problem for
a discrete-time jump linear system of the form

x[k + 1] = Aθ[k]x[k] + Bθ[k]w[k],
z[k] = C1,θ[k]x[k] + D1,θ[k]w[k],
y[k] = C2,θ[k]x[k] + D2,θ[k]w[k],

(1)

wherew[k] is unit-variance, zero-mean white noise,x[k]
is an internal state,z[k] is an output signal to be esti-
mated, andy[k] is an observed signal. The time-varying

parameterθ[k] is a discrete-time Markov chain with a
finite number of possible states:θ[k] ∈ {0, . . . , M − 1}.
All signals, x[k], w[k], y[k] and z[k] may be vector-
valued, and the matrices,Aθ[k], Bθ[k], . . . , are matrices of
the appropriate dimensions. Thus, a jump linear system is
a standard linear state-space system, where each system
matrix can, at any time, take on one ofM possible
values. The system is called a “jump” linear system,
since changes in the Markov stateθ[k] result in discrete
changes, or jumps, in the system dynamics.

The basic estimation problem for the system (1) is
to estimate the unknown signalz[k] from the observed
signal y[k]. In this work, we assume that the estimator
knows the Markov stateθ[k]. The estimation problem for
the case whenθ[k] is unknown is a complex, nonlinear
estimation problem and considered elsewhere [6], [8],
[15].

Under the assumption thatθ[k] is known, the esti-
mator essentially sees a linear system with known time
variations. Consequently, the optimal estimate forz[k]
can be estimated from a standard Kalman filter [3].
Under suitable assumptions, the Kalman filter provides
the MMSE estimates for the statex[k] and outputz[k],
along with corresponding estimation error variances.

However, there are two problems with the Kalman filter
solution. First, the Kalman filter provides the estimation
error variance sequence for agiven realization of the
Markov sequenceθ[k]. However, in many applications,
what is relevant is not the performance of the estimator
for a particular realization of the Markov sequence,
but rather theaverageperformance, averaged over all
possible realizations of the Markov chainθ[k]. Secondly,
the optimal Kalman filter update involves a nonlinear
Riccati matrix update. In certain real-time applications,



this update may be too computationally difficult.

Following the approach of Costa in [9], we thus
consider a suboptimal jump linear estimator that is similar
in form to the optimal Kalman estimator; the time-varying
Kalman gain matrix is replaced by a gain matrix that takes
on one ofM possible values, depending on the current
value of the Markov stateθ[k]. Our main result shows that
the selection of the gain matrices for this estimator can be
optimized via a convex programming method based on
Linear Matrix Inequalities (LMI) [7]. The optimization
can be used as a bound on the minimum achievable
estimation error from Kalman filtering. Alternatively, the
proposed jump linear estimator is significantly simpler to
implement than the optimal Kalman estimator, and the
optimization can be used as a method to maximize the
performance of this simplified estimator.

The LMI approach to the analysis of jump linear
systems via LMIs is not new. LMIs were introduced
into the study of jump linear systems by Ait Rami and
El Ghaoui in [1], which provided an LMI solution for
the coupled nonlinear algebraic Riccati equations earlier
derived by Costa in [9]. Ait Rami and El Ghaoui’s LMI
considered both the state estimation considered here, as
well as a related dual problem of state feedback control.
Later, Costa, do Val and Geromel [10] provided a more
general LMI that could be more easily extended to related
problems inH∞ control, parametric uncertainties, and
game theoretic interpretations.

However, the LMI of [10] considered only the state-
feedback control problem. A recent work of ours in [16]
developed an analogous result for state estimation. The
result was proven along similar lines as [10], beginning
with the Lyapunov analysis in [11]. A similar approach
has been used by De Souza and Fragoso [13] who
consider the continuous-timeH∞ estimation problem.
The jump linear LMI in [16] was developed in the
study of estimation from intermittent data. The result is
significantly more general than the LMI analyses in [19],
[20], [21] that are restricted to i.i.d. losses with variations
only in the output equation.

The estimation LMI in [16] and other related works,
however, consider only thestrictly causal estimation
problem. That is, at each timek, it is assumed that the
estimate forz[k] depends only on the datay[j] up to time
j = k− 1. Consequently, there is a one step lag between
the observed and predicted value. The main contribution
of the current paper is to provide an LMI for thecausal
estimation problem, where the estimator has access to the
data,y[j], up to timej = k. For completeness, and to
facilitate comparison, both the strictly causal and causal
estimation LMIs will be presented.

II. JUMP L INEAR ESTIMATION

A. Kalman Estimation

Before presenting the jump linear analysis, it is useful
to review the Kalman filtering approach to the estimation
problem. The Kalman filter equations are reviewed in a
number of standard texts such as [3]. For the jump linear
system (1), define the estimates

x̂[k | j] = E (x[k] | y[0 : j], θ[0 : k]) , (2)

ẑ[k | j] = E (z[k] | y[0 : j], θ[0 : k]) , (3)

which are the MMSE estimates of the statex[k] and
output z[k] given the observed outputy[ℓ] up to time
ℓ = j and the Markov stateθ[ℓ] up to time ℓ = k.
We use the MATLAB -inspired notationy[0 : j] to mean
the sequence,y[0], y[1], . . . , y[j]. Also, let P [k | j] be
the corresponding state estimation error variance, and let
σ2[k | j] be the mean-squared output estimation error,

P [k | j] = E (ex[k]ex[k]′ | θ[0 : k]) , (4)

σ2[k | j] = E
(

‖ez[k]‖2 | θ[0 : k]
)

, (5)

whereex[k] = x[k]− x̂[k | j] andez[k] = z[k]− ẑ[k | j].
In this paper, we will be interested in two special cases:

• strictly causal output estimation:̂z[k | k − 1], and
• causal output estimation:̂z[k | k].

The strictly causal estimate is also called the one-step
ahead predictor, since it is estimates the output,z[k],
given the observed datay[ℓ] up to timeℓ = k − 1. The
causal estimator estimates the outputz[k] using all the
datay[ℓ] up to timeℓ = k.

Now, since the Markov chainθ[k] is known to the
estimator, the estimator essentially sees a linear system
with known time variations. Thus, for any particular
realizationθ[k], we can apply the Kalman filter equations
for the corresponding time-varying linear system. If the
noisew[k] is Gaussian, zero mean and white with unit
variance, then the Kalman estimator equations for the
system (1) reduce to the simple recursive form: denoting
θ[k] by i,

x̂[k + 1|k] = Aix̂[k|k − 1] + L1[k]ey[k],
ẑ[k|k − 1] = Ci1x̂[k|k − 1],

ẑ[k|k] = Ci1x̂[k|k − 1] + L2[k]ey[k],
ey[k] = y[k] − Ci2x̂[k].

(6)

Here, L1[k] and L2[k] are time-varying Kalman gain
matrices. The Kalman filter also provides a recursive
equation for the estimation error variances (4) and (5).

B. Jump Linear Estimation

Unfortunately, the steady-state performance of the
Kalman estimator (6) is difficult to analyze. The chief
difficulty is that the Riccati equation update forP [k|k−1]
is a complex nonlinear recursion. As discussed in the



introduction, we thus consider a simpler, suboptimal
estimator. For the strictly causal estimation, we consider
an estimator of the form: denotingθ[k] by i,

x̂[k + 1] = Aix̂[k] + Li1(y[k] − Ci2x̂[k])
ẑ[k] = Ci1x̂[k],

(7)

defined for a set of matrices,Li1, i = 0, . . . , M − 1.
We call the estimator (7) astrictly causal jump linear
estimator. The estimator is itself a jump linear system,
driven by the Markov chainθ[k]. The jump linear esti-
mator is identical to the Kalman filter (6), except that the
gain matrixL1[k] is replaced by theM fixed matrices
Li1. Consequently, the gain matrix for the jump linear
estimator is restricted to depend on only the current
value ofθ[k]. In contrast, the optimal gain matrixL1[k]
in (6) is a result of the Riccati equation recursion and
consequently depends on all the values ofθ[j] from times
j = 0 to k.

The estimator in (7) is strictly causal in that the
estimateẑ[k] depends on the samplesy[j] from j = 0
to k − 1. For the causal estimator, we consider a jump
linear causal estimator of the form: denotingθ[k] by i,

x̂[k + 1] = Aix̂[k] + Li1(y[k] − Ci2x̂[k])
ẑ[k] = Ci1x̂[k] + Li2(y[k] − Ci2x̂[k]),

(8)

The estimator is defined for a set of2M gain matrices,
Li1 andLi2 for i = 0, . . . , M − 1. Again, the estimator
ẑ[k] in (8) is identical to the estimatêz[k|k] in (6), except
that the time-varying gain matricesL1[k] andL2[k] are
replaced by the2M fixed gain matricesLi1 and Li2,
i = 0, . . . , M − 1.

III. LMI O PTIMIZATION

A. Asymptotic Estimation Error

In order to apply the jump linear analysis, we make
the following assumption on the Markov chainθ[k].

Assumption 1:The random sequenceθ[k] is a station-
ary Markov chain, with transition probabilities,

pij = Pr (θ[k + 1] = j | θ[k] = i) .

We assume that the Markov chain is aperiodic and irre-
ducible so that there is a unique stationary distribution,

qi = Pr (θ[k] = i) ,

satisfying the equations

qj =

M−1
∑

i=0

pijqi, j = 0, . . . , M − 1.

Both the strictly causal estimator (7) and causal esti-
mator (8) can be analyzed relatively easily using LMIs.
Let

L1 = (L0,1, . . . , LM−1,1),
L2 = (L0,2, . . . , LM−1,2),

(9)

denote the set of gain matrices for the estimators. For the
strictly causal estimator (7), define the asymptotic error
variance

σ2(L1) = lim
k→∞

E‖z[k]− ẑ[k]‖2, (10)

where the dependence onL1 is through the estimatêz[k].
The LMI analysis will attempt to find the set of matrices
L1 that minimizes this asymptotic error:

min
L1

σ2(L1). (11)

That is, we regard the matricesL1 as a set of design
parameters for the estimator (7), and attempt to optimize
the estimator performance. The use of the limit in (10)
is to eliminate the effect of initial conditions.

Similarly, for the causal estimator, (8), we can define
the asymptotic error variance

σ2(L1, L2) = lim
k→∞

E‖z[k]− ẑ[k]‖2, (12)

where, again, the dependence onL1 and L2 is through
the estimatêz[k] in (8). As in the strictly causal case,
we seek to find gain matrices,L1 and L2 to minimize
σ2(L1, L2):

min
L1,L2

σ2(L1, L2). (13)

We can regard the optimization (11) in one of two
ways. On the one hand, we can regard the optimization
as a design method to maximize the performance of the
estimator (7). The resulting estimator is useful in its
own right. Although the estimator (7) is not optimal,
it is significantly simpler to implement than the optimal
Kalman filter (6). In each iteration of the Kalman filter,
one must perform the Riccati recursion to update the state
variance and computeLi1[k]. In the simplified estimator
(7), the gain matricesLi1 can be pre-computed and do not
require any real-time computations. If gain matricesLi1

can be found with suitable performance, one can realize
significant computational savings. Similarly, minimizing
σ2(L1, L2) optimizes a simplified causal estimator (8).

Alternatively, we can use the minimization (11) as
an analytic tool. Specifically, since the Kalman filter is
optimal, the performance of any estimator of the form
(7) provides anupper boundon the Kalman filter perfor-
mance. Performing the minimization (11) minimizes that
upper bound.

In either interpretation of the optimization, we will
restrict our attention to mean-square (MS) stabilizing gain
matricesL as defined in Definition 2 in the Appendix.
The restriction guarantees that the state estimate error is
bounded—a mild assumption.



B. Strictly Causal Optimization

With the above definitions, we can now present an LMI
solution to the jump linear estimation problem. We begin
with the strictly causal optimization problem (11).

Theorem 1:Consider the jump linear system in (1)
driven by a Markov chainθ[k] satisfying Assumption 1.
Supposew[k] is zero-mean, white noise with unit vari-
ance independent ofθ[k]. Given a set of gain matrices,
L1 in (9), let ẑ[k] be the estimator output in (7), and
let σ2(L1) be asymptotic mean-squared output estimation
error (10).
(a) Suppose thatCi1 is injective for all i, and suppose

that there exist matricesWi, i = 0, . . . , M − 1,
partitioned as

Wi =

[

Wi1 Wi2

W ′

i2 Wi3

]

, (14)

satisfying

Wi1 ≥ [A′

i C′

i2]W i[A
′

i C′

i2]
′ + C′

i1Ci1,

W i ≥ 0
(15)

whereW i is defined by

W i =

[

W i1 Wi2

W ′

i2 Wi3

]

, (16)

and

W i1 =

M−1
∑

j=0

pijWj1. (17)

Then,W i1 > 0 for all i. Also, if we define

Li1 = −W
−1

i1 Wi2, (18)

the set of matricesL1 is MS stabilizing and the
asymptotic mean-squared error is bounded by

σ2(L) ≤

M−1
∑

i=0

qiTr
(

E′

iW iEi + D′

i1Di1

)

, (19)

whereEi = [B′

i D′

i2]
′.

(b) Conversely, for any set of MS stabilizing gain ma-
trices L1, there must existWi satisfying (14) and
(15) with

M−1
∑

i=0

qiTr
(

E′

iW iEi + D′

i1Di1

)

≤ σ2(L1). (20)

For space considerations, we will omit the proof of
the theorem. The result is proven along lines similar to
Theorem 2, whose proof is presented.

Combining parts (a) and (b) of Theorem 1, we see that
the minimum asymptotic estimation error is given by

min
L1

σ2(L1) = min
Wi

M−1
∑

i=0

qiTr (E′

iWiEi + D′

i1Di1) ,

(21)

where the first minimization is over MS stabilizing
gain matricesL1, and the second minimization is over
matricesWi satisfying (14) and (15). For a fixed set
of transition probabilities,pij , the objective function
(21) and constraint (15) are linear in the variablesWi.
Consequently, the optimization can be solved as an LMI,
thus providing a simple way to optimize the jump linear
estimator.

C. Causal Estimation Optimization

We next consider the causal estimator optimization
(13).

Theorem 2:Consider the jump linear system in (1)
driven by a Markov chainθ[k] satisfying Assumption 1.
Supposew[k] is zero-mean, white noise with unit vari-
ance independent ofθ[k]. Given sets of gain matrices
(L1, L2) as in (9), letẑ[k] be the estimator output in (8),
and let σ2(L1, L2) be asymptotic mean-squared output
estimation error (12).

(a) Suppose that[C′

i1 C′

i2] is onto for alli, and suppose
that there exist matricesWi andVi, i = 0, . . . , M −
1, partitioned as

Wi =

[

Wi1 Wi2

W ′

i2 Wi3

]

, Vi =

[

I Vi2

V ′

i2 Vi3

]

,

(22)
satisfying

Wi1 ≥ [A′

i C′

i2]W i[A
′

i C′

i2]
′

+ [C′

i1C
′

i2]Vi[ C′

i1 C′

i2]
′,

W i ≥ 0,

Vi ≥ 0,

(23)

whereW i is defined in (16). Then,W i1 > 0 for all
i. Also, if we define

Li1 = −W
−1

i1 Wi2, Li2 = −Vi2, (24)

the set of matrices(L1, L2) is MS stabilizing and
the asymptotic mean-squared error is bounded by

σ2(L1, L2) ≤
M−1
∑

i=0

qiTr(E′

iW iEi +F ′

iViFi), (25)

whereEi = [B′

i D′

i2]
′ andFi = [D′

i1 D′

i2]
′.

(b) Conversely, for any set of MS stabilizing gain ma-
trices(L1, L2), there must exist matricesWi andVi

satisfying (23) and

M−1
∑

i=0

qiTr(E′

iW iEi +F ′

iViFi) ≤ σ2(L1, L2). (26)

The LMI optimization in Theorem 2 is similar to
Theorem 1, except that the optimization has a set of
variables,Vi, in addition to the variablesWi.



Proof of Theorem 2: For any estimator of the form (7),
we define the error signals,

ex[k] = x[k] − x̂[k], ez[k] = z[k] − ẑ[k].

Then, subtracting (1) and (8), we obtain the closed-loop
system

ex[k + 1] = ALiex[k] + BLiw[k],

ez[k] = CLiex[k] + DLiw[k],

with the closed-loop matrices

ALi = Ai − Li1Ci2,

BLi = Bi − Li1Di2,

CLi = Ci1 − Li2Ci2,

DLi = Di1 − Li2Di2.

Also, the asymptotic mean-squared error is

σ2(L1, L2) = lim
k→∞

E‖z[k]− ẑ[k]‖2 = lim
k→∞

E‖ez[k]‖2.

Now, suppose there exists a matrixWi andVi as in part
(a) of the theorem. We will first prove thatW i1 > 0.
Observe that

[C′

i1 C′

i2]
′Vi[C

′

i1 C′

i2]
′

= C′

i1Ci1 + C′

i1Vi2Ci2 + C′

i2V
′

i2Ci1 + C′

i2Vi3Ci2

= (Ci1 + Vi2Ci2)
′(Ci1 + Vi2Ci2)

+ C′

i2(Vi3 − V ′

i2Vi2)Ci2

≥ (Ci1 + Vi2Ci2)
′(Ci1 + Vi2Ci2),

where in the last step we have use the Schur complement
on the matrixV ≥ 0 to show thatVi3 ≥ V ′

i2Vi2. Also,
note that

Ci1 + Vi2Ci2 = [I Vi2][C
′

i1 C′

i2]
′.

Now, by the assumption of the theorem,[C′

i1 C′

i2]
′ is

injective, as is the matrix[I Vi2]. Since the product of
injective matrices is injective,Ci1 + Vi2Ci2 is injective,
and therefore,(Ci1 + Vi2Ci2)

′(Ci1 + Vi2Ci2) > 0. It
follows from (27) that

[C′

i1 C′

i2]
′Vi[C

′

i1 C′

i2] > 0.

Combining this with the fact thatW i ≥ 0, (23) shows
that Wi1 > 0. Consequently,Wi1 is invertible and we
can defineLi1 andLi2 as in (24).

Then, if we letQi = Wi1 and defineLi1 and Li2 as
in (24), it can be verified that

Qi ≥ A′

LiQiALi + C′

LiCLi,

so Qi satisfies the Lyapunov equation for the closed-
loop system. Also,CLi = Ci1 − Li2Ci2 = Ci1 +
Vi2Ci2, which is injective. Consequently,(ALi, CLi) is
detectable. Therefore, by Proposition 1(b) (in the Ap-
pendix),ALi = Ai −Li1Ci2 must be MS stable, andLi1

is MS stabilizing. Moreover, using similar calculations,
one can show that the asymptotic mean-squared error is
bounded by

σ2(L1, L2) ≤ Tr
(

B′

LiQiBLi + D′

LiDLi

)

≤ Tr
(

E′

iW iEi + F ′

iViFi

)

,

which proves part (a).
Conversely, consider any stabilizing matricesLi1 and

Li2. Then, the closed-loop matrixAi − Li1Ci2 must be
MS stable. Consequently, by Proposition 1, there exists a
Qi ≥ 0 satisfying the Lyapunov equation for the closed-
loop system

Qi = A′

LiQiALi + C′

LiCLi,

with

σ2(Li1, Li2) = Tr
(

B′

LiQiBLi + D′

LiDLi

)

.

If we defineWi andVi as in (22) with

Wi1 = Qi, Wi2 = −QiLi1, Wi3 = L′

i1QiLi1,

Vi2 = −Li2, Vi3 = L′

i2Li2,

then it can be verified thatW i ≥ 0 and Vi ≥ 0. Also,
using similar calculations as before, one can show that
Wi andVi satisfy (23), which proves part (b). �

APPENDIX: JUMP L INEAR STABILITY AND LYAPUNOV

ANALYSIS

We review some standard properties and definitions
for jump linear systems from [11]. The material is also
covered in [9] and the book [12]. Consider a jump linear
system of the form

x[k + 1] = Aθ[k]x[k] + Bθ[k]w[k],
z[k] = Cθ[k]x[k] + Dθ[k]w[k],

(27)

where θ[k] is some Markov chain satisfying Assump-
tion 1. The following definition is a stochastic version of
the standard notion of internal stability for LTI systems.

Definition 1: Consider the jump linear system in (27)
driven by a Markov chainθ[k]. We will say the system
is mean square (MS) stableif: for any initial condition,
(x[0], θ[0]),

lim
k→∞

E‖x[k]‖2 = 0

wheneverw[k] = 0. The expectation here is with respect
to the realizations of the Markov chainθ[k]. We will say
that a set of matricesAi, i = 0, . . . , M−1, areMS stable
with respect to the Markov chainθ[k] if the corresponding
jump linear system (27) is MS stable.

It is well-known that stability of an LTI state-space
system is equivalent to the existence of a solution to a
certain Lyapunov equation. The Lyapunov equation can
also be used to compute the steady-state output variance.
A well-known result due to Costa and Fragosa in [11]



shows that a similar Lyapunov analysis can be performed
for jump linear systems. To state the result, let

ẑ[k] = Ez[k],

where the expectation is over both the noisew[k] and the
discrete state sequenceθ[k]. Let σ2[k] denote the output
variance,

σ2[k] = E‖z[k]− ẑ[k]‖2. (28)

The following is proven in [11].

Proposition 1: Consider the jump linear system in (27)
driven by a Markov chainθ[k] satisfying Assumption 1.
Suppose that the inputw[k] is a zero-mean, white random
process with unit variance. Then:

(a) If the system is MS stable, there exist matricesQj ≥
0, j = 0, . . . , M − 1 satisfying

Qi = A′

iQiAi + C′

iCi, i = 0, . . . , M − 1, (29)

where

Qi =

M−1
∑

j=0

pijQj . (30)

The asymptotic output variance is given by

lim
k→∞

σ2[k] =

M−1
∑

j=0

qiTr
(

B′

iQiBi + D′

iDi

)

.

(b) Conversely, supposeC′

iCi > 0 for all i, and there
exist matricesQj ≥ 0 satisfying

Qi ≥ A′

iQiAi + C′

iCi, i = 0, . . . , M − 1, (31)

whereQi is defined as in (30). Then the system is
MS stable and

lim
k→∞

σ2[k] ≤

M−1
∑

j=0

qiTr
(

B′

iQiBi + D′

iDi

)

.

The equations (29) are a natural generalization of
the Lyapunov equations for LTI systems, with the main
difference being that there areM such equations, one
equation for each discrete state. The equations are called
coupled since each equation depends on all possible
values ofQj through the termQj .

We conclude with a jump linear version of detectabil-
ity.

Definition 2: Consider the jump linear system in (27)
driven by a Markov chainθ[k]. The matrices(Ai, Ci2)
will be calledmean square (MS) detectablewith respect
to θ[k] if there exist matricesLi1 such that the set of
matricesAi − Li1iCi2 is MS stable. Any set of gain
matricesLi1 resulting inAi − Li1iCi2 being MS stable
will be calledMS stabilizing.

Again, this definition of detectability is a natural ex-
tension of the notion for LTI systems, and will play a
similar role in estimation.
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