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On Optimal Information Storage in Synapses
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Abstract— Among the functions of the brain is information
storage, which is physically implemented through changes in the
strengths of synapses. Experimental investigations have revealed
that synapses possess interesting and, in some cases, unexpected
properties. Adopting the optimization approach to biology, we
describe an information theoretic framework that accounts for
several of these properties: typical central synapses are noisy,
the distribution of synaptic weights among central synapses is
wide, and synaptic connectivity between neurons is sparse. Our
approach is based on maximizing channel capacity of neural
tissue under resource constraints. We cast volume as a limited
resource and utilize the empirical relationship between volume
and synaptic strength. We find that capacity-achieving input dis-
tributions not only explain existing experimental measurements
but also make non-trivial predictions about the physical structure
of the mammalian brain. We also comment on the robustness of
our optimization principles to uncertainties that are inherent in
science.

I. INTRODUCTION

Investigations in electrical engineering and neuroscience
have been intertwined for centuries [1] and have included
attempts to use information theory to qualitatively understand
neural memory [2], [3]. Previous quantitative neuroscience
studies have used information theory to analyze transmission
of signals between neurons through synapses, particularly
for sensory processing [4]. The work we summarize here
applies the information theoretic framework to a quantitative
neuroscience investigation of synapses as memory elements.

It is widely believed that memories are stored in the brain
and that the physical mechanism for information storage
involves changes in synapses, termed synaptic plasticity. As
such, we develop a theory that provides explanations for and
makes predictions about the physical properties of synapses.
Our approach is rooted in the optimization approach to bi-
ology [5] in which biological systems are thought to be
best solutions to some optimization problem and thus seem
to be “engineered” under some optimality criterion. Since
evolution favors genotypes of high fitness, qualities that affect
fitness tend to improve. Thus, mathematical analysis of fitness
optimization seems reasonable as an approach to understand
why animals are the way that they are.

Our scientific program proceeds in steps: 1) ask explicit
scientific question, 2) define feasible set of structures in sys-
tem model, 3) define objective fitness function, 4) determine
optimization principles as hypotheses, yielding predictions,
and 5) test hypotheses through experiment. By maximizing
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the information storage capacity of synapses under volume
constraints, we promulgate a unified theory that explains why
typical synapses are noisy devices, why neuronal connectivity
is sparse, and why the distribution of synaptic strength is
broad. These properties and quantitative refinements thereof
are all evident in extant experimental observations. We also
provide non-trivial predictions, such as a quantitative predic-
tion for the relationship between synaptic volume and synaptic
strength, which has not yet been experimentally verified.

This short paper is a summary of the results contained in
[6]. After briefly discussing the system model, we focus on the
development of optimization principles, and finally touch on
experimental verification. The reader is referred to [6], [7] for
more biological details in system modeling and experimental
verification, details on mathematical derivations, as well as
perspectives on other results and alternate theories for synaptic
structure. Let us reiterate that we omit many references to the
literature that appear in [6]. We close with a discussion of the
results and comments on robustness.

II. SCIENTIFIC QUESTIONS POSED

Since synapses are important for information processing and
information storage in the brain [8], their properties have been
the subject of extensive experimentation. We review the results
of some experiments and use them to formulate our scientific
questions.

Typical synapses in the central nervous system are noisy
devices. Arriving pre-synaptic action potentials occasionally
fail to evoke an excitatory post-synaptic potential (EPSP);
furthermore, when an EPSP is evoked, the amplitude varies
from trial to trial [9], [10]. This noisiness of typical central
synapses has seemed puzzling because synapses act as con-
duits of information between neurons and in general, synaptic
unreliability is detrimental for information transmission. Thus
we ask:

Question 1: Why are typical central synapses noisy?

The distribution of synaptic weight across different synapses
in the brain is broad. Although the majority of synaptic
weights are relatively weak (mean EPSP < 1 mV), there
is a notable tail of stronger connections [10]-[12], with
EPSP values exceeding 20 mV having been observed. Given
the pervasiveness of equality and symmetry in solutions to
optimization problems, one might think that if there is some
optimal value of synapse strength, then this value should
be used for all synapses, hence the puzzling nature of this
observation.
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Fig. 1. Schematic of a neural memory system cast as a general communica-
tion system. The various sources of noise in the system have been explicitly
notated. Storage noise refers to noise that arises in the storage process; in
situ noise refers to noise that perturbs the information while it is stored; and
retrieval noise refers to noise in the retrieval process.

Question 2: Why does the distribution of synaptic strengths
display a notable tail of strong connections?

A third observation that has been made regarding synapses
is their absence. One can experimentally create an adjacency
matrix of neuron-neuron connections. This adjacency matrix
is sparse in the brain. One might explain this away through
geometric constraints by inferring that absent connections
are between neurons that are physically distant, however the
synaptic connectivity is sparse in local circuits also [11],
[12]. In local circuits, neuronal axons and dendrites are close
enough so that the potential connectivity is nearly all-to-
all, so the cost of adding connections is not overwhelming.
It seems that increased connectivity would enhance system
functionality, so the sparse connectivity is puzzling.

Question 3: Why is synaptic connectivity sparse?

Having formulated the questions to be addressed, we move
to the second and third steps of our scientific program: the
development of a physicomathematical model of synapses as
information storage elements.

III. MODEL OF SYNAPTIC MEMORY

We develop a model of synapses based on their role in
long-term information storage. It is widely believed that long-
term memories are recorded in neuronal circuits through al-
teration in the strength of existing synapses through long-term
potentiation (LTP) and long-term depression (LTD) [13], [14]
or through synaptogenesis and synapse elimination. Memories
are retrieved from storage by chemical and electrical activity
of neurons, which generates synaptic potentials determined
by the pattern of synaptic connectivity between them. Thus
a synaptic memory system is naturally cast into the model of
a general communication system as shown in Figure 1.

We specify the model in the usual information theory way.
Each synapse represents a channel usage, the channel input is
the synaptic strength, and the distribution of synaptic strengths
across synapses is the channel input distribution. Figure 2
illustrates the basic form that the signaling scheme can take.

There is noise associated with weight change processes,
which we term the storage noise. While information is stored
in the synapse, computational and short-term memory pro-
cesses may act to perturb the synaptic strength; this is termed
in situ noise. The retriever consists of activity to retrieve
synaptic strengths, as well as some sort of decoding. There
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Fig. 2. Tllustration of two possible volume-constrained signaling strategies
for synaptic information storage. Replacement of a large synapse with several
smaller ones (connecting different neurons) may increase information storage
capacity. Notice that the total volume of the smaller synapses is the same
as that of the larger synapse. Since synapse volume is a monotonic function
of synapse strength, the realization of synapse volume also represents the
strength realized by that synapse.

is noise associated with this EPSP-generating chemical and
electrical activity, which we term retrieval noise.

We identify the input letters with the mean EPSP amplitude
generated over numerous firings of the pre-synaptic neuron.
Numerous studies have shown synaptic weight to be positively
correlated with synaptic volume, e.g. [15]. Synaptic volume
increases with LTP or synaptogenesis and decreases with LTD
or synapse elimination [16], [17]. As stated in Ramon y Cajal’s
laws of economy of space, time, and matter [8], volume in the
brain is a costly resource. We take our channel cost constraint
to be determined by the single-letter synapse volume cost
function.

In addition to the volume cost of the synapse itself, some
accessory volume is needed to support a synapse. Accessory
volume includes the volume of axons, dendrites, cell bodies,
glia, and perhaps extracellular space. Since each potential
synapse represents a channel usage, this accessory volume
may be interpreted as the cost of providing discrete-space
bandwidth. Unlike in other information systems, bandwidth
and channel alphabet cost (power in other systems) consume
the same resource and thus an interesting tradeoff between
allocating resources for bandwidth or for power is presented.
An alternative view is that there are no free symbols, and that
the minimal achievable cost is this accessory volume, denoted
Vo.

The channel input letters are the average EPSP ampli-
tudes, z € X, where z 2 E[Y|z]. A second-order noise
characterization is given by the standard deviation of the
EPSP readout trials, denoted as noise amplitude Ap. The
relationship between synapse amplitude and noise amplitude is
well-approximated by a power law with exponent about 0.38
[12], [18]. Since Ay is related by a power law to the mean
EPSP amplitude, x, which is itself strongly correlated with the
synapse volume, V, we formulate the following relationship:

|4 z \“
S

where V,, is a normalization constant, the volume of a synapse
with SNR one. Although existing experimental measurements
support (1), they are not sufficient to establish the value of
the exponent, a. Determination of o would specify part of
the cost, V(z), of the input letter z. This establishes the
physicomathematical model of synapses in terms of channel



input alphabet X', the single-letter cost function b(z) = V(x)+
Vb, and a description of the channel noise by its moment A .

It seems reasonable that having a large memory capacity is
beneficial to an animal, so the overall objective function is to
achieve channel capacity per unit cost [19]. Since coding may
be very difficult to recognize experimentally without knowing
the codebook and would require in vivo experiments on a
single animal at a fixed time, we focus on characterizing more
readily observable quantities. It is known that the capacity-
achieving input distribution must be used by any code that
operates at capacity [20], so as to achieve shaping gain [21].

For our problem then, the decision variable for optimization
is the signaling scheme, described by the distribution of
synaptic strength across synapses, px (x) [22]. In an alternate
formulation, the decision variable may be the single-letter
cost function b(x) [23]. Note that constraints imposed by the
evolutionary process and by some biological mechanisms have
been implicitly incorporated. The basic structure of the system
has been assumed and the details are to be determined by the
optimization theory.

IV. NOISY SYNAPSES MAXIMIZE CAPACITY

Question 1 asked why synapses are noisy on average. By
the relationship between noisiness and small volume estab-
lished in (1), the question can be recast as the question of
why synapses are small on average. That is to say, why is
the average incurred cost B = E[b(X)] small. We deduce
optimal average synaptic weight and volume by maximizing
information storage capacity per unit volume. We want to
determine where on the capacity-cost function C'(B) should
signaling operate, finding the capacity per unit cost. As shown
by Verdu [19], the capacity per unit cost is given by

QZ:sup@: sup & 2)
B>0 B px (x) E[V(X) + ‘/0}

For concreteness and ease of exposition, assume that o = 2
in the weight/volume relationship (1) and that the noise is
Gaussian. The qualitative result and the general optimization
principle do not depend on this assumption; at the end of
this section, we argue that the conclusions hold for other
noise models. Information storage capacity per synapse for
the AWGN channel is given by [22]

1 X2
Csynapse = 5 In <1 + <A?\7>) 5 3

where (X?) is used to denote E[X?]. The quantity <jf22> is
the average SNR among synapses with respect to the channel
input and to the noise distributions. SNR for each synapse is
defined as the square of the mean EPSP amplitude divided by
the trial-to-trial variance of EPSP amplitude. Using (1), we
rewrite information storage capacity in terms of volume

Csynapse = %ln <1 + <V>) P 4

Vi

where (V') is the average synapse volume, E[V(X)], exclud-
ing the accessory volume.
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Dividing by the average cost of a synapse, the total storage
capacity of a unit volume of neural tissue is

Csynapse

B N
RS RETUGER (” vu>' ©)

Q:volume =

The location of the maximum of a curve drawn according
to (5) gives the normalized average volume, (V)/V,, that
provides the optimal storage capacity. By differential calculus,
we find that the optimal (V') satisfies the equation

=In <1+<“//>). (6)

v

(V)+Vo
) +V,

As would be expected, maximum information storage ca-
pacity per unit volume is achieved when the accessory volume
Vo is the smallest possible. In this regime, average synapse
volume (V) is much less than V;, and according to (1),
synapses should therefore be noisy. In reality, the accessory
volume 1} may not be infinitesimal as this could affect system
functionality adversely. As an example, reducing wiring vol-
ume increases conduction time delays and signal attenuation
[24]; in fact, delay and attenuation are optimized when the
wiring volume is of the same order as the volume of synapses
[25]. Since the increase in capacity achieved by reducing
accessory volume below V,, is not too large, it is reasonable
to think that the average synapse volume (V') is either less
than or of the order of V,. In either case, we arrive at the
conclusion that typical synapses should be noisy, in agreement
with experimental observations.

The advantage of having greater numbers of smaller
synapses is valid not only for the AWGN model, but also for
many reasonable noise and cost models, following from the
non-decreasing and concave downward nature of the capacity-
cost function [26]. Due to concavity, the slope (capacity/cost)
increases at lower costs. If there are no zero-cost symbols,
then the capacity per unit cost is maximized at the average
cost value where a line through the origin and tangent to the
capacity-cost function has its point of tangency. If there is a
zero-cost symbol, then the optimum is for zero average cost.
We have developed the following general optimization princi-
ple, provided that the accessory volume needed to support a
synapse is small.

Optimization Principle 1: To optimize information storage
capacity per unit volume of neural tissue, synapses should be
small and noisy on average.

V. OPTIMAL DISTRIBUTION OF SYNAPTIC STRENGTHS

Having established that synapses should be small and noisy
on average, we are interested in how volume and EPSP
amplitude should be distributed among synapses. The distri-
bution of synaptic weight addresses both Questions 2 and 3
because absent synapses are synapses with zero weight. In the
AWGN model, the capacity-achieving input distribution is also
Gaussian [22], however, it is not clear whether the prediction
from the AWGN model can be taken at face value.



Consider an alternative noise model, where the cost function
can be chosen arbitrarily and the synaptic weight is non-
negative, but still yields an exactly solvable optimization prob-
lem. Treating noise approximately, consider a set of discrete
synaptic states, with each state representing the range of
weights in the continuous distribution that could be confused
on retrieval due to noise. The difference in synaptic weight
between adjacent states is twice the noise amplitude 2A . We
are engaging in hard sphere packing rather than soft sphere
packing, hence the factor of 2. Each of these finite states is
viewed as an input symbol with associated volume cost.

The conversion of the noisy continuous-valued input chan-
nel into a zero-error, discrete-valued input channel is a conve-
nient approximation [27]. This approximation allows us to cal-
culate the e-capacity-cost, a generalization of the Kolmogorov
e-capacity, rather than the Shannon capacity. Since the con-
verted channel is noiseless, the maximum entropy method may
be used. By resorting to this e-capacity-cost approximation,
we do not wish to imply that synaptic weights in the brain
must vary in discrete steps, though arguments can be made to
support discrete capacity-achieving input distributions [6].

Consider a set of synaptic states, ¢, characterized by the
EPSP amplitudes, z;, and volume cost, b;, which includes both
the synapse volume and the accessory volume Vf. We want p;
to maximize information storage capacity per average volume
of a synapse:

— > pilnp;
Zpibi

The average synaptic volume cost B includes the accessory
volume, Vp, which was excluded from the definition of (V).

It is well-known that the maximum entropy distribution
takes a Gibbs form, therefore the optimal p; is

pi = % exp(—Ab;), 3

where Z = Y exp(—Ab;) is a normalization constant and the

CSyTL(lpSE _ Csynapse _

B B Epi [b(x)] a

(7

Lagrangian q:uantity A is specified implicitly. The capacity per
unit cost problem is solved by choosing A such that Z =1,
so (8) simplifies to p; = exp(—Ab;), where A is defined by
the condition Y p; = 1. This input distribution gives

Csynapse . )\sz exp(—)\bi) - )\ (9)
> b; exp(—Ab;) '

Now assume that synaptic state volume is distributed
equidistantly, b, = Vj + ¢2V,,. To allow comparison with
empirical measurements, we also derive an expression for the
average volume of actual synapses, i.e. states with ¢ > 0, and
excluding accessory volume, Vj, under the assumption.

<V>i>0 = qu' [b - VO} s

Q:volume - B

(10)

where we have defined a distribution on states ¢ > 0, ¢;, which
is the conditional probability of being in state ¢ given not in
state 0. This simplifies to

(V)iso = 2V, exp(AV)). (11)
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The optimal average volume of actual synapses increases with
the accessory volume. This result has an intuitive explanation:
once the big investment in wiring ({) has already been made,
it is advantageous to use large synapses with high SNR.

The ratio between the number of actual synapses and the
number of potential synapses is called the filling fraction, f.
In our model f is just the fraction of synapses in states ¢ > 0
and is

f=exp(=2AV,) =1 — exp(—=AVp). (12)

Just as before, information storage capacity increases mono-
tonically with decreasing accessory volume, so optimal infor-
mation storage is achieved when V; is as small as possible.
As seen from (12), in the small V limit, f is much less than
one. This prediction is qualitatively consistent with empirical
observations of sparse connectivity. In addition, most actual
synapses have volume 2V,,, and thus have SNR of order one,
(1). This prediction is in agreement with the empirically es-
tablished noisiness of typical synapses. Although local cortical
circuits are sparse and typical synapses are noisy, the filling
fraction is not infinitesimal. As discussed in the previous
section, system functionality would be adversely affected by
very small V. The condition that accessory wire volume is
of the order of synapse volume [25], implies that V,, ~ 1/,
meaning that information storage capacity of volume V,, is on
the order of one nat. This sets the filling fraction at a value
below 1/2 but not infinitesimal.

We can find the probability of synaptic states in terms of
the EPSP amplitude,

p; = exp (=\V,, (z;/AN)7). (13)
This converts to a density as
1 o
px(x) = A—exp(—)\V,, (x/AN)T), (14)
N

which we compare with experiment in Section VIL.

The explicit consideration of noise does not alter the result
that for V/V,, — 0 optimum information storage is achieved
by using mostly the ¢ = 0 state, with ¢ = 1 used with
exponentially low frequency. If V;, = 0, this type of problem
can be solved exactly [19], [28] and the information storage
capacity is maximized when, in addition to the zero cost
symbol, only one other symbol is chosen. If V[, > 0, however,
the problem of optimizing information storage capacity cannot
be solved easily, prompting us to pursue a reverse approach
discussed in the next section.

To summarize the results of this section, we state two further
general optimization principles.

Optimization Principle 2: To optimize information storage
capacity per unit volume, the filling fraction should be small,
an exponential with exponent determined by the SNR exponent
« and accessory volume V. Small filling fraction is equivalent
to sparse synaptic connectivity.

Optimization Principle 3: To optimize information storage
capacity per unit volume, although there will be many absent
synapses and numerous small synapses, there will also be
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Fig. 3.  Optimizing synaptic cost function calculated from EPSP mea-
surements. Synaptic cost function as a function of mean EPSP amplitude
calculated from (15) under assumption of optimal information storage. Each
data point represents a different synapse. The line shows a least squares fit
by a power law with exponent 0.48.

some large synapses, with synaptic efficacy distribution like
a stretched exponential.

VI. CALCULATION OF THE SYNAPTIC COST FUNCTION

Previously we used an e-capacity-cost approximation to
obtain a capacity-achieving input distribution. To move away
from this approximation, we apply optimality conditions from
measure matching [23]. The channel transition probability and
the channel input distribution can be measured experimentally
and used to determine the single-letter cost function for which
the system is operating at capacity-cost [23]. In particular, the
optimizing cost function is

b(x) = vD(pyx (-|[2)[lpy (-)) + o (15)

for some v > 0 and vy. Although this method inverts the
problem specification, it seems reasonable if we are not sure
of the channel input cost function (e.g. we do not know «). The
resulting cost function may then be examined for relevance to
the problem. Note that due to the arbitrary constants in (15),
the cost function will be optimizing for any accessory volume
Vo and normalization constant V,,.

We use the dataset from [12], where EPSPs were recorded
in several consecutive trials for each of 637 synapses from the
cortex of several young rats to calculate the optimizing cost
function. We rely on the assumption that information stored at
a synapse, x, can be identified with the mean EPSP amplitude.
Then, the conditional density, py|x (y|X = =), is estimated
for each synapse as the distribution of EPSP amplitude across
trials. The marginal density, py (y), is the distribution of EPSP
amplitude over all trials and synapses. By substituting these
estimated distributions into (15) we get a plug-in estimator of
the cost function, V' (), for each synapse (Figure 3). A power
law with exponent 0.48 provides a satisfactory fit.

In this section we provided a reverse characterization for
Optimization Principles 2 and 3. In fact we essentially assumed
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the results of Optimization Principles 2 and 3, and saw that the
cost function for which these principles hold falls neatly into
the power law cost function that we had initially formalized
as (1).

VII. THEORETICAL PREDICTIONS AND COMPARISON TO
EXPERIMENT

Now we compare the theoretical predictions with known
experimental facts and also suggest further experimental tests
of the theory. This is the final step in the scientific method.

By considering an AWGN channel model, we found that
information storage is optimized by synapses with average
volume given by the geometric mean of V,, and Vj. Although
storage capacity increases in the limit Vj; — 0, the conduction
time delay grows without bound. Although delay was not
explicitly considered in our performance metrics, it is certainly
an important issue. Since the minimum conduction time delay
is achieved when synaptic volume is of the order of the
accessory volume [24], [25], the average synaptic volume
should be less than or equal to V,,. Therefore, typical synapses
should be noisy, in agreement with experimental data where
the SNR is found to one or less.

We argued that optimal information storage requires sparse-
ness of synaptic connectivity and predicted a relationship
between the filling fraction and the relative volume occupied
by synapses and accessory volume. To make a quantitative
comparison with empirical observations, we use experimen-
tal data from a mouse cortical column. Potential synaptic
connectivity in a cortical column is all-to-all, so axons and
dendrites of any two neurons pass sufficiently close to each
other that they can be connected through local synaptogene-
sis. The fraction of potential synapses converted into actual
synapses in a mouse cortex is ~ 0.3. Taking f = 0.3, by
(12), we find 2\V, = —1In0.3 = 1.2 and we find that
AVo = —1In0.7 = 0.36. Then, the average volume of actual
synapse is of the same order as the accessory volume per actual
synapse Vy/ f, in agreement with experiment. A more detailed
calculation shows that actual synapse volume should be about
40% greater than accessory volume for an actual synapse.
In reality, accessory volume is greater than synapse volume.
This may be a consequence of minimizing conduction delays.
Hopefully, an optimization framework combining conduction
delays and information storage capacity will emerge in the
future.

We predicted that synaptic volume should follow an expo-
nential distribution with parameter \. This prediction can be
tested experimentally by measuring the volume of spine heads
and boutons in cortical neuropil through imaging experiments.
If the filling fraction in the same neuropil is measured, the
theory can be tested in a way that involves no parameter fitting.

In Section V, we predicted the distribution of synaptic
weight for arbitrary values of the volume-SNR exponent
(13), which can be compared to the experimentally observed
synaptic weight distribution obtained in neocortical layer 5
neurons [12]. By performing a least squares fit of the logarithm
of the EPSP distribution we find that the distribution is a



stretched exponential with exponent 0.49. Recall that a least
squares fit of Ay as a function of mean EPSP amplitude yields
a power law with exponent 0.38. Hence, 2/Ax ~ 2°-%2, and
from (13), o = 0.49/0.62 = 0.79.

In Section VI, we had established a link from the distribu-
tion of synaptic weights and noise statistics to the synaptic cost
function. The best power-law fit to the points in Figure 3 yields
a sublinear cost function with power law exponent ~ 0.48.
Recalling that 2/Ayx ~ 2062, we find that o = 0.48/0.62 =
0.77. This estimate is consistent with that obtained from
the discrete states model in the previous paragraph, thus
validating the use of that model to approximate the continuous
distribution of synaptic weights. The prediction of o can be
tested directly by measuring the relationship between synaptic
volume and weight through a joint imaging—electrophysiology
experiment and would be a major test of our theory.

VIII. CONCLUSION

We have applied information theoretic characterizations of
optimal information storage to generate a unified theory of
structural characteristics of the mammalian brain. The main
tool used was that the distribution of synaptic strengths should
be the capacity-achieving input distribution for the neural
memory channel. The predictions and explanations are of a
purely informational and physical nature; specific implemen-
tation issues such as error control codes or neural networks
have been abstracted. Independent of the coding mechanism,
however, the predictions and explanations that we make are
required for optimal performance.

One might wonder how robust the prediction of a capacity-
achieving input distribution is and whether a distribution
close to the optimal has good performance. Since the space
of distributions is not compact and information is not a
continuous functional, it is not clear that a distribution close to
the capacity achieving one achieves mutual information close
to capacity. Nevertheless this is true under sufficiently broad
assumptions [29]. Similarly, it can be shown that if the true
cost function is close to the optimizing cost function, then
system performance is close to optimal [7]. Thus predictions
from the optimization principles are robust to uncertainty.
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