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Abstract

Suppose a function of N real source variables X {V = (X1, Xo, ..., Xy) is desired at a desti-
nation constrained to receive a limited number of bits. If the result of evaluating the function,
Y = G(X}), can be itself encoded, this is the optimal strategy—the origin of Y becomes
irrelevant to the communication problem. We consider two alternative scenarios: distributed
quantization, in which each X; must be separately encoded; and linear transform coding of
X{V . Optimal fixed- and variable-rate scalar quantizers are derived under the conventional
assumptions of high-resolution quantization theory, and we find optimal transforms for trans-
form coding. For certain classes of functions, examples demonstrate large improvements over
using quantizers designed to minimize distortion of the Xjs.

1 Introduction

Traditional modes of lossy compression seek to approximately recreate every letter of a source vector
XN = (X, Xy, ..., Xy) € RY; attaining small mean-squared error (MSE) is the implicit aim. We
consider here the class of problems for which the goal is to estimate at the destination a function
G(XN) of the source data. We call this (lossy) functional source coding (FSC).! A wide variety
of practical situations fit into the FSC framework; consider, for instance, computation on digitized
analog data.

Many interesting variations are possible depending on the allowed functions G, the distortion
measure, the separability of the joint distribution of X}V, the support of this distribution, and
characteristics of the encoding process (distributed operation, fixed rate, variable rate, etc.). In
addition, one may fruitfully focus on Shannon-theoretic limits or practical code constructions.

If G is unconstrained, we have generalized the “ordinary” source coding problem. In particular,
taking GG to be the identity function recovers the ordinary source coding problem, and a distortion
measure dg that applies to the rangerf G induces a distortion measure on the source vector
through d(XY, XN) = de(G(XY), G(XY)), where XV is the compressed representation of X,
and G estimates G (X)) from X N. If G is continuous, the intermediate value theorem predicts the
existence of a point ZV such that G(X) = G(Z); therefore we may restrict G = G without loss
of optimality:.

Our interest in this paper is not in generalizing but rather in exploring the potential gains
that come from optimizing for a particular destination function G. We restrict our attention to
G :RY — R and dg : R? — R given by dg(G,G) = (G — G)%. We primarily address the design
of scalar quantizers for the X;s with the goal of minimizing D = Eldg(G(XY), G(XN)], i.e., the
MSE of the function. This is to be seen in comparison to allowing each X; to be recovered with low
MSE. In particular, we generate examples with clear scaling behavior with respect to V.
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at MIT (http://www.rle.mit.edu/stir/). Work supported in part by NSF Grant 0729069 and an NSF Graduate Research Fellowship.

LOur usage follows [1, 2]. An alternative—not considered here—is for functional quantization to be quantization
of an (uncountably infinite) alphabet of functions [3].
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Figure 1: Generic functional source coding scenario shown with two variables.

General Formulation. While several papers have explicitly addressed FSC problems, many more
have done so obliquely. Before developing our results, we briefly mention connections between FSC
and some other problems in multiterminal information theory.

Consider the network shown in Fig. 1, where the number of source variables is N = 2 for
simplicity. The variables X; and X, are known to distributed encoders which produce codewords
V1 and V, at rates Ry and Rp. A joint decoder estimates G(X1, X») from (V4, V3) at distortion level
Dg. Several relationships to other problems emerge:

e If G is the identity function, we have a general distributed source coding problem that is
well-known in the lossless setting [4] and recently solved in the quadratic Gaussian case [5].
In this situation, the correlation of X; and X5 is of primary interest.

o If G(Xy, Xy) = X and R; is unconstrained, then X, can be viewed as receiver side information
available at the decoder. The trade-off between R; and Dg is given by the Wyner-Ziv rate-
distortion function [6, 7].

e The Wyner-Ziv scenario has been examined at high rate by Rebollo-Monedero et al. [8]. It has
been shown that providing the receiver side information to the encoder yields no improvement
in performance.

e For general G and Ry unconstrained, the problem has been studied by Feng et al. [1].

o Let Y = G(Xi,X3). Then Y may be interpreted as a remote source that is observed only
through X; and X, and we have the remote source multiterminal source coding problem [9].

e There has been significant work in the related notion of “task-oriented” quantization. Quan-
tizing for classification [10], estimation [11], and detection [12] has been of particular interest.

e Rather than having a single function G, one may consider a set of functions {G;};c; and
define Dg = E[d(Go(XY), Go(XN)], where a is a random variable taking values in index
set I. In this setting, fixed- and variable-rate quantization to minimize MSE was studied by
Bucklew [13]. This is perhaps the most closely related work, but it uses centralized (non-
distributed) encoding.

Scope and Organization of the Paper. FSC is closely related to distributed coding, which has
a mantra of “quantize and bin.” In particular, it seems that quantization may as well be uniform or
lattice-based since the interesting gains come from the binning process or other discrete operations;
see [2] for a recent formulation using graph coloring.

In contrast, we take a more quantization-centric view: we look for gains from optimal (po-
tentially nonuniform) quantization in situations in which binning plays no role. Using standard
assumptions from high-resolution quantization theory, we develop optimal quantizers for FSC. The
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high-resolution approach applies only to the design of regular quantizers, and we discuss conditions
under which optimal quantizers are regular. Note that binning yields irregular quantizers, so we
are considering different types of FSC problems than commonly emphasized in the literature.

While functions of a single variable do not yield interesting examples, their consideration in
Section 2 allows us to review standard results from high-resolution quantization and to plainly see
that some conditions on G are necessary for optimal quantizers to be regular. Section 3 presents our
main theoretical results for fixed- and variable-rate distributed functional quantization. Section 4
develops a (non-distributed) functional transform coding theory. We conclude with examples given
in Section 5.

2 Functions of One Variable

Consider the quantization of X for estimation of Y = G(X) with minimum MSE at the destination.
The p.d.f. of Y can be derived from G and the p.d.f. of X, and optimal quantizers for Y can then
be derived from the p.d.f. of Y. An optimal quantizer for X is given by ¢x(z) = ¢y (G(x)) where
qy is an optimal quantizer for Y. Thus the functional aspect of functional quantization does not
add anything interesting for functions of one variable.

Fixed-Rate (Codebook-Constrained) Quantization. Consider the design of a K-level quan-
tizer for Y; this yields a quantizer for X through ¢x(z) = ¢y (G(z)). Standard assumptions for
high-resolution analysis include that K is large, distortion due to quantizer overload is negligible,
neighboring quantizer cells have similar sizes, and the p.d.f. of Y is reasonably smooth; see [14]
for details. Quantizer analysis and design are then based on the use of point density functions. A
point density function A(y) is a smooth function such that AA(y) is approximately the fraction of
quantizer reproduction points in an interval of length A centered at y. Standard analysis yields

Do = EI(Y —av(Y))'] » 121I(2 . ];Z((z)) W

(1)

where fy (y) denotes the p.d.f. of Y. By minimizing D¢ for fixed K, one shows that the optimal
point density and resulting performance are

My) = ")/ (/ 1K) dy) and  Dg~ 121[(2 (/R A2 () dy)g.

Variable-Rate (Entropy-Constrained) Quantization. The design of an entropy-constrained
quantizer can be optimized similarly. Formally, an unnormalized point density should be used
because the number of quantizer levels may be infinite. By minimizing D¢ given in (1) subject to
a constraint on H(qy(Y')), one sees that the optimal point density is constant.

Regularity. Description of a quantizer by means of a point density carries with it a regularity
constraint. This is an innocuous restriction since the optimal high-rate quantizer for Y is regular.
This regularity does not carry over to the partition induced on X. For instance, the optimal
quantization cells for the function G(z) = || are unions of disjoint positive and negative intervals.

If we constrain G to be monotonic, a regular cell in Y will transform to a regular cell in X.
Thus an optimal quantizer for X is represented unambiguously by a point density function.
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3 Optimal Regular Quantization
We work with three distinct variants of functional quantization with regular quantization, each
applicable to different situations.

Fixed-Rate Distributed Quantization: Separated encoders are mandated, and (potentially
nonuniform) fixed-rate quantizers are designed. All codewords from the ith encoder are of identical
length R; bits.

Variable-Rate Distributed Quantization: Separated encoders are again mandated, and (po-
tentially nonuniform) quantizers are designed. Unlike in fixed-rate coding, block entropy coding is
permitted to reduce the rate of the quantization indices.

Uniform Transform Coding: Violating distributed operation, a linear transformation is applied
to XV prior to scalar quantization. This will be discussed in Section 4, with the scalar quantizers
constrained to be uniform for simplicity.

As in Section 2, we employ high-resolution analysis [14]. On one hand, this technique can
directly yield asymptotically optimal quantizers. On the other hand, for it to be valid we must
constrain our functions and distributions in the following manner:

C1. G(XY) is smooth and monotonic in each of the source variables.

C2. 0G/0X; is both defined and bounded, for each i.

C3. The joint probability distribution of the source variables, fxw (2dY), is smooth and supported
within a compact subset of RY.

Bucklew [13] has used a similar construction to deal with the single-encoder high-rate vector quan-
tization of X} when the exact form of G is only known to the decoder. By assuming that the
statistical distribution of G is available; that each possible G adheres to C1 and C2; and that C3
is valid for the source distribution, several approximations are justified:

A1l. Within any quantizer cell, the distribution fxy is roughly uniform (follows from C3).

A2. Within any quantizer cell, G; is roughly affine in X} (follows from C1 and C2).

A3. All quantizer regions are regular (follows from C1).

We supplement these assumptions as the need arises.

3.1 Fixed-Rate (Codebook-Constrained) Quantization
We consider the distributed quantization problem depicted in Fig. 2; the scalar quantizers may be
nonuniform. Specifically:

1. The ith encoder quantizes X; into one of 2% regular quantization cells.

2. The sum of rates cannot exceed a maximum, Zz R; < R,.

3. We allow the bit allocations, R;, to be real valued. This is valid in two respects: (1) By means
of block coding, real-valued R; can be approximated, and (2) even in the absence of block
coding, optimal integer-valued R; can be obtained from optimal real-valued R; [15].

4. The quantized variables, )A(i, are sent to the decoder with no form of entropy coding.
5. The decoder performs the estimation G(XY) £ G(XY).
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Figure 2: Fixed-Rate Distributed Quantization: Independent scalar quantization is performed at each source.

Our interest lies in minimizing the mean squared error of G. To describe the nonuniform
quantizers, we define quantizer point density functions, \;(z;), as the limiting density of quantizer
cells in the vicinity of x;. Utilizing the high-rate approximation, we state that ;(z;) is approximately
constant over any quantization interval, for large enough R;.

Assume for convenience that fy, is supported over the interval [0, 1], and that \; is nonzero al-
most everywhere. Any quantization cell, @ C RY, then takes the form of a box of length 275 / \; ()
in the ith dimension, where x;y is an arbitrary element of (). The distortion contribution from @) is
then approximately
2 2—2Ri

2

oG

PQ)Ee|Q) = p(Q) Z @)

where p(Q) is the probability that z¥ is an element of Q, and z* is an arbitrary coordinate found
within the box. Since the derivative term is (approximated as) constant throughout the box, this
can be rewritten as an integral over Q:

CLEEEDY |t

Ve

2 9—2R;

12)02(x)

aG(wl )

or. ——=(z") dr? . (2)

Note that we have used the fact that the derivatives dG(zY)/dz; and point densities \;(z;) are
(approximately) constant throughout the box to replace the single point x* with the variable z.

Defining e
o) = (B [Joct)onl | % =2]) ",

the expected distortion over all intervals takes the form

=2 e P | R

The problem has been decoupled; there are N variables being separately scalar quantized,
effectively companded with slope g;(z;). Each can be optimized separately. An application of
Holder’s inequality in one dimension (see [14]) shows that distortion is minimized by choice of
i = C(g2(x:) fx,(x;))Y?, where C' is a normalization constant.

We can then minimize the rates. First, we discard all X;s whose companding expressions are 0,
since this implies that the function is independent of them almost everywhere. Once this is done,
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Figure 3: Variable Rate Quantization: Scalar quantization is now followed by Slepian-Wolf (S/W) coding.

the rates may be adjusted to attain a lower bound over the remaining N encoders. An application
of the arithmetic-geometric mean inequality establishes this lower bound as

_ 1/N
D¢g > %NQ 2Ro/N H ||le(l’z)gzz(xZ)||1?3 : (4)

This solution, despite its optimality within the fixed-rate construction, does not exploit depen-
dencies among the X;s. By permitting block entropy coding, we may transmit at a total rate near
the joint entropy.

3.2 Variable-Rate (Entropy-Constrained) Quantization

We introduce block entropy coding to our distributed scenario by splitting the decoder and the
encoders into two pieces (see Fig. 3).

1. The ith scalar quantizer continues to scalar quantize each sample of X; independently of
other samples of X; and independently of the happenings at other encoders. Quantization is
performed at resolution R;.

2. The second piece, a block entropy coder, losslessly encodes together M sequential outputs
from the scalar quantizer, X ... Xiu, for transmission. The rate of transmission of the ith
encoder is denoted R;.

3. 3. R < Ry.

4. The block decoder recreates )A(“ .. .)?Z-M for each 1.

~

5. Finally, the decoder computes an estimate of the values of G for each time instance: G; =

G(Xyy, -, Xuj).

While the high-rate distortion takes the same form as before (3), the optimization performed in
Section 3.1 is no longer valid; the rate constraint is now on the sum rate with entropy coding, ) . R;.
In general, this sum rate is constrained to the rate region described by Doshi et al. [2]. However,
due to the monotonicity requirement on our function, X’l must be losslessly encoded. Slepian and
Wolf [4] established H(X{¥) as an achievable lower bound on this performance. Assuming fy is
constant in each quantizer region,

H(XY) ~ M(XY) + > Eflog \i(x:)] + R,
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Figure 4: Uniform transform coding

where h(X}) is the joint differential entropy of the source variables. We will assume this rate
without considering the details of its implementation.

The constraint H(XY) < Ry translates into a similar constraint on the resolution, R < Ry. As
with fixed-rate, the bit allocations R; are optimized for this sum-resolution constraint:

D = L5 Nexp, (~2Fo/N +20(XY)/N + 25, Ellog \/N) (IL B2/ 3D (5)

To minimize this, we operate roughly in the footsteps of Gersho [16]. First, we rephrase:

Dg = 11—2N€Xp2 <—2R0/N + 20(XY)/N + 2%, Ellog Ai]/N) (HZE [QIOggflog(Af)Dl/N.

Using Jensen’s inequality, this may be lower bounded as follows:

. s NN
Dg > 5 Nexp, (—QRO/N +2h(X{N)/N + 25", Ellog )\i]/N) (Hl 9Ellog g2 —log)\i]>
= 3 Nexpy(=2B/N + 2h(X{")/N + 3, Ellog g7]/N). (6)

This lower bound is independent of A;, and achievable if we make the minimizing choice \; x g;.
Note that this optimal density is independent of the source distribution, analogous to the optimality
of uniform quantization in ordinary (non-functional) variable-rate scalar quantization [14].

4 Functional Transform Coding

We now leave the distributed setting. The setup common to Feng et al. [1] and Bucklew [13] both
require vector quantization—a computationally expensive premise if the form of the quantizer is to
be left arbitrary. By constraining the quantizer to the form of a uniform transform code, we can
reduce this cost while still exploiting redundancies between sources and properties of G.

Under the transform constraint (Fig. 4), an N vector of source variables, Xi¥ € RY is first
presented to an encoder. We constrain X1V so that its distribution, fxy () is supported entirely
within the N-sphere of radius 1. Following this,

1. An invertible linear transformation, U, is applied to X{V to yield vector ¥ = UXY. For
convenience, we constrain U to be of unity determinant.

2. The components of YN are uniformly scalar quantized into the vector }71N . Y, has fixed rate
R; and resulting interval size 275
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3. There is a total rate constraint: »_ R; < R.

4. The decoder inverts the transformation )?1]\] = Uyn , and computes an estimate of the

function G(XN) £ G(XN).

U and the R; are to be chosen to minimize the mean-squared error of G.
Uniform quantization entails high-rate point density functions over YN of the form \; = 1.
Referring to (3), we may write the total distortion as

_ 1 —2R; Gy (y1')
o= 2 [

where Gy (y)) = G(U'yY). Optimizing the rates R; subject to the sum-rate condition,

o]

Note that this bound is achievable for finite R if and only if

1 —2R/N
Dg > HN272H/

E[|0G/0y;|*] > 0 for alli=1,...,N. (8)

Define the derivative vector, vy (z) such that vyx; = 0G/dz;. Slmﬂarly, define vy; = 0Gy /0y;.
Note that 7y = U~yy. Define the matrix over XV, T'x(z)) = vx7% and the matrix over Y,
I'(y™) = 9y7%. We then have the following properties:

1. 'y and I'y are positive semidefinite, real, and symmetric.

2. El'x| and E[I'y| inherit the three properties of I'x and T'y.

3. E[Ty] = Elwy] = E[Uyxx U™ = UE[Lx]U™".

4. The multiplicative trace of E[I'y] is the bracketed expression within (7).

By the Hadamard inequality, we can simultaneously minimize both the distortion and the mul-
tiplicative trace by choosing U to diagonalize E[I'x]. This yields total distortion

Dg = 5 N272/N det(E[T x]) VN, (9)

If E[l'y] has any zero eigenvalues, det(E[['x]) = 0 and (8) has been violated. To correct for this,
the zero components may be discarded, for G is independent of them with probability 1.

In general, use of the transform U reduces distortion by a factor 272% det(E[l'y])/E[[]1 7%,
where N denotes the number of null components, and E[I'y] is the dimension-reduced E[I'y]. Unlike
the cases in Section 3, this distortion improvement is rate dependent when N > 0.

Notice the similarity of the optimal transformation to that of the KLT for non-functional trans-
form coding. The KLT diagonalizes the covariance of the random vector, Xi¥. U diagonalizes
E[I'x], which may be written as the sum of the covariance of the random vector vy and the matrix

Ay = E[0G02:|E[0G0x;].
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Figure 5: (Left) Distortion improvement against uniform quantizer as a function of number of variables N, on
logarithmic scale; (Right) Optimal quantization point densities.

5 Examples

Intuitively, it should improve performance to account for the function G in the design of quantizers
for {X;}¥,. We are interested in evaluating this improvement on a few sequences of functions,
Gy(XN), N € Z*. Specifically, suppose the source variables are i.i.d. uniform on [0, 1] and the
decoder hopes to extract statistical properties from multiple samples of fx(x). We examine two such
statistical properties: the median and the midrange. For a quantitative comparison, we calculate
the ratio Dg )(}?) / D(GO)(}?), where Dg )(f?) and Déo)(}?) are the expected functional distortion of
the functionally-optimized (F) or ordinary (O) quantizer at transmission rate R.

Ordinary Quantization. Optimal fixed- or variable-rate quantization for a uniform [0, 1] source

X; is uniform. The resulting performance in either case is E[(X; — X;)?] = +2721i where R; is the
rate allocated to Xj.

Fixed-Rate Quantization for the Median. For simplicity, restrict N to be odd valued with
N = 2M + 1. Given this, z; is either itself the median of z}¥ or (differentially or locally) it has no
bearing on the value of the median. Therefore, we have that

(o) = PHOD) = | X =a] = (5] )00,
This yields an optimal point density \; o< g?/3 that reflects our intuition that more quantizer
intervals should be assigned to the more important middle ground. This becomes increasingly true
as the dimensionality is increased: the median’s variance and D(GF )(R) fall as 1/N. In contrast,
since the median simply takes on one of the source values, D(GO)(R) does not depend on N. The
ratio between these is depicted along with the optimal point density (for N = 21) in Fig. 5.

Fixed-Rate Quantization for the Midrange. The midrange is defined as the average of the
minimum and the maximum components of Y. No parity restriction on N is necessary to obtain
clear results. Any z; contributes to the midrange with slope 1/2 if and only if it is the minimum or
the maximum. As these events are disjoint, we may sum their contributions to write

g7 (z) = L (Primax(X] = 2) | X; = 2] + Prlmin(X}' = 2) | X; = z]).
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Substituting in the probabilities,

gi(x) = ;@™ + (1= 2)"h).
One may obtain both the point density (N = 10) and the distortion ratio as before (Fig. 5). The
optimal profile, weighed towards the extrema, is found to reduce distortion by a factor of 1/N2.

Variable-Rate Quantization for the Median and Midrange. Distortion for the functional
quantizer is given by (6). Using this, we may find the ratio in distortion between the two quantizer’s

D(R) functions:
2PN /] g2, (10)

For both median and midrange, this ratio is found to decay geometrically. This is illustrated by
the linear curves in Fig. 5.
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