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ABSTRACT
The problem of computing the eigendecomposition of anN � N
symmetric matrix is cast as an unconstrained minimization of ei-
ther of two performance measures. TheK = N(N � 1)=2 inde-
pendent parameters represent angles of distinct Givens rotations.
Gradient descent is applied to the minimization problem, step size
bounds for local convergence are given, and similarities to LMS
adaptive filtering are noted. In adaptive transform coding it is of-
ten desirable for the transform to approximate a local Karhunen-
Loève Transform for the source. Determining such a transform is
equivalent to finding the eigenvectors of the correlation matrix of
the source; thus, the eigendecomposition methods developed here
are applicable to adaptive transform coding.

1. INTRODUCTION

Optimal linear transform coding has two striking similarities with
optimal finite impulse response (FIR) Wiener filtering: both (of-
ten unrealistically) require knowledge of second-order moments of
signals; and both require a calculation considered expensive if it
must be done repeatedly (eigendecomposition and matrix inversion,
respectively). In FIR Wiener filtering, it is well-known that these
difficulties can be mitigated by adaptation. The basis for many adap-
tive methods is to specify independent parameters, define a perfor-
mance surface with respect to these parameters, and to search the
performance surface for the optimal parameter values. The most
common method of performance surface search is gradient descent,
which leads to the LMS algorithm. This paper defines two useful
performance surfaces for linear transform coding and analyzes gra-
dient descent methods for these surfaces. Linear- and fixed-step
random searches are also considered in [1]. The result is a set of
new algorithms for adaptive linear transform coding.

Finding a Karhunen-Loève Transform (KLT) requires finding
an orthonormal set of eigenvectors of a symmetric, positive semi-
definite matrix; i.e., finding a KLT is an instance of the symmetric
eigenproblem, a fundamental problem of numerical analysis. Thus,
the results of this paper can be cast as a new set of algorithms for
the symmetric eigenvalue problem. The idea of using performance
surface search in the design of algorithms for this problem seems
to be new, although the cost function which we will later call J1
has been used in convergence analyses [2]. These algorithms are
not competitive with cyclic Jacobi methods for computing a sin-
gle eigendecomposition of a large matrix; however, they are poten-
tially useful for computing eigendecompositions of a slowly vary-
ing sequence of matrices.

M. Vetterli is also with École Polytechnique Fédérale de Lausanne.
Comments and inquiries to v.goyal@ieee.org are welcome.

The novelty and potential utility of these algorithms for trans-
form coding comes from the following properties: the transform
is always represented by a minimal number of parameters, the au-
tocorrelation matrix of the source need not be explicitly estimated,
and the computations are more parallelizable than cyclic Jacobi
methods. In addition, further insights may come from drawing to-
gether techniques from adaptive filtering, transform coding, and nu-
merical linear algebra.

The reader is referred to [2] for a thorough treatment of the
techniques for computing eigendecompositions including the tech-
niques specific to the common special case where the matrix is sym-
metric, to [3] for a review of transform coding, and to [4] for a re-
view of adaptive FIR Wiener filtering.

2. PROBLEM DEFINITION AND BASIC STRATEGY

Let fxngn2Nbe a sequence ofRN -valued random vectors and let
Xn = E[xnx

T
n ]. We assume that the dependence ofXn on n is

mild and desire a procedure which produces a sequence of orthogo-
nal transformsTn such thatYn = TnXnT

T
n is approximately diag-

onal for eachn. The procedure should be causal, i.e., Tk should de-
pend only on fxngkn=0. If the dependence ofXn on n is not mild,
then it is rather hopeless to use adaptation in the traditional sense of
learning source behavior based on the recent past. Better strategies
might include classification or other basis selection methods.

We first assume that Xn is fixed and known and design iter-
ative update methods for finding the optimalTn. Then, we apply
these methods using a local estimate ofXn at each iteration. Let
X 2 R

N�N be symmetric and positive semidefinite. ThenX is
not only diagonalizable, but orthogonally diagonalizable, so find-
ing normalized eigenvectors of X is equivalent to finding an or-
thogonal transform T such that Y = TXT T is diagonal. Our
methods for finding eigenvectors ofX will find sequences of trans-
forms fTng ! T in the set of orthogonal N �N matrices which
successively do a better job of diagonalizingX .

3. PERFORMANCE CRITERIA

In order to use a performance surface search to iteratively find op-
timal transforms, we need a continuous measure of the diagonal-
izing performance of a transform. The most obvious choice for a
cost function is the squared norm of the off-diagonal elements of
Y = TXT T :

J1(T ) =
X
i6=j

Y 2
ij

This cost function is clearly nonnegative and continuous in each
component of T . Also, J1(T ) = 0 if and only if T exactly diago-



nalizes X . The cost function

J2(T ) =

NY
i=1

Yii:

is also useful because, under the standard assumptions of transform
coding, for a fixed rate, N

p
J2(T ) is proportional to the distortion

[3]. Thus minimizing J2 minimizes the distortion; J2(T ) is mini-
mized by the transform which diagonalizesX .

4. METHODS FOR PERFORMANCE SURFACE SEARCH

The effects of the time variation ofX and estimation noise are left
for subsequent sections. Hence, throughout this section we dispense
with time indices and consider iterative methods for diagonalizing
a fixed matrix X .

In our search for the best orthogonal transform it will be useful
to represent the matrix in terms of the smallest possible number of
parameters. Let eGi;j;� denote a Givens (or Jacobi) rotation [2] of
� radians (counterclockwise) in the (i; j) coordinate plane. Since
we will be interested in Givens rotations with i < j, it will be con-
venient to use the index remappingGk;� = ~Gi;j;� , where (i; j) is
the kth entry of a lexicographical list of (i; j) 2 f1; 2; : : : ; Ng2

pairs with i < j.

Lemma 1 Let X 2 RN�N be a symmetric and letK = N(N �
1)=2. Then there exists � = [�1; �2; : : : ; �K ]

T 2 [��=2; �=2)K

such that T�XT T
� is diagonal, where

T� = G1;�1G2;�2 : : : GK;�K : (1)

Proof: Since X is symmetric, there exists an orthogonal matrixS
such thatSXST is diagonal [5]. Any orthogonal matrix can be fac-
tored as

S = ( eG1;2;�1;2
eG1;3;�1;3 � � �

eG1;N;�1;N )( eG2;3;�2;3 � � �
eG2;N;�2;N )

� � � ( eGN�1;N;�N�1;N )D�;

where D� = diag(�1; : : : ; �N), �i = �1, i = 1; 2; : : : ; N [6].
Now since D�1� X(D�1� )T = X , it is obvious that we can take
T = SD�1� . �

In light of Lemma 1, finding a diagonalizing transform amounts
to minimizing J1 or J2 (written as J where either fits equally) over
� 2 [��=2; �=2)K . The idea of a gradient descent is very sim-
ple. Suppose we wish to find� which minimizes a function J(�)
and we have an initial guess �0. Assuming a first-order approxi-
mation of J , changing �0 in the direction of rJ j�=�0 produces
the maximum increase in J , so taking a step in the opposite direc-
tion produces the maximum decrease inJ . This leads to the general
update formula for gradient descent:

�k+1 = �k � � rJ j�=�k ; (2)

where � 2 R+ is the step size. We now compute the gradient and
bounds on� for stability for each of the cost functions of Section 3.

4.1. Minimization of J1

We start by computingrJ1 elementwise. Firstly,

@J1
@�k

=
X
i6=j

@

@�k
Y 2
ij =

X
i6=j

2Yij
@Yij
@�k

: (3)

For notational convenience, let

U(a;b) = Ga;�aGa+1;�a+1 : : : Gb;�b ;

where U(a;b) = I if b < a, Uk = U(k;k), and Vk = @
@�k

Uk.

Define A(k), 1 � k � K, elementwise by A(k)
ij = @Yij=@�k.

Then to evaluate@Yij=@�k, write Y = TXT T and use (1) to yield

A(k) = U(1;k�1)VkU(k+1;K)XUT
(1;K)

+ U(1;K)XUT
(k+1;K)V

T
k UT

(1;k�1): (4)

Combining (3) and (4),

@J1
@�k

= 2
X
i6=j

YijA
(k)
ij : (5)

Theorem 1 Denote the eigenvalues of X by �1; �2; : : : ; �N and
let�? correspond to a diagonalizing transform forX . Then for�0

sufficiently close to�? the gradient descent algorithm described by
(2) and (5) converges to a diagonalizing transform if

0 < � <

�
2max

i;j
(�i � �j)

2

��1
:

Proof: We can assume that X = diag(�1; �2; : : : ; �N) without
loss of generality. This amounts to selecting the coordinates such
that �? = 0.

The key to the proof is observing that (2) describes a discrete-
time autonomous nonlinear dynamical system and linearizing the
system. We write

�k+1 = �k � �f(�k);

which upon linearization about0 gives

�̂k+1 = (I � �F )�̂k;

where Fij =
h

@
@�j

fi(�)
i
�=0

. A sufficient condition for local

convergence is that the eigenvalues ofI��F lie in the unit circle.
That the local exponential stability of the original nonlinear system
can be inferred from an eigenvalue condition on the linearized sys-
tem follows from the continuous differentiability ofF [7].

We now evaluate F . Differentiating (5) gives

@2J1
@�` @�k

= 2
X
i6=j

 
Yij

@A
(k)
ij

@�`
+A

(k)
ij

@Yij
@�`

!

= 2
X
i6=j

 
Yij

@A
(k)
ij

@�`
+A

(k)
ij A

(`)
ij

!
: (6)

Evaluating (6) at� = 0, Y becomesX (diagonal), so the first term
makes no contribution; we need not attempt to calculate@A(k)

ij =@�`.

By inspection of (4),A(k) becomes VkX +XV T
k . This simplifies

further to a matrix which is all zeros except for having�jk � �ik
in the (ik; jk) and (jk; ik) positions, where (ik; jk) is the (i; j)
pair corresponding to k in the index remapping discussed before
Lemma 1. Noting now thatA(k) and A(`) have nonzero entries in
the same positions only if k = `, we are prepared to conclude that

Fk` =

�
@2J1
@�` @�k

�
�=0

=

�
4(�ik � �jk )

2 if k = `;
0 otherwise:

The eigenvalues of I��F are 1�4�(�ik��jk )
2. The proof

is completed by requiring that these all lie in the unit circle. �



4.2. Minimization of J2

Using the notation from Section 4.1,rJ2 is given elementwise by

@J2
@�k

=
@

@�k

NY
i=1

Yii =
NX

m=1

0@@Ymm

@�k

NY
i=1; i6=m

Yii

1A
=

NX
m=1

0@A(k)
mm

NY
i=1; i6=m

Yii

1A (7)

= J2(T )
NX

m=1

�
1

Ymm

A(k)
mm

�
:

As before, the gradient descent update is specified by (2).

Theorem 2 Denote the eigenvalues ofX by �1; �2; : : : ; �N and
let�? correspond to a diagonalizing transform forX . Then for�0

sufficiently close to�? the gradient descent algorithm described by
(2) and (7) converges to a diagonalizing transform if

0 < � <

�
Jmin max

i;j

(�i � �j)
2

�i�j

��1
where Jmin =

QN
i=1 �i.

Proof: The proof is similar to that of Theorem 1 but somewhat trick-
ier and is omitted for lack of space; see [1]. �

5. IMPLEMENTATION POSSIBILITIES

We would now like to apply these algorithms in an adaptive set-
ting. The obvious way to implement an adaptive transform coding
system is to use a windowed correlation estimate of the form

X̂n =
1

M

nX
k=n�M+1

xkx
T
k : (8)

If the true correlation is constant, then X̂n is elementwise an unbi-
ased, consistent estimator of X . There will be “estimation noise”
(variance in X̂n due to having finite sample size) which decreases
monotonically withM . If fXng is slowly varying, there will also
be “tracking noise” (mismatch between X̂n and Xn caused by the
causal observation window) which increases withM .

If we take the autocorrelation estimate (8) to its extreme of es-
timating based on a single sample vector, we getX̂n = xnx

T
n : The

use of this extremely simple estimate simplifies the gradient calcu-
lations and gives an algorithm in the spirit of LMS. We refer to this
as a stochastic implementation because it is the result of replacing
an expected value by its immediate, stochastic value.

To illustrate the ability to track a time-varying source and the
dependence onM , we construct the following synthetic source: For
each time n 2 N, xn is a zero-mean jointly Gaussian vector with
correlation matrix Xn = UT

n � diag([1 0:5 0:25]) � Un; where
Un = G1;!1n+'1G2;!2n+'2G3;!3n+'3 : The !i’s are fixed “an-
gular velocities” to be tracked and the 'i’s are independent, uni-
formly distributed phases. Un is an ideal transform to be used at
time n. We have simulated the stochastic implementation of gradi-
ent descent parameter search for this source (Fig. 1(a)–(b)). There
is a single parameter to choose: the step size�. Using Theorem 1
gives a maximum step size of 8=9 for descent with respect to J1.

The theorem applies only to iterative computations with exact
knowledge of the correlation matrix; however, it provides a rough
guideline for step size choice in the stochastic setting.

When the source distribution is time-invariant (!1 = !2 =
!3 = 0), the effect of the step size � is easy to discern. A larger
step size reduces the adaptation time constants, so steady-state per-
formance is reached more quickly. However, because the param-
eter vector � is adapted based on each source vector, the steady-
state performance has a “noisy” stochastic component. This “ex-
cess” in J increases as the step size is increased. Qualitatively it is
similar to the “excess” mean-square error in LMS filtering [4]. The
steady-state value ofJ1 decreases monotonically as� is decreased,
but the convergence is slower. The lowest curve shows the perfor-
mance obtained if after each source vector is received, the correla-
tion estimate (8) is computed (withM = n) and the transform is
determined through an exact eigendecomposition. This provides
a bound to attainable performance. The situation is more compli-
cated when the source distribution is time-varying. Now the step
size effects the ability to track the time variation along with deter-
mining the steady-state noise and speed of convergence. Fig. 1(b)
shows the results of simulations with!1 = !2 = !3 = 0:001.

In adaptive transform coding, if the transform adaptation is
based upon the incominguncoded data stream, then in order for the
decoder to track the encoder state, the transform adaptation must be
described over a side information channel. This situation is com-
monly called forward-adaptive. The need for side information can
be eliminated if the adaptation is based on the coded data. This
backward-adaptive configuration again has an analogy in adaptive
FIR Wiener filtering: In adaptive linear predictive coding, where
the linear predictor is in fact an adaptive FIR Wiener filter, making
the adaptation depend on quantized data yields adaptive differen-
tial pulse code modulation (ADPCM).1

We have simulated the stochastic gradient descent in the back-
ward-adaptive configuration. Since quantization is an irreversible
reduction in information, it must be at least as hard to estimate the
moments of a signal from a quantized version as it is from the orig-
inal unquantized signal. Thus we expect the convergence rate to be
somewhat worse in the backward-adaptive configuration. Fig. 1(c)
shows simulation results for a time-invariant source (!1 = !2 =
!3 = 0). The lower set of curves is for direct computation as
in Fig. 1(a) and the upper set of curves is for stochastic gradient
descent with step size � = 8

9
=500. With quantization step size

� = 0:125 or 0.25, the rate of convergence is almost indistin-
guishable from the unquantized case. As the quantization becomes
coarser, the convergence slows. Notice that with direct computa-
tion, quantization does not seem to lead to a nonzero steady-state
error. This is suggestive of universal performance of the backward-
adaptive scheme [8].

For a slowly varying source (!1 = !2 = !3 = 0:001; see
Fig. 1(d)), we again have that the performance with� = 0:125 or
0.25 is indistinguishable from the performance without quantiza-
tion. The convergence slows as the quantization becomes coarser,
but here there may also be a small increase in steady-state error.

6. CONCLUSIONS

This paper has introduced a new class of algorithms for comput-
ing the eigenvectors of a symmetric matrix. These algorithms are

1Note that ADPCM is often used to refer to a system with adaptive quan-
tization. Quantizer adaptation is beyond the scope of this paper.
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Figure 1: Simulations of stochastic gradient descent with respect to cost functionJ1 for the source described in the text. Results are averaged
over 400 randomly chosen initial conditions�0 and source phases '1, '2, '3.

In (a) and (b), adaptation is based on unquantized data. Step sizes are given by� = �max=, where �max = 8=9 is the maximum step
size for stability predicted by Theorem 1. The curves are labeled by the value of. In (a) the performance is compared to computing an
exact eigendecomposition of a correlation estimate based on all the sample vectors observed thus far.

In (c) and (d), adaptation is based on quantized data. Step sizes are given by� = �max=500. The curves are labeled by the value of
the quantization step size�. In (c) the performance is compared to computing an exact eigendecomposition of a correlation estimate based
on all the (quantized) sample vectors observed thus far.

potentially useful for adaptive transform coding or online princi-
pal component analysis. The development is conceptually sum-
marized as follows: A matrix of eigenvectors forms an orthogonal
diagonalizing similarity transformation; it suffices to consider or-
thogonal matrices which are parameterized as a product of Givens
rotations; and appropriate parameter values can be found as an un-
constrained minimization.

The key is the formulation of unconstrained minimization prob-
lems over a minimal number of parameters. Borrowing from the
adaptive filtering literature, we have applied linear and fixed step
random search and gradient descent to the resulting minimization
problems. On the latter case is presented here; see [1] for full de-
tails. In the gradient descent case we derived step size bounds to en-
sure convergence in the absence of estimation noise. Through sim-
ulations we demonstrated that in the presence of estimation noise,
the gradient descent converges when the step size is chosen small
relative to the bound.

In transform coding, one may want to use a configuration in
which the adaptation is driven by quantized data so that the decoder
and encoder can remain synchronized without the need for side in-
formation. As long as the quantization is not too coarse, the algo-
rithms presented here seem to converge in this case as well.
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