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Transform Coding with Integer-to-Integer Transforms

Vivek K Goyal, Member, IEEE

Abstract—A new interpretation of transform coding is de- N .
veloped that downplays quantization and emphasizes entropy Q L. direct
coding, allowing a comparison of entropy coding methods with quantization
different memory requirements. With conventional transform . .
coding, based on computing Karhunen—Loéve transform coef- T ~ | 3  Integer-to-integer
ficients and then quantizing them, vector entropy coding can T transform
be replaced by scalar entropy coding without an increase in coding
rate. Thus the transform coding advantage is a reduction in . conventional
memory requirements for entropy coding. This paper develops U Y Q Y transform
a transform coding technique where the source samples are first coding

scalar-quantized and then transformed with an integer-to-integer

apprQXImatlon toa npnorthogonal linear tranSform.' Among the Fig. 1. Schematic representation of a system that produces the three
possible advantages is to reduce the memory requirement further representations considered in this paper.

than conventional transform coding by using a single common
scalar entropy codebook for all components. The analysis shows

that for high-rate coding of a Gaussian source, this reduction to vector quantization. The transform changes coordinates to
in memory requirements comes without any degradation of imorove the performance of scalar quantization
rate-distortion performance. P . P . q . L

d di , The discussion above places great emphasis on quantization.

Index Terms—Entropy coding, Gaussian sources, memory ré- ;g hanar shows that this emphasis is undue. At high rates,

duction, transform coding. . .
the performance obtained by Huang and Schultheiss can be
matched by a system that quantizes the original source compo-
|. INTRODUCTION nents and then uses a transform to reduce scalar entropy (see the
RANSFORM coding is the most successful and pervaniddle path of Fig. 1). This suggests that the value of transform
sive technique for lossy compression of audio, imagegpding comes not from changing the coordinate system for
and video. The conventional framework of transform codinguantization, but almost exclusively from decorrelation.
was introduced by Huang and Schultheiss:[dhe is given a  The most important feature of the proposed system is that
discrete-time, continuous-valued, vector source with correlaté transform is now discrete, not continuous as before. It is
components; instead of quantizing the components separatehgwn that the transform can be designed so that the memory
one uses a linear transform to comptrnsform coefficients requirement of the entropy coding block is reduced without sac-
and scalar-quantizes the transform coefficients. In either cagfiging rate-distortion performance. Also, since the source is
entropy codes may be used to improve the coding efficiendyimediately discretized, it is not important that it is contin-
Transform coding is contrasted to direct quantization in the tejpus-valued. Thus the techniques described here can be applied
and bottom paths of Fig. 1. to discrete-valued sources.

Transform coding is an inherently suboptimal source coding The paper is organized as follows: Section Il gives an example
technique because it uses the Cartesian product of scalhthe proposed scheme to provide motivation for the general
quantizers, called simply scalar quantizerCompared to an framework, which is described in Section IIl. Section IV sum-
appropriately designed vector quantizer, a scalar quantizer hagrizes the results.
aspace-filling losq3], [4] that cannot be neutralized by linear
pre- and post-processing. This is caused by the high second Il. AN ILLUSTRATIVE EXAMPLE
moment of a cube, as compared to a sphere of the same volum?_. : .

. et = be a Gaussian random vector with mean zero and co-
On the other hand, transform coding has much lower com- - .
. . o variance matrix
plexity than less constrained forms of vector quantization. Thus
transform coding is often called a low-complexity alternative R, = U7 diag (1’ %) U
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several overall techniques with different rates and memory rentations. The lowest rates are obtained with entropy codes
quirements. that apply to entire vectors, both components together. These
The first method is to just quantize the components.dfet rates are given in the first row of Table The rates for and
@A, » denote a symmetric uniform scalar quantizer with cell are identical becaus® is invertible and is thus merely a
width A andn cells. Such a quantizer with an odd number afelabeling of cells; unlike the continuous-domain transférm

cells has the form the integer-to-integer transforifi does not change the quanti-
zation cells. The difference in rates betwegand is small
Qa,2n41(w) and vanishes as the rate is increasadig decreased with
—NA,  forw< (-N+3i)A increased commensurately).
_ JA, for (j—HA<w<(j+3)A, The rates in the first row of Table | show no advantage to
o j=-N+1,-N+2, ..., N-1 the use of a transform. This emphasizes the point made in Sec-
NA,  forw> (N-1)A. tion | that the coordinates chosen for quantization are not nec-

) . ] essarily important. Remember, however, that the spirit of trans-

We will use the same notation for a product quantizer that agtim coding is to avoid this sort of joint vector processing. When
independently on the components of a vector. In orde_r to Creggarate entropy codes are used for each scalar component, the
a concrete example, let us choose- 9 cells and quantization aqyantage of transform coding emerges. This is shown in the
step sized = 2/3 (in each dimension). The “direct” representagecond row of Table I, where each entry is the average of the
tion is given by# = Qz/5,o(x). The per-component distortion gntropies of the two components. For representajjahis sep-
in this representation iz £z — 2||* ~ 0.03714 and the scaled arate processing of components does not increase the rate be-
probability density function (p.d.f.) of is shown in Fig. 2(a). cause the components are independent. The integer-to-integer
It is clear from Fig. 2(a) that, and ., are not independent. yransform7” comes close to matching the performance of the
The rate for coding will be considered later, after we form thek| T As shown in Section I1I-C1, at high rates, the integer-to-in-
other two descriptions. teger transform method performs just as well as the KLT.

The_conventional appr'oach to transform coding this source|, sych a small example, it may not seem important to use
prescribes the computation gf= Uz followed by the scalar o scalar entropy codes instead of one vector entropy code.
quantization ofy. The representatioy = Q/39(y) has Assuming each entropy code is stored as a table, the difference
virtually the same distortion as the earlier re[_)resentatlo,*@:in the amount of memory needed to store the entropy codes.
3E||lz—U="g|]” ~ 0.03742.2 The scaled p.d.f. of is Shown |t each component quantizer hascells and the source isdi-
in Fig. 2(b); were it not for rounding, it would be clear tHat  mensional, a vector entropy code a4 entries while scalar
andg. are independent. o ~ entropy coding requires tables withV entries. We may re-
~ Though both have the same distortion, the representgtiony,ce the memory requirements further by using a single scalar
is better thani because its components are independent, agfropy code—uwithV entries, designed for the average of the
hence they can be efficiently entropy-coded separately. A sifiy fs of the components—though this will generally increase
ilar effect can be achieved with a transform applied t@efine  ihe rate (see the third row of Table I). Remarkably, the rate

an integer-to-integer transfofd’: AZ* — AZ? by increase for? is extremely small, and asymptotically there is
no increase in rate, so the integer-to-integer transform allows a
. 1 0 1 1.2401 . . -
r(z) = 01454 1 0 1 k-fold memory reduction in the entropy coder. This main result

is shown in Section III-C2.
. H 1 0} x} } } (1) Analytical computations with the quantiz&ls ., are diffi-
—0.9922 1 Adala cult or impossible. The remainder of the paper uses the more

where[-]a denotes rounding to the nearest multiplefaf For convenient model of an unbounded uniform quantizer

the time being, accept this transform without explanation, ar[lg]A = lim Qa n(w) = kA
apply ittoz to get a new random vectér= 7'(i). The behavior n—oo "
of 1"is shown in Fig. 3. In this plot, the; /A, #2/A) position for (k—3)A<w< (k+3)d, kel
is labeled with(z;, /A, 22 /A). The lines show the inverse imag
of the axes, i.e., thé,, &) pairsthat map t¢z;, 0) or (0, 23).
These are nonorthogonal and approximately straight, sugges
correctly thatl” is an approximation to a nonorthogonal linea .
transform. Since itis invertiblg; has no effect on the distortion. ~ oo in bi
The p.d.f. ofz is shown in Fig. 2(c). H(fwla) 7 h(w) = log, & (in bits).

We have constructed three discrete representations of Bubject to these approximations, the best performance obtain-
source—%, g, and z—with the same distortion. We now able for transform coding the given source is
consider various methods for entropy coding these repre-

e\/Vhen this quantizer is used am is small, the distortion is
1 roximatelyA? /12 and the entropy of a quantized coefficient
ﬁ; can be estimated from the differential entropyuof5]

D= e 9=2R
2The distortions are nearly equal becatse/as chosen to make the overload 12\/5
distortion small. Both distortions are close to the high-resolution approximation
of D ~ A%/12 ~ 0.03704.
3Integer-to-integer” seems the best way to specify that the transforms are ofH (-) is used to denote the entropy of a discrete random variable. Elsewhere
a scaled lattice, despite the scaling k. This term is used throughout. h(-) denotes the differential entropy of a continuous random variable.
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0.0002 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0067 0.0090 0.0052 0.0010 0.0001 0.0000 0.0000 0.0000 0.0000
0.0235 0.1004 0.1687 0.1021 0.0217 0.0016 0.0000 0.0000 0.0000
0.0105 0.1271 0.5761 0.9626 0.5910 0.1304 0.0100 0.0003 0.0000
0.0005 0.0185 0.2327 1.0432 1.7137 1.0432 0.2327 0.0185 0.0005
0.0000 0.0003 0.0100 0.1304 0.5910 0.9626 0.5761 0.1271 0.0105
0.0000 0.0000 0.0000 0.0016 0.0217 0.1021 0.1687 0.1004 0.0235
0.0000 0.0000 0.0000 0.0000 0.0001 0.0010 0.0052 0.0090 0.0067
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 0.0002
(a) Quantized source &.
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0002 0.0009 0.0026 0.0049 0.0061 0.0049 0.0026 0.0009 0.0002
0.0167 0.0648 0.1891 0.3595 0.4453 0.3595 0.1891 0.0648 0.0167
0.0640 0.2484 0.7253 1.3790 1.7083 1.3790 0.7253 0.2484 0.0640
0.0167 0.0648 0.1891 0.3595 0.4453 0.3595 0.1891 0.0648 0.0167
0.0002 0.0009 0.0026 0.0049 0.0061 0.0049 0.0026 0.0009 0.0002
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
(b) Quantized KLT coefficients §.
29
1
0.0000
0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0003 0.0005
0.0000 0.0000 0.0016 0.0100 0.0185 0.0105
0.0000 0.0001 0.0010 0.0217 0.1304 0.2327 0.1271 0.0235
0.0000 0.0052 0.1021 0.5910 1.0432 0.5761 0.1004 0.0067 0.0002
0.0001 0.0090 0.1687 0.9626 1.7137 0.9626 0.1687 0.0090 0.0001
0.0002 0.0067 0.1004 0.5761 1.0432 0.5910 0.1021 0.0052 0.0000
0.0235 0.1271 0.2327 0.1304 0.0217 0.0010 0.0001
0.0105 0.0185 0.0100 0.0016 0.0000
0.0005 0.0003 0.0000 0.0000
0.0000 0.0000 0.0000
0.0000

(c) Integer-to-integer transform coefficients 2.

0.0000
0.0000
0.0000
0.0000
0.0000

0.0000
0.0000

467

Fig. 2. Probability densities af, ¢, andz, multiplied by10. Due to rounding, an entry of:0000” indicates a nonzero cell probability undgr 10=5. In (c),

unmarked positions reflect impossible values:of
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Fig. 3. Depiction of the integer-to-integer transfofhgiven by (1). The@: /A, @2 /A) position is labeled Wit}T(ﬁrl/A, Fa/A).

TABLE |
COMPARISON OF RATES, IN BITS PERVECTOR WITH THREE REPRESENTATIONS ANDTHREE ENTROPY CODING METHODS
AT HIGH RATES, THE STARRED ENTRIES COALESCE TO ACOMMON OPTIMAL VALUE

Performance with n =9, A =2/3 Representation
Entropy measure z ] 4
1H() (vector entropy code) ' 1.987*  1.979*  1.987*
%[H( 1) + H(-2)] {two scalar entropy codes) 2.210 1.979*  1.992*
One common scalar entropy code for both components | 2.257 2.189 1.993*

TABLE I
HIGH-RATE PERFORMANCE COMPARISON OF THREE REPRESENTATIONS ANDTHREE ENTROPY CODING METHODS
STARS REPRESENTOPTIMAL PERFORMANCE AND THEOTHER ENTRIES ARE GAPS FROMOPTIMAL PERFORMANCE INBITS PERCOMPONENT

Gap from optimal performance (bits per vector) Representation
Entropy coding method & g z
H(-) (vector entropy code) * * *
H(-1)+ H(-2) (two scalar entropy codes) 0.276 * *
One common scalar entropy code for both components 0.330 0.249 *
where the rateR is in bits per component. Table Il gives the lll. A NEwW FRAMEWORK FORTRANSFORMCODING

gap from optimal performance, in bits per component, for the

three representations and three entropy-coding methods. Onlfhis section develops a new framework for transform coding
the representation formed with the integer-to-integer transfotimt is based on using integer-to-integer transforms, as in the
allows optimal performance with the simplest entropy codingniddle path of Fig. 1. The example from the previous section
Similar but distinct examples appear in [6]. provides a preview of the results. Specifically, we will show
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that at high rates the representation output from an appropriatellNow we consider the asymptotic equality &, (%) and
designed integer-to-integer transform is optimal for vector e, (¢). This is a clear consequence of the following lemmas.
tropy coding, scalar entropy coding with sgpargte cod.ebooks forLemma 1[5]: Let be arandom vector and letbe a com-
each component, and scalar entropy coding with a single cod%-tibI _dimensioned square matrix. Then
book for all the components. In other words, the starred entriga Y g '
in Table Il will be justified. _ _ h(Az) = h(x) + log | det A|.
Let = be a jointly Gaussian random vector taking a value in
R*. Assumer has mean zero and denote the covariance matrix ) . .
. . ; o . I, Lemma 2: Let = be ak-dimensional random vector and let

by K. SinceK is a covariance matrix, it is symmetric, positive, . : ! :

P . % = [z]a be its uniformly scalar quantized version. If the p.d.f.
semidefinite, and has an orthogonal eigendecompositios of = is Riemann-intearable
UT AU, wherelU is orthogonal andy = diag (A1, Ao, - -+ Ax) * 9

with Aq 2 Ao > --- > A, We analyze three methods for H(i) + klog A — h(z) asA — 0.
representing:
« Direct quantizations = [z]a. Proof: This is a straightforward:-dimensional general-
+ Karhunen-Loéve transform coding (KLTC) = Uz, ization of[5, Theorem 9.3.1]. O
4 = [la. Sincex andy are related by an orthogonal transform, the first

* Integer-to-integer transform coding:= 7([z]a)- lemma implies that andy have the same differential entropy.

Given a discrete random vectar (which is one ofz, §, Then two applications of the second lemma gives
and?) we consider three ways to assign an associated average

rate per component: R, (%) =k7 H(%) ~ k7Y (h(z) — klog A)

« Vector entropy codingR, (%) = k=1 H(1d). =kt (h(y) — klogA) = k" H(9) = R.(9). (3)

« Scalar entropy coding®, (@) = k=1 >0 H(w;). _

- Entropy coding based on the average of the component denS0 far, we have shown that there are three ways to get optimal
sities: R, (1) = H(p), wherep is the mean of the p.d.f.’s of Performance, but we have not described optimal performance.
thed;’s. This is the minimum rate when using one commonis is easy to compute using Lemma 2. The differential entropy
scalar codebook for all the scalar components (see Theor@f Gaussian random variable with varianceis
2, Section 111-C2). 1 .

) . R(N(0, 6?)) = = log, 2mea? bits.
The bulk of the paper addresses the desigh' & minimize 2
the second and third rate measures. When these are minimiZgdrefore,
the performance of integer-to-integer transform coding matches . .
that of KLTC. But first, we show that direct quantization with,, .., _; NN 1. R
vector entropy coding, KLTC with vector entropy coding, an +(9) =k ; H(gi)~ ; <2 logy 2meA; — log, A)
KLTC with scalar entropy coding give asymptotically equal, op- o N

\ k 1/k
] 1
timal performance =2 log, A~ 227e <H )\Z) ) (4)

i=1

A. Preliminary Equivalences

It is well known that in conventional transform coding of aRecalllng thatz; is Gaussian with varianch’;

Gaussian source, as in the bottom path of Fig. 1 with scalar b b
entropy coding, the use of a Karhunen—Loéve transform is opg_ (2) = k1 Z H(#)~ llogQ A"297¢ <H K”>
timal5 For the given sourcé/ is a KLT, andy = Uz has inde- P 2

pendent components. It follows immediately from a basic pro
erty of entropy that

1/k

i=1

%ince the product of diagonal elements of a positive semidefinite
matrix is lower bounded by the product of eigenvalues [9, The-
k orem 7.8.1]R,(&) > R,(y). Either rate can be written in terms
Ry(§) = k™ "H(i1, G2, -+, Gx) =k~ Z H(i;) = R,(jj). of the distortion per component by substitutiby~ A?/12,
i=1 e.g.,
@ °°
This shows that scalar entropy coding of KLT coefficients per- . (H"C ‘)l/k
forms as well as vector entropy coding of these coefficients. =
Since the latter is more computationally difficult, it should not
be used. This equivalence depends only on the KLT producing
independent coefficients, as is the case for a Gaussian sourd®. A Class of Invertible Integer-to-Integer Transforms

. 1
Ry(3) =~ 3 log, %)

6D

We now turn to the main topic of this paper: the performance
5This is shown under the assumption of Lloyd—-Max quantization and fairgf integer-to-integer transform coding. The scalar quantized
general bit allocation in [1]; a derivation that relies on high-resolution qua”tiz?‘epresentatio@ lies in the latticeAZ*. so we consider trans-
tion theory and optimal bit allocation is given in [7]; a simple proof that relie ) k k . .
on neither optimal quantization nor high-resolution approximations appears fyrms T: AZ" — AZ" to generate the representationThe

[8]. set of such transforms is not only uncountable, but requires an
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infinite number of parameters to describe; therefore, we restrictFor & x k& matrices, the process is simildF. is factored

our attention to a certain quasilinear set. These are easy to btbnuniquely) into a product of matrices with unit diagonals

describe and compute. and nonzero off-diagonal elements only in one row or column;
Let T € R*** have determinant. The transforms that we 7 = 1175 - - - 1;. The integer-to-integer version of the trans-

allow are approximations of’ that are one-to-one and ontoform is then given by

AZ*. The integer-to-integer transfortfi may be constructed

from 7" in a variety of ways [10]-{12]. All that is important for (@) = [IL[T2 - [Ted]a]ala.
the ensuing analysis is thdtis invertible and that the error be- The inverse off” can be implemented by reversing the calcula-
tweenT’(#) andT# vanishes for small. tions as before.

One simple way to defind” is through a factorization of
matrices, now known as a lifting construction [12].Hf= 2, C. Transform Coding with Integer-to-Integer Transforms
any7” with determinant can be factored into three lower- and

. . . N We have defined a set from which to select a transforfor
upper-triangular matrices with unit diagonals as folléws:

use asin Fig. 1. Now we consider the selectioff'ab optimize

a b the performance of the system. Recall tiiais invertible; thus
Tr= |:b_1(ad —1) d} it does not introduce any distortion and its design can be based
1 01T1 & 1 0 solely on the minimization of rate for giver. Also, sinceZ’
[bl(d N 1} [0 1} |:b1(a —1 1} (6) approximates the linear transforffrom which it is derived,
~—— - the design process may be simplified by consideration of
7 T s place of7".
Now 1) Rate Minimization: Sincez andz are related by an invert-
ible transform, they have the same entropy. Thus irrespective of
1(2) = [T1[12[T34] Al a)a (7) the choice ofl’ (using (2)—(4))
has the desired properties. Whiis in the latticeAZ?, a single R,(2) = Ry() ~ Ry(9) "

stage

k
AN Ll A=2 ]
[ 1 « .f?l o .f?l + Oé.f?g o .f?l + [Oé.fZQ]A Re(y) T2 10%2 ATame <zl;[l )\7>
b SR L] e e e e
n the more interesting cases, those involving scalar entropy
inverted by a change of sign coding, the rate depends on the transform.
_ ) ) ) ) ) Let us first consider the estimation and minimization of
1 _O‘} {“’1 +A[O‘x2]A” - Hxl + [‘“ﬂ?]ﬂ - O‘x?” R,(2). The discrete variable is approximately equal to a
0 1 T2 A T2 A uniform scalar quantized version of= 7'z. Then since; is
_ |:.7}1:| Gaussian with varianc¥j;, whereV = TKT7, the entropy

&

—

) of z; is given approximately by
Thus it is easily verified thaf is invertible onAZ? with the H(%) ~ 110g2 A™227¢V, .
inverse 2 :

Averaging the contributions from the componentg @jfives

T=1(8) = [15 [Ty {17 4alala

‘ 1/k
. . ~ - S —1 S 1 —2 :
Itis also easy to bounfi'(i) — Ti|. Fori € AZ? the com- Rs(2) =k "' H(%)~ 5 108y AT 2me [IRZ :

putation (7) involves three rounding operations. Usiig to i=1

denote the roundoff errors gives Thus the design problem is identical to that in conventional

. 0 s 0 transform coding—to find” to minimize the product of the di-

@) =T <T2 <T3§: + {6 }) + { 01) + {6 } . agonal of 7K TT—but now over all transforms with determi-

1 3 :

nant1, instead of only over orthogonal transforms. Two ques-
Expanding and usingy 7,75 = T", one can compute tions naturally arise: Does the additional freedom in choosing
T change the result of the minimization? And, why is there ad-

17(E) — T oo = ‘T;LTQ Lﬂ T {52} {5 }H ditional freedom? | |
3 The first question is answered negatively by the following

H [flgj [ (d62_ 1)62} N [53”‘00 theorem.

Theorem 1:Let K € R*** be symmetric and positive

< (14 max{|p|, |d| + |p7*(d - 1)|})é, semidefinite. Then
2 k
. ~ . . . . . X T - ]
This shows thaf” approximated’ in a precise sense. oo B H diag (TKT") = H A (8)

=1
8If b = 0, a similar factorization exists with two upper-triangular factors and . )
one lower-triangular factor. The factorization is generally not unique. where{A, Xz, -+, Ay} is the set of eigenvalues &f .
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Proof: Since K is symmetric and positive semidefinite,coder. As mentioned in Section II, the number of codewords in

there is an orthogonal matriX such that the entropy coder can be reduced fré@ to kN, whereN is
. _ the number of quantization cells per dimensidrhe memory
UKU® = A =diag(Ar, A2, -+, Ag). requirement can be reduced further frdv to IV if a single

scalar entropy code is used for each of the components.

_ T . . e
LetV =TKT". ThenV is positive semidefinite and Suppose a common entropy code is applied to the discrete

k random variablesu, , wo, -- -, . The expected code length
H Vi; > det V =det TUTAUTT then depends not only on the entropies of the random variables,
i=1 but also on the disparity in their densities. Denote the density

k of i; by p; and letq be the density corresponding to the code
=(det TUT)(det A)(det UTT) = H A; assignment. Then the expected code lengthifais
=1

. L . . EL(;) = H(w;) + D(pillq)
where the inequality is Hadamard's inequality [9, Theorem
7.8..1]. _If K is positive .d(.efinite,.equality holds if and' only ifwhereD(pin) is the relative entropy between andq. Aver-
V' is diagonal. The minimum is (nonuniquely) achieved byging over: gives the average expected code length per compo-

=U. L nentas
Theorem 1 shows that one possible optimal choicdfos a
KLT. This yields o) = k7 Z EX(id )+E Z (pillg)-
k k 1/k
)=kt Z H(%) ~ llogQ A~=297¢ H A Now, what qhoice of minimizesRa(uv)?_The follqwing the-
— 2 orem establishes that, as asserted earlier, the single scalar en-

tropy code should be designed to match the mean of the p.d.f.’s

which is equal to optimal rate€,(z), R.(7), Ru(2), and 5 — - Zz . Di-
R;(#) computed earlier. Matching the optimal performance
without having to compute a transform on the original, high-res- Theorem 2: The sum of relative entropi€s’_, D(pil|q) is
olution data may be useful in its own right. However, the mor@inimized byg = k=X 31 p;.
interesting fact is that optimal performance is achieved with ~ Proof: Writing out the sum, noting thatis a p.d.f. on the
many unused degrees of freedom. alphabefZ, gives the following problem:

Suppose the eigenvaluesigfare distinct and positive. Then
thg orthogonal trapsforms solving the minimization (8_) are prinimize Z Z pili ()
unique up to multiplications of rows by 1 and permutations )
of rows. In particular, this means that not only is the product
of the diagonal of T’ K'T7 fixed, but also that the diagonallet
elements are exactly the eigenvalueskof When minimizing &
over transforms with determinant including nonorthogonal _ (a
transforms, the resulting’K 77 is diagonal with any com- T=2 > m + A
bination of nonnegative entries with produ}f[f:1 Ai. This
property is demonstrated and exploited in Section 1lI-C2.  Taking a Lagrangian approach, the minimization is solved by

The additional freedom in the design of the integer-to-integtre system of equations
transform over that in orthogonal transform coding is useful
when a single entropy codebook is used for all of the scalar — =0, forallj € Z
components of. To ascertain the source of this design freedom, 9q(7)
we should ask why orthogonal transforms are used in conven- Z q(j) =1L
tional transform coding. The algebraic approach of [1], while icz
precise, does not reveal much; instead, the question is bestl\al N since
swered with reference to the geometry of quantizatiori” If
is not orthogonal, encoding accordinggo= [Tz] induces o k 2i(j)
a noncubic partitioning oR*, i.e., the set{z:[Tz]n = c} s Z LA
is not a hypercube. Such a cell has a higher second moment 09y) = al)
about its center—hence, higher distortion—than a hypercu
cell with the same volume. Orthogonality is not important i
integer-to-integer transform coding because the partitioning is k
fixed, independent of the transform. q(j) = -7t Z :(4)

2) Codebook Size Minimizatione have seen that there i=1
are several ways to achieve the rate-distortion performance \(/jv(leth normalization\ — —k O
scribed by (5). The motivation for using either form of transform '
coding is to reduce the memory requirements in the entropyThe codewords themselves would be shorter as well.

subjectto ~ q(j

jez

log
i=1 jEZ

i=1 jez JE€Z

l;he solution is
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TABLE Il
HIGH-RATE RATE-DISTORTION PERFORMANCE OF THREE REPRESENTATIONS ANDTHREE ENTROPY CODING METHODS THE SOURCE IS GAUSSIAN WITH
COVARIANCE MATRIX K, THE EIGENVALUES OF K’ ARE {A;}¥_,, AND f_2 DENOTES THEp.d.f. OF A ZERO-MEAN GAUSSIAN RANDOM
VARIABLE WITH VARIANCE o2

Entropy coding method | Memory (codewords)

Rate—distortion performance

No transform Conventional Integer-to-integer

Vector entropy code NF Topt Topt Topt
k scalar entropy codes kN 1 Topt Topt
One scalar entropy code N r2 T3 Topt
Topt = 1032 (H =1 Ai)1/E
1= 1032 (H u)l/k = Topt + % Ing(HiF:l Kii/Ai)l/k
ra = ropt + k! zi=1 D(fx;; ||P), where 5 = k=1 S8, fx,,
73 = ropt + k71 41 D(f, 19), where 5=k~ T, £y,
Applying the optimal code from Theorem 2, the rate with and
single scalar entropy code is Ii.p O 0
T, = 0 T; 0
0 0 Ik_i_l

§
Rq() = Ry() + k7 D(pi||p). 9)

=1
SinceD(p;||, ) is nonnegative and is zero if and onlyif=7,
R, (1) > R,(w) with equality if and only ifp; =p, = ---
Pk
this equality.
How is R, (%) minimized? First, we need to choo%eop-

=7. Integer-to-integer transform coding allows us to achieve

ThenT =T, _11y_2 - -- Ty has the desired property.

IV. CONCLUSIONS

Compression of a Gaussian source with all quantization lim-

timally with respect taR?,. Furthermore, the components df ited to scalars does not allow performance approaching the rate-
should have identical densities. This is equivalent to requiringlistortion bound because of the inherent limitation of scalar

1/k
1.

k
TKTT = <H A)
=1

Such dI” exists and can be constructed as follows.

guantization. Nevertheless, most current source coding systems
use scalar quantization in conjunction with a transform.
Conventional transform coding, with an orthogonal linear
transform preceding quantization, can be cast as a technique
for simplifying entropy coding while maintaining the best

LetTp = U. ThenTp KT = A. Now for notational conve- rate-distortion performance possible without multidimensional
nience, let us assign a name to the desired component varia¢&ntization. For a source of dimensioand quantization with

v = (Hf L A)**. Notice that
nd )\1 0 =T | 0
Tl |:0 )\2:|T1 o |:0 )\1)\2/’)/:|
where
\ 2)\1 \ 2)\2
A2 '
2’y 2’y
Defining

[0
n=[o 4

T KTE T is diagonal withy in the first diagonal position.

Itis clear how to proceed: Fer= 2, 3, ---, k — 1, let

s
e

N cells per dimension, a single codebook witi elements
can be replaced by codebooks withN elements without

a loss in performance. Using high-rate approximations, this
paper has shown that a system that swaps the transform and
guantization—placing quantization before an integer-to-integer
transform—can simplify the entropy coding further without
a loss in performance; only a singlg-element codebook is
needed. The results are summarized in Table Ill. The memory
reduction shown in Table Il is possible because of greater
freedom in the design of an integer-to-integer transform than of
an orthogonal linear transform. This greater freedom can be put
to advantage in similar ways if mixtures of scalar and vector
entropy coding are used.

This paper has considered only the compression of Gaussian
sources and some of the statements depend intimately on this
choice. In particular, uncorrelated jointly Gaussian variables are
independent although this is not true of all random variables.
The design of transforms for integer-to-integer transform coding
is nothing more than the manipulation of discrete probability
densities. This was simplified greatly by continuous approxi-
mations, but it should be possible to design an appropriate trans-
form for any source.
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