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Abstract— There are several applications in information trans- other applications, however, the underlying distribution is not
fer and storage where the order of source letters is irrelevant known. The underlying distribution to be estimated interacts
at the destination. For these source-destination pairsmultiset ity measurement noise to produce a composite source with
communication rather than the more difficult task of sequence L . . .
communicationmay be performed. In this work, we study uni- unknown side |nf<.)rmat|on.. Hence, we are also interested in
versal multiset communication. For classes of countable-alphabet What can be achieved universally and what cannot. In this
sources that meet Kieffer's condition for sequence communica- short paper, first we review lossless coding results. Then we
tion, we present a scheme that universally achieves a rate of present some universal achievability results and also some
n + o(n) bits per multiset letter for multiset communication. agts that show that there are no universal schemes that

We also define redundancy measures that are normalized by the hi bitraril I redund . i that
logarithm of the multiset size rather than per multiset letter achieve arbitrarily small redundancy In a stronger sense tha

and show that these redundancy measures cannot be driven to W€ defim_a:
zero for the class of finite-alphabet memoryless multisets. This  In addition to the standard uses of parentheses such as for

further implies that finite-alphabet memoryless multisets cannot  arguments of functions, we also use parentheses and braces to
be encoded universally with vanishing fractional redundancy. gjstinguish between sequences and multisets. For the ordered
sequence that is often denotéd®, we also write(X;)" ;.

) ) o When these: symbols are taken as an unordered multiset, we
When storing a collection of music in a portable medig, o (X,
1 =

2 ) X * ;. In both cases, the limits 1 andare sometimes
player, music files can be stored in any arbitrary ordejmiyeq. we also use standard asymptotic notation suek-as

without causing change to the collection. The playlist (ord%rnd O(-) [11]. All logarithms are binary.
permutation) is distinct from the songs themselves (value
multiset), which are all that are usually needed. Similar t§. L OSSLESSMULTISET CODING: KNOWN DISTRIBUTION
multimedia databases, the order invariance property also hold$n a source sequence, the order information (permutation)
for databases of financial transactions, telephone records Hid value information (multiset) can be separated as nonlinear
and scientific data. The permutation invariance also appliesttansform coefficients. When the sequence is i.i.d., the order
human memory, where order does not affect recognition @nd value are independent [10], [12], seen either through
recall performance [2]. informational manipulations or as a comsequence of Basu'’s
If a sample consists of independent observations from thtieeorem on sufficient statistics [13]. Since order information
same distribution, then associated minimum variance unbiasgdrrelevant to multiset communication, we need not discuss
estimators are symmetric in the observations [3]. Therefoitefurther; our problem reduces to compressing value infor-
when coding for estimation, the multiset of observationsation. For discrete alphabets, the only information that we
(rather than the sequence of observations) is all that needdpe interested in preserving is the type class of the source
represented, cf. [4]. Moving beyond the point-to-point caseequence, also known variously as the histogram, the empirical
in distributed inference, particle-based [5], [6] and kernettistribution, and the composition class.
based [7], [8] representations of densities must often g\e
communicated. As '

I. INTRODUCTION

Finite Alphabets

Since a multiset of samplgs; } can be cast as a superletter
pla) =Y ¢@—2)=> ¢(x— ) drawn from an alphabet of multisets, the lossless block-to-
@ @ variable source coding theorem [14] applies and gives the
for any permutationr(-), the multiset of representation coef-asymptotically tight entropy lower bound on the rate required
ficients {x;} may be communicated rather than the sequents representation. If the samples in the multiset are drawn
of these valuesgz;). i.i.d., then the distribution of types is given by a multino-
In previous work we looked at several source codingpial distribution. For a multiset with Bernoulli elements,
problems associated with the communication of multiset¢e can use the de Moivre approximation of the binomial,
when the underlying source distribution is known [9], [10}V (n8,n6 (1 — 6)) evaluated at the integers [15, pp. 243—
Most prominently in estimation and inference but also iA59], and the associated high rate approximation of Gaussian

entropy with interval size 1 to get
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The o(1) term may be obtained by analytic information Noting the fact that the dictionam is independent of the
theory methods [16]. Similarly, a Gaussian approximation tarder of the patternJ(¥), we establish that

multinomial distributions W)I:h Ilarger alphabet siz&| yields nlin(}o %H(A‘(%)?ﬂ) _ ,}LH;O %H(A‘J((%)?:l)’ (W)
XY = B g o), ) =i LA (W)
for constantK that depends on the source parameters. Again .

: " : where the first step follows since the order and type of
theo(1) term may be determined by analytic information theo'attern determine the pattern, and the second step is due to

retic means. For arpltrary pI’ObabI|IStIC. generation of mums{gtdependence. The result [11, Theorem 9] shows that for all
elements, we can find an alphabet-size upper bound to (Ple

entroby by enumerating the tvpe classes: IScrete finite-entropy stationary processes, the asymptotic per-
Py by 9 yp ' letter values ofH ((¥;))) and H((X;)) are equal. Hence,
Xl -1
# () <tog (" TIY ) < i, lim LH(A | ()) =0,
|X| —1 n—00
Defining the entropy rate of the multiset as, and so

H(X) = lim %H (X)),

lim LH(A | {¥:}7) =0,

This implies thati (A|{¥;}) is o(n) and yields the following

we readily see thaf7(X) = 0 for any source distribution. theorem.

In fact this result is the foundation of Fitingof’s universal Theorem 1:The entropy rate of a multiset generated by a
sequence coding scheme [17]. Although memoryless sourckscrete finite-entropy stationary process and the entropy rate
and sources with equiprobable types both require zero radé,ts pattern coincide:

there is clearly a difference between these requirements; we

will examine the distinction in more detail in later sections. . H(X) = H(%). . .
Computing the entropy rate of the multiset or equivalently
B. Countable Alphabets of the pattern of the multiset can be difficult. See [19] and

té@ferences therein for a discussion on computing the entropy
ﬁﬁé:)atterns; the entropy computation for patterns of multisets
lﬁaclosely related.

The previous discussion has dealt with the entropy of fini
alphabet multisets, but what about countable alphabets?
enumeration of types does not yield a sublinear upper bou
on the entropy. To see what happens, we invoke a sequence I11. UNIVERSAL ACHIEVABILITY
decomposition not dissimilar to the decomposition into order In this section, we propose a source coding scheme that

and value. A sequence may be decomposed ird@@onary,  ,chieves some degree of compression for all members of a
A, and apattern (¥;), where the dictionary specifies whichg, .o class at the same time. We will not compare to the

letters from -t-he countablg alphabet have appeared and gﬁ?ropy bound, holding off detailed discussion of redundancy
pattern specifies the order in which these letters have appeaﬁﬁgl Section IV.

[18]. For a sequencer;), dictionary entrydy, (from X) is the

. . Consider classes of countable-alphabet i.i.d. sources that
kth distinct letter in the sequence and pattern engtyy(from

4y - . _ : meet Kieffer's condition for universal encodability for the
Z7T) is the dictionary index of théth letter in the SequeNce. soqence representation problem [20], [21]. For these source
Note that the type of a pattern, denoted {&B;}, and the classes, the redundancy for encodifl,)?_, is o(n). We

pattern of a multiset are the_same. It can be seen that a multigel, jate a universal scheme for the multiset representation
is determined byA and {W;}; the order of the pattern/(¥), ,rohlem and demonstrate an achievability result, making use

is not needed. _ of the dictionary-pattern decomposition.
Based on [11], we show that the entropy rate of a multiset o \e saw in Section II, a multiset can be represented as the

generated by a discrete finite-entropy stationary process anf atenation of the pattern of the multiset and the dictionary.
the entropy rate of its pattern are equal. First note that & sider the rate requirements of these two parts separately.
dictionary of a sequence and the dictionary of its associatgfls; |et us bound the rate that is required to represent the
multiset are the same; we use to signify either one. Sinceé yayem of the multiset or the type of the pattern. We can
{Xi} determines{¥;} and since giver{V;}, there is a one- e yse of the fact that there a8 types of patterns.
to-one correspondence betwegh; } and A, This enumeration follows because the types are sequences
H{X:}) = H{U,)) + H{X:} | {I)) of positive integers that. sum to. These_ can appear in any
— H{U)) + H(A | {9:}) order, thus we are counting ordered patrtitions. It is well known
' v that there ar@”~! ordered partitions, which can be seen as
If we can show thatd (A|{W¥,}) is o(n), then it will follow determining arrangements of— 1 possible separations of
that the entropy rate of the multisel{(X), is equal to the Pplaces. Thus the rate requirement for an enumerative universal
entropy rate of the pattern of the multiset scheme representing the type of pattermis 1 bits.
o . Now to determine the rate requirement of the dictionary
H(¥) = Tim S H{Wi}L,). given the type of pattern. If the underlying distribution were



known, we saw in Theorem 1 th& (A[{¥;}" ) is o(n). It when the limit exists. The log-blocklength normalized infor-
was shown in [18], that there is @¥(,/n) upper bound on the mation rate is defined to be

pattern redundancy, independent&f. Since this is sublinear, N . I(Ze)

the asymptotic per-letter redundancy in coding a class of 3(3;0) = nhjgo W

sequence$X;)" ; from a countable alphabet coincides with o

the asymptotic per-letter redundancy in coding the dictiona\‘\men the limit exists.

given the pattern. Since we are considering a class that meet5C" @ sequence of source codgs the average codeword
Kieffer's condition, we find the redundancy in coding thd€ngths are

dictionary given the pattern is(n). This also carries over to Con = szfb (21, -y 20)l(21, -y 2n)s

coding the dictionary given the pattern of the multiset, due to Zn

the independence between dictionary and order of pattern that N .
we had promulgated in Section II. Since ba#{A[{W,}",) w%ereé( ) is the length of the codeword assigned to the source

and the redundancy in coding the dictionary aiven the atterreiglalizationz? and Z is the source alphabet. Shannon’s fixed-
y 9 Y9 Patlelllvariable source coding theorem [14] establishes that there

of the multiset are(n), the total rate requirement for coding__ . ; .
o . S exists a sequence of source codes that satisfy the following
the dictionary given the pattern of the multisetoig:). . " .
nequalities for alln:

Adding together the rate requirements for the two par%s
yields the following achievability theorem. H(Z}) < Cypn < H(ZV)+1.
Theorem 2:Consider any i.i.d. source class that is univerD. iding throuah byl ields
sally encodable, then the multiséX;}” ; can be encoded viding ugh bylog(n) yi
with n + o(n) bits. H(Z}) < Con < H(ZM) +1
Proof: A representation consists of the concatenation of log(n) ~ log(n) — log(n)
the type of pattern and the dictionary given the type of patterfy,ing the limit of large blocklength, we see that there is a

The first part requires — 1 bits. The second part requireg:) sequence of source codes that achigd).
bits. The total rate is then + o(n). [

The rate requirement is universally reduced friimoo) bits B. Log-Blocklength Normalized Redundancy Measures

per multiset letter for the sequence problem ltcfor the We define the redundancy of a source codg,, as the

multiset problem. excess average codeword length that is required over the
minimum H(Z7}):

IV. UNATTAINABILITY OF ZERO REDUNDANCY
- . T(z,‘n:ngn—H(Z{L).
For finite alphabets, we showed that the entropy rate is ’ '

zero for any source and that if we simply enumerate thHénally, we define the log-blocklength normalized redundancy
type classes, this requires zero rate asymptotically per multiséta sequence of source codes to be

letter. Hence such a universal scheme requires zero rate for Tom Cyn — H(ZP)
any source. If we take a finer look at the asymptotic rate, nan;o o ’n) = nhféo 710 0
normalizing by the logarithm of the multiset size rather than & c &

by the multiset size, we see that there is a distinction between = lim —=®" _ 9(3)
zero and zero. In this section, we define new information n—o0 log(n)

and redundancy measures. We will find that zero-redundancy 2 Cy — H(3).

universal coding of multisets inot possible with respect to
the class of memoryless multisets, using the more string
redundancy requirement.

= the manipulations of the source coding theorem that we had
made previously, we know that there is a sequence of codes
with € = 0. The code used to develop the upper bound in the

A. Log-Blocklength Normalized Information Measures source coding theorem, however, requires that(z1, . . . , zn)

_— is known. Now we define performance measures for source
We formulate several definitions and extend the source .. o .

. - , ¢oding for a class of source distributions, rather than just a
coding theorems to these definitions. We define the lo

blocklength normalized entropy rate to be gi'ngle source distribution.
9 Py The definitions that we make parallel those of [22]. Suppose

H(ZY) that the source distribution is chosen from a class that is
H@3) = nh—>H;o log(n) parameterized byp € 7. For eachd, there is a conditional
- . - distribution
when the limit exists. The conditional entropy of a ran-
dom vectorZ?* given another random variable is denoted p(z]' | 0) =Pr[Z] =27 | © =40].

H(Z}©). _The _Iog-blocklength normalized conditional M The parametef is fixed but unknown, when generating the
tropy rate is defined to be

source realization. Moreover, there may be a distribution on
310)= 1 H(Z? | ©) this parameterpg (0). Let ®,, be the set of all uniquely deci-
H310)= e log(n) pherable codes of lengthh Then, the average log-blocklength



normalized redundancy of a code € ¢, for the class of A necessary and sufficient condition for the existence of

sources described o (9) is weighted log-blocklength normalized universal codes is that
’I"¢ n ) . I(Z"' @)
Lpn = ’ 0) de. * = * = 2\ P
on(pe) /log(n)pe( ) £*(pe) nll—>Ir<>lo £, (po) nh—)rrolo log(n)
’ —3(Z;0) =0
. ‘I;jhe (;nm:jmumn_th order average log-blocklength normal- Proof: Minor modification of [22, Theorem 2]. ]
Iz€d redundancy IS Theorem 4 can be extended to conditions for minimax and
L:(pe) = inf Ly.(pe). maximin log-blocklength normalized universality and also can

g be strengthened by suitable modification of theorems in [23],
Finally, the minimum average log-blocklength normalize{4].
redundancy is .
D. Class of Memoryless Multisets
_ Consider the class of memoryless, binary multisets. The
If £*(pe) = 0, then a sequence of codes that achieve th@rametep is the Bernoulli trial parameter. Now suppose that
limit are calledweighted log-blocklength normalized universalthere is a distribution over the parameter spas®) < T that
Now let T be the set of all pI’Obablllty d|Str|bUt|0nS defined Oris uniform Over[o7 1] This gives a mixed source where all type
the alphabet". Then thenth order maximin log-blocklength c|asses are equiprobable, as seen now. Let the realizations of

L*(pe) = Jim L, (pe)

normalized redundancy df is {X;}_, be expressed ase {0,...,n}, the number of ones.
L = sup L (qe). 1
qe €T
Xilie1 ==z :/ o(0) Pri{X;}iu, =z | © = 0] db,
If it exists, then the maximin log-blocklength normalized PXis ) , 4o(0) Pri{Xifiy | ]

redundancy is

£ = lim L. wheregeo (6) simply equals one over the range of integration,
n—eo andPr[{X;}", = z|© = 6] is given by a binomial distribu-
If £~ = 0, then a sequence of codes that achieve the lintibn:

are calledmaximin log-blocklength normalized univers@he n
nth order minimax log-blocklength normalized redundancy of ~ Pr[{Xi}i-, =2 [© =10] = <Z>92(1 —0)" .
T is

L} = inf sup Tgn(0) So,
s, ger log(n) 1
and the minimax log-blocklength normalized redundancy of p({X;}" , =z2) = / (n> 6°(1— 0)"~* do
Tis o
LT = lim L},

1
If £+ =0, then a sequence of codes that achieve the limit are z 14mn
called minimax log-blocklength normalized universal where the beta functioB(-,-) is used. As we can see, the

result is that the type classes are equiprobable. Since the

C. Redundancy-Capacity Theorems ) N
) , , types are equiprobable, the entropf({X;}? ) is just the
The senses of universality that we define obey an orderigg,, meration of the types:

relation.
Theorem 3:The several log-normalized redundancy quan- g1 x,1m ) — log <n +]X] - 1) ~log(n 1 1),

tities satisfy |X|—1
Ly >L, > L (pe) The entropy conditioned o® = 6 is given by (1), in which
and we can specify the(1) term as in [16] with given constants
LT > L7 > L5(po). ax, and so the conditional entropy is
Proof: Minor modification of [22, Theorem 1]. ]

Armed with definitions and relations among several notions H{X:}i, 1©) = /H({Xi}?zl | 0)ge(0) db
of log-blocklength normalized universality, we now study
when_it is possible to achieve gn_iversality._ We give a theorem _ / %log (2rend(1 — 6)) + Z arn™" | ge(0) d9
that gives a necessary and sufficient condition on the existence =
of weighted log-blocklength normalized universal codes. -

Theorem 4:The minimum nth order average log- = 1log(n) +Zn*k/akq@(0) do
blocklength normalized redundancy is bounded as k>1
1(Z1;0) < L% (po) < 1(Z1;0) 1 +/%1og(27re9(1—9))q@(9)d9.
log(n) log(n)  log(n)
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