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Résumé . — Cet article présente une nouvelle approche au phénoméne de piégeage cohérent de
population observable sur un systéme atomique & 3 niveaux en configuration A. Cette approche,
basée sur la théorie de la diffusion, est valable lorsqu’un des deux champs lasers excitant le
systéme atomique est beaucoup plus faible que autre. L’amplitude de diffusion du champ faible
apparait comme la somme de deux amplitudes résonnantes. Les positions et les largeurs des deux
résonances correspondantes sont calculées et interprétées physiquement, 4 la limite des faibles
saturations, en termes de diffusion Rayleigh et de diffusion Raman stimulée et spontanée. On
montre enfin que Pinterférence entre ces deux amplitudes de diffusion fait apparaitre des profils
de Fano dans les courbes donnant les variations en fréquence de la section efficace totale de
diffusion.

Abstract . — This paper presents a new approach to coherent population trapping in a A-type
three level atomic configuration. This approach, which is based on scattering theory, applies
when one of the two driving laser fields is much weaker than the other one. We show that the
scattering amplitude of the weak field is the sum of 2 resonant amplitudes. The positions and
the widths of these resonances are identified and physically interpreted in the low saturation
limit, in terms of Rayleigh scattering, stimulated and spontaneous Raman scattering. Finally,
we show that the interference between the two scattering amplitudes gives rise to Fano profiles
in the curves giving the frequency dependence of the total scattering cross-section.

1. Introduction.

‘We consider in this paper an atomic system with three levels, ¢, g1, g2, forming a A-configuration
(Fig. 1). The two transitions ¢1 — e and g — e are driven by two laser fields with fre-
quencies wr; and wrz close, respectively, to the atomic frequencies w.; = (E. — E;) /h and
wepz = (E. — Ego) /h. We denote :

(*) Laboratoire associé au C.N.R.S. et 4 I'Université Pierre et Marie Curie.
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81 =wry —wey b9 = wpg — Wea (1.1)

the corresponding detunings between the laser and atomic frequencies. The atom can decay
from e to g; and from e to g» by spontaneous emission with rates respectively equal to I'; and
;. We put :

I'=r+71I, (1.2)

We assume that g, is above g (Ey, > E,,), but that no spontaneous emission can occur from
g2 to gi1.

Fig. 1. — Three level A-configuration {e, gy, g2} driven by two laser fields at frequencies wr; and
wra. §1 = wr1 — we1 and 82 = wro — we2 are the two detunings; 'y and T'; are, respectively, the two
spontaneous emission rates from e to ¢g; and g;.

Such a configuration gives rise to the phenomenon of “coherent population trapping” |1, 2.
When the two detunings 6§, and 82 are equal, i.e. when the resonance Raman condition :

hwpy — hwps = By, — By, (1.3)

between the two states g; and g, is fulfilled, the steady-state population o2 of the upper state
vanishes and the fluorescence stops. Several theoretical treatments have been given for such an
effect [3-6]. The main result is that atoms are optically pumped in a linear superposition of the
two lower states which is not coupled to the laser light because the two absorption amplitudes
from g; to e and from g5 to e interfere destructively. Several applications of coherent population
trapping have been developed, including high resolution spectroscopy [7], subrecoil laser cooling
[8], adiabatic transfer of populations [9], amplification without inversion [10].

Suppose that wg s is fixed and that wr; is scanned. The variations with wz, or equivalently
with 8; = wp; — we1, of 6% may be studied from the steady-state solution of optical Bloch
equations, which can be determined analytically and which may be found for example in
reference [5]. ,

202
o5t = 4(6y - 62Z) QT (1.4)

where
Z = 8(8y — 82)" QQIT + 4(8;, — 8,)° T2 (2T, 4 Q2T'y)
+ 16 (61 — 62)® [63Q2T, + 62Q2T;] — 86, (81 — 62) Q3T
+ 882 (81 — ) 1T + (03 +93)” (922 + Q1) (15)

In (1.4) and (1.5), Q; and 2, are the Rabi frequencies characterizing, respectively, the couplings
of the two laser fields at wr, and wz s with the transitions g; — e and g, —e. The variations with
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5; of 0% are represented in figure 2, in the limiting case where Qs > ©;. We have supposed
§3 = —1.5T. They clearly exhibit two resonances : a broad one, near 8, = 0, and a narrow
one near §; = &3, where % vanishes. The narrow structure of figure 2 is quite similar to
the Fano profiles which can be observed when a discrete state is coupled to a continuum via
two channels, directly and through a discrete state embedded in this continuum [11]. Well
known examples of such profiles are found in autoionizing resonances [11] and in laser induced
continuum structures [12 - 13].
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Fig. 2. — Steady-state population of the excited state, calculated from optical Bloch equations, versus
63 in units of I'. &5 is fixed and equal to —1.5T, 22 = 0.7T, ©; = 0.025T". Two resonances are clearly
visible, the narrow one looking like a Fano profile.

The purpose of this paper is to investigate the connections which exist between coherent
population trapping in a A-configuration and Fano profiles. Such a connection cannot be
easily analyzed from expressions such as (1.4) and (1.5) which have not a fransparent physical
meaning. We prefer to adopt here another point of view which, we hope, can provide new
physical insights in coherent population trapping. We consider the scattering of a single photon
wr1 by the atom interacting with several wry photons and we try to identify in the total
scattering amplitude the various physical paths followed by the system and whose interference
can give rise to structures such as the one appearing in figure 2. The paper is organized as
follows. We first specify in section 2 our assumptions on the scattering process considered
in this paper. A non-perturbative expression for the scattering amplitude is then derived in
section 3 and its general properties are analyzed. The limiting case where the transition g» — ¢
is not saturated by the wr» photons is investigated in section 4 and this allows us to identify the
physical processes associated with the two resonances of figure 2. Finally, we show in section 5
how Fano profiles can be associated with the narrow structure of figure 2.

2. Scattering process considered in this paper.

2.1 INITIAL STATE AND FINAL STATE. — In the initial state :

I‘) = lgl:(l)li(N)'b (O)J) (21)

of the scattering process, the atom is in g1, in the presence of 1 photon wr,, N photons w2,
all other field modes j (with j # 1,2) being empty. We consider here the scattering process
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leading to the final state :

1F) = lg1; (0)1, (V)2 (1)) (2.2)
where the atom is still in g1, whereas the incident photon wy; has disappeared and has been
replaced by one fluorescence photon w.

The final state (2.2) is not the only possible one. Other scattering processes, involving
several fluorescence photons and the absorption of one or several wy, photons could also be
considered. For each of these possible scattering processes, starting from (2.1), the atom has
first to go from g; to e, and one can show that the total cross-section for each of these scattering
processes is proportional to the steady-state population of e. Since we are mainly interested
here in 0%, we restrict ourselves to the simplest possible scattering process, the one leading
from (2.1) to (2.2). We will check in subsection 3.4 that the total scattering cross section for
such a process is proportional to o%t. Note also that g; cannot appear in the final state of a
scattering process. Photons wy, can indeed be absorbed by the atom in g, so that g5 is an
unstable state.

When the radiation field is quantized in a box of volume L3, the Rabi frequencies ©; and
2, associated with (2.1) are respectively proportional to :

hwry Nhwro
@ ~ V 26,23 2z ~ V 26,23 (2:3)

The fact that ; tends to zero when L — oo does not raise any difficulty. The flux associated
with the incident photon wy; is equal to ¢/L3 and the ratio of the transition rate, proportional
to 02, i.e. to 1/L3, by the incident flux ¢/L3, is independent of L, as expected for a physical
quantity such as a scattering cross section. The situation is different for 2,. When L tends to
infinity, we must also let N tend to infinity, keeping N/L3 constant, in order to have 2, fixed.

2.2 ASSUMPTIONS CONCERNING THE INTERACTION HAMILTONIAN V. — The Hamiltonian
H of the total system “atom + photons” is equal to :

H=Ho+V (2.4)
where V is the photon-atom interaction Hamiltonian and where Hy is the sum of the energies

of the non interacting systems.

In the electric-dipole and rotating-wave approximations, V can be written :

V=-dt.E*-d- E- (2.5)

where dt and d~ are, respectively, the raising and lowering parts of the dipole operator, and
where Et and E~ are, respectively, the positive and negative frequency components of the
electric field operator. With such an interaction Hamiltonian, the only processes which can
take place when the atom is in ¢,, is the absorption of one photon, the atom going from ¢, to
e. We make here the further assumption that w.; and w,y are so different that'it is legitimate
to neglect the non resonant coupling of photons wr, with the atom in g;.

From the previous assumptions, it follows that V acting upon |¢) can lead only to . |e; (0),,
(N)z,(0);) . More precisely,

. hQ
Vi) = =+ le; (001, ()2, (0);) (26)
which is the precise definition of the Rabi frequency Q,. Similarly,
hQ
VIf) = 5 le; 01, (W), (0)y) (27)

where Q is the Rabi frequency characterizing the coupling with the fluorescence photon w.
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3. Calculation of the scattering amplitude.

3.1 GENERAL EXPRESSION OF THE S—MATRIX ELEMENT. — Since we neglect virtual emis-
sions of photons by the atom in g, (rotating-wave approximation), the states |¢) and |f) in-
troduced above can be considered as correct asymptotic scattering states (see for example,
Ref. [14], Complement Byj1). The element Sg of the S—matrix, between the initial and final

states, can then.be written :
Sq = 6 — 27ié (Ey — E)T; (3.1)

where E; and Ey are the unperturbed energies of [i) and |f) (which are eigenstates of Hy), and
where the transition matrix element T§ is given by :

, . 1 .
Ta = (fIVIi) + ﬂ]i%l_* <f (V————Ei e iﬂvl z> 3.2)

Note that it is H, and not Hg, which appears in the exact expression (3.2). Expanding the
propagator (E; — H + ir))"1 in powers of the unperturbed propagator (E; — Ho + inj'l and V
would give the Born expansion of the scattering matrix. We don’t make such an expansion
here. We keep the exact expression (3.2), in order to get non perturbative scattering amplitudes
including the shift and the broadening of the intermediate states appearing in the scattering
process.

3.2 CONNECTION BETWEEN THE SCATTERING-MATRIX AND THE RESOLVENT G(z) OF THE
HAMILTONIAN. — In order to connect |} to |f), one must destroy the incident photon wp,
and create the scattered photon w. The interaction Hamiltonian V, given in (2.5), can only
destroy or create a single photon at a time. It follows that :

(fIVIi) = 0 (3.3)

Using (2.6) and (2.7), we can then transform (3.2) into :

R2QQ, . .
Ta= —— lm (¢ |G (z = Ei +in)| ¢e) (34)
n—04

where : 1
G(2) = pop (3.5)
is the resolvent of the Hamiltonian H, z being a complex variable, and where we have introduced

the simplified notation :

lee) = le; (0)1,(N)2,(0);) (3.6)

3.3 CALCULATION OF THE RELEVANT MATRIX ELEMENTS OF THE RESOLVENT. — The atom,
in e, can spontaneously emit a photon and decay to g; or g,. The state .}, given in (3.6), is
thus coupled to continua and radiatively unstable. Well known projection operator techniques
are available for calculating the diagonal element G..(z) = (pe|G(2)|pe) (see for example
Ref. [14], Chap. III). Before doing such a calculation, one must not forget however to check if
there are no other discrete states of Hy, close to |¢.), and which would be coupled to |p.) or
to the same continua as |¢.). In such a case, it is well known that the decay of |p.) cannot
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be studied independently of these other discrete states. Simple expressions for the matrix ele-
ments of G(z) can be obtained only if one considers the projection of G(z) onto the subspace
&o subtended by the discrete states of Hy which are coupled directly or indirectly through the
same continua.

Actually, in the problem considered in this paper, we have another discrete state of Hy

lp2) = lg2; (0)1, (N + 1)2,(0);) (3.7)

which is coupled to [p.) since the atom in go can absorb one wrs photon and jump to e. By
definition of the Rabi frequency 23, we have indeed :

(pelVlo) = fe; 001, (N, (O)51V loz; O, (N + 1, (0)5) = 5 (3.8)

Furthermore, the unperturbed energies E,,, and E,, of |¢.) and |p2) are close to each other.
If we measure the unperturbed energies relative to E,_, by taking :

E,, =0 (3.9)

then, we have :
Ey, = héy (3.10)

Strictly speaking, one should also consider the initial state |i} given in (2.1), which is coupled
to }p.), since, according to (2.6),

. hQ
(pelVIi) = =+ (3.11)
This state has an energy E; close to E,, =0
B, = hé, (3.12)

One must not forget however that, in the limit L — oo, §; tends to zero (whereas 1, keeps
the same value), so that we can neglect the influence of [¢) on the decay of |p.) .

The previous discussion shows that we must introduce a two dimensional subspace &£ of
eigenstates of Hp

&o = {I(Pe) ) I‘P2>} (313)

and study PG(2)P, where P is the projector onto this subspace. One can then show (see, for
example, Ref. [14], Chap. III) that, when z is close to E; + in, PG(z)P can be considered as
the resolvent of an effective Hamiltonian Heg -

P
z—Henr

PG(z)P = (3.14)

Such a Hamiltonian governs the evolution of the system within & and is represented by the

following 2x2 matrix :
_ . [ —il/2 Qy/2
(Heﬁ') =h ( 92/2 i ) (3~15)

Note that Heg differs from PHoR + PVP only by an imaginary term, ~:hI'/2, added to the
energy of the excited state e, and describing the radiative unstability of this state.
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Written in matrix form, the operator equation (3.14) becomes for z = E; + in = hé; + in,

according to (3.12) :
-1
b1+ ig— - %
Q, (3.16)

Gee (r‘él + ‘iT]) Gae (hal + iTI)
----2— 61 — 62

G,z (héy + i) G.. (hé1 + in)

Since the two eigenvalues of H.g are complex, we have not kept i in the matrix appearing
in right-hand side of (3:16). Taking the inverse of this matrix, and using (3.4) and (3.12), we
get :

_ hQIQ 61 - 62
Ta=— 5 (3.17)
where r o2 2 T

is the determinant of the matrix §; — Heg /h. Introducing the eigenvalues hzy and fizy of Heg,

we can also write :
D= (61— 21) (61— 201) (3.19)

which, inserted into (3.17), gives :

hﬂlg (51 - 62 thg [z’[ - 62 2N - 52]
Tq = = - 3.20
f 4 (b1—z1)(br—zm) 4(uu—2m) [1—21 61—z (3:20)
3.4 GENERAL PROPERTIES OF THE SCATTERING AMPLITUDE. — Considered as a function

of §;, the scattering amplitude Ty appears in (3.20) as a sum of two resonant scattering am-
plitudes : one centered about 6§; = Re z1, with a width equal to Im 21 ; and the other one
centered about §; = Re zj1, with a width equal to Im zy;. The theoretical approach followed
in this paper clearly shows that two resonances should appear in the variation with §; of the
total scattering cross-section (which is proportional to |Tﬁ|2), and it relates the positions and
the widths of these resonances to the real and imaginary parts of the eigenvalues of Heg.

It also clearly appears from (3.17) that T; vanishes for §; = é;. The quenching of the fluo-
rescence, when the resonance Raman condition between g; and g, is fulfilled, is also predicted
by such an approach.

Let us finally calculate |75)* Using (3.17) and (3.18), we get :

(3.21)

2= rZQ2Q? (61— 82)°

| fi 2

16 [51 (61— 82) — E}] + B (81 - 82)°
It is interesting now to compare (3.21) with the limit of (1.4) when 25 3> Q. Since Q2 already
appears in the numerator of (1.4), we can put @, = 0in Z. One can then easily check that [T
and ¢ are proportional, and have therefore the same dependence in 8;,682,$2. As expected,
we find that the total scattering cross-section, for the process ¢} — |f) considered in this
paper, involves the steady-state population of e. In the limit ; « 2, we can therefore get new
physical insights in equations (1.4) and (1.5), and in the variations with &§; of ¢% represented
in figure 2, by considering the two resonant scattering amplitudes appearing in (3.20).
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4. The low saturation limit. Physical discussion.

The calculations of the previous section 3 are valid for any value of Q; and §,. We consider
now the limit where §2; is small compared to I' or to |§2|. More precisely, we suppose that the
saturation parameter s, for the transition g, — € is small compared to 1 :

Q2/2
sg= —2Z_ &1 41
2T+ L (4.1)

Such a limit is interesting because it leads to two eigenvalues of Hegr, 21 and 211, having quite
different imaginary parts. The corresponding resonances appearing in the variations of Ty with
§; have then quite different widths, which is indeed the situation leading to Fano profiles.

4.1 INTERPRETATION OF THE TWO RESONANCES APPEARING IN THE SCATTERING AMPLI-
TUDE. — Let zn be the eigenvalue of Heg /R which tends to §; when Q3 tends to zero. One
can always write :

I\I
oy = 63 + 6} — i{ (4.2)
where 65 and —iI'5/2 are the real and imaginary parts of the correction introduced by €.

Because the trace of Heg is invariant in a change of basis, we have for the other eigenvalue zp,
which tends to —iI'/2 when 2, tends to zero :

I\ — TV
=8 — i——2—2 (4.3)

Condition (4.1) allows one to calculate 65 and I'; perturbatively. One gets :

8, — i% = % (4.4)

which gives :
p =6 (4.52)
I, = rs—;— (4.5b)

Equation (4.5a) shows that 85 is the light shift of level g2 due to the coupling with the photons
wr2, whereas equation (4.5b) shows that T is the radiative broadening of level g;, or equiv-
alently the departure rate from level g5, due to the absorption of wr, photons. Note that,
although 65 and I} are calculated here perturbatively, their presence in the denominator of the
two fractions of (3.20) corresponds to a nonperturbative expression for Tg. Finally, equation
(4.3) shows that the light shift of level e is opposite to that of level g3, whereas the radiative
width of level e is slightly reduced from I' to I' — I} as a result of the contamination of e by g,
induced by .

The physical meaning of 85 and I'y can now be used to interpret the two resonances appearing
in (3.22). Consider first the resonance associated with the denominator 6; — 21. The position
of its center is given by :

61 = Re Z = —6; (46)
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an equation which can be also written :
hwry = E, — hé, — E,, 4.7

and which expresses an optical resonance condition between the lower level g; and the light-
shifted upper level e. As expected, the width of this optical resonance, Im z; = (F-TI")/2 ~ I'/2,
is mainly determined by the natural width I of e. Consider now the second resonance associated
with the denominator &, — zj1. Its position is determined by :

b1=Rezip=6é2+ 6’2 (48)

and corresponds to :

hwpy — hwps = E_h + qu; - Ey1 (49)
Equation (4.9) expresses a stimulated Raman resonance condition between the light-shifted
level g; and the level g;. Note the difference between (4.9) and (1.3), which is the stimulated
Raman resonance condition between unperturbed energy levels (without light shifts) leading
to coherent population trapping. As for the width of the resonance associated with zqj, it is
determined by the radiative width I', of level g2 due to the absorption of wys photons. For
small s, this width is much smaller than I’ (see (4.5b)), so that the resonance associated with
zpr is much narrower than the resonance associated with 2.

4.2 THE INTERMEDIATE STATES OF THE SCATTERING PROCESS. — From the results of sub-
section 3.2, it follows that the scattering amplitude Tj can be written :

RO 1
Th=—7 <‘Pe h‘sl—Heﬂ‘|<pe> (4.10)

Let |p.) and |<p:$ be the eigenvectors of Heg which tend to |p.) and |ps) when £, tends to

zero. A perturbative expansion can be given for |p.) and |p2). Using (3.15), we get :

/2

lpe) = lpe) — 51 T2 lp2) (4.11a)
@ =~ |p2) + E;Tgi'(/l%i lpe) (4.11b)

Note that |p.) and |p2) are not orthogonal, since Heg is not hermitian. They form however
a basis in the subspace £, and we can always expand .} on such a basis :

lpe) = alpe) + Bla) (4.12)

the non orthogonality of |p.} and |p2) resulting in the fact that the components o and 8 of
lpe) do not coincide respectively with the scalar products (p.| e} and {p2| ). Inserting

(4.12) into (4.10) and using the fact that |p.) and |p2) are eigenstates of Heg with eigenvalues
hzy and Rz, we get :

1
61—2']

1 Q - 1
Is = 41 {a’ (‘Pc I‘Pe) + 8 (‘Pe |502) 3= z"} (4-13)
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Fig. 3. — Diagrammatic representation of the scattering process in terms of dressed states. Starting
from {g1,(/N)2), the dressed atom absorbs the incident wz; photon (upward arrow), jumps to one of

the two dressed states |pe) or J@a) originating from Jpe) = e, (N)2) and |p2) = lg2, (N +1)2), and
then falls back to g1, (N)2) by emitting the fluorescence photon w (downward wavy arrow).

Such a result shows that, after the absorption of the incident photon wg;, and before the
emission of the fluorescence photon w, the system passes through two possible intermediate

states, which are the eigenstates [¢.) and |pa) of Heg.

These two states can be also considered as two dressed states of the “atom + wg, photons”
system, as shown in figure 3. The left part of this figure represénts a few unperturbed states of
such a system : the two states |p.) = |e,(N)2) and |p2) = |g2, (N + 1)2), which are separated
by an interval 6, (in angular frequency units), the state |p.} having a natural width T ; the state
lg1,(N)2) , which is located at a distance we; below |p2) . When the coupling €22/2 between |p3)
and |y.) is taken into account, these two states repel each other by an amount 8%, which is the

light shift of g2, and transform into two dressed states |p.) and |p2) which are represented in
the right part of figure 3. The contamination of the wave functions induced by 5 is responsible

for the appearance of a small width T’ for [¢3), whereas the width of |p.) is slightly reduced.
As for the state |g;,(N),), it remains unperturbed, since we neglect the non resonant coupling
of the atom in g; with the wrs photons. The scattering of the incident photon wr, by such a
system can then be considered as an elastic scattering process, where the dressed atom, starting

from [g1,(N)2), absorbs the incident photon wzi (upward arrow of Fig. 3), jumps to |p2) or

[pe}, and then falls back to |g1, (N )2) by emitting the fluorescence photon w (downward wavy
arrow). Another possible diagrammatic representation of such a process is given in figure 4,
which represents more clearly than figure 3 the two possible intermediate states between the
initial and final states. Note however than the energy defects in the two intermediate states
are more visible on the diagrammatic representation of figure 3, where they are just equal to
the interval between the dotted line (reached after the absorption of the wr; photon) and the

energy of each dressed state |p.) or |p2}, the width of each dressed state being included as
an imaginary part of its energy.

The approach followed in this subsection could be easily extended to describe multiphoton
scattering processes where several fluorescence photons are emitted and one or several wrs
photons are absorbed. For example, the dressed atom in |g1,(N)2) can absorb the incident
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wy % wy 4
a) b)

Fig. 4. — Another diagrammatic representation of the scattering process showing the two possible

intermediate states |p2) and [pe).

photon wg, jump to one of the two dressed states lgoﬁv ) or Igaév > originating from the manifold
{le,(N)2), lg2,(N +1)2)}, then emit a fluorescence photon w’ and fall into one of the two

dressed states |¢¥~1) and [p) ~!) originating from the manifold {|e, (N — 1)}, |g2,(N)2)},
and finally end into |g1, (N — 1)3} by emission of a second fluorescence photon w”. There are
then four scattering amplitudes corresponding to four possible paths and one can show that,
for 6; = 62, they interfere destructively two by two.

4.3 INTERPRETATION IN TERMS OF RAYLEIGH SCATTERING, STIMULATED AND SPONTAN-
EOUS RAMAN SCATTERING. — When §2; = 0, the only scattering path which remains open is
the one passing through |¢.} = |e,(N)2) (Path b of Fig. 4). This is due to the fact that, during
the absorption of the incident wp; photon, the number N of wrs photons does not change,
so that the total system cannot go, by an interaction with the wr; photon, from |g;1, (N ),) to
lp2) = |g2, (N + 1)2) . Furthermore, the dipole moment operator appearing in the interaction
hamiltonian V' has no matrix element between g; and g,. It is only because the dressed state

|¢2) contains a small admixture of |p.) = le,(IV)2) (see Eq. (4.11b)), that the system can

go from |g1,(N)2) to |p2) when Q2 # 0. Such a contamination can be described in terms of
virtual absorptions and emissions of wzs photons by the atom in go. So, we expect that the

scattering path passing through |@2) could be described in the basis of bare states provided
that we introduce, in addition to the wz; and w photons which are the only ones to appear in
figures 3 and 4, extra wy, photons to describe such contamination effects.

To carry out such a program, we come back to equation (4.13), and we calculate each term
of the bracket, at the lowest order in Q; where it is not vanishing. The first term, which
corresponds to the path remaining open when 22 = 0, can be calculated to order zero in £25.

We then have a ~ (p. |@.) ~ 1, z1 ~ —il'/2, so that :

o e Ipa) e v —
Pe e 51—21-51+i-12:

(4.14)

The second term requires more caution. Both 8 and {p. |¢2) vanish when Q; = 0. They
appear only to first order in 2 and, at this order, one gets from (4.11) :
Q,/2

4.15
82 +1iL (4.15)

B = (pe .l-‘;;;:
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Fig. 5. — Diagrammatic representation of the scattering process in terms of bare states including the
light shifts and radiative broadenings due to the wz, photons. a) Rayleigh scattering process from g;
{absorption of wy, followed by the spontaneous emission of w). b) Stimulated Raman process bringing
the atom from g1 to g2 (absorption of wr; and stimulated emission of wys) followed by a spontaneous
Raman process bringing the atom from g2 to g1 (absorption of wy2 and spontaneous emission of w}).

so that, using (4.2), we can write :

— 1 0,/2)? 1
Blpe o) o = 2D —
1 1 (62-{'—1‘2') 61—62—52'*‘1—22

(2:/2)* 1

~ 4.16
(61 +i0)% 6 — 63— 84 +i2 (4.16)

In going from the first line of (4.16) to the second line, we have used the fact that, due to
the second denominator the whole expression is large only when 6, ~ 83 — 85, so that we can
replace in the first denominator, which gives rise to slow variations (because of the large iI'/2
term), 82 by 8 + &4 ~ 6. Inserting (4.14) and (4.16) into (4.13), we finally get :

Ta=Th+TH (4.17)
with
B 1 Ay
2 h(6+ik) 2
A 1 B 1 hQ, 1 A
2h(01+i3) 2 n(6i-b-g+iF) 2 AB:+i5) 2

TL ~ (4.18a)

T ~ (4.18b)

We can now give a diagrammatic representation of the amplitudes (4.18a) and (4.18b) in
terms of bare states e, g1, g2, keeping however the radiative widths and shifts of these levels (for
e, we neglect 8, and I} in comparison with T', to be consistent with the approximation made
in (4.16)). Reading (4.18a) and (4.18b) from right to left, we associate a photon absorption
or emission with each Rabi frequency term %, /2, hQ2/2 or £Q/2, and an intermediate state
with each energy denominator, such an energy denominator giving the energy defect between
the energy of the initial state and the energy of the intermediate state.

We first consider (4.18a) (Fig. 5a). Starting from g, the atom absorbs the wy; photon
(h1/2 term) and jumps into e, the energy defect being A (61 + zg) , and then falls back
into g1 by emission of the fluorescence photon w (fi§2/2 term). Such a process is nothing but
ordinary (near resonant) Rayleigh scattering.
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The amplitude (4.18b) corresponds to the four-photon process represented in figure 5b. Here
also, the atom starts from g; and absorbs the wr; photon (A£2;/2 term) to go into e with an

energy defect A (61 +1 -12:) . But now, from e, the atom jumps into g2 by stimulated emission of

/

one wrs photon (Af2,/2 term), the new energy defect becoming A (61 —by— 85+ z%) . Then,
the atom absorbs one photon wzp (AQ3/2 term) to return to e, with the same energy defect
h (61 + zg) as before, and finally falls back into g3 by spontaneously emitting the fluorescence
photon w (%Q/2 term). The amplitude Té] thus describes a sequence of two Raman processes,
one stimulated Raman process which brings the atom from g, to g2, followed by a spontaneous
Raman processes, which brings back the atom from g, to g1[15]. The amplitude of such
a combined process becomes very large when the second intermediate state is resonant, i.e.
when 8§, = 83 + 85. The width of the resonance is the width I', of go.

The expression (4.18b) of T3 looks like a perturbative expression taken from a Born expan-
sion of the scattering amplitude. Actually this is not the case. The presence of 85 and I'}, in
the second energy denominator results in the fact that (4.18b) is a non-perturbative scattering
amplitude. The presence of Q2 in the numerator of (4.18b) does not imply that 72! is of order 2
in Q2. When §; = 8 + 65, the second energy denominator of (4.18b) becomes equal to iI'%/2,
which is also proportional to QZ, so that Tj! is then of order 0 in 23, and can become on the
order of, or even larger than 7}. It would be also wrong to add to (4.17) amplitudes involving
more wrz photons. Equation (4.17) results from the exact expression (4.13), which already
contains a resurnmation of the perturbation series.

5. Conclusion : Connection with Fano profiles.

In the low saturation limit considered in the previous section, I' 3> I';, and the excited state
€ appears as a continuumn, in comparison with the narrow levels g; and g,. Figures 5a and 5b
show that there are two distinct paths for going from the discrete state g; to the “continuum”
e.
The first path appears in figure 5a. It corresponds simply to the absorption of the photon
wry which brings directly the atom from g; to e. The second path, appearing in Fig. 5b, is
a three-photon process going through g,. A stimulated Raman process (absorption of wpi+
stimulated emission of wgg) brings the atom from g; to g;, and then the absorption of one
wrz photon brings the atom from g, into the “continuum” e. This second path, which passes
through a narrow discrete state g, interferes with the first one, which is a direct path towards
the continuum. Such a situation leads to Fano profiles.
To check this point more carefully, we come back to equation (3.20), and, using (4.2) and
(4.3), we rewrite the first line of this equation as :

R
46+ 8, +i555] 61— 62— 8 + 42

Tx (5.1)

Because of the presence of i['/2 in the denominator, the first fraction of (5.1) varies very slowly
with &1, in comparison with the second fraction. We now transform the second fraction of (5.1),
which is the one giving rise to the rapid variations of Ty around §; = &, + 65 by introducing
the reduced variables :

_ b1 =638

=150 (5.2)
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6y 265 28
CEATT T 63
This allows one to write |T;|* as :
hZQ202 2
(Tl = 1 €9 (5.4)

_r’)? 2
16[(451+asg)2+§——LF T ] el

The second fraction of (5.4) is typical of a Fano profile with parameter g.
We have thus proven that the narrow structure of figure 2 is a Fano profile, and we have
identified in figure 5 the two interfering pathways which give rise to such a profile.
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