
ANNALS OF PHYSICS: 36, 271-313 (1965) 

Radiative Level Shifts, I. Formulation and Lowest Order 
Lamb Shift* 

GLEN W. ERICKSON? 

Courant Institute of Mathematical Sciences, New Z70rk University, Sew York, Xeur I’ork 

AND 

DONALD R. YENNIE~ 

School of Physics, University of Minnesota, Minneapolis, Minnesota 

In a series of papers, we shall develop and apply formal operator techniques 
for radiative level shift calculations. This first paper is concerned with t,he gen- 
eral formulation of the method and it,s application to the evaluation of t,he lon- 
est order Lamb shift. An effort. has been made to keep it pedagogically coherent, 
and a detailed review of the various theoretical contributions and comparison 
with experiment has been included. 

I. 1NTROI)UCTION 

Since the experimental discovery of the Lamb shift in 1947 (1) and t,he very 
accurate measurements of the hyperfine structure in hydrogen (a), the theoret’i- 
cal calculation of radiative corrections to bound stat’e energy levels has under- 
gone constant refinement, both in the sophistication of the approach and t,he 
degree of accuracy attained (S-5). In fact, to workers on this type of problem, 
it is quite obvious that increased sophistication is necessary in the progress t#o- 
ward greater accuracy. Analytical techniques that are adequate barely to attain 
a given degree of approximation are generally hopelessly cumbersome at the 
next level of approximation. 

The dimensionless parameters which one encounters in the calculation of the 
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272 ERICKSON AND YENNIE 

Lamb shift are the fine structure constant (Y, the strength of the Coulomb po- 
tential ZLY, the ratio of electron and nuclear masses m/M, and the ratio of nu- 
clear and atomic sizes, R/a0 . In the present paper, we shall be concerned with 
the calculation of the one photon contributions to the Lamb shift (one power 
of a) as a function of Zol, with the nucleus treated as a fixed Coulomb potential 
( VZ/M + 0 and R/a,, -+ 0). The two photon contributions (6-8) and the effects 
of a finite nucleus (9, 10) have been calculated previously to sufficient accuracy 
for the experiments. 

In most of the early work, and in the present work as well, one is int,erested in 
the level shifts in light nuclei, and hence the Lamb shift is expanded in a series 
whose terms are successively smaller for small Za. Unlike the unshifted energy 
levels themselves, this is not simply a power series in (.&x)~, but is found to take 
the form 

AE, = $$amc’ ([C~I In (Za)-’ + CJ(ZY)~ + C&&)” 
(1.1) 

+ [C6, ln’ (Za)-* + C61 In (ZCX)-” + C601 (2,)” + . . . ). 

The main dependence on the quantum numbers of the state is given by S10/n3 
since, except for small “state-dependent” parts of C40, Gr, and Go, the co- 
efficients in ( 1.1) are independent of the principal quantum number n and vanish 
for orbital angular momentum quantum number I # 0. In this and the following 
paper, we calculate a dominant part of C60 and the complete state-dependence 
of Cel and verify previous calculations of the lower order coefficients C41 , C40 , 
C5, and Co2 and of the n = 1, 2 parts of C61 . Another purpose of the present’ work 
is to give a clear exposition of the origin of the various terms and an indication 
of how one could, in principle, proceed systematically to higher orders. 

The earliest calculations (3) were concerned with the lowest order terms, C,o 
and C1l . The logarithmic dependence on Za and the major part of Cd0 can be 
relat,ed to the logarithmic infrared divergence which occurs in the scattering of 
an electron. In the bound state problem there is not an actual divergence because 
the emission and absorption of very soft virtual photons is suppressed by the 
binding effects. However, the earliest treatments of this infrared divergent be- 
havior introduced complications. In some cases, the calculation had to be split 
into various parts, each of which was separately infrared divergent and had to be 
regulated by introducing a photon mass X, which ultimately cancelled out. In 
other cases, the region of the virtual photon energy was split into a soft and a 
hard part which were treated by separate approximations; when added, the 
upper cutoff on the soft part cancelled the lower cutoff of the hard part. The 
actual calculation of C41 can be done analytically; it yields simply 

c41 = 610 . (1.2) 
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RADIATIVE LEVEL SHIFTS I 273 

A large part of the ChO term may also be calculated analytically, but a complete 
evaluation requires numerical calculation of the so-called Bethe sum (3, 11). 

The lowest order contributions arise entirely from nonrelativistic intermediate 
states, so the earliest calculations made nonrelativistic approximations at the 
earliest possible stage. The next task was t,o calculate Cc terms. These terms have 
a relativistic origin; i.e., they arise from intermediate states in which the electron 
has relativistic momentum (of order 17~) or is closer to the nucleus than an elec- 
tron Compton wavelength. Their evaluation required a more careful and de- 
tailed formulatJion of the problem. Karplus, Klein, and Schwinger (4) (herein- 
after referred to as KKS) calculated the energy shift by using formal operator 
techniques to evaluate the mass operator in the bound state. Baranger, Bet’he 
and Feynman (4), in order to use techniques developed by Feynman for scatter- 
ing problems, separated the energy shift into parts which were sepamt.ely in- 
frared divergent and later recombined them. Neither of these met,hods was par- 
tdcularly st,raightforward, and they have not been extended to higher orders. 
The result for Cs is 

C, = 37r[l + l%zs - >Qn 2 + >i921. (1.3) 

In an attempt to find a more direct method of expanding the Lamb shift in 
powers of ZQ, Fried and Yennie (I.%?) expanded the electron propagator part of 
the mass operator in powers of the potential. The method was not as convenient 
as had been hoped, for in each term of the expansion a spurious contribution 
of too low an order appeared. These could be eliminated by proper choice of the 
photon gauge, but the method still proved rather cumbersome. n’evertheless, it, 
was possible to calculate the coefficient (5) 

C62 = -9i. (1.4) 

Work along a similar line was pursued by Layzer (5), who showed that the non- 
analyt’ic terms in (Zcr)’ (such as In(G)-’ terms or ones which are odd powers of 
2,) could be picked out rather straightforwardly. He was able to obtain both 
Cs? and 

17 In 2 - 7%~ l&pj, 

CSl = ( 
4 In 2 + ‘9&, 2&,2 1 

10%40 

i 2x40 2Pw) 

(1.3) 

The aim of the present work is to reduce the Lamb shift operator systematically 
to parts each of which contributes only to a single term in (1.1). The general 
reduction resembles that of KKS (4) most closely, but the detailed techniques 
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274 ERICKSON AND YENNIE 

are somewhat different in that KKS expressed the electron and photon propa- 
gators as integrals of exponentials and used operator tricks involving products of 
exponentials, while we leave the propagators as denominators and use operator 
tricks involving products of operators in numerators and denominators. The 
initial st,eps of our reduction are then quite in parallel to Feynman’s treatment 
of mass renormalization (3). As terms of each order are extracted, the residues 
of course become lengthier and more complicated. However, the present method 
apparently is more compact than previous methods, permitting easier identifica- 
tion of the terms of each order. 

In a calculation such as this one, there are different procedures for expanding 
the original Lamb shift operator so as to leave residues of higher and higher 
order. Basically one tries to make an expansion which is a power series in the 
ratio of a small operator to a large one. But since the operators we deal with are 
all unbounded, the meaning of the terms large and small vary with the situation, 
which usually emphasizes one of two different regions. The nonrelativistic region 
is characterized by energies of the order of the binding energy < = (.Zc~)~rnc~/ 
2n2 and distances of t’he order of the Bohr radius a0 = fi/Zamc, while the relati- 
vistic region is characterized by energies of the order of the rest energy mc2 and 
distances of order of the electron Compton wavelength h/me. The effective order 
of magnitude of a given operator depends on which region is more important in 
each given situation, and in general, as the expansions are made, the contribu- 
tions shift back and forth between the two regions. In trying to keep the calcu- 
lation simple, one guiding principle we have followed is to avoid false expan- 
sions, i.e., expansions which leave a residue of the same order. A straightforward 
expansion in powers of V is such a false expansion in nonrelativistic situations 
since t)he essential expansion parameter mV/(p” + 2me) is then of order unity. 
Our guiding principle may be modified whenever it leads to a structure which is 
unnecessarily awkward to handle; but, in general, the requirement of simplicity 
seems to be satisfied by avoiding false expansions. 

A careful consideration of the orders of magnitude involved in the various 
regions enables us to locate higher order terms in a straightforward manner. 
In this way, we can determine the terms contributing to Cso, the most important 
coefficient after those already listed here. Although its exact calculation would 
require the numerical calculation of terms like the Bethe sum in COO, a good 
estimate is obtained from certain leading terms which are found to dominate 
the result. The present experimental accuracy does not seem to warrant the 
massive program required to complete the calculation of C& . 

There is a brief pedagogical point which should be mentioned. The most direct 
previous derivation of the lowest order terms in ( 1.1 ), that of KKS (d), seems 
to have been largely overlooked by the textbooks since it was embedded in a 
calculation of the higher order coefficient C’s . The present derivation is more 
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direct, in t,hat, the exponentiation of KKS is avoided, although a X integration is 
retained and a symmetric insertion notation introduced to make the higher order 
calculation more tractable than it would be in a derivation devoted to the minimi- 
zation of the path to the lowest’ order results. We have, however, made every 
effort, to arrange this paper so t’hat it will be comprehensible to those readers 
interested in the Lamb shift calculation ah a “textbook” level as well as to those 
wishing to understand the higher order corrections. To this end, we have left the 
higher order calculations to the second paper, and have also set off in square 
brackets cert,ain passages which can be skipped without confusion. 

The material to be discussed in this series of papers has been split up in the 
following way. The present paper (I) gives t’he initial considerations in the re- 
duction of the level shift operator in Section II, t’he evaluat’ion of the lowest 
order contributions to the Lamb shift in Section III, and a discussion of the 
present status of theory and experiment in Section IV. Paper II (13) treats the 
higher order corrections in detail. Section V gives a general discussion of the 
order of magnitude of different terms, and terms cont’ributing to the coefficients 
listed in i 1 .l) are identified in Section VI and Section VII, and the complete 
higher order calculat’ion is summarized in Section VIII. Paper III (l/t) applies 
the same techniques to the hyperfine structure calculation, starting with the 
results of Section II of the present paper. 

II. PRELIMINARY DECOMPOSITION 

Quantum electrodynamics leads in lowest order to two types of radiative 
corrections to the energy levels of an elect’ron bound in an external electromag- 
netic pot,ential. These are illustrated graphically in Fig. 1. The uacuu)n pohri- 
z&on contribution corresponding to Fig. I (a) has been comput,ed in detail (15) 
and will not be discussed here, except that the results are included in the final 
formulas. In t#he present work, we are int’erested in the dominant self-energy 

contribution of Fig. 1 (b) along with its associated mass correct,ion Fig. l(c). 
Our starting point is the formal expression for the energy shift in the state 

\,n) : 

Aside from the factor (n - k - 112)-l, which represents the electron propagator 
in the external pot’ent’ial in operator form, the meaning of the symbols is gcner- 
ally familiar; notation will be presented in greater det’ail below. Actually, this 
expression gives a complex result, for AE, . It is understood that the denomina- 
tors in the integral each have a small positive imaginary part; the resulting 
imaginary part of AE, represents the decay rate of the state In) through photon 
emission. The complex energy shift then gives us the location of a pole in the 
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(a) 

(b) (c) 
FIG. 1. Feynman graphs representing lowest order contributions to radiative level shifts. 

complex energy plane corresponding to a resonance in photon scattering from 
the hydrogen atom. The Lamb shift refers to the real part of the shift. Further 
discussion of the relationship of the complex energy shift to an actual experi- 
mental measurement of the shift is contained in a paper by F. Low (16). 

The purpose of our study is to reduce this formal expression to an expansion 
of the form (1.1). This will prove to be a rather involved procedure since II is 
an unbounded operator and hence cannot be assigned any definite order of 
magnitude. Nevertheless, our reduction procedure can frequently be guided by 
assigning orders of magnitude in certain situations. For example, if we know 
that a certain contribution is dominated by the nonrelativistic region of electron 
integration, we estimate its order of magnitude by making the “nominal” order 
of magnitude assignments 

p = 0 (ZcYmc) 

V = 0 (Z’~‘mc”) 
(nonrelativistic). (2.2) 

where p and V are respectively the momentum and potential operators. On the 
other hand, if we know that it is the small distance or high moment’um region of 
electron integration which is more important, we say we are in the relativistic 
region and make the order estimates 

p = 0 (me) 

v = 0 (Zamc2). 
(relativistic) (2.3) 
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Although these estimates are usually reliable, it is to be emphasized t’hat they 
are only a qualitative guide and their validity must always be verified by a more 
careful calculation. 

NOTATIOS 

The bound state in) satisfies the Dirac equation’ 

(n - m)ln) = 0 and (n i(Il - in) = 0 (2.4j 

where (n ( represents the Dirac adjoint vector (in t’he usual notat,ion (r~ 1 = 
$~~+/3 = $,&) rather than the Hermitian conjugate vector. The “mechanical” 
momentum IF‘ is t’he gauge invariant combination 

n” = (p” - PA”‘) (2%) 

where d’ is the external electromagnetic l)otent~ial 

A”(x) = (P(X), A(x)) (2.5b) 
and 

p” = (&,p). (IL%!) 

E, is t’he total energy of the state in); in terms of the binding energy en (reckoned 
positive), it is 

E, = ?)I, - tn . (2.5d) 

It should be kept in mind that n” depends on the state (1~) t’hrough its energy. 
The matrix element occurring in the integral of (2.1) is a short)hand for cx- 

pressions that could be written out more explicitly in the coordinate or momen- 
tum representat,ions 

1 The charge and mass of the electron are e and m, and natural rationalized units are 
used, so h = c = 1 and a! = e’J/4&c = l/137. The Dirac matrices are defined by yp = (ya , 
y) = (a, @), so they satisfy the anticommutation relations ( yp , y.) = 2g,, , where the metric 
guu has only diagonal elements (+l, - 1, - 1, - 1). Repeated Greek indices are summed from 
0 to 3, Latin indices from 1 to 3. Scalar products are denoted by A.u = grUBrBv = ~,l,,HO 
- A.B for two four-vectors, Au = (.4 o , A), and by A = y.A = gp.-pAY = y0A0 - y.A for 
a four-vector and t,he Dirac matrices. We define the antisymmetric Dirac tensor [r~, yy] 
3 2ia~u, which will be coupled to the commutator [II, , II.] = -ieF,, , where F,, = a,A, 
- a,‘t, is the electromagnetic field tensor. Since II is not available in boldface italics, we 
will use the special notation II = 7.B = Jo - eA and will not use II as a three-vector ex- 
cept as II, or p - eA. 
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where the wave functions in either representation are displayed explicitly. In 
the coordinate representation, the electron propagation from x’ to x is given by 

(xi l 
II-k-m 

~ x’) = eik’= <I 1 ’ 
II - yo ko - na 

1 Xt> e-ik’r’e (2.6~) 

The right side of this equation is seen to be plane wave factors representing the 
emission and absorption of the photon times the usual propagator of an electron 
of energy E, - ko from x’ to x in an external field. Corresponding remarks could 
be made about the propagator in the momentum representation. The propagator 
could be evaluated as a power series in the potential in either representation by 
using 

1 1 1 1 
n-k-v*,=*-k-m-tp-k-llteA*-k-?n~.... (2.7) 

However, this suffers from the disadvantage of destroying gauge invariance term 
by term and it does not lead in a straightforward way to an expansion in powers 
of ZCX (5, 12). We shall avoid this expansion in our initial reduction and employ 
it only at the last stages of calculation where it either gives a legitimate expan- 
sion of the type (1.1) or is unavoidable. 

We now proceed to the reduction of (2.1). As far as possible, we will use the 
same methods as would be used in the calculation of the self-energy of a free 
particle. Among other things, this will facilitate the identification of the part of 
the self-energy associated with the mass renormalization. In addit’ion it seems 
to be the best way to avoid spurious expansions in the initial steps of the reduc- 
tion. As a preliminary step, we regularize the photon propagator, 

1 
- = lim 

C 

1 
- k2 .,-cc k2 (2.8) 

so that later manipulations of the k integrations will be valid. Next,, the bound 
electron propagator is formally rationalized, 

1 n-k+m n-k+m = 
II - k - vn (n - k)2 - m2 = k2 - 21c.n + II2 - vu2 

(2.9) 

and the resulting denominator is combined in the usual way with the regularized 
photon propagator, 

-1 1 __ - 
p= L)2k2 - 2lc.rI + II2 - m2 

s 

1 2(1 - x) dx 
(2.10) 

= 0 [(l - 2) L - lc2 + x(2k.II - n2 + m”)]” . 
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We thus have 

279 

1 1 1 
@;‘?n = 2 dz - k - 111 lim l-m s 0 s 0 

(1-i)A? 

rlK 
II - k + 111 
_____ D3 

1 
= 2 dz 

s s 

m 
dK 

n - k + 1)~ 
0 0 03 

(2.11a) 

where we have transformed to a new variable of integration for regularization, 

K = (1 - z)L, (2.11b) 

whose upper limit, (1 - x),i” + m, will be kept finite only when an explicit 
divergence is encountered. The denominator combinat(ion 

D = K - k” + 2zlc.rI - xd + zm (2.lYaj 

may be rearranged and written as 

D = h* + K - (k - zII)’ + x(1 - z)H - x2M (a.labj 

where (see footnote 1 j 

M = d - II* = f~euPYFuV = e[d.X - ia.E] (2.13) 

is the magnetic moment operator, and 

H = m* - r12 = (171 + rI)(m - n) (2.14) 

is the second order Dirac operat’or, which vanishes when acting on the given state 
vector, in) or (nl . 

For convenience, the ambiguous operator notat,ion 

has been used, since the numerator and denominator commute and can thus be 
written in either order. This commutativit,y does not hold when the numerator 
t)erms are separated, so a definite order of the operators must then be taken. 
We will use the average of the t)wo orders, 

n - k + ‘vz 1 z- 
03 2 

{(II - k + ,w)& + & (n - k + ‘n)] 

(2.15) 

throughout t,he calculation, although for brevity usually only one order will be 
indicated. Thus, we may completely reverse the order of all the operators in 
any given t)erm, since eit’her order implies the average with the other order. 
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Before proceeding with the discussion of the reduction of our operator, it 
will prove convenient to introduce a shorthand for dealing with products 

N1; Nz $ . . . N, ; N,+I (2.16) 

of “numerators,” Ni , and “denominators,” D-‘. A double bar notation will be 
used to indicate that subsequent factors are to be symmetrically inserted: 

any of the Ni or A may be unity. In the following, N/D will denote a sum of 
terms of the form (2.16); (N/D)11 AD-’ may accordingly be defined a,s hhe sum 
of insertions, as in (2.20a). 

The raison d’Btre of the notation is the formulas for the differentiation or com- 
mutation of expressions of the form (2.16) : 

dN dN/dX -- = N dD/dX 
dXD 7-B D ; II 

(2.18a) 

(2.18b) 

In both (2.18a) and (2.18b), the first term in the right hand side represents the 
sum of terms in which each Ni separately is replaced by the indicated numerator, 
as should be clear from an example: 

Since (N/D) I/ AD- ’ is again a sum of terms of t#he form (2.16), we may in- 
sert other factors, define 

(2.19) 

and note that the usual additive, associative, and distributive laws of differ- 
entiation hold: 

(2.20a) 
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(2.20b) 

(2.2Oc) 

Repeated insertions 

give a factorial which appears in infinite expansions 

(2.21) 

(2.22) 

but cancels ot’her factorials in integrations such as 

s gl 
(2.23) 

0 

Readers interested primarily in the lowest order calculation should be able to 
skip further details and pick up the discussion in the next subsection LLR,Iass 
Renormalization”. 

If different denominators occur in an expression, they may be distinguished by 
different subscripts such as Do and D, . Then an insertion without a subscript 
may be used to denot’e the sum of the different possible insertions 

(2.24) 

and we find that the various properties of symmetric insertion hold for jj AD,', 
]I AD;', jj SD-', or any combination of them. An exception is found in the com- 
mutativit,y of insertions and expansions, such as 

with D1 = Do - 2, which holds for t’he sum of insertions (2.24) but not for 
either insertion alone. A particularly neat result is the cancellat’ion of factorials 
in the denominator combining formula 

where D,, = uD1 +( 1 - u)Do and Do and D1 are assumed to commute. Perhaps 
t’he most useful property of symmetric insertion is its commutativity 
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(2.27) 

regardless of whether or not N, A, B, and D commute.* This allows us t,o carry 
out commutation, differentiation, integration, or expansion (with due regard to 
the limitations on (2.25)) in any convenient sequence. Thus, for example, we 
start with three denominators 

(2.28) 

but may validly perform initial manipulations with only one denominator, 
leaving the insertion of the ot,her two until later. 

MASS RENORMALIZATION 

Including mass renormalization, but not vacuum polarization, the energy shift 
to order Q is now given by 

where 

is an operator which must be rearranged into calculable forms. In order bo identify 
the mass renormalization 6m, we start with a free electron, for which AE, must 
vanish. In this case there is no external field, 

[II, , II,] = -ieF,u = 0, (2.30) 

so the only noncommuting operators are the y matrices. However, since now 
M = 0 and H = m’ - II*, there are no longer any y matrices in D, and those 
in the numerator in I may be contracted, giving us 

yp(n - k + m)$‘ = -~II + 2k + 4m G 2m + 2k 

G 2(1 + z>nz + 2(k - xn), 
(2.31) 

since II G m acting on the wave function. If the photon momentum integration 
is shifted3 to new variables k,’ given by 

k,’ = (k - al),) (2.32) 

* Note that only the insertions commut,e, and that we must not forget terms like [C, 
N]/D in Eq. (2.18b). 

3 The shift is valid here since the amount of the shift, zn, commutes with the rest of the 
denominator and the integrations are convergent (by regularization). 
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then the integration vanishes for the term odd in k - xn = k’. For the other 
term, t,he contour for t,he ka’ integration may be rotated in the usual way4 to 
run up the imaginary axis, so that ko’ = ilcdl and we have a Euclidean four- 
space, with 

where 

d4k’/i = d3k’ dko/i = dkl’ dkz’ dk,’ dk,’ = tcR dtt dfi4 , (2.33a) 

- kt2 = -kF + k” = h-i2 + k-i2 + kp + k: = K” 12.33b) 

is the squared radial variable. The four-dimensional solid angle is 2=‘, so the 
general k int#egration is found to be 

which in t’he present case is 

2 
s 

cl4 k’/$ i 
[z” m” + K - k’2 + ~(1 - z)H13 

(2.34z) 
1 

= x2 ,m2 + K + ~(1 - x)H A 
1 

x2 19 + K ’ 

since H vanishes when acting on the wave function. Xow, for a free electron, we 
have 

A&=- z.z 0 

so that the mass renormalization must be 

I 
1 

~UL = lim ?Y 
Ii-m 2r 0 

dz(1 + z)m In (’ - ‘)*” 
x2 m2 

= lilig(In$+i)s,. (2.35) 

For a bound electron, it will prove convenient to carry out the subtraction of 
&?A before, rather t’han after, integration. To do this, we simply subtract a “mass 
renormalization operator” 

Iam = 4(1 + x)wL 
(x2 m2 + K - k2)3 

(3.36a ) 

4 The contour rotation is valid here because the singulariCes at 

f/co’ = (z*nP + K + k’a)l’? - ie 

are not crossed and the contribution at infinity vanishes since the integration is convergent, 
(by regularization). 
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from I, and calculate 

REARRANGEMENT 

The reduction of I for a bound electron will follow that for a free electron, but 
will yield additional terms. Thus, before contracting the numerator as in (2.31) 
to obtain 

4(l+x)m+4k-zn 
03 03 

(2.37a) 

we must bring one of the y matrices through the denominators, obtaining terms 

-ipin - k + 4P/D3, VI = r,[(l - z)n + 4(VD)W‘, Dl 

4/D)llWD2) - r,Jk - ~~l(b’~)W‘, ~lWD)llU/~2) 
(2.3713) 

which vanish for a free electron because they contain a factor of the field, 

[*/‘, D] = [T’, -xn”] = -2z[P, II]. 

Since the nonrelativistic order of magnitude of the field 

(2.37~) 

[ni ) &I = [pi, VI 

is (ZCY)~UZ~C~, we would expect terms containing more powers of the field to be of 
higher order. This is found to be true, and an expansion of I in powers of the 
field will be seen in the following paper to yield an expansion of the form (1.1) 
for AE. Our general aim now, therefore, is to write such an expansion for I. In 
particular, the leading term has been seen to be Jan, and the terms linear in 
the F,, will give the lowest order terms, of order (ZCX)~, in the exapnsion (1.1). 
Terms containing more than one factor of the field contribute to the higher order 
calculations in the following paper and their discussion will be set off in square 
brackets ([ ]) in this paper. 

The only term here which is nonvanishing for a free electron is the first term 
in (2.37a), 

I(D) 3 4(1 + ‘jrn 
1 D3 * 

(2.38) 

This is the leading term in I, yielding a contribution of zeroth order in Zcu, which 
is cancelled by Iana . It is easy to see that in the nonrelativistic region the complete 
denominator, 

D = x2m2 + K - (k - .dQ2 + x(1 - x)H - .z2M, 
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(2.12b), differs from the free electron denominator 

z’rvt + K - k2 = Doe 

in Zsm by terms of relative order (ZCY)‘. This would indicate that the leading 
order of t,he Lamb shift is proportional to (ZCZ)“. In fact these leading terms pre- 
cisely cancel and the correct leading order is proportional to (ZLY)~. One may get 
a rough idea of the reasons for this cancellation and t’he nature of the actual 
leading terms by observing the structure of D. It’ is noted that: (a) The -x”M 
term is of relative order (2,)” and hence causes no trouble. (b) The k integrat’ion 
could be shifted as in (2.32) if the amount of t,he shift, xII, , was still an operator 
which commuted with I. The correction thus involves the commutator [II,, 
n,], which by itself contains a factor of F,, , of order (.%x)~. We will label t,hese 
terms “L,” in contrast to the “M” term in (a). (c) Finally, if we can drop -z”M 
and let (k - xn)2 become kz to order (.ZCX)~, the operator H can act on the state 
In) and vanish. At this stage, 11 would be exactly cancelled out by 1~~ . It is 
clear from the preceding discussion that the reduction must be handled very 
carefully in order not to introduce t’erms which are separately of too low an 
order. Such a poor reduction would be obtained, for example, by expanding D-’ 
in powers of A,, which would split H into two parts and lead to terms of order 
(2~) whose sum would be zero (12). 

The first step in the reduction of 1, is clearly to expand in powers of the mag- 
netic term -~2&’ in the denominator 

D = D, - z2M, (2.39a) 

where 

D, = z%? + K - (k - XII)’ + x(1 - z)H. 

Then, using (2.22) and (2.25) we find the remainder 

(2.3913) 

which is an explicit expansion in powers of t,he field. 
The next step is to formally shift the k integration by letting the denominator 

become 

D, = z.“n? + K - k2 + ~(1 - z)H. (2.41) 

As in (c) above, the resulting II then exactly (*aneels Is,,, . The correction 
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for the formal shift from D1 to DO could be handled by a straightforward expan- 
sion such as 

1 1 ---= ; (-2xk.II + z2 rl’) ; 
DI Do I 

(2.42) 
0 

but this pedestrian approach seems to conceal the essential nature of the cor- 
rection and to complicate the higher order terms since factors of Ffiy do not readily 
appear. It is preferable to consider D1 and Do as a single denominator 

Dh 3 x’m’ + K - (k - idI)2 + ~(1 - z)H (2.43) 

evaluated at X = 1 and A = 0, so that the shift correction may be expressed 
as the integral of a derivative, 

II - II = /‘dX &Il(Dx) 
0 

= -4(1 + z)m (2.41) 

= -2(1 + z)m jldX & (2xk.II - 2Xx2 II”) p , o2 7 l I l 
0 A A 

a t,echnique previously used by KKS (4). I n any event, we find that II has the 
most complicated higher order parts since it is the term which contains the very 
lowest, order part, 1~~ . 

In (2.44), (2.37), and in later steps we encounter terms containing a factor 
of k - ~II or k - Axn. These t’erms contain an implicit factor of the field since 
they vanish if the field vanishes, as may be seen by the following argument: the 
vanishing of t,hese terms by symmetry in a shifted k, integration is prevented 
only by the noncommutativity of the shift; any commutator of the shift vanishes 
if the basic commutator [III,, n,] = ieF,, vanishes. In order to exhibit an explicit 
factor of the field, we may integrate by parts, using a formula analogous to but 
more general than Eq. (2.14) and (2.15) of KKS (4). We note that a perfect 
derivat)ive such as 

N 12/k, - 
ai; = D ~1 

22 II, 
D 

(2.45) 

will vanish when integrated over all lc, ; it is assumed here that N is independent 
of k and that the integration of N/D is convergent (by regularization). Thus, 
for a t,erm in I with N independent of k, we always have an equivalence 

We thus see that factors of (k - zrI), may be reduced to commutators of XII. 
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(and then to fields) since the lc, will cancel the xIII, in an int,egration by parts 
when the xIII, are commuted to symmetrically insert’ed positions. 

Using this in the shift correction (2.44), we can write the derivat,ive as a 
double commutator, 

which shows explicitly that the validity of the shift depends on the commuta- 
tivit’y of the amount shift’ed. Let us use the form 

which must be averaged with the reversed order to regain the double commutator. 
There are two parts to the romnnnator 

-[n”, DA1 = -[r~‘, x( 1 - z)H] + [III”, (tc - XXII)*] 

= z(1 - z){n, [II”, III] - Xx{(k - MI),, [II”, II”]), 
(2.48) 

the first due to the shift not commuting with H, and the second due to the shift 
not commuting with itself. In the first part the second order nature of H may be 
removed by bringing the anticommuted KI to the outside, where it becomes HZ, 
yielding a lowest order term of type “L,” 

[The higher order correctSions in the first part of (2.48) are for commuting the 
II through II, , 

and through the four denominators, 
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In the second part of (2.48), the contribution of t#he k, part may be rewritten as 

by using (2.46) and then averaging with p and v interchanged and wit’h the oper- 
ator order reversed. Except for commuting II, through a denominator, the 
contribution of one of the Ml, parts of (2.48) exactly cancels (2.52) and the 
contribution of the other part becomes 

s 1 

I, = 2(1 + 2) x4 m  (2.53) 
0 

dX2 X2 & [I& , rIpI,1 $ [flI’, II”] D$ 
h A !I 

$ 
A 

when averaged with p and v interchanged. The higher order corrections for corn- 
muting the l$‘s through a denominator are 

We have thus reduced I1 - Iam to Iwl, I,, , I,l, Ib , I, , and Id . 
In the first term of (2.37b), we anticommute the n outside of Y,, , so it acts 

on the wave function and becomes m. By then bringing y,, next to the com- 
mutator, 

YfiW, Dl = -4zM, (2.55) 

we obtain another magnetic moment term, 

whose expansion in powers of the magnetic moment operator z2M, 

(2.56) 

(2.57a) 

1 1 1 1 - 8m El x2 M Bl x2 M 5l 
II 

012 -I- . . * (2.57b) 

may be combined term by term with the expansion of IM1 , (2.40b). In anti- 
commuting the n through ‘yU, 

fr, , nl = 2&, (2.58) 
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we obtain another term of type “L,” 

(2.59) 

[The higher order correction for commuting yP through D-', 

is very similar to 1,1, (2.50).] 
Another term which has yet to be expressed in powers of the field is the second 

term of (2.37~~); using again the equivalence (2.46) we find 

(2.61) 

By using the identity 

[n, D] = [q 2x/c. n] = - 2x[II’, n]k, (2.62) 

and the equivalence (2.46) again, we may further rearrange the second term of 

(2.611, 

+ 42* ;* [IT) rI] ; x lI” ; (2.63) 

By the use of the identity (2,37c), the first terms of (2.61) and (2.63) may now 
be combined, 

(2.64) 

The second term of (2.63) will be written as 
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(2.65) 

which must be averaged with its reversed order to regain the double commutator 
structure. 

[Let us now show that the v = 0 parts of I, are all quadratic in the field. When 
averaged with its reversed order, IL2 becomes 

IL& = 0) = -22(1 - 2) 

(2.66) 

for v = 0 since the commutator of II0 with the field [II’, n] vanishes because only 
functions of position are involved. We get similar expressions for I,l(v = 0) 
and I,,( v = 0) since they were originally expressed in terms of a commutator 
of II, with D-’ and the field. However, when ILy(v = 0) and its reversed order 
are averaged, 

I&v = 0) = -2x2(1 - 2) ; no ; [IlO, II] - [no, l-II ; (2.67) 

we obtain not only a commutator of I& with D-’ and the field, 

-2x71 - 2) ; 
[ 

II0 , ; DO, a] ; 11; 

= 2271 - z) $ [II~ , D] ; [no, II] ; ;, 

but also a term 

-2271 -4;[+Ik+,j:~~~ 

= -2227 1 - z) & [[II’, D] , II] ; &, $ 
I! 

; 

involving a commutator of the field, 

ID”, nl, Dl = [In”, Dl, HI + [no, [n, Dll, 
in which the term 

[no, [n, D]] = 2zk,[II”, [n, n’]] = 0 

(2.68) 

(2.69a) 

(2.69b) 

(2.69c) 

may be reduced to a vanishing commutator of II0 with the field by means of the 
identity (2.62). As in the first part of (2.48)) the II in (2.69a) is brought to the 
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outside t,o become In, but this contribution vanishes now because we have a 
commutator rather than an anticommutator. The higher order correction for 
commuting II through II0 is identical to (2.68) and that for commuting KI through 
the denominators is given by 

&2(] - 2) 1 [no D] I no _I fn, DJ 
D2 ’ D D D” 

+ & [II’, D] ; l-IO $ )/ $‘} Ij v, 

(2.70b) 

where we have again used the identity (2.62) and the equivalence (2.46) .] 

[Finally, the last term of (2.3713) 

BZ-f”(k - zn) ; [II”, n] ; k2 
I! 

(2.71) 

is a higher order term since it vanishes for a free electron not, only because it 
has a factor of the field, like the first term of (2.37b), but also because it has a 
factor of (k - &I)‘, like the second term of (2.37a). It should be noted that 
these two factors are independent here only because the amount of t*he required 
shift, z&, commutes with t#he field in lowest order. That is, when the y matrices 
in the numerator of (2.71) are brought together, their product with the com- 
mutator 

[ZrP, F”‘] (2.72) 

vanishes,’ 

Yp~xYy~~x, I@, WI = YpY%Pi , In”, ~‘11 

= r.&d [HP, [Pi , WI - in”, [Pi , ml 

= hLriry - Y”hm’, [Pi , WI 
(2.73) 

= W& - Y;YY)[Pi , [pi ) n’ll = 0. 
5 In (2.73), note that, [W, Fev(x)] = giA[pi , FP~(x)], that (yiyiy. - ypyiy’) is antisymmetric 

in i andj, and that [pj , [p! , II’]] = [p; , [p, , II’]]. 
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One higher order correction, for commuting yy through the denominator, is 

I, = 2zyr(k - zn) ; [Y” ) Dlk UI’, r1 jj , o2 ll l 

II 

(2.74) 

$ 

and the other higher order correction, for the shift not commuting with the 
denominator, is 

(2.75) 

At this stage all the integrals over k converge because the only divergence, in 
II , has been cancelled in (2.44) by the divergence in 1arn . Thus, the upper limit 
of the K integration, (1 - z)A’, will now be taken to be infinite since it is no 
longer needed to regularize the divergence in 6m, (2.35). The K integration could 
now be easily carried out as in (2.23) for all terms except I,, and (2.70). In those 
terms, the K integration avoided the introduction of a computational device 
analogous to the z integration used by KKS (4) in their Eqs. (2.15), (2.25), 
and (2.26). That is, our discussion of (2.46) assumed that a symmetrically in- 
serted factor of l/D would always be available to be associated with the numera- 
tor factor of k, , which would not be true in (2.63) or (2.70), if the K integration 
had already been carried out. We might note that, if further symmetrically in- 
serted denominators were needed, they could be provided by integrating by 
parts : 

s 
m &&I!!!-=--- N 

0 K+A 
2-c iv IW- -&kc 

s l!K+A(o o l!dKK +A 

s 

ID 
= 

0 

’ *dK = . . . = _ 
s r! rJ K+i/(&y* 

(2.76) 

We have thus rearranged the operator I - I&,,, as the sum of the magnetic 
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moment terms, 
IAl- = Ini, + I,,) (2.77) 

and the other lowest’ order terms, 

IL = IL1 + IL, + I,, + IL4 ) (2.78) 

plus the higher order terms, 

10 = IllI + Ioz. ) (2.79) 

lb , I, , Id , I, , and If . In the next section, the contributions to order ~u(Za)~nz 
of I, and I, are calculated. Their higher order contributions, and the coutribu- 
tions of the higher order terms, are calculated in the following paper to order 
a(zcx)61K 

III. LOWEST ORDER LAMB SHIFT 

ORDER F~TIMATES FOR THE COULOMB POTENTIAL 

The preliminary decomposition in Section II, is gauge-invariant and holds 
for any potential A”(x). From this point on, we shall usually restrict ourselves 
to the Coulomb gauge and the scalar Coulomb potential, 

A, = +(x) = -Ze/4ar (A = O>, (3.1) 
so that 

lII” = (En - v, p), (3.2) 

where the potential energy V is a muhiplicative operator in configuration space, 

v = eg5 = -.&Y/r, (3.3) 

and an integral operator in momentum space, defined by 

Vj(p) = -& / (p ?pt),i(P’). (3.4) 

There is only an eleckic field, so the magnetic moment operator becomes 

M = -iea.E = im~Vi$ = ia.VV = -a.[p, V]. (3.5) 

Let us next review some pertinent features of the operators and wave functions 
for the Coulomb potential. For preliminary estimates of orders of magnitude, 
let us consider the nonrelativistic region; this requires small Za! since 

The nonrelativistic Schrodinger equation for t’he electron is 

(3.6) 
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the binding energies are given by the Bohr formula, 

(3.7) 

and we have the nonrelativistic orders of magnitude indicated in (2.2): 

; - ( p ( - p - ZCWL, 

v - za 1 p 1 - (Za)kL. 
(3.8) 

These may be combined to assign “nominal” orders of magnitude to various 
operators. For example, the second order Dirac operator may be written as 

H m2 - (m - E, - V)” + p2 - M 
2m = 2m 

= 62 NR _ (G2 + v" (3.9) J!! - E?z -- 
2m 2m 1 

in which the first bracket is the nonrelativistic operator, of order (Zc~)~m, and 
the second bracket contains the relativistic corrections, including the magnetic 
moment or spin-orbit term, of order (Za)4m. 

For small Za, the large components of the Dirac wave functionG become the 
nonrelativistic wave function, 4:“, and the small components become 

(3.10) 

For operators coupling large components together, the small components may 
be dropped as higher order in Za. An important example of such an operator is 

[pi ) [V, pi]] = v’v = 4sZcr~(x), (3.11) 
for which we find 

(n 1 v2v 1 n)NR = 47rZol j- d3X~~NR(X)6(X)~:R(X) 
(3.12) 

= 47rZCY 1 rgR(X = 0) I2 = 4zcCp36Kl. 

However, for operators only coupling large to small components, we must use 
(3.10). For the example of the operator in (3.9) 

(3.13) 

6 We use the usual representation, in which 
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we find 

= z2 (diDG + 2d. E x p)NR 

1 ,/02v + 2 q d&F 
=GG\ I” dr / 

(.ZCY)“?ll Clj 
=7-T 21 + 1 

(3.14a) 

where 

cjlj I 
i 

l/(1 + 1) for j = I + 15 
-l/1 for j = 1 - 15. (3.14b) 

The nominal order of magnitude, (ZCY)~, is obtained for any term in I by com- 
bining the above nonrelativistic order estimates for the numerator, omitting 
dimensional factors of m and state-dependent factors of n for brevity. Thus, the 
nonvanishing components of the field tensor, 

[d, no] = [pi ) V] - Zam(Za)*m, (3.15) 

are of nominal order (ZCI)“, and the higher order terms in 1 are all at least of 
nominal order (&)“, as most of them are quadratic in the fields. Hoaever, it 
should be noted that the actual order is less than the nominal order if the neglect 
of operators in the denominators would cause a divergence. For example, the 
S-state expectation value of the square of the field, 

(n / Ipi, VW, piI I n)NR = (@$yR = (ZCX)’ / $1 4zR(x) I* 

(3.16a) 

or, in the momentum representation, 

4 

3 ff 

(p’ tppy2 &“(p”> (p - p’) * (p” - p’) (3.16b) 

Wolfgang Ketterle
Highlight
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diverges linearly at small distances (or large momenta). The omitted denomi- 
nators D effectively cut off the divergence at the Compton wavelength of the 
electron, r ,- l/m (corresponding to the relativistic momentum, p - m, at which 
x(1 - x)H - z( 1 - z)$ becomes comparable to z2m2 in D), so the actual order 
is (2,) 5, which is the nominal order, (2,) 6, reduced by the degree of divergence. 
The effects of electron divergences such as (3.16) and similar apparent infrared 
photon divergences on order estimates are discussed in detail later, but we can 
state here that none of the higher order terms is of lower order than (Za)‘. 

EVALUATIOK OF LOWEST ORDER CONTRIBUTIONS 

For the lowest order evaluation of a term in I, say I,(D), we will try to use 
the same steps which were used to reduce I to Is*, again leaving correction 
terms which are of higher order than the given term. The first step is to drop 
any terms in I, which are of higher order because of their numerator structure. 
The second step is to drop the magnetic moment operator z2M from the denom- 
nators : 

IAD) -+ IAD,). (3.17) 

A third step is to formally shift the k integration: 

I,(&) + I,(&). (3.18) 

The next step is to let the operator H vanish: 

Lz(Do) -+ Id&d, where D, = z2m2 + K - k2; (3.19a), (3.19b) 

this leaves no corrections for denominators acting on the wave function. Finally, 
nonrelativistic wave functions are used to evaluate the remaining operator. Ac- 
tually, these st,eps will be modified from term to term in such a way that the cor- 
rections will always be of higher order whenever possible. This will be discussed 
in more detail in the next paper. 

For the magnetic moment term I,, dropping z2M is the same as omitting the 
terms after r = 1 in (2.49) and (2.57), so that we have 

I,(DJ = [2(1 fx) - 4]+M~ 
1 1 

After t,he shift (01 -+ Do) is carried out, the denominators automatically become 
the c-numbers Do0 (since they all act on wave functions), whose k and K integra- 
tions are straightforward 

as in (2.33~) and (2.23). Finally, the x integration yields 
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which is obviously the lowest order cont,ribution of the anomalous moment of 
the electron, (ol/27r) + O(CI’) times the Dirac moment in (3.13). 

For the other lowest order terms, I L, we first drop the numerator terms with 
v = 0 since we have found them to be quadratic in the field, like (2.66) and (2.70); 
the remaining numerators are like 

rLIDli, n1 = p,[p, , V]ro - p’ E. (3.23) 

Then, as in I, , we drop z2M and shift the k integration, so the H's vanish in 
the denominators which act directly on a wave function. The denominators 
“inside” pi and [pi , V] do not act on any wave function and remain as Do , 
but may be combined with t’he “outside” c-number denominators, Do,, , by a u 
integration, 

1 1 
s 

l du --zz - 
Do Doe o D“,, 

where 

Dot, = uDa + (1 - u)Doo = .z%: + K - k2 + ~(1 - z)H. 

The denominator combining rules (2.26) then give us 

- 4x(1 - 2) & - 4x2(1 - x) o2 1 - 24 _ &3 (1 - uj” 
D&L i 

[Pi , Vlro . 
OU OU 

(3.24a) 

(3.2413) 

(3.25) 

The lc and K integrations are as for I, in (3.21), with 

x2mz -+ z”m’ + uz(1 - z)H, (3.26a) 

except that the ext’ra inserted factor z2m2/Do, in IL1 in (3.25) becomes an extra 
factor of 

x3n” 

z2m2 + uz(1 - z)H 
(3.26b) 

which may then be replaced by 2u/( 1 - u) by an integration by parts, 

s l ( 1 - u) ‘x’rr1” du 
s 

1 2(1 - u)u du 
0 [z2m2 + ux(1 - z)H]* = 0 .z2m2 + ux(1 - 2)H * 

(3.26~) 

Using the nonrelativistic approximations for H and the wave functions, we then 
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in which the polynomial is 

P(z, u) = -2(1 - z”)u(l - U) + (1 - x) 

+ x(1 - z)(l - U) + x2(1 - 4” 
(3.27b) 

and the reduced denominator is 

A = XV? + ~(1 - z)HNR, (3.28a) 
where 

HNR = $ + P2 + 2mV = 2m 
[ 

2 + v + EZR 2m 1 . (3.28b) 

Even though the HNR in the A in (3.27) is of order (&)‘m2, we cannot drop 
it, since the .z integration would then diverge logarithmically at x = 0. Instead, 
we will use the identity 

s l dzP(x, u) _ fY0, u> ,q 772’ 
0 A m2 ,HNR + 6’ dz PC.% u> - RO, u) 

xm2 

P(O,u) - (1 - x)P(z,u) 
(3.29) 

2 1 
and drop the contribution of the last term, of nominal relative order (ZCX)“. If we 
replace HxR by its order of magnitude, the wave function integration reduces 
to (3.12), 

-$ (PiW, PiljNR = & (bi , w, Pd)“” 

= & (v”V)~R = 2 + aLo, 
(3.30) 

and the integrals over z and u are straightforward, 

2 P(0, u) In I+ bld.z nz, u> - RO, u) 
u(Za)2 2 1 

1 
(3.31) 

To treat the operator HNR exactly, we may insert a sum over a complete set 
of nonrelativistic states in (3.27a), so we have 

HNR In’) NR = 2m(eER - $) In’)NR (3.32a) 
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and 

(3.32b) 
= (EER - m(n’ / pi / njNR, 

where, as in (3.6), -EC? is the nonrelativistic energy of the state n’. We thus 
arrive at Bethe’s original definition of an average excitation energy AE% in terms 
of a sum over states, 

_ 2 (za>“l)t In (Za!Yf)l 
n3 2A~n 

in which the final coefficient of the logarithm is the X-statBe expectation value of 
the original operator without the logarithm, (3.30). 

The Lamb shift to order (Z,)’ is thus given by 

(4) _ AE, - 
4a(za)4m 

3an3 
i[ 

11 1 
ln h2 + z - 5 1 610 

+ In 
(Zc$m 

2Ae, 1 
(334) 

3 Clj 
+s21+1 ’ 

in which the ->4 is the vacuum polarization contribution, corresponding to 
Fig. l(a). Equation (3.34) contributes about 1052 NIc/sec to the difference be- 
tween the 2&z and 2Pliz levels in hydrogen. The relative orders of magnitude of 
t,he separate parts of (3.34) may be compared by noting that 

In 4 m 10 and In 
(Zci ) 5% 
~ M -3&o. 

a- 2Ac, 

APPARENT IXFRARED DIVERGENCES AND THE BETHE LOG 

In the rest, of this section we will discuss singular behavior at z = 0, such as 
that which yields the logarithm in (3.29). We first note that the divergence that 
would occur if we dropped the H in the denominator is an infrared divergence, 
which is usually regulated by keeping the photon mass, Xmin , finite. Then the 
lower limit of the K integration would be ( 1 - x)Xii, , so the denominator in 
(3.26) would become 

x’m” + (1 - x)XLi, + UX( 1 - x)H. 
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From this we see that, if H vanishes, as for a freely propagating elect’ron, a di- 
vergence at x = 0 would be cut off at 

2 - LiJm (3.36) 

and would therefore be an infrared divergence. For our bound electron, however, 
such an infrared divergence is instead cut off at 

(3.37) 

Thus, the logarithmic infrared divergence in (3.27) yields the In(Za)-” in (3.34), 
and a linear infrared divergence would yield a term of order ~/(ZCU)~ relative 
to the nominal order. 

From the foregoing, it is apparent that we must again modify our order esti- 
mates, so that the actual order is the nominal order reduced by twice the degree 
of the apparent infrared divergence. 

The principal corollary of this is that no part of H of order (ZCX)~VL~ may be 
dropped as being small compared to xm” in the denominator of such an infrared 
divergent term. In particular, an expansion in powers of the potential V will not 
be an expansion in powers of .Za for infrared divergent terms. Even for a term 
which is not, infrared divergent, an expansion of our denominators in powers of 
the potential, 

1 1 -=- 
A Ao 

- 2u(l - x)m iO V t- + [2u(l - x>ml’ i. (3.38a) 

where 

and 

A = xm” + ~(1 - x)(p” + /3’ + 2mV) (3.38b) 

AO = zm2 + ~(1 - x)(p” + P”), (3.3%) 

may be an expansion in powers of (2,)’ for the first few terms, but the increasing 
powers of l/A0 - l/zm2 will eventually cause an infrared divergence for some 
term, and all succeeding terms will be of the same order since the increasing 
degrees of apparent infrared divergence will cancel the increasing powers of 
(ZCX)“. For an example, let us consider the expansion of the operator which be- 
comes the Bethe log in (3.33). 

An alternate formulation of the Bethe log may be obtained by expanding the 
formal logarithmic operator in (3.29) in powers of the potential like (3.38), 
before the z integrateion is performed, 
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In-$ = s l CL2 (772” - UHNR) 
0 xm2 + U(1 - X)HNR 

= p-E - l] 

= pJ(!! - 1) - 2U(l - z),“$V~+ . ..I (3.39) 

= ln[u(PZ7~ Bz)] - -$JJ$ln[$$$] + ... , 

where p and p’ are the momenta on the opposite sides of the integral operator 
I’, (3.4)) in the momentum representation. By substituting the expansion (3.39) 
into (3.3311, we may express the Bethe log as an infinite series, 

whose leading term for S-states is found in the Appendix to be 

L CO) 
ns ~ 1/& pi In (Za)W 

2&Y/33 \ p2 w, pi1 r&" 
/ 

(3.41) 
1 =21n$+2-4 l+i+i+...+--. 

( 2n - 1 ) 

In Table I, (3.41) is seen to be a good approximation of the exact results, 
calculat,ed by the sum over states in (3.33). Note that the 12 dependence is 
very small. Kate also that the Bethe log does not depend on Zar, as can be seen 
by use of the dimensionless momentum variable 

t = p/a (3.42) 

in (3.40), so that the contribution of t,he Bethe log t,o the Lamb shift in (3.34) 
is entirely of order (ZCX)~. 

TABLE I 

BETHE LOGARITHMS FOR S-STATES 

It = 1 2 3 4 cc 

(3.41) -3.386 -3.333 -3.322 -3.318 -3.313 
Esact’” -2.984 -2.812 -2.768 -2.750 -2.721 

:’ Referellce 11. 
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IV. RESULTS 

The calculations (17, 18) accompanying the final experimental results have 
been amended many times, so that by now most of the ‘Lconstant.s” used have 
been changed. Instead of adding more corrections to the latest calculation7 
and thereby repropagating previous errors, we will list in detail all t’he terms 
that enter and will tabulate a new set of values. The discussion given by Bethe 
and Salpeter (19) is quite accurate and complete, so we will not give detailed 
references for terms they discuss in their sections 20 and 21 (including t,he asso- 
ciated Addenda and Errata at the end of the book) unless the exact formula is 
not given there. 

When the reduced mass 

mM - 
‘=m+M’ 

where M is the nuclear mass, is used in the atomic wave functions in calculating 

(V”V> = 4aZcr 1 c#lp(o) 12 = 4Za z$ 
( > 

3 & 

and 

we have 

AE;‘(L, VP.) = 4ayzym(1 - 3,>{[ln&+ln(l+$) 

for the lowest order contribution of IL and the vacuum polarization diagram 
(Fig. la), where the reduced mass correction 

(4.lb) 

is only taken to lowest order in m/M. For the magnetic moment berms, the 
reduced mass factors are given by 

7 Layaer’s results in ref. 6, which were added to a summary by A. PETERMANN, Fortschr. 
Physik 6. 505 (1958). 
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The higher order contributions are given by (4,5, IS) 

*@5’ _ 4a(ZaY~~l 
?I - 

n3 [ 
1+&- 

2 
a In 2 + -& 1 fI10 

and 

303 

(4.3) 

(4.4a) 

where 

(4.4b) 

and 

1 ha lestimated < 5. (4.4c) 

The fourth order radiative corrections corresponding t,o 1, contribute (7) 

2(O.S2 f 0.21) a”(Za)4nl 
a2n3 

820 ) 

the magnetic moment term -0.328 CY’/~’ contributes (8) 

( -0.328cli -____ 
) 

a2 ( Za ) 4rr1 
21 + 1 39 n3 

(4.5) 

(Ma) 

where 

-0.328 3 g + $ + i {( 3) - g In 2 = -0.328 479 0, (4&b) 

and the vacuum polarization contribution is (6) 

a2( ZcY)4rrz 
a%23 610 . (4.7) 

The nuclear motion, besides giving reduced mass factors, shifts all fine structure 
levels by 
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This does not contribute to the Lamb shift or fine structure splittings, but is 
included for completeness since it shifts levels differently for different n. 

The lowest order effects of the relativistic bound state equation were calculat,ed 
by Salpeter (9) and checked by Fulton and Martin (9)’ and are given by 

4(2&n m 2 
I 7rn3 3 ST f K In (Z$ 

- + &) tire + In *] 
6% 

- 6~0 - a 6~0 In h2 + a”, 
[ 1 \ 

(4.9a) 

J 

where the first line is BZm/M times the lowest order term AEC’ (h), and 6, is 
probably like 

? 
&I - =-2 In+l+k 

n 
(4.9b) 

1 - 
+ l + 2n > 

1 620 
f&0 + Z(Z + 1)(2Z + 1) 

but has only been calculated for n = 2; although (4.9b) for n # 2 is only an 
educated guess based on calculations in the following paper, we shall use it for 
the 15’ state since it probably does not depend strongly on n in any case. 

The additional potential energy 

(4.10a) 

due to the nucleus having a charge distribution, --Zep(rN), of finite extent 
contributes an amount 

(4.10b) 

where only the nonrelativistic atomic wave function at the nucleus is important 
since RN , the root-mean-square radius of the nuclear charge distribution, is 
much smaller than either l/m, the Compton wavelength of the electron, or 
n/ZLum, the Bohr radius of the atom. We will use the values 

1 

0.805 f 0.011 F Proton (20) 
R, = 1.96 f 0.07 F Deuterong 1 (4.1Oc) 

1.68 zt 0.04 F Alpha particle (22)) 

obtained from electron scattering experiments. 

8 Besides correcting a small term Salpeter called AE,, , Fulton and Martin find an exact 
result $(I - In 2) for an integral previously evaluated numerically as 0.411. 

9 We use the values of GBd(0.3 Fez) and G~d(0.6 Fz) given by Drickey and Hand (21) to 
solve GEd(q2) = 1 - Rd2(q2/B) + c@ for C and Ed’ = 3.84 f 0.25 F?. 
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We shall use the new values for the physical constants as recommended by 
the NAS-NRC (%?), 

-1 ci = 137.0388 + e, X 1O-4 

- (In &’ = 9.840 528 195 + 1.46~, X 10-6) 

R, = 109,i’3’7.31 + CR X lo-’ cm-’ (4.11a) 

c = (2.997 925 + ec X lo-“) X lOlo cm see-I, 

to calculate the “Lamb constant,” 

4a(za)47n = L 
- 

3nn3 z=, ;n=2 

3 
(4.11b) 

= 2 R, c = 135.635 479 + (- 2.97 en + 0.126R + 0.45 E,) X 10d4 Mc/sec, 
. 

where three standard deviations are 

ea = f19, CR = Zk3 7 E c = f3 (4.11c) 

in the last digits. For the Bethe log, we will use the very accurate calculations 
of Schwartz and Tiemann (11) for the 2s and 2P states and those of Harri- 
man (11) for the others: 

In (Zao2fll -= 
286, 

i 

- 2.984 149 f 3 X 1O-6 1s 

- 2.811 769 883 zt 28 X lo-’ 2s 

+ 0.030 016 697 f 12 X lo-’ 2P 

The mass values need not be so accurate; we shall use (W,S4> 

(4.12) 

5 = 1836.096; g = 1.999 007 5; 3.972 605. (4.13:) 
me P 

The results are listed in Table II for the l&z, 2&/z, 2Plp, and 2P,,z 
states of hydrogen, deuterium, and singly ionized helium. The totals may be 
corrected for changes in a! or the ot,her physical constants (4.11a) by multiplying 
by the factor 

1 + (-2.06, + O.leR + 0.36,) x lo+. (4.14) 

Let us now list the terms that are not included here, The largest nonnuclear 
term is (4.4c), which is estimated to be no larger than 

l 5 4a(Za)6??2 
37m3 

= f0.036; f2.31 Mc/sec (2 = 1; 2) (4.15) 



TABLE II” 

EN (n 
h 

ER - GY SHIFTS r/2? AE,, (MC/see) 

dassive point nucleus Nuclear corrections 

Eq. State 

Z=l 

(4.1) 

(4.1) 

s 1334.725 

2=2 H 
______ 

18347.10 -2.107 

1S 
2s 
2P 

-342.590 
-319.209 

4.071 

-5481.44 0.560 
-5107.35 0.522 

65.14 -0.007 

(4.2) 

(4.1) 

(4.3) 

S 
P 112 
P1IL 

50.863 813.81 -0.083 
-16.954 -271.27 0.018 

8.477 135.64 -0.009 

S -27.127 

S 7.140 

-434.03 0.044 
______ 

228.48 

(4.4) 

(4.4) 

S -0.525 -24.78 

1s 0.282 15.49 
2S 0.309 16.99 
2Pll2 0.030 1.68 
2P3/? 0.017 0.94 

(4.4) 

-- 

-- 

S -0.138 -8.82 

(4.5) 

- 

S 0.245 
___. 

3.93 

(4.6) 
-0.078 

0.026 
-0.013 

-1.24 
0.41 

-0.21 

(4.7) 

S 
P 112 
P 312 

S -0.239 

(4.8) 
?Z=l 
n=2 

-3.83 
~~ 

-2.982 
-1.491 

-- 

(4.9) 

(4.10) 

1S 
2s 
2P 

S 

l&/2 
2&h 
2p1/2 
2P3/2 

2Sw2Plie 
2P3/2-2Pu2 

1022.558 
1045.966 
-12.827 

12.553 

0.302 
0.342 

-0.017 
~~. 

0.127 
~~ 

13454.67 -4.139 
13830.26 -2.646 
-204.04 -1.496 

201.51 -1.524 

1058.793 
25.380 

14034.30-1.150 
405.55-0.028 

- 

- 

-- 

I 

-- 

-_ 

-- 

- 

Order and term 

1 

-1. 

0. 
0. 

-0. 

-0. 
0. 

-0. 

0. 

-1. 
-0. 

0. 
0. 

-0. 

0. 

-1. 
-0. 
-0. 
-0. 

0. 
-0. 
- 

He+ 

-7.25 

2.25 
2.10 

-0.03 

-0.33 
0.07 

-0.04 

0.18 

D 
__- 

054 - 

280 
261 
003 - 

042 - 
009 
005 - 

022 

a (ZLy)4 In ZLY 

L 

$1 

VP 

,(zcY)5 

a (Za) 6 in* ZO 

In Za 

a* (zap 

est. 
const, 

L 

M 

VP 
-~ 

492 - 
746 - 

__- 

151 
171 
009 - 
-- 

752 
- - 

382 - 
635 
748 - 
762 - 

-12.01 
-6.00 

(m/M) (ZLY)~ In zcu 2.22 
2.55 

-0.14 

8.84 CR@)* (ZorP 
-___ 

Totals -G.O9 
0.08 

-6.09 
-6.21 

6.18 
-0.11 

113 
014 - 

a To avoid cumulative round-off errors in the totals, all entries were calculated to more 
figures than given here, except the contributions of Eq. (4.5), for which only the three 
figures given here were used. 
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for n = 2. The next higher order term in that, series is estimated to be 

+r 3 -la! i ZLY ) 7 ‘))l 
37m3 

= +0.002; +0.21 Me/set (Z = 1; 2). (4.16a) 

We est,imate t.he next higher order contributions after (4.5-7) to be at most 

3XZCY 
a’(Za)” 1)1 

7s ?13 
= f0.016; kO.52 Mc/sec (2 = 1; 2) (-l.l(ib) 

and 
ff a?( .za)4 111 - 

2 n3 
= f0.001; f0.01 Mc/sec (Z = 1; 2). (-LlciC) 

H 

The reduced mass correction of (4.3) used in some previous calculations (18) 
(see also footnote 7) 

,771 &~(Za)~r)i 
-3 z 113 

l+ 
> (4.17a) 

= -0.012; - 0.006; -0.09 illc/sec (H; D; He+), 

has been omit’ted here for consistency since it is probably cancelled to some ex- 
tent by the next higher order cont,ribution after (4.9a), estimated to be about 

)I1 4(ZcYT w. 
--I2 z 113 

= + 0.010; + 0.005; + 0.16 Mc/sec (H; D; He+). (4.17b) 

The reduced mass corrections of (4.5, 6, 7) are of the same nominal order, 
a6rn/Ai, as c-1.17), but are smaller by a factor of 2~” or more. Terms containing 
two fact,ors of ,)z/M, such as the term dropped in (4.lb), 

6 111_ 24cdza)4m 
0 A4 37rn3 

In (ZCX-’ = $0.002; +0.001; 
(4.18) 

+0.002 Mc/sec (H; D; He+), 

or the self-energy of the nucleus, for which the JL~/~? in AE( L) is replaced by 
p3/&12, will also cancel each other t’o some extent and are seen to be smaller than 
(4.17) by a factor of 2a or more (since the 2(n~/IlJ) In (ZCX-’ factor in (4.18) 
is smaller than the Za factor in (4.17)). We may reasonably use (4.17b) as a 
generous upper bound on the magnit,ude of the sum of all the terms ment,ioned 
in this paragraph. 

Nuclear structure effects have been taken into account phenomenologically 
here by the finite size contribution (4.10). For example, the anomalous moment 
of the proton, besides contributing to the hyperfine structure, contributJesl’ 

lo Equation (16) in ref. 17 
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Source 

TABLE III 

ESTIMATED ERROR LIMITS IN AErs 

Eq. H D He+ D-H 

CX”(ZCX)~ (see footnote 11) (4.5) 0.099 0.099 1.59 0 
Fine structure constant (4.20) 0.041 0.041 0.55 0 
~~u(Zcu)” remainder (4.15) 0.036 0.036 2.31 0 
Higher order radiative terms (4.16) 0.019 0.019 0.74 0 
Higher order recoil terms (4.17) 0.010 0.005 0.16 0.005 
Nuclear size uncertainty (4.lOc) 0.004 0.050 0.42 0.054 
Nuclear structure negl 0.018 0.26 0.018 

Tot,atl 0.209 0.268 6.03 0.077 

(1.79) ; 
0 

’ (Za)*m 
--$- 610 = 0.023 MC/see 

to the Lamb shift in hydrogen, but also affects electron scattering and thereby 
is accounted for by the finite size of the proton. We will consider nucleon struc- 
ture effects to be negligible and will use Salpeter’s (9, 17) value of 10 % of (4.9) 
as an estimate of unaccounted-for nuclear structure effects. Their smallness is 
at least partially verified by the good agreement wit’h experiment for the differ- 
ence between Lamb shifts in deuterium and hydrogen, which is strictly due to 
nuclear effects. 

The uncertainty (4.11~) in the fine structure and other physical constanls is 
seen by (4.14) to make the Lamb shift uncertain by 39 ppm, or 

Zto.041; f0.55 Mc/sec (4.20) 

for Z = 1, 2. This and the contributions of the quoted uncertainties in the co- 
efficient” in (4.5) and the nuclear radii in (4.10~) are added in Table III to the 
e&mated bounds of the omitted terms. The results are roughly on a par with t,he 
error limits quoted for the measurements, which are three times the st,andard 
deviation plus an estimated uncertainty (of the order of the standard deviation) 
for corrections. That is, bobh the experimental and theoretical uncertainties 
represent absolute limits of error, many times larger than the expected error.” 

The final results are compared with the measurements (25, 26) in Table IV. 
Except for hydrogen, the differences between experiment and theory are seen 

11 The presumed rigorous upper and lower bounds giving the uncertainty in the coeffi- 
cient in (4.5) have been found to be violated for some of the individual integrals in that 
calculation (private communication from Max Soto) and therefore do not meet our criterion 
of being an absolute limit of error. However, rather than dropping the whole term 
and adding perhaps twice its magnitude to the uncertainties, we use the quoted values in 
the expectation that exact calculations will be completed soon (private communication 
from Max Soto) and in the hope that their results will be favorable, as noted in the text. 
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TABLE IV 

LAMB SHIFT (2&/z-2t),,.‘) (Mclsec) 

H D D-H He+ 
___ 

Theory 1057.643 zk 0.21 1058.906 f 0.27 1.213 f 0.08 14040.45 zk 6.0 
Experiment, 1057.77 * 0.1oa 1059 .oo f 0.103 1.2:1 f 0, 1.9 1‘4010.2 f 4.5’3 

a Reference 25. 
tl Iteference 26. 

to be less than one quarter of the combined error limit’s, a very satisfactory rc- 
suit. (As in an earlier comparison (18), there is fortuitously an essentially exact 
agreement for ionized helium.) For hydrogen, the difference is less than half t,he 
combined error limits, still a satisfactory comparison. The comparison would 
be improved even further with an increase in the CY~(&X)” coefficient iu (4.5) 
within its quoted limits. I1 In fact, with an opbimum result for that coefficient,, 
all differences between theory and experiment could be brought to within one- 
fift,h of the combined error limit’s (even wit’h the large uncertainty due to that 
coefficient removed from the error limits) .12 

For com$eteness, we have listed other Lamb shifts (~‘7-39) in Table V, al- 
though their accuracy is not, as great as t.hose in Table IV. It might be not,cd 
t.hat the lowest order Lamb shift calculat,ion for two-electron atoms (30) is quiet 
similar to that presented here, while t’he calculation for 2 = 80 involves quite a 
different type of approximation (32) since Za! x 0.6. 

APPENDIX 

For the integral in Ey. (3.41) we use the nonrelativistic X-state wave functions 
in the momentum representation, 

(Al) 

where Ct,-, is a Gegenbauer polynomial. It is convenient to use the variable 

for which 
{ = 2 cot-l p/p, (Aaj 

12 S&e ridded in proof: In a recent paper, Robiscoe (54) reports a new measurement of 
the Lamb shift in H. His result is 1058.07 Z+Z 0.10 Mc/sec, which disagrees with Lamb value 
(25) by 0.3 Mc/sec, and with the theoretical value by 0.4 Mc/sec, which is outside the com- 
bined errors of theory and experiment. Robiscoe states that these discrepancies cannot be 
regarded as firmly established until his value has been confirmed by an independent meas- 
urement. 
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TABLE V 

OTHER LAMB SHIFTS 

Experiment 
Theory 

RF measurements (Mc/sec) 

D(n = 3)a D(n = 4)” D(n = 3;j = ?$)a H(n = 3)b 

315.30 * .80 133.0 f 10 5.0 f 10 313.6 f 5.7 
315.34 133.16 5.3 314.7 

Optical measurements (cm-l)c 

DOS) D (2.9 D (3s) ‘W.9 

Experiment 0.262 f 0.03s 0.0369 f O.OOlG 0. oos3+0,: g 0.037+,0:::: 
Theory 0.273 0.0353 0.0105 0.035 

He+ (vz = 2) He+ (n = 3) He+ (n = 4) He+ (4s) H4+ (4P) 

Experiment 0.480 0.140 f 0.005 0.059 0.05G f 0.003 0.011 f 0.003 
Theory 0.468 0.140 0.059 0.058 0.001 

Ionization energy for two-electron atoms (cm-l) 

He (1 lS)d He (2 lS)d He (2 3S)d 

Experiment 198 310.82 f 0.15 32 033.26 f 0.03 38 454.73 f 0.05 
Theory 198 310.685 f 0.005 32 033.214 z!z 0.014 38 454.718 f 0.009 
(L. S.) (-1.341) (-0.104) (-0.109) 

Li+ (1 1S)d Li+ (2 lS)e Li+ (2 3S)d 

Experiment GlO 079.4 f 3 118 704.82 f 0.15 134 044.19 f 0.10 
Theory 610 079.61 118 704.88 134 044.12 
(L. S.) (-7.83) (-O.G9) (-1.14) 

Absorption edge for the K 
electron in Hg (Ry)’ 

Experiment, 
Theory 
(L. S.) 

6107.7 f .G 
6099 

C-38) 

i( Reference 27. 
b Reference 28. 
c Reference 29. 
d Reference SO. 
(1 Reference 31. 
f Reference 32. 
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&P’ (P - P’) = 
(P - P’)” 

zz 

and the integral becomes 

L (0) 1 
nS =4pji s 2 p &sR(p) s 

cPp’ +ff(p’) In 
(z~)21n2 p’ (p - p’) 

P2 + P’ (P - P’)’ 

1 * T r; cos I’( =- 
s n” 0 

cl{ sin n< cl{’ sin n{’ 2 In % - 2 C __ 
?=I 1 1 

. cot 5 { cot 6 ‘s’ + i 1 1 ___ - ___ 
sin2 f p sin2 t p’ 

2 sin .s{ sin ~(‘1 __ 
s=l “1’ 

With the integrals 
1 T - 

s 
cZ(’ sin n{’ cot $ t’ = 1, 

rr 0 

1 * - 
s 

cl{’ sin n( sin sP’ = 41 6,, , 
x 0 

1 = I sin SC’ - 
s 

cl{’ sin n< -;- = 2 min (n, s), 
lr 0 sin23 

we get 

L l 
T 

(0) a cos 1-l 
a.3 = - s 

cl{ sin n{ 
T 0 

2 In 5 - 2 C __ 
r=l 1 1 

31;1 

(A4) 

(A(i) 

(A71 

(A8) 

(A91 

(AlO) 

\ 
(All) 

1 

sin n{ 
IO 

* cot’ + { + -7 - 
2n sd f { 

2 C inin (n/s, 1) sin s{ . 
S=l i’ 

Finally, with the previous integrals and the more general integrals 

1 * - 
s 

d{sinn{cos,,{cot8$< = (A12) 
n- 0 
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1 = - 
s 

d{ sin n{ cos r( sin sp = >/4 [cL+~ + &+,, - &-,-, - 6r+n+sl (A13) 
a 0 

1 * 
s 

sin n( - 
r 0 

d{ sin n< cosr[ .21 = 
Zn-r 

sin 5 J’ 0 C-414) 

we find 

=2Ing+2-4 l+jj+k+.*-+----. 
( 

1 
2n - 1 > 
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