
90 NATURE PHYSICS | VOL 11 | FEBRUARY 2015 | www.nature.com/naturephysics

commentary

Inside the quantum Hall effect
Wolfgang Ketterle

Recent ultracold atom experiments reveal the wavefunction dynamics in the quantum Hall regime.

The quantum Hall effect has led to a 
deeper understanding of topological 
(or geometrical) effects in physics. It 

is related to buzzwords like Berry phase, 
Chern numbers, topological phases, 
Hofstadter’s butterfly, anomalous velocity, 
localization and edge states. And it has 
found generalizations in the spin quantum 
Hall effect and topological insulators. In 
the field of ultracold atoms, many-body 
phenomena are now explored at a scale 
a thousand times enlarged and at atomic 
densities a billion times smaller than 
electron densities in solids. This provides 
not only unprecedented control over the 
preparation of the system, but also new ways 
of probing it and revealing microscopic 
details by directly observing the dynamics of 
the wavefunction.

In a classical picture, the Hall effect is 
due to the deflection of moving charges (of 
charge Q) by the Lorentz force. An electric 
field, E, creates a current and the moving 
particles experience a transverse force in a 
magnetic field. When particles oscillate in 
an external potential, say an atom trap, one 
would naively conclude that the Lorentz 
force cancels out during a full cycle of the 
oscillation. More precisely, the Lorentz 
force leads to a precession (rotation) of 
the linear oscillation around the axis of 
the magnetic field. This is similar to the 
Foucault pendulum in a frame rotating with 
angular velocity ω, as the Coriolis force, 
v × ω, has the same structure as the Lorentz 
force, v × B, where v is the velocity and 
B is the magnetic field. This has recently 
been observed with ultracold atoms1. On 
the other hand, in a strong magnetic field 
charged particles are on cyclotron orbits. 
The Hall effect is then due to the E × B 
drift in the crossed electric and magnetic 
fields (Fig. 1a). Now, as they report in 
Nature Physics, Monika Aidelsburger and 
colleagues2, have studied the dynamics 
of ultracold atoms in crossed electric 
and magnetic fields — the quantum 
Hall geometry.

Aidelsburger et al.2 studied particles in 
a periodic potential, which are described 
by a band structure. In the single band 
approximation, applying an additional 
constant force F does not lead to a d.c. 

current (in the absence of scattering), 
but to Bloch oscillations (Fig. 1b). When 
the quasi-momentum k, according to the 
equation ħk

.
 = F = QE, reaches the edge of 

the Brillouin zone, the next cycle starts, 
leading to oscillations in both (quasi-)
momentum and configuration space. 
For particles in a single band, where 
the dispersion relation ε(k) expresses 
the energy for a particle with quasi-
momentum k, the velocity is given by the 
usual expression for the group velocity 
(1/ħ)dε(k)/dk. However, there can be an 
additional effect, as pointed out 60 years 
ago by Karplus and Luttinger3. Particles 
in certain periodic potentials can acquire 
an anomalous velocity when exposed 
to an accelerating force. In addition 
to the velocity given above, there is a 
second component

(1)vanomalous = – F-ħ Ω(k) 

where F = QE is the force in the y direction, 
and Ω(k) is the Berry curvature

 
Ω(k) = i(∂kx

u(k)|dky
u(k) – ∂ky

u(k)|dkx
u(k)) 

where u(k) are the periodic parts of the 
Bloch wavefunctions in the periodic 
potential. The anomalous velocity is 
due to admixtures of higher bands into 
the wavefunction of the lowest band. 
Those admixtures become very small for 
large band gaps3,4 — due to the energy 
denominator in perturbation theory — but 
this is exactly compensated by the relevant 
matrix element for the velocity operator. 
As a result, the anomalous velocity does 
not depend on any properties of the 
excited bands and becomes a property 
of the lowest band. The situation can be 
described by an adiabatic evolution in 
parameter space leading to a Berry phase. 
During Bloch oscillations, the particles 
move adiabatically across the Brillouin 
zone, accelerated by a weak force. The 
adiabatic theorem states that particles will 
remain in the lowest band for sufficiently 
slow variation of the external parameter. 
Berry realized that in many situations the 
first correction (related to the admixture 
of excited states) becomes independent of 

the nature of excited states and is therefore 
a property of the ground state. Actually, 
for the quantum Hall effect, Thouless and 
collaborators5 understood this already 
before Berry’s famous paper6. 

For periodic potentials, it is the Berry 
curvature that leads to the Hall effect. For 
an insulator (a completely filled band), 
after integrating equation (1) over the fully 
occupied Brillouin zone, the normal velocity 
vanishes, and the only remaining term is the 
anomalous velocity

vanomalous = C a/TB  (2)

where the integral of the Berry 
curvature over the Brillouin zone has 
been expressed by the Chern number, 
C = (1/2π)∫Ω(k)d2k, the force F has 
been expressed by the period of Bloch 
oscillations, ωB = 2π/TB = F a/ħ, and a 
is the product of the lattice period and 
the ratio of the sizes of the magnetic and 
lattice unit cells7. A technical comment 
most readers can ignore: for magnetic 
fields, one has to distinguish between a 
magnetic unit cell and the unit cell of the 
periodic potential.

The importance of equation (2) is 
due to the fact that the Chern number 
is quantized in integer units. Why is it 
quantized? This follows from mathematics 
and topology. Due to the periodicity 
of the lattice, the Brillouin zone is a 
surface without boundary — equivalent 
to a torus or donut. The integral of a 
generalized curvature over such a surface 
is a topological index, which can only be 
an integer. The Gauss–Bonnet theorem 
is a well-known example. One can also 
use a physics argument: according to 
the Stokes theorem, an integral over the 
Brillouin zone is equivalent to a contour 
integral along the edge of the Brillouin 
zone, and after one cycle the uniqueness 
of the wavefunction allows for phase 
shifts only in integers of 2π (ref. 4). 
Equation (2) predicts that during one 
Bloch period, TB = 2π/ωB, the particles 
in the filled Brillouin zone move an 
integer number of lattice constants to the 
side — that is, orthogonal to the applied 
force and the magnetic field — and this 
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implies quantized values of the Hall 
conductance. This direct measurement of 
the Chern number has been suggested7–9 
and now realized2 using ultracold atoms. 
As predicted, the velocity was opposite 
when the sign of the magnetic field was 
reversed. In the experiment, the atoms 
heated up and populated multiple bands, 
but this could be accounted for by direct 
measurements of the band populations, 
and after some corrections the Chern 
number was confirmed to be equal to one 
with 5% precision.

Is this a new way of studying the 
quantum Hall effect? The quantum Hall 
effect, observed with a precision of 10–9 
in semiconductor samples, is due to 
plateaus in the Hall conductivity, which 
are proportional to Chern numbers. Those 
plateaus are robust and observed when 
the charge density or the magnetic field 
is varied. For a translationally invariant 
system (or atoms in perfect periodic 
lattices), there are no such plateaus in 
transport measurement, as the system 
goes continuously from a partially filled 
(Landau) level to the next. In contrast, 
in solid-state samples, disorder localizes 
states at the band edges and the Hall 
conductivity has a plateau when those 
states are being filled up and charge 
transport is only possible by means of 
edge currents (Fig. 1c). Therefore, the 
physical regimes for ultracold atoms and 
semiconductors couldn’t be more different. 
In the experiment with ultracold atoms, 
the anomalous velocity is observed when 
the atomic cloud is placed in a lattice 
that is larger than the cloud, and the bulk 
motion is measured as the centre-of-mass 
displacement of the atomic wave packet. 
In solid-state materials, at a quantum 
Hall plateau, all bulk states are localized 
or insulating and the Hall current is 
transported by edge currents. Nevertheless, 
the Hall conductivity is the same because 
the two situations can be connected 
continuously, and such a change cannot 
modify a quantized adiabatic invariant — 
the Chern number.

In idealized systems without 
disorder, such as the one studied by 
Aidelsburger et al.2, quantized conductance 
plateaus can be observed when the 
population of Landau levels is accurately 
controlled and resolved — that is, by 
smoothly varying the chemical potential 
using gate electrodes or by connecting 
the ultracold atom system to a reservoir 
with adjustable Fermi energy. But these 
transitions are crossovers broadened by 
any mechanism that can broaden the 
sharpness of the Landau levels. In contrast, 
in the presence of disorder, Anderson 

localization localizes all bulk states except 
for states near the centre of a Landau level, 
and when those states are populated a 
sharp quantum phase transition to the next 
Hall plateau occurs10.

Now, I want to explain how neutral 
atoms can be used to study the physics 
of charged particles. Neutral atoms 
can be used as quantum simulators for 
electrons in a strong magnetic field. This 
is accomplished by creating synthetic 
magnetic fields with the help of laser 
beams11. In the presence of magnetic fields, 
the mechanical and canonical momenta 
differ by the vector potential. Synthetic 
vector potentials are created by controlling 
the momentum of atoms using stimulated 
photon momentum transfer with laser 
beams. These laser beams imprint exactly 
the same phase into the wavefunction of 
neutral atoms as a real vector potential does 
for electrons. In this way, the Hamiltonian 
for charged particles in strong magnetic 
fields has been emulated by neutral 
ultracold atoms12–14. Such magnetic fields 
can reach one flux quantum per lattice 
unit cell. In contrast, even the strongest 
magnetic fields, near 100 T, can create 
only 1% of a flux quantum per unit cell in 
conventional solids. The development of 
synthetic magnetic fields makes it possible 
to explore the physics of both bosons and 
fermions in strong magnetic fields and 
to study fermions with spins different 
from 1/2.

So far, we have discussed what happens 
for completely filled bands. For ultracold 
atoms, one can also prepare specific states in 
the Brillouin zone, for example, by putting 
a Bose–Einstein condensate or a gas of 
very cold fermions into the k = 0 quasi-
momentum state, and then use potential 
gradients to move this state around in the 
Brillouin zone. With this technique, the 
deflection of fermions due to the Berry 

curvature has been observed15. By closing 
paths in the Brillouin zone, interferometric 
measurements become possible and 
have been used to characterize the Zak 
phase in one-dimensional lattices16 and 
the Berry curvature near a Dirac point17. 
These examples illustrate the potential 
of using atomic physics methods, and in 
particular interferometry18,19, to characterize 
many-body systems directly at the level 
of phase shifts and wavefunctions, and 
study in detail the microscopic origins of 
transport coefficients. ❐
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Figure 1 | Quantized Hall conductance in three different regimes. a, For a free-electron gas, the 
drift velocity is the E × B drift of cyclotron orbits in perpendicular electric and magnetic fields. 
b, Non-interacting particles in a perfect lattice undergo Bloch oscillations with a frequency ωB when an 
electric field is applied and drift sideways with the so-called anomalous velocity. c, In solid-state devices, 
at a quantum Hall plateau, all bulk states near the Fermi energy are localized, and the Hall current is 
carried along the edges.
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