
Realizing quantum spin models with 7Li atoms in an
optical lattice

by

Ivana Ljubomirova Dimitrova

B.A., Princeton University (2010)

Submitted to the Department of Physics
in Partial Fulfillment of the Requirements for the Degree of

Doctor of Philosophy

at the

MASSACHUSETTS INSTITUTE OF TECHNOLOGY

February 2020

c○ Massachusetts Institute of Technology 2020. All rights reserved.

Author . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Department of Physics

20 December 2019

Certified by. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Wolfgang Ketterle

John D. MacArthur Professor of Physics
Thesis Supervisor

Accepted by . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Nergis Mavalvala

Associate Department Head



2



Realizing quantum spin models with 7Li atoms in an optical

lattice

by

Ivana Ljubomirova Dimitrova

Submitted to the Department of Physics
on 20 December 2019, in partial fulfillment of the

requirements for the degree of
Doctor of Philosophy

Abstract

Quantum spin Hamiltonians are paradigmatic models, which display different kinds
of quantum phase transitions, strongly-correlated and topological ground states, and
various regimes of transport. Expanding their significance, many mappings exist
between quantum spin models and other systems in different areas of physics, math-
ematics, and beyond. Even though quantum spin models have been studied exten-
sively, there are still many open questions. Simulating these Hamiltonians with the
system of ultracold atoms in optical lattices provides a new perspective with the wide
tunability of parameters and the minimal coupling to the environment. The map-
ping involves using the Mott insulating state of ultracold atoms in optical lattices,
where the energy of a second-order tunneling process (superexchange) maps to the
parameters of a Heisenberg model.

This thesis provides a detailed roadmap for the design and building of such a
quantum simulator with 7Li atoms in optical lattices. Each step of the process is
described, together with the methods and techniques used for the building and the
characterization of the physical system. A focus is placed on using the Mott insulator
as a starting point for spin physics experiments and, in particular, on the characteri-
zation and improvements of the mapping from a density sector description to a spin
sector description of the system.

Several schemes for implementing and studying spin systems are presented. In
particular, the feasibility of implementing the Heisenberg spin-1/2 and spin-1 models
in this system is described. The tilted lattice is presented as a tool for studying pure
superexchange-driven dynamics and for increasing their timescale by suppressing first
order tunneling and the role of number defects. The first measurements and the
tuning with this machine of superexchange-driven dynamics over a wide range in the
anisotropic Heisenberg spin-1/2 models are presented.

Finally, the versatility of the BEC 5 machine is showcased by a study which does
not involve an optical lattice. It explores the realization of an exotic quantum phase,
a supersolid, in a new way. After many years of building and improvements, the
BEC 5 machine emerges as a repeatable and reliable quantum simulator which has
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a clear scientific agenda of exploring many-body ground states and non-equilibrium
dynamics.

Thesis Supervisor: Wolfgang Ketterle
Title: John D. MacArthur Professor of Physics
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Chapter 1

Introduction

This chapter provides the main motivation and an overview of the scientific agenda of

the BEC 5 lab, implementing a 7Li in optical lattices quantum simulator. Then, this

platform is compared to other platforms used to study quantum spin Hamiltonians.

Finally, a brief overview of the history of BEC 5 since we started building it is given.

1.1 Quantum simulation of spin models

Quantum lattice spin Hamiltonians are paradigmatic models which can be used to

study many physical phenomena. The two most widely known models are the Ising

and the Heisenberg model. In the Ising model, each spin on the lattice can be in one of

two states, while in the Heisenberg model, the spin can be in any superposition of the

two states. These models have various extensions. For example, the total spin does

not have to be limited to 1/2 but higher values can be used, the dimensionality can be

varied, external fields can be added, the interactions can have different range, disorder

can be added, etc. Due to this versatility, they exhibit rich phase diagrams hosting

phases, such as ferromagnets and anti-ferromagnets, counterflow superfluids, topolog-

ical phases, valence-bond states, frustrated states, spin liquids, etc. In addition, these

models provide a way of studying quantum phase transitions between phases with dif-

ferent symmetries and spontaneous symmetry breaking. Beyond ground states, the

dynamics and transport in different regimes of the spin Hamiltonians are topics of

19



recent research and debate. Although these models are quite simple to write down,

in many cases they are quite difficult to solve.

The problem stems from the exponentially growing configuration space with the

number of interacting particles. For example, if a particle can be in either of two states

and the system has N interacting particles, the Hilbert space is 2𝑁 . Therefore, solving

these models could take prohibitively long time on existing classical computers. The

idea, proposed by Richard Feynman, is to use another quantum system to simulate the

system under study. Since the properties of a system are described by a Hamiltonian,

if the Hamiltonian of one system can be mapped to the Hamiltonian of another

system, then the energy levels, correlations, and dynamics can also be studied by this

other system. This has inspired the field of quantum simulation, which has grown to

include various quantum systems, such as ultracold atoms and molecules, solid state

systems, and photonic systems.

The main scientific agenda of the BEC 5 lab falls in this broad category. In

particular, ultracold atoms in optical lattices can be used to simulate various models,

relevant for condensed matter physics, statistics, and high-energy physics. The focus

of BEC 5 is on simulating quantum spin Hamiltonians. The spin is mapped onto the

internal atomic state and the periodic potential is implemented by the optical lattice.

The advantage of such a mapping is that the atomic system provides a much wider

tunability of the Hamiltonian parameters, more direct access to physical quantities,

such as energy levels and spin correlations, and better control over the noise sources.

Therefore, compared to condensed matter systems, the system of atoms in optical

lattices can be used to study spin Hamiltonians in much more detail and to access

new regimes.

The wide tunability of interactions and of the timescale for dynamics provide

access to novel ground states and to the non-equilibrium dynamics in different regimes

of the Hamiltonians. Adiabatic state preparation protocols of many-body states can

be implemented, allowing the study of both the feasibility of these protocols and

the properties of the new states. Then, quantum phase transitions and quenches

between states with different symmetries can be studied in detail. Also, ultracold
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atoms in optical lattices provide the unique perspective of a system isolated from

the environment, lacking a bath. The unitary evolution of such systems can give

insight about eigenstate thermalization and prethermal states. Another avenue of

exploration are the transport properties of quantum systems in different regimes. For

example, with ultracold atoms in optical lattices, the transport properties of pure

states close to zero temperature can be compared to those of statistical mixtures and

high temperature states.

However, one needs to show that the model quantum mechanical system does

indeed reproduce the properties of the system under study, i.e. a benchmark is needed.

This is necessary because the mapping between the two systems is established only

under certain conditions and assumptions. This can be due either to the inherent

properties of the experimental system or to technical issues, such as heating and loss

processes, which become important after some evolution time.

Very often, this benchmark is a 1D system. In the context of spin systems, 1D

spin chains have been studied extensively theoretically (either by analytical methods

like the Bethe ansatz, or by numerical simulations), while much less can be calcu-

lated in 2D and 3D for systems of more than a few sites. Having the benchmark, one

is now free to explore higher dimensions or more complex 1D systems which show

qualitatively new features but cannot be easily computed. From another perspec-

tive, many 1D systems are quite different from higher dimensional ones. Quantum

fluctuations are more pronounced in lower dimensions and in 1D transport is quite

different because one cannot go around particles in the chain. This could result in

different phases in different dimensions, different behavior of spin-spin correlations,

etc. Therefore, often the study of the properties of 1D systems is an intriguing re-

search agenda of its own. The ability to easily access and compare 1D, 2D, and 3D is

another advantage of the atoms in optical lattices platform. In addition to quantum

problems, this can address some classical systems since sometimes a correspondence

between d-dimensional quantum systems and (d+1)-dimensional classical systems can

be established.

In addition to dimensionality, temperature can be used to benchmark systems.
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Sometimes, theoretical results are more easily obtained in the high-temperature limit

or in the zero-temperature limit but it is difficult to determine the behavior in be-

tween. With ultracold atoms in optical lattices, temperature can be controlled too,

exploring the properties of the system in different regimes.

1.1.1 Platforms for simulating spin models

This section compares the types of spin models and the tunability of their parameters

that can be simulated with the system of alkali ultracold atoms in optical lattices to

the ones with other platforms, such as dipolar atoms, molecules, and Rydberg atoms

in optical lattices or tweezer arrays, trapped ions, solid state systems, and photonic

systems.

With alkali ultracold atoms in optical lattices, due to the short-range interactions,

Heisenberg Hamiltonians with nearest-neighbor interactions can be simulated:

𝐻 = 𝐽𝑧
∑︁

𝑖

𝑆𝑧
𝑖 𝑆

𝑧
𝑖+1 + 𝐽𝑥𝑦

∑︁

𝑖

(︀
𝑆𝑥
𝑖 𝑆

𝑥
𝑖+1 + 𝑆𝑦

𝑖 𝑆
𝑦
𝑖+1

)︀
(1.1)

Here 𝑆𝛼
𝑖 are spin matrices on site 𝑖 for 𝛼=𝑥, 𝑦, 𝑧. Effective external magnetic fields

of the form ℎ𝑧
∑︁

𝑖

𝑆𝑧
𝑖 and ℎ𝑥

∑︁

𝑖

𝑆𝑥
𝑖 can be added.

With alkali atoms, the effective spin Hamiltonian is derived from the Hubbard

model, which has two parameters: the tunneling matrix element 𝑡 and on-site inter-

action 𝑈 . It exhibits a phase transition from a superfluid with delocalized particles

to a Mott insulator with particles localized on each site. It is in the Mott-insulating

regime that the mapping from the Hubbard model to the Heisenberg model is valid.

The effective spin-spin interactions come from superexchange: the process of virtual

hopping and hopping back of particles on neighboring sites. It is a second-order

tunneling process and scales as 𝑡2/𝑈 .

The Hamiltonian in Eq. (1.1) is the anisotropic Heisenberg model for a system with

total spin S. In the system of ultracold alkali bosons in an optical lattice, different

total spin S can be engineered by, for example, varying the on-site occupation [10].

If two hyperfine states with long lifetimes are used, |𝑎⟩ and |𝑏⟩, a spin-1/2 model can

22



be implemented in a Mott insulator with one particle per site by mapping:

|↓⟩ = |𝑎⟩

|↑⟩ = |𝑏⟩ (1.2)

A spin-1 model is implemented in a Mott insulator with two particles per site by

mapping:

|+1⟩ = |𝑏𝑏⟩

|0⟩ =
1√
2

(|𝑎𝑏⟩+ |𝑏𝑎⟩)

|−1⟩ = |𝑎𝑎⟩ (1.3)

Typically, three-body loss limits the implementation of schemes with more than two

particles per site.

Since the interaction energies between the two atomic states can be different, there

could be three types of superexchange terms: 𝑡2/𝑈𝑎𝑎, 𝑡2/𝑈𝑎𝑏, and 𝑡2/𝑈𝑏𝑏, assuming

the tunneling 𝑡 is not spin dependent. The Heienberg parameters 𝐽𝑧, and 𝐽𝑥𝑦 are

functions of all three terms [49]. They can be tuned by the lattice depth, which

changes the barrier between neighboring sites, thus varying the tunneling 𝑡 between

them, and by Feshbach resonances, in which an externally applied magnetic field tunes

the two-body interactions 𝑈 over a very wide range by bringing the free atom energy

in resonance with a molecular bound state energy. For two spin states, the lattice

depth and the magnetic field tune the Heisenberg parameters in a non-trivial way,

which is explained in Chapter 4. The tunability depends on the particular structure

of the Feshbach resonances for a given alkali species. Note that there are other ways

to tune the Heisenberg parameters, for example, by spin-dependent lattices.

Since heating and loss processes are always a problem, faster dynamics are prefer-

able. For lithium the superexchange timescale is in a range between several hundred

Hz to 2 kHz, while for heavier atoms, such as Rb (which is commonly used in cold

atom experiments) it is up to a few hundred Hz. The figure of merit is the ratio
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between the lifetime of the Mott insulator and the superexchange rate 𝐽𝑥𝑦/~, which

we address in Chapter 3. One of the inherent drawbacks of this scheme is that mass,

entropy, and energy transport happen on the faster timescale of first-order tunneling

𝑡 while the time for spin-spin interactions is on the slower timescale of second-order

tunneling 𝑡2/𝑈 . We address some of the resulting issues by applying a tilt to the

lattice described in detail in Chapter 5.

There are other platforms used for quantum simulation of various many-body

systems. Here the platforms are grouped in the following way: (i) atoms in optical

lattices: (ia) alkali atoms; (ib) dipolar atoms; (ii) molecules: typically bi-alkali but

a growing variety; (iii) Rydberg atoms; (iv) trapped ions; (v) solid state systems:

superconducting circuits, quantum dots, NV centers; (vi) photonic systems. They

differ in the types of Hamiltonians, which can be simulated and the tunability of

the parameters. For example, long-range (anisotropic) interactions can be modeled

in systems dipolar atoms, molecules, trapped ions through the Coulomb interaction,

and photonic systems. In some of the platforms involving optical lattices, tunneling is

not required if the interactions are long-range. Next, a brief overview of the features of

these platforms is given. Although there are candidates for universal quantum simu-

lator or a universal quantum computer, in most cases, these platforms are best suited

for only a subset of many-body systems. Here the focus is on the spin Hamiltonians

that can be modeled in these systems.

(ib) Dipolar atoms. Atoms with large magnetic dipole moments, such as Dy,

Er, Cr, are trending platforms for quantum simulation. Here, the atoms are pinned

down in the lattice, with a density of one atom per site, and the effective spin-spin

interaction originate in the dipole-dipole interaction between pairs of atoms. Since

this interaction is long-range and anisotropic, the Heisenberg XXZ model can be

realized. It has long-range coefficients, which depend on the distance between the

interacting spins. For example, in [124], the following Hamiltonian was realized:

𝐻 =
∑︁

𝑖,𝑗 ̸=𝑖

𝐽𝑖𝑗

[︂
𝑆𝑧
𝑖 𝑆

𝑧
𝑗 −

1

2

(︀
𝑆𝑥
𝑖 𝑆

𝑥
𝑗 + 𝑆𝑦

𝑖 𝑆
𝑦
𝑗

)︀]︂
(1.4)
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where

𝐽𝑖𝑗 = 𝑉𝑑𝑑
1− 3 cos2(𝜃𝑖𝑗)

4𝜋𝑟3𝑖𝑗
(1.5)

is the dipole-dipole interaction between atoms at sites 𝑖 and 𝑗, 𝜃𝑖𝑗 is the angle between

the dipolar axis (set by the external magnetic field) and the interparticle axis. Here

𝑉𝑑𝑑 is the matrix element between the corresponding atomic states which encode the

spins. Variations and extensions of this Hamiltonian are possible. For example, the

quadratic Zeeman shift gives a term
∑︁

𝑖

𝛿𝑖(𝑆
𝑧
𝑖 )2. Note that this Heisenberg model is

anisotropic but the anisotropy is not directly varied.

The anisotropic interaction of dipolar gases enables other interesting studies, for

example collapse of ultracold dipolar gases and the study of supersolids. Recent

reviews of the general platform of atoms in optical lattices can be found in [64, 25,

59, 16].

(ii) Molecules. Ultracold polar molecules are a promising candidate for realizing

a larger variety of many-body phases due to their large electric dipole moment, which

is typically larger than the one of dipolar atoms. For heteronuclear molecules, since

the rovibrational ground state has no dipole moment, an external electric field (DC

or AC) can be applied to mix opposite-parity rotational states and induce a dipole

moment in the lab frame. For reviews on using molecules for quantum simulation,

see ([34, 114, 23]). Here we give a brief summary.

When the molecules are pinned in a lattice (with one molecule per site), quantum

spin Hamiltonians with long range interactions can be engineered. In many schemes

using diatomic polar molecules, the spin is encoded in the rotational degrees of free-

dom and the interactions are tuned by external microwave fields (e.g. [18, 112, 61]).

The dipole-dipole interaction here comes from the dipole moment associated with

the transition between the lowest two rotational states |𝑁 = 0⟩ → |𝑁 = 1⟩. For

example, in an applied DC electric field, the two pseudo-spins can be chosen to be

the eigenstate superpositions between the |𝑁 = 0⟩ and |𝑁 = 1, 𝑁𝑧 = 0⟩ states. The
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resulting Hamiltonians is the anisotropic spin-1/2 XXZ Heisenberg model [23]:

𝐻 =
∑︁

𝑖,𝑗 ̸=𝑖

𝐽𝑧
𝑖𝑗𝑆

𝑧
𝑖 𝑆

𝑧
𝑗 +

∑︁

𝑖,𝑗 ̸=𝑖

𝐽𝑥𝑦
𝑖𝑗

(︀
𝑆𝑥
𝑖 𝑆

𝑥
𝑗 + 𝑆𝑦

𝑖 𝑆
𝑦
𝑗

)︀
(1.6)

where the 𝐽𝑧 and 𝐽𝑥𝑦 parameters are proportional to the dipole-dipole interaction

between the spin states 𝑉𝑑𝑑 (similarly to the case of dipolar atoms Eq. (1.5)). They

can be tuned by external fields. Variations of the model, as well as other types of

spin encoding resulting in different Hamiltonians can also be simulated with polar

molecules, e.g. the realizing fractional Chern insulators has been proposed [162].

At the moment, the challenges with this platform involve producing ultracold

polar molecules in the desired state and loading them in a lattice with density of

one molecule per site. Various ultracold molecules prepared from two atomic species

combined into Feshbach molecules and then transferred to the rovibrational ground

state via STIRAP (Stimulated Raman adiabatic passage) have been realized. Direct

laser cooling has also been employed for molecules such as SrF, which have almost-

closed electronic transitions, making it suitable for laser cooling. For optical trapping,

it is important to match the polarizabilities of the two rotational states at the lattice

wavelength. So far, the densities have been low and preparing a lattice with one

molecule per site remains challenging, so that fillings of about 30% have been realized.

At larger densities, for some molecules, chemical reactions between the molecules

become important, which could limit the lattice loading process. An alternative

approach is to load the atomic gases into the lattice (or into arrays of individual

traps) first, realizing a filling of one atom of each species per site, and then create

the molecules in the lattice. Of course, this approach is suitable only for molecules

whose constituent atoms can be easily cooled.

Ultracold polar molecules are also used to explore quantum chemistry, quantum

computation, and precision measurement.

(iii) Rydberg atoms. These are atoms in a highly-excited electronic state

𝑛> 50, typically alkali atoms. The dipole-dipole interactions between two Rydberg

atoms are very strong: at a distance of a few 𝜇m the van der Waals interaction can
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be ∼ 10-100MHz. Compared to this, the radiative and blackbody-limited lifetimes

(∼ 100𝜇s) are long and it is rather the motion of the atoms when in the untrapped Ry-

dberg state that limits the timescale available for experiments [22]. Although keeping

the trap off during the Rydberg-Rydberg interaction is a common strategy, imple-

menting magic traps (which trap both the ground and the Rydberg state) would be

a significant improvement. One of the appeals of Rydberg atoms are the long-range

interactions, which allow the use of arrays of individual traps separated by a large

enough distance to allow single-site imaging and addressing without the need of very

high resolution.

Arrays of Rydberg atoms have realized the 2D Quantum Ising model [97], Ising-

type quantum phase transition [22, 81], and quench dynamics in a 2D Ising model

[67]. For example, the Hamiltonian realized in [138] is:

𝐻 =
∑︁

𝑖,𝑗

𝐽𝑧
𝑖𝑗𝑆

𝑧
𝑖 𝑆

𝑧
𝑗 + ℎ𝑧

∑︁

𝑖

𝑆𝑧
𝑖 + ℎ𝑥

∑︁

𝑖

𝑆𝑥
𝑖 (1.7)

where 𝐽𝑧
𝑖𝑗 =𝑉𝑖𝑗/2 for 𝑉𝑖𝑗 ∼ 𝐶6/𝑅

6 at the distances used in that experiment, and ℎ𝑥,𝑧

are external fields, realizing the transverse-field Ising model, which has a quantum

phase transition. For much shorter distances 1/𝑅3 interactions could also be engi-

neered. The interaction can be tuned either by varying the distance between the

atoms or by coupling them to different Rydberg states.

In addition, for simulating many-body systems, Rydberg atoms are a promising

quantum computing platform. Here gates are based on the Rydberg blockade, in

which only one atom can be excited in a certain area, because of the interaction shift

between a pair of Rydberg atoms. This can be used either to directly encode a qubit

per atom (with |0⟩= |𝑔⟩, the ground state, and |1⟩= |𝑟⟩, the Rydberg state), or an

ensemble of N atoms with one Rydberg excitation can be used as a qubit, enhancing

the coupling but also the laser power required by
√
𝑁 .

Recent reviews of this platform can be found in [156, 133, 132, 22, 117].

(iv) Trapped ions. Trapped ions have high-fidelity gate operations, but scaling

to larger systems is not straightforward. Typically, a chain of laser-cooled ions in
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the sub-mK range is used (e.g. in a Paul trap), where the position of the ions is

determined by the balance between the repulsive Coulomb force and the trapping

potential. The ions are in the Lamb-Dicke regime, where they are confined to space

smaller than the optical wavelength. The distance between the ions is on the order

of a few 𝜇m, large enough for the fluorescence of each ion to be observed individually

without high-resolution objectives.

The spin is encoded in the internal degrees of freedom. The collective motion of 𝑁

ions in the trap has 3𝑁 normal modes, with resolved frequency differences, which are

used to engineer effective spin-spin interactions. These are vibrational modes which

can be excited, for example, with pairs of laser beams with the exact frequency and

momentum difference, which act on all ions in the chain. When the exciting fields

are state-dependent, coupling the internal state to the external collective motion,

effective spin-spin interactions can be engineered. For example, the transverse-field

Ising model has been implemented [164]:

𝐻 =
∑︁

𝑖<𝑗

𝐽𝑧
𝑖𝑗𝑆

𝑧
𝑖 𝑆

𝑧
𝑗 + ℎ𝑥

∑︁

𝑖

𝑆𝑥
𝑖 (1.8)

where the coupling is:

𝐽 =
𝐽0

|𝑗 − 𝑖|𝛼 (1.9)

where 𝐽0 depends on the Rabi frequency and the coupling to the motional modes.

The the effective interactions are long-range, determined by the exponent 𝛼 which in

many schemes is 𝛼 = 3. In the scenario in [164], it can in principle be tuned in the

range 0 < 𝛼 < 3, but in practice 0.5 < 𝛼 < 1.8 due to technical issues.

Trapped ions offer long-range interactions with single-site imaging and the option

of single-site addressing. However, scaling to higher dimensions or larger 1D systems

is one of the main challenges. Trapped ions are also major candidates for quantum

information processing and quantum computing. For reviews of the trapped ion

platform, see [24, 129, 43].

(v) Solid state. Here we focus on superconducting circuits. Reviews on solid

state systems used for quantum simulation and computation can be found in [44,
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14, 84, 90]. Although the main focus in this field is on implementing a (universal)

quantum computer, spin Hamiltonians can be implemented in this platform too, with

focus on spin-1/2.

Superconducting circuits use LC circuits with a Josephson junction, which acts

as a nonlinear inductor. This makes the excitation level spacing non-uniform, so that

the qubits (which can be used as effective spins) can be encoded in the bottom two

levels. It is worth noting that in contrast to other systems considered here, the su-

perconducting qubits are macroscopic in size and lithographically defined. Therefore,

the properties of the qubits can be tuned. Several types of qubits are used with dif-

ferent circuit geometry and elements. The coupling between these qubits (realizing

the effective spin-spin interactions) is implemented either by direct capacitive or in-

ductive coupling (resulting in nearest-neighbor spin-spin interactions) or by coupling

them to microwave resonators (i.e. a resonator bus). For example, transmon qubits

are capacitively coupled realizing a spin flip-flop interaction [90]:

𝐻𝑐𝑎𝑝
𝑖𝑗 = 𝐽𝑥𝑦

𝑖𝑗

(︀
𝑆𝑥
𝑖 𝑆

𝑥
𝑗 + 𝑆𝑦

𝑖 𝑆
𝑦
𝑗

)︀
(1.10)

where 𝐽𝑥𝑦
𝑖𝑗 depends on the coupling capacitance, or, in the case of a resonator bus, on

the frequency detuning between the qubits and the resonator. For flux qubits [90]:

𝐻 𝑖𝑛𝑑
𝑖𝑗 = 𝐽𝑧

𝑖𝑗𝑆
𝑧
𝑖 𝑆

𝑧
𝑗 (1.11)

where 𝐽𝑧
𝑖𝑗 can be tuned by the magnetic flux applied to an additional inductive cou-

pling element. In both cases, which qubits are connected can be used as a design

parameter, forming graphs with different connectivities.

Recent examples of spin Hamiltonians realized with superconducting circuits in-

clude the XYZ Heisenberg model, which can be implemented in a digital way (with

successive application of XY, YZ, and XZ coupling gates) with superconducting trans-

mon qubits [134]. However, this digital approach becomes less applicable for strong

interactions, comparable to the inverse time required for each gate. The transverse

field Ising model (with nearest neighbor interactions) was simulated on 8x8x8 D-Wave
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processor [70, 89]. However, the spin-flip term 𝐽𝑥𝑦 would be difficult to implement

with flux qubits (see e.g. [84]). Although superconducting circuits offer the flexibility

to engineer different geometries and the potential for scaling up, in the case of spin

Hamiltonians, the tunability of the parameters is limited.

(vi) Photonic systems. Photonic systems can also be used for quantum sim-

ulation [13, 71]. The effective photon-photon interactions can be engineered by a

nonlinear medium, e.g. atoms or solid-state crystals. For example, atoms in cavities

can mediate strong effective photon-photon interactions. Coupled cavities can realize

photonic networks which can be engineered to simulate lattice physics. For reviews

of these platforms, see ([13, 71, 151, 48]).

In summary, each platforms has it advantages and drawbacks and can be adapted

to simulate a specific set of systems. Alkali atoms in optical lattices can simulate

Heisenberg models with nearest-neighbor interactions. Compared to the platforms

which offer long-range interactions, such as dipolar gases, molecules, and trapped

ions, the production of this system is less involved and the methods are more ad-

vanced, maybe on par with the trapped ions platform. In lithium, the tunability of

the Heisenberg parameters with Feshbach resonances is probably larger than what

most other systems can offer, but it is specific to the atomic species. The ability to

implement spin-1 systems with alkali atoms in a Mott insulator with two atoms per

site is also a feature which, so far, has been implemented only in trapped ion systems

[142].

In terms of scalability, the systems of alkali atoms in optical lattices involve a

large number of atoms but single-site imaging and addressing is more involved. By

contrast, in the systems of trapped ions, superconducting circuits, or Rydberg arrays,

for which single-site addressing is relatively straightforward, increasing the number of

particles is a challenge. Single-site resolution and addressing has been implemented

in atoms in optical lattices by using quantum gas microscopes and the technology is

maturing [95, 64]. However, this is more involved and limits the dimensionality to 2D,

although there are prospects for imaging individual planes in a 3D system. Also, more

recently, atom arrays have been realized (in 1D, 2D, 3D) with AODs (acousto-optic
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deflectors) and SLMs (spatial light modulators) [22, 97, 19], which allow for both

single-site imaging and addressing, so far used for Rydberg atoms. Combinations of

optical lattices (with single-site imaging) and tunable arrays could further increase

the versatility of the systems of cold atoms and molecules in optical lattices.

Finally, there are numerous tools and techniques which have been implemented

in these systems and here we list some of them. In addition to 3D cubic lattices, in

which the effective dimensionality for dynamics can easily be changed by varying the

lattice depth along each axis, other types of lattice geometries can be implemented.

For example, hexagonal, triangular, and Kagome lattices have also been realized

[103, 79]. Also, external fields allow for the engineering of additional terms to the

Hamiltonian. Coupling the two spin states with microwaves implements a tunable ℎ𝑥

field in the spin-1/2 Heisenberg model. The addition of an AC Stark shift gradient

via far-detuned optical beam can realize a tilt in the lattice potential. The addition

of a magnetic field gradient can do the same. However, if the two atomic states

realizing the spin states have different magnetic moments, the magnetic field gradient

can separate the two spins in space (if they are allowed to move) or a spin pattern can

be formed (when they are pinned) due to the different Larmor precession frequencies

at different magnetic fields. Adding Raman beams to a tilted lattice can implement

laser-assisted tunneling realizing gauge fields with neutral atoms. Combinations of

these elements can implement more complex Hamiltonians.

1.1.2 The 7Li platform

A platform of 7Li in optical lattices for the study of quantum spin models is particu-

larly appealing for two reasons. First, lithium has relatively easily accessible Feshbach

resonances which allow for the tunability of the interactions. Second, the light mass

of lithium makes the timescale for dynamics fast, which can be beneficial in studying

long-time dynamics in the heating and loss limited lifetimes of the system.

The properties and features of the 7Li system can be understood by considering

the interactions between the particles at ultralow temperatures. In the following,

a brief overview of the two-body elastic scattering is given and the implications for
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lithium atoms are presented.

Scattering length

At very low temperatures, the elastic scattering between two particles is described

by a single parameter: the scattering length 𝑎. Consider two particles with the same

mass in free space and at ultracold temperatures. Going to center of mass coordinates,

the problem reduces to finding solutions to the Schrodinger equation for the relative

motion between the two particles (for a review, see [41]):

(︂
p2
𝑟

2𝑚𝑟

+ 𝑉 (r)

)︂
Φk(r) = 𝐸𝑘Φk(r) (1.12)

where pr = (p1−p2)/2, r = r1−r2, 𝑚𝑟 =𝑚/2, and 𝑉 (r) is the interaction potential.

Typically, one looks for solutions with 𝐸𝑘 = ~2𝑘2/(2𝑚𝑟). For 𝑘≪ 1/𝑏, where 𝑏 is the

characteristic range of the interaction potential, the energy is low enough, so that the

scattering is isotropic. At distances 𝑟≫ 𝑏, the wavefunction can be written as:

Φk(r) ∼ 𝑒𝑖kr + 𝑓(𝑘)
𝑒𝑖𝑘𝑟

𝑟
(1.13)

where the first term is the incident wave and the second is the scattered wave. For

spherically symmetric potentials, the problem simplifies and an expansion in partial

waves is performed. At ultralow temperatures, only the s-wave (𝑙 = 0) contributes,

in the following sense. For 𝑙 = 0 the interaction term in the Hamiltonian is just the

interaction potential, while for 𝑙 ̸= 0, there is also a centrifugal term ~2𝑙(𝑙+1)/(2𝑚𝑟2),

which forms a centrifugal barrier. If the energy of the particles is low enough the

centrifugal barrier results in just a reflection of the incident wave.

For an incident plane wave along 𝑧, the expansion in partial waves gives the
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following form for the incident and scattered waves [41]:

Φ𝑘,0(r) = 𝑒𝑖𝑘𝑧 ∼ 1

𝑖2𝑘𝑟

∞∑︁

𝑙=0

(2𝑙 + 1)𝑃𝑙(cos 𝜃)
(︀
(−1)𝑙+1𝑒−𝑖𝑘𝑟 + 𝑒𝑖𝑘𝑟

)︀
(1.14)

Φ𝑘,𝑓 (r) ∼ 1

𝑖2𝑘𝑟

∞∑︁

𝑙=0

(2𝑙 + 1)𝑃𝑙(cos 𝜃)
(︀
(−1)𝑙+1𝑒−𝑖𝑘𝑟 + 𝑒𝑖2𝛿𝑙𝑒𝑖𝑘𝑟

)︀
(1.15)

The solution of the problem amounts to finding the phase shift 𝛿𝑙(𝑘) of the scattered

wave. The phase shift can be expressed in terms of a scattering length, which is used

as the parameter which describes interactions at ultralow temperatures:

𝑎 = − lim
𝑘→0

tan 𝛿0(𝑘)

𝑘
(1.16)

For alkali atoms, the potential can be described by a truncated van der Waals potential

[41]:

𝑉 (𝑟) =

⎧
⎪⎨
⎪⎩
−𝐶6

𝑟6
𝑟 > 𝑟𝑐

∞ 𝑟 < 𝑟𝑐

(1.17)

which gives the scattering length:

𝑎 = 0.478𝑎𝑐

(︂
1− tan

(︂
𝑎2𝑐
2𝑟𝑐
− 3𝜋

8

)︂)︂
(1.18)

where 𝑎𝑐 = (2𝑚𝑟𝐶6/~2)
1/4. Often, for simplicity, a contact interaction is used:

𝑉 (r2 − r1) = 𝑔𝛿(r2 − r1) (1.19)

where 𝑔 is the interaction strength. This expression is treated analytically by using

a pseudo-potential:

𝑉 (𝑟) = 𝑔𝛿(𝑟)
𝜕

𝜕𝑟
𝑟 (1.20)
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which simplifies the results for the scattering length and the scattering cross section:

𝑎 =
𝑔𝑚

4𝜋~2
(1.21)

𝜎(𝑘) =
8𝜋𝑎2

1 + (𝑘𝑎)2
(1.22)

The pseudo potential result is a good approximation for the scattering cross sec-

tion and its variation with incident energy (determined by 𝑘) for repulsive interac-

tions (𝑎> 0), but not so much for attractive interactions (𝑎< 0) [41]. The scattering

length of the |𝐹,𝑚𝐹 ⟩= |2, 2⟩ state for 7Li is 𝑎=− 27 𝑎0 at zero magnetic field and

zero temperature [5]. The variation of the scattering cross section (and therefore of

the scattering length) with temperature (incident energy) is typically not considered

in cold atom experiments because the zero-field interactions are typically repulsive.

However, for a few cases including lithium, there is a zero-crossing of the scattering

length for increasing temperature, not captured by the pseudo-potential approxima-

tion. For lithium, this happens to be at around 8mK [65, 41], which is a little bit

above the MOT temperature of 1-2mK. Therefore, further laser cooling is required

before evaporative cooling, which relies on a large elastic scattering rates, can be used.

The atomic potentials are typically not known well enough to predict the scat-

tering length. In cold atom experiments it is relatively straightforward to directly

measure the scattering length either spectroscopically (e.g. by photoassociation or

by amplitude modulation in a Mott insulator) or by measuring the Thomas-Fermi

cloud size in a harmonic potential of known trap frequency. The scattering length

characterizes the low-temperature properties of the particles. Particles at low enough

temperatures which interact with the same scattering length, will behave in the same

way, even if the details of the interaction potentials are different.
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Feshbach resonances

The scattering length can be tuned by varying the magnetic field near a Feshbach

resonance, which to a good approximation is described by (for a review see [36]):

𝑎(𝐵) = 𝑎𝑏𝑔

(︂
1− ∆

𝐵 −𝐵0

)︂
(1.23)

where 𝐵0 is the position of the resonance and ∆ is the resonance width. Feshbach

resonances originate from the proximity of molecular bound states of the atomic

hyperfine levels at a given magnetic field. When the energy of a pair of free atoms

equals the energy of the least bound state, a resonance in the two-body interactions

occurs. This resonance alters the atomic scattering length for pairwise interactions

but also leads to three-body recombination in which two atoms form a molecule and

the third atom gets the extra kinetic energy (this process is discussed in Section 3.2.4).

We use Feshbach resonances to produce a BEC (as explained in Chapter 2), to tune

the size of the Mott insulator plateaus, and to vary the interactions between the

lowest two hyperfine states in the Mott insulator in order to realize different spin

Hamiltonians.
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Figure 1-1: Feshbach resonances in 7Li. Shown are the interactions in the lowest two hyper-
fine states at high field: |𝑎⟩= |𝑚𝐼 =+3/2,𝑚𝐽 =−1/2⟩ and |𝑏⟩= |𝑚𝐼 =+1/2,𝑚𝐽 =−1/2⟩.
The scattering lengths are based on hyperbolic fits to the interaction spectroscopy data from
[11].

The Feshbach resonances in the lowest two hyperfine states are shown in Fig. 1-1.

A feature of this system is that for many magnetic fields, the interactions are negative.

This makes it possible to implement anti-ferromagnetic coupling with bosons, because
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the signs of the Heisenberg parameters can be changed. Applying a tilt ∆ to the

lattice with ∆>𝑈 , can also change the sign of the Heisenberg parameters [152, 45].

This allows for the realization of both the full ferromagnetic and anti-ferromagnetic

phase diagram of the Heisenberg Hamiltonian. This opens the possibility of adiabatic

state preparation of magnetically ordered states and the study of topological states,

of phase transitions between states with different symmetries, and of non-equilibrium

spin dynamics in different Hamiltonian regimes.

1.2 The history of BEC 5

Building and developing the Li 7 machine went through many different stages and

hurdles. We started from an almost-renovated room in the Fall of 2010. The initial

vacuum and laser cooling setup was complete in the Fall of 2011. The next few months

were spent on measuring the atomic flux at different stages of the experiment and

optimizing the Zeeman slower, which proved difficult. The resolution was to increase

the oven temperature to 100𝑜 higher than the design, wrap a guiding field on the

flanges just before the slower coils in order to overcome the magnetic field of the ion

pump, and to improve the polarization of the Zeeman slower beam. Finally, we made

the first MOT in April 2012. This was one of the most magical moments in the lab

when things worked on the first try! Michael and I read the textbook description of

a MOT in the Foot book in the morning and had a MOT by the evening. It took

several months to make it stable.

The next problem was to get a 7Li BEC. Initial attempts of RF evaporation failed

until we improved the laser cooling by implementing a Gray Molasses. During this

time, we had another big fallback, when we realized that the brass rods holding

the coils together were magnetic, so we had to redo much of the magnetic coils

setup. After some work on the IGBT H-bridge setup which switches the coils from

Helmholtz to anti-Helmholtz configuration, implementing either a constant bias field

or a quadrupole trap (used in the evaporation), we achieved a BEC in December 2013.

Although quite unstable initially, we slowly fixed various issues around the machine

36



and could produce a BEC at every run every day withing the next year. We also

started implementing a 3D optical lattice.

The main problem which haunted us for years was the short lifetime of the atoms

in the lattice. We looked at various heating sources and eliminated many of them,

improving the stability of the machine at the same time. Finally, we shortened the

output fiber of our laser fiber amplifier (a 50W Nufern NUAmp) which produces the

light for the lattice, eliminating Stimulated Brillouin scattering. This gave us long

lifetimes in December 2015 (∼ 1 s for 𝑛= 1 MI). A lot of our efforts were hindered

by the unreliable fiber amplifier which needed to be sent for repair a few times.

Although we had observed these long lifetimes, it took several more months to make

the machine stable and the long lifetimes repeatable. In the summer of 2016 we had to

face another major problem: the bottom bucket viewport was coated with Titanium

from the Titanium sublimation pump, which is needed to achieve ultra high vacuum.

A mistake in the initial vacuum design in 2011, lead to the Titanium filament being

too long. Although we could work around the ensuing thermal lensing in one of the

lattice arms, the viewport became unusable in the summer of 2016 after we put much

higher intensity in that lattice beam.

We diverted our efforts from lattice physics for the next year, looking into super-

solids from Rayleigh scattering. This was a very exciting moment: this was our first

physics project [46]! It was completed just before some of the main equipment failed:

the borrowed TiSaph laser, instrumental for this project, had to be sent for repair,

and one of the Zeeman slower MOSFETS, needed to make a MOT, failed.

In June-July 2017 we replaced the bottom bucket window, which required an

almost complete rebuilt of the machine. We used this opportunity to float the table

(by replacing the legs of the table with ones with controlled compressed air), and

replaced the Nufern with an ALS laser, which seemed to have better laser intensity

stability. Finally, in the Fall of 2017 we had long Mott insulator lifetimes! We also

abandoned the figure of merit we had used so far to measure these lifetimes: the

remaining condensate fraction after ramping the lattice off. We instead began using

a more direct measurement, the lifetime of the number of 𝑛= 1 or 𝑛= 2 atoms in the
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Mott insulator for spin-1/2 or spin-1 physics respectively.

The next big setback was that the lattice depth we measured changed by more

than 50% over the course of a few hours. This made it very time-consuming to

diagnose. After a few months, we realized that the seed laser for the lattice light, the

Mephisto, was operating in a multi-mode fashion. A brief change in the temperature

of the laser crystal fixed the problem. Since this was the most stable and reliable

piece of the lattice setup and we had measured its lineshape in the past, we did not

suspect it until the very end. With that, in May 2018, we had a machine capable of

producing stable, long-lived 7Li Mott insulators and our studies of spin physics finally

began!

We first looked into a technique: interaction spectroscopy [11], with which to

manipulate and detect lattice sites with different occupations in the Mott insulator.

This allows us to distinguish also between the different 𝑛= 2 configurations (|𝑎𝑎⟩, |𝑎𝑏⟩,
and |𝑏𝑏⟩). Our plan was to study spin-1 physics, because of the topological Haldane

phase, which we can potentially implement. However, in December 2018, we realized

that the three-body loss which necessarily accompanies superexchange physics in

𝑛= 2 could be a setback. We then turned to one particle per site and spin-1/2.

We first implemented a method for studying superexchange with several advantages

[45]. By tilting the lattice, first-order tunneling is suppressed, leaving superexchange

to dominate the dynamics. This can lead to the suppression of the transition to

a superfluid, thus speeding up the dynamics. We then measured superexchange-

driven dynamics for the first time in our system by preparing a non-equilibrium

spin distribution. We studied the effect of the anisotropy 𝐽𝑧/𝐽𝑥𝑦 the superexchange-

driven transport, which we are currently finalizing. Next, the long-standing goal of

adiabatically preparing a many-body ground state (in this case the XY ferromagnet)

seems withing reach.
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1.3 Outline

This thesis is organized as follows: Chapter 2 describes the main aspects of building

the 7Li machine. Chapter 3 looks into ultracold atoms in optical lattices and the

methods for preparing and characterizing a Mott insulator with a long lifetime and

fewer defects. Chapter 4 describes the spin Hamiltonians which can be implemented

in the system of 7Li in an optical lattice. In Chapter 5, the experimental details

and outlook of using tilted lattices are presented. Chapter 6 showcases the versatility

of the BEC 5 machine by describing an experiment which does not involve optical

lattices but which is also focused on exploring novel quantum phases. Chapter 7 gives

an outlook.
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Chapter 2

The 7Li machine

This chapter describes each of the main steps and components that have been used in

the BEC 5 lab for producing a Mott insulator in an optical lattice, the starting point

for implementing spin Hamiltonians. It is divided in two parts. First, the sequence of

stages required for making a 7Li Bose-Einstein condensate (BEC) and transferring it

to a 3D optical lattice is presented. Second, a few methods in designing and building

some aspects of the machine are detailed.

2.1 The road to a 7Li Mott insulator

The desired starting point of our experiments is a cold, low-entropy Mott insulator

(MI). To prepare it, we adiabatically load a BEC from a crossed optical dipole trap

(ODT) into a 3D optical lattice. Starting with a BEC with little or no thermal frac-

tion, the lowest momentum state of the ground band of the optical lattice can be

loaded. Therefore, we first need to produce a 7Li BEC. There are two main diffi-

culties, inherent in the elastic scattering properties of lithium. First, the scattering

length has a temperature dependence and happens to have a zero-crossing around

the temperature of the Magneto-optical trap (MOT) of ∼ 1-2mK. This means that

the elastic scattering rate goes to zero at that point, preventing evaporative cooling,

which relies on elastic collisions for thermalization. In the vicinity of the zero-crossing,

evaporation can be performed, but it requires a very long time. The way to over-
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come this issue is to use sub-Doppler cooling schemes, so that the zero-temperature

scattering length can be recovered. Second, the scattering length at low tempera-

tures and zero magnetic field is negative 𝑎=−27 𝑎0 for the highest-energy hyperfine

state |𝐹,𝑚𝐹 ⟩= |2, 2⟩, typically used for laser cooling [5]. This means that the BEC

is unstable against collapse unless very small atom numbers are used. The way to

overcome this is to use the Feshbach resonance of the lowest-energy hyperfine state

at large magnetic fields |𝑚𝐼 ,𝑚𝐽⟩= |+3/2,−1/2⟩ and to bring the scattering length

to around 100 𝑎0, where efficient evaporation can be performed.

When we started building this machine, only a few groups had produced 7Li BECs:

(i) the Hulet lab in Rice, where initially the evaporation took very long time since

no sub-Doppler cooling methods were used [149]; (ii) the Salomon group in France,

where 6Li has been used in the evaporative cooling of 7Li due to the larger scattering

cross section of +38 𝑎0 between in the |𝐹,𝑚𝐹 ⟩= |1/2,−1/2⟩ state of 6Li and the 7Li

|1,−1⟩ state of 7Li [140]; (iii) the Khaykovich group in Israel (where a BEC also in

the |𝑚𝐼 ,𝑚𝐽⟩=|+1/2,−1/2⟩ (our 𝑏-state) has been all-optically produced [65]). Since

then, the group of our postdoc David Weld made a 7Li BEC in UCSB and the group

of Jae-yoon Choi in Korea [88].

Our implementation of a 7Li BEC has several defining features. First, in order

to overcome the effects of the zero-crossing of the scattering length, a sub-Doppler

cooling scheme is used. We implement the 𝐷1-line Gray Molasses (GM), following

its first realization in 40K [54] and then the Λ-enhanced version in 7Li [63]. Until

recently, such schemes had not been implemented in lithium because of the very

closely spaced hyperfine levels in the 2𝑃3/2 state. The Gray Molasses scheme is

implemented using the 2𝑃1/2 state. Second, a hybrid approach is used for evaporation,

in which the evaporation is performed almost to degeneracy in a magnetic trap in

the highest hyperfine Zeeman level |𝐹,𝑚𝐹 ⟩= |2, 2⟩ and then the final evaporation

is performed in a crossed optical dipole trap (ODT) in the lowest-energy hypefine

state |𝑚𝐼 ,𝑚𝐽⟩= |+3/2,−1/2⟩ at high fields. There are several considerations for

this approach. At low fields, the lowest hyperfine state |𝐹,𝑚𝐹 ⟩= |1, 1⟩ also has a

negative scattering length 𝑎=−5 𝑎0 but it is too small for evaporation. This state is
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also not magnetically trappable, so an optical dipole trap has to be used. Although

all-optical production of 7Li BECs is possible, smaller clouds are produced due to

the smaller mode volume of the trap. It also requires the use of very high power

lasers (> 100 W). Instead, it is straightforward to optically pump the atoms in the

|𝐹,𝑚𝐹 ⟩= |2, 2⟩ after laser cooling. Just before degeneracy is reached, the atoms

are transferred to an ODT, where a Landau-Zener sweep is performed transferring

the atoms to the |𝐹,𝑚𝐹 ⟩= |1, 1⟩ state, which, as the field is increased, becomes the

|𝑚𝐼 ,𝑚𝐽⟩= |+3/2,−1/2⟩ state and a BEC is produced in that state. This approach

has the added advantage that the evaporation in the magnetic trap is fast since the

starting densities in the trap are large due to the large magnetic field gradients. We

reuse the magnetic field coils required to create the 800Gauss Feshbach fields for

magnetic trapping using an H-bridge and switching the current in one of the coils, so

that we can obtain a tight magnetic trap.

SOLIDWORKS Educational Product. For Instructional Use Only.

Figure 2-1: The 7Li machine. From left to right: oven, differential pumping, Zeeman slower,
main chamber. The optical breadboards around the main chamber and the shim coils are
also shown.

An overview of the machine is shown in Fig. 2-1. It has a single-chamber design

which requires no transport, but limits optical access. In the following, we outline
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the steps required to realize a Mott insulator in an optical lattice.

2.1.1 Oven and intermediate chambers

The first part of the machine prepares the atomic beam. This is shown in Fig. 2-2.

We use an effusive oven, followed by a nozzle which selects only atoms with velocity

towards the main chamber. This is followed by a cup which was intended to collect

the atoms with large transverse velocities with respect to the atomic beam. Then

there are two differential pumping tubes which keep the pressure difference between

the oven chamber (higher pressure) and the main chamber to be at least two orders of

magnitude. There is an atomic beam shutter which blocks the atoms after the initial

loading so that they do not interfere with the experiments in the main chamber.

Finally, there are two gate valves, which separate the main chamber from the oven

and intermediate chamber (housing the shutter). We used two MDC metal valves

(GV-1500M-P) instead of one because these are known to fail. An alternative would

have been a VAT valve (VAT Series 48), which is more expensive.

SOLIDWORKS Educational Product. For Instructional Use Only.
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Figure 2-2: Oven and intermediate chambers.
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Atomic beam source

The atomic beam source is an effusive oven, typical for cold atom experiments.

Lithium rods from Sigma-Alrdich or ESPI Metals (99.9% pure from trace metals)

are heated up to 485 oC, resulting in a density of 3× 1013/cm3 [9]. The first aperture

in the path of the atoms is a nozzle. We have used two types of nozzles: a circular

aperture and microchannel tubes. The circular aperture has a diameter of 6.5mm and

together with the aperture of the cold cup and the differential pumping tubes forms

the atomic beam which enters the Zeeman slower. The cold cup is a copper struc-

ture which is supposed to capture lithium atoms coming out of the nozzle with large

transverse velocities. However, with the large circular aperture nozzle, the lithium

atoms bounce off the cup and accumulate at the reducer right after the nozzle. This

caused a leak, as Lithium corroded the copper gasket.

The microchannel nozzle is composed of tubes with length to width ratio of 10. A

picture of it is shown in Fig. 2-3. This design allows for the atomic beam to be colli-

mated already at the nozzle, significantly improving the lifetime of the oven, because

atoms with large transverse velocities are not lost. The current nozzle (installed in

February 2017).

Figure 2-3: Microchannel nozzle.

Viewports and atomic flux measurement

There are four viewports arranged in two pairs, one on each side of the atomic beam.

They can be used for monitoring and measuring the atomic flux by scanning the laser

frequency and measuring the absorption spectrum. The first place where the atomic
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beam can be detected is right after the nozzle in front of the cold cup. Here the full

Doppler width of the atomic beam exiting the nozzle can be measured with a large

circular aperture used as a nozzle. The fluorescence of the atomic beam as seen from

the closer of the two viewports is shown in Fig. 2-4. The flux of atoms here is about

1−5× 1015 atoms/s. The second pair of viewports is in the intermediate chamber.

Here the beam has been collimated by the cold cup and the first differential pumping

tube. Finally, the flux in the main chamber can be measured and is about 1−5× 1012

atoms/s, although the signal can be pretty weak.

Figure 2-4: Fluorescence of the atomic beam after the microchannel nozzle. The edge of the
viewport is seen on the left and the edge of the cold cup on the right.

Differential pumping

The oven and the main chamber are separated by two differential pumping stages.

These are tubes with small conductance so that a pressure difference is maintained

between the two chambers which each of them connects. Here the mean free path is

larger than the tube diameter, resulting in the regime of molecular flow. Consider

the throughput �̇� defined as (see e.g. [101]):

�̇� =
𝑑(𝑃𝑉 )

𝑑𝑡
= 𝑃

𝑑𝑉

𝑑𝑡
= 𝑃𝑆 (2.1)

where 𝑃 is the pressure, 𝑉 is the volume and 𝑆 is the pump speed. A pipe restricts the

flow rate and decreases the pumping speed. The pipe can be modeled as a resistive
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element in an electrical circuit with conductance:

𝐶 =
�̇�

𝑃𝑢 − 𝑃𝑑

(2.2)

where 𝑃𝑢, 𝑃𝑑 are the upstream and the downstream pressures respectively. If the

pressure of the first chamber is 𝑃1 and the pump speed in the second chamber is 𝑆2,

the pressure in the second chamber is 𝑃2 = 𝑃1𝐶/𝑆2, so that the pressure difference

is:
𝑃1

𝑃2

=
𝐶

𝑆2

(2.3)

Here we have ignored the base pressure in the second chamber assuming it is much

lower than the gas leak from the first chamber. Therefore, if the conductance is made

small, the pressure difference can be high. The conductance 𝐶 ∝ 𝐷3/𝐿 where 𝐷 is the

inside tube diameter and 𝐿 is the length. The differential pumping tubes we use have

(𝐷,𝐿) = (0.180, 4.5) inches (the one closer to the oven) and (𝐷,𝐿) = (0.375, 5) inches

(the one closer to the main chamber). The angle of the first tube can be adjusted,

following the design of Aviv Keshet [85] and the second tube is welded into a disk

welded perpendicularly to the flange.

Together with the slower, this gives 3 orders of magnitude difference in pressure

between the main chamber and the oven, when the oven is off, and 2 orders of mag-

nitude when the oven is on. The pressure in the main chamber is about 2×10−11 Torr

and in the oven the pressure is 1.2×10−8 Torr when the oven is off. When the oven is

on, the pressure there rises to 1.1×10−7 Torr, while the pressure in the main chamber

remains roughly the same.

Ion pumps and ion gauges

To measure the pressure, two ion gauges are used, one in the oven chamber and one

in the intermediate chamber (see Fig. 2-2). They are the UHV-24 9715007 Thoria-

Iridium filament gauges. They are less accurate, but exhibit less outgassing compared

to Tungsten filaments. The ion pumps are 40 l/s from Varian/Agilent.
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Atomic beam shutter

a) b)

Figure 2-5: Atomic beam shutter. The solenoid is on the left, with a red rubber tip to avoid
noises from scratching the flange. The bellows holding the shutter inside the chamber is on
the right. a) Shutter closed. b) Shutter open.

The atomic beam shutter is a metal plate which blocks the atomic beam, as shown

schematically in Fig. 2-1. The metal plate is attached by a rod to the top flange of a

flexible bellows. A solenoid pushes the top flange of the bellows so that the shutter

plate moves in an out of the atomic beam. A picture is shown in Fig. 2-5.

2.1.2 Zeeman slower

Operation

Exiting the differential pumping tubes is a collimated atomic beam moving with ve-

locity 𝑣𝑧≫ 𝑣𝑥, 𝑣𝑦, where the speed is a Maxwell-Boltzmann distribution as a function

of the temperature of the oven. In the Zeeman slowing stage, some of the atoms are

slowed down to or below the target velocity of 30m/s, so that they can be captured

into a Magneto-optical trap (MOT). A beam propagating in a direction opposite the

atomic beam and resonant with the Doppler-shifted atomic frequency is scattered by

the atoms. At each scattering event, the absorbed photon imparts a momentum −~𝑘,
where 𝑘 is the wavevector of the light and the +𝑧 direction is chosen along the atomic

beam. Since the photon is emitted in a random direction, on average, the atomic

momentum is decreased by ~𝑘. As the atoms slow down, they go out of resonance

with the light. To remedy this, a guiding bias field is used which decreases according

48



to the atomic velocity decrease as a function of 𝑧. The bias magnetic field induces a

Zeeman shift on the resonant atomic frequency, which compensates the Doppler shift.

Energy balance gives:

𝜔0 + �̃�𝐵 = 𝑘𝑣 + 𝜔 (2.4)

where �̃�=𝜇𝐵𝑔𝐹𝑚𝐹/~= 2𝜋× 1.4 MHz/Gauss for the |𝐹, 𝑚𝐹 ⟩= |2, 2⟩ state, 𝜔 is the

frequency of the light, and 𝜔0 is the atomic resonant frequency. This gives the velocity

which is resonant with the light at each field along the Zeeman slower.

Setup

∙ Magnetic field 𝐵(𝑧):

𝐵(𝑧 = 0) = 600 Gauss

𝐵(𝑧 = 1 m) = −400 Gauss (2.5)

This constitutes a spin-flip Zeeman slower with a zero-crossing 𝐵= 0.

∙ Light. (i) Frequency: In principle, the cycling transition on the 𝐷2 line is used:

|𝐹 = 2, 𝑚𝐹 = 2⟩ ↔ |𝐹 ′= 3, 𝑚′𝐹 = 3⟩. The level structure of 7Li at zero bias

magnetic field is shown in Fig. 2-8. Since atoms can be optically pumped into

the |𝐹 = 1⟩ where they no longer interact with the slowing light, a repumping

beam targeting the |𝐹 = 1⟩ state is also used. Note that the excited state

hyperfine splittings are small (a few MHz), so that they cannot be resolved

with the lasers we use (which have a linewidth of around 1 MHz). The light is

detuned from the primary transitions 𝑓𝐹2 and 𝑓𝐹1 by:

𝑓2 = 𝑓𝐹2 − 600 MHz

𝑓1 = 𝑓𝐹1 − 600 MHz = 𝑓2 − 803.5 MHz (2.6)

(ii) Intensity: 80mW into a beam of 6.5mm 1/𝑒2 radius. Note that the Zeeman

slower was initially operated at 40mW but deposits on the slower window have
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required the increase in power to ensure repeatable operation. Assuming 40mW,

the intensity is 𝐼 = 60 mW/cm2. Given the saturation intensity

𝐼sat =
~Γ𝜔3

0

12𝜋𝑐2
= 2.55 mW/cm2 (2.7)

where Γ = 2𝜋× 5.9 MHz is the natural linewidth of the excited state, 𝜔0 is the

atomic resonant frequency, the saturation parameter of the Zeeman slower beam

is:

𝑠 =
𝐼

𝐼sat
= 24 (2.8)

Note that the intensity varies a little bit as a function of propagation distance.

The beam is almost focused onto the nozzle and is a bit clipped by the 1 inch

diameter Zeeman slower tube. In practice, the focusing is determined experi-

mentally, by maximizing the initial loading rate into the MOT, which is pre-

dominantly determined by the cold atom flux.

(iii) Polarization. The light is circularly polarized so that the cycling transition

is used.

* 1 Guiding field. Wire is would around the vacuum chamber of the differential-

pumping tubes just before the Zeeman slower. This guiding field is used to

define the quantization axis for the atomic beam entering the slower, because

the magnetic field of the ion pumps in the vicinity of the atomic beam is not

aligned with the magnetic field of the Zeeman slower. For optical pumping, the

magnetic field has to be parallel to the direction of propagation of the circularly

polarized laser beam.

* Compensation field. One of the shim coils (the one on the side of the chamber

towards the Zeeman slower) is used to cancel the fringing field of the final part

of the Zeeman slower at the position of the MOT. We pick the value of this field

by making the position of the atoms in the MOT same whether the Zeeman
1In the following, we label the typically required components with a ∙ and the ones specific to

our setup with a *.

50



slower is on or off.

With this setup, the Zeeman slower can in principle slow atoms down by ∆𝑣,

which from Eq. 2.4 is:

�̃�∆𝐵 = 𝑘∆𝑣

⇒ ∆𝑣 = 940 m/s (2.9)

Assuming the atoms with final velocity of 𝑣𝑓 = 30 m/s or slower are captured in the

MOT, then atoms with initial velocity of 𝑣𝑖 = 970 m/s or slower can be captured in

the MOT. Note that the most probable velocity at the oven temperature 485oC is

𝑣𝑟𝑚𝑠 = 1600 m/s, so that Zeeman slowing in our setup is inefficient. The detuning

∆𝑓 = 𝑓 − 𝑓0 should be:

∆𝑓 =
1

2𝜋
(�̃�𝐵𝑓 − 𝑘𝑣𝑓 ) = −605 MHz (2.10)

EOM

thermal	connection	
to	the	table	

crystal	

copper	sheet	 RF	source	

adjustment	screw	

Figure 2-6: Home-made 800MHz EOM. The crystal is secured inside the two parallel folds
of the copper sheet inside a plastic mount by the plastic screws. This avoids electrical
connection to the table.

About 5% of the light is resonant with the 𝐹 = 1 manifold. In the absence of

this light, the atoms get pumped into the 𝐹 = 1 state and no longer interact with
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the slowing light. The 803.5 MHz shift (the hyperfine splitting) is implemented with

a home-built EOM (electro-optic modulator), design from [82]. The electro-optic

crystal is embedded in an inductor formed by a folded copper sheet. The crystal acts

as a capacitor, forming an LC circuit, which is driven by an RF source at the hyperfine

splitting 803.5MHz. The resonant frequency of the circuit is controlled by adjusting

L with the help of a screw which can go in an out of the folded copper, changing

the effective inductance. When the driving frequency 𝜔𝑅𝐹 is at resonance with the

circuit, the light passing to the crystal acquires sidebands at 𝜔±𝜔𝑅𝐹 . Since in the

process, the system heats up, changing the resonant frequency of the LC circuit, we

use passive cooling to keep the temperature stable. The circuit is thermally connected

to the optical table which provides a cold thermal reservoir.
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Figure 2-7: EOM response as a function of drive frequency. Plotted is the strength of the
sidebands. The dashed line indicates the hyperfine splitting.

Alignment

The initial alignment of the slower beam was performed when the atomic source was

not attached and instead a viewport was placed at the position of the nozzle. Then,

the slower beam was turned on and aligned so that it passes through all apertures

(slower, differential pumping, cold cup) with little or no clipping. The bellows between

the two Zeeman slower parts can be used to align these apertures so that there is line

of sight between the nozzle and the final Zeeman slower viewport (see Fig. 2-1 and

2-2). After this initial alignment, subsequent alignments are done by monitoring the
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initial MOT loading rate by MOT fluorescence. The initial MOT loading rate is

dominated by the flux of slow atoms and not so much by the performance of the

MOT. This is also used to tune the magnetic field, especially in the last Zeeman

slower coil, which determines the exit velocity. It is important that this exit velocity

is within the MOT capture range.

Spin-flip Slower

BEC 5 followed the history of the Ketterle group to use a spin-flip Zeeman slower,

which provides several advantages. To slow atoms with a given starting velocity a

certain ∆𝐵 is required between the beginning and the end of the slower: Eq. 2.9. In

principle, this can be implemented by having 𝐵(0) = 0 and 𝐵(𝐿) = ∆𝐵. However,

the large fringing field at the end of the slower affects the atoms in the MOT po-

sition. Alternatively, 𝐵(0) = ∆𝐵 and 𝐵(𝐿) = 0 can be used, but then the Doppler

shift 𝜔𝑑 = 𝑘𝑣 at the end of the slower will be too small (because 𝑣 is small). Then

the slowing light will be close to resonance with the atoms in the MOT. A spin-flip

slower design has the 𝐵= 0 point somewhere in the middle. The fringing field from

both sides defines the quantization axis there. This technique also avoids having to

use large magnetic fields.

Cleaning the Zeeman slower viewport

A large fraction of the atoms in the atomic beam are not captured by the MOT

and are deposited on the Zeeman slower viewport. Since this deposition can block

the propagation of the slower light, active heating of that viewport or UV light is

necessary. We heat the flange to 180-200oC and sometimes use UV light at 495 nm

to enhance desorption.
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2.1.3 MOT

Operation

The magneto-optical trap (MOT) traps and cools atoms slowed down by the Zeeman

slower. It is formed by a quadrupole magnetic field with a zero-crossing in the middle

of 3 pairs of beams counter-propagating along 𝑥,𝑦, and 𝑧. This configuration of

beams, without the magnetic field, is known as an optical molasses. It is described

by a damping force proportional to the velocity of the atoms: 𝐹 = − 𝛼𝑣, where 𝛼 is

related to the spontaneous scattering rate (see e.g. [111]). For red-detuned light, an

atom moving along one pair of counter-propagating beams is more likely to absorb a

photon from the beam propagating in a direction opposite to its own. This is due to

the Doppler shift, which shifts the frequency of that beam in the frame of the atom

closer to resonance.

When a quadrupole magnetic field is added (from a pair of coils with currents

in opposite directions), the optical molasses is turned into a trap. The trapping is

not due to the confinement of the quadrupole field (it is typically quite weak), but it

rather makes the force position-dependent through the Zeeman effect: 𝐹 = −𝛼𝑣−𝛽𝑧,
where 𝛽 is related to the Zeeman shift (see e.g. [55]). Due to the different magnetic

moments of the ground state Zeeman sublevels, the resonant frequency of each state

for 𝜎+ and 𝜎− light (right and left-circularly polarized light, respectively) is different

on each side of the 𝐵= 0 point, the center of the trap. Is is possible to construct

a situation in which atoms moving away from the center of the trap become more

and more resonant with the light beam propagating in a direction opposite to theirs,

so that they are more likely to scatter from that beam and are effectively pushed

towards the trap center. In out system, the MOT has about 5×109 atoms at 1mK

and a density of 1011 cm−3.
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Setup

∙ Light. (i) Frequency. The MOT operates on the 𝐷2 line (Fig. 2-8) with the

following detunings:

𝑓2 = 𝑓𝐹2 − 45 MHz

𝑓1 = 𝑓𝐹1 − 35 MHz (2.11)

(ii) Intensity. The two frequency components need about equal light levels. The

minimum and maximum powers used for the two frequency components are:

14 mW ≤ 𝑃𝐹2 ≤ 20 mW

11 mW ≤ 𝑃𝐹1 ≤ 16 mW

(2.12)

The beam size is 1 cm 1/𝑒2 radius, so that the saturation parameters are in the

ranges:

3.5 ≤ 𝑠𝐹2 ≤ 5

2.7 ≤ 𝑠𝐹1 ≤ 4 (2.13)

(iii) Polarization. For the polarization of each beam defined with respect to

its direction of propagation, each pair of counterpropagating MOT beams has

the same circular polarization. The choice of 𝜎+ vs 𝜎− is determined by the

magnetic field gradient. Since the gradient along the z-direction has the opposite

sign from the gradients in the horizontal plane, the polarization of the top and

bottom beams is opposite to the polarizations of the side beams.

∙ Magnetic field gradient. Typically 30Gauss/cm are used, but the performance

of the MOT is not very sensitive to this value.
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MOT
GM

Figure 2-8: Li 7 level diagram at zero external magnetic field

Implementation

Since the MOT relies on the scattering force, the spatial profile of each pair of counter-

propagating beams needs to be the same, so that no single beam “pushes” the atoms

away from the MOT center. In our machine, this is implemented by having a 2-to-6

fiber splitter so that each arm of the MOT comes from identical fibers and is then

passed through identical optics. In fact, for the MOT operation it is not too important

that all beams are the same, rather each pair of beams need to be balanced. The fiber

splitter has two inputs: for the 𝐹 = 2 and 𝐹 = 1 light, each of which is generated by

the same laser (Toptica TA Pro which combines a diode laser with a tapered amplifier)

but passed through two different tapered amplifiers (Toptica BoosTA). The 800 MHz

frequency shift between the 𝐹 = 2 and 𝐹 = 1 light is implemented by a double-pass

400MHz AOM (Intraaction). The fiber splitter itself relies on evanescent coupling

between the fibers and is very sensitive to temperature fluctuations and acoustic

noise. It is therefore kept inside the temperature-stabilized optical table enclosure,

thermally connected to the table. The six outputs of the splitter are designed to have

the same output power, although in practice, some have lower output power than

others. In fact, the fibers in the splitter are PM (polarization-maintaining) and slight

deviations from the correct incident polarization result in different splitting ratios.

For each pair of MOT beams we have selected those fibers which have similar output
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powers. For alignment of the MOT beams, see Section 2.1.5.

BEC number vs MOT fluorescence

The number of atoms loaded in the MOT is monitored in real time by using a pho-

todiode which collects the MOT fluorescence. For the same MOT light frequency,

the number of atoms in the MOT is proportional to the fluorescence. We use the

MOT loading time to vary the number of atoms in the MOT. We then record the

final BEC number as a function of fluorescence. This is shown in Fig. 2-9. Beyond a

certain critical point, loading more atoms does not increase the BEC number. This

typically corresponds to 2-3 s of MOT loading. However, the BEC number stability

is improved by loading for a bit longer: 3-4 s. After enough MOT atoms have been

loaded, there are two other steps which limit the final BEC number: (i) the loading

into the ODT, where we load about 10% of the atoms limited by laser power, and (ii)

three-body loss in the ODT.
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Figure 2-9: Number of BEC atoms as a function of MOT fluorescence (shown here in units
of the monitor photodiode voltage), controlled by the MOT loading time. MOT loading of
5 s typically results in MOT numbers ∼ 5× 109.
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2.1.4 CMOT

Operation

In many experiments, following the MOT step, there is a compressed-MOT (CMOT)

stage, in which the density is increased by increasing the magnetic field gradient

and the temperature is decreased by tuning the MOT beam closer to resonance with

decreased intensity. In our case, increasing the magnetic field gradient did not sig-

nificantly increase the density, so that we do not change the magnetic field gradient

in this step. We only ramp the 𝐹 = 2 light closer to resonance and decrease the in-

tensity of the 𝐹 = 1 light, as shown in Fig. 2-10. This pumps the atoms in the 𝐹 = 1

state, which is almost dark towards the end of the step, which decreases scattering.

Absorption images of the cloud after the CMOT stage are shown in Fig. 2-11. The

result is denser clouds with a small decrease in temperature. As in the case of optical

molasses, the equilibrium temperature is determined by the balance of heating and

cooling, where the heating comes from the random walk in momentum space caused

by the scattering. The lowest temperature is achieved for detunings 𝛿= − Γ/2. By

going closer to resonances during the CMOT stage, the temperature of the cloud is

decreased.
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Figure 2-10: CMOT. Plotted are the powers and frequencies as a function of time for a) the
𝐹 =2 light and b) the 𝐹 =1 light.
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Setup

∙ Light: The power of the 𝐹 = 1 light is swept from the MOT value to about

20-30𝜇W. The detuning of the 𝐹 = 2 light is swept from the MOT value to a

value in the range of -8 to -12MHz. Both ramps are linear over 4.5ms.

∙ Magnetic field gradient: same as the MOT.

a) b)

Figure 2-11: CMOT absorption images images. a) With 𝐹 =2 light, and b) with 𝐹 =1.
The majority of the atoms after the CMOT step are in 𝐹 =1.

2.1.5 Gray Molasses

Operation

Laser cooling has an inherent limit due to the recoil the atoms get from scattering.

This is known as the Doppler limit for a two-level atom [55]:

𝑇𝐷 =
~Γ

2𝑘𝐵
= 140 𝜇𝐾 (for Li) (2.14)

Typical sub-Doppler cooling schemes on the 𝐷2 line (Sysyphus cooling, polarization-

gradient cooling) do not work so well for Li, because of the narrow energy splittings of

the 𝑃3/2 state. Instead, 𝐷1-line Gray Molasses (GM) cooling has become popular in

recent years. In addition, a Λ-enhanced cooling is implemented which decreases the

temperature further. The GM scheme is implemented on the |𝐹 = 2⟩ → |𝐹 ′= 2⟩ tran-

sition (see Fig. 2-8). When a second laser frequency on the |𝐹 = 1⟩ → |𝐹 ′= 2⟩ tran-

sition is added on two-photon resonance with the first, a VSCPT (velocity-selective
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coherent population trapping)-like dark state is created [63]. Below we give a brief

description of these two effects.
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a)	 b)	

Figure 2-12: Gray Molasses with Λ-enhanced cooling. a) Typical GM cooling scheme in
which the atoms in the dark state |𝐷⟩ are transferred by motional coupling to the bright
state |𝐵⟩, where they climb up the potential hill, decreasing their energy. In the bright
state, they scatter light and can be pumped back to |𝐷⟩. b) Λ scheme: if the 𝐹 =1 and the
𝐹 =2 frequencies are on two-photon resonance (and are blue-detuned with respect to the
atomic transition), the temperature can be lowered. The Rabi frequency of the 𝐹 =1 light
Ω1 is much smaller than the Rabi frequency of the 𝐹 =2 light Ω2. Figures adapted from
[54, 63].

The Gray molasses is typically implemented on a 𝐽 → 𝐽 transition 𝐽 > 1 or on

a 𝐽 → 𝐽 − 1 transition with blue detuned light. This results in a state Ψ𝑁𝐶(𝑧)

which is dark, i.e. not coupled to the light, which is a linear superposition of the

Zeeman sublevels. It is called “gray” because the dark state is not entirely dark. The

energy of the dark state does not vary in space: Fig. 2-12a. The bright states have

energy which varies as a function of space in a sinusoidal manner for a pair of beams

with the same polarization due to the AC Stark effect in the optical lattice formed

by the counterpropagating beams. If the atom is in the bright state and moves up

the potential hill, it looses kinetic energy, just like in Sisyphus cooling. The key to

achieving cooling is to have a situation in which an atom in the dark state is more
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likely to get coupled to the bright state at the potential minima (through motional

coupling), after which it scatters light and is pumped back to the dark state before

going over the potential maximum, see e.g.[54] and references therein.

The addition of repumping light implements a Λ scheme, in which there is also

a dark state: Fig. 2-12b. It can be shown that when the 𝐹 = 1 and the 𝐹 = 2 light

are on two-photon resonance, there is additional cooling. This is similar in spirit

to VSCPT schemes, in which the atoms which have already been cooled beyond a

certain critical velocity, no longer scatter light and cannot be heated by recoil. For a

toy model description, see [63].

Setup

∙ Light on the 𝐷1 line. (i) Frequency:

𝑓2 = 𝑓𝐹2 + 30 MHz

𝑓1 = 𝑓𝐹1 + 30 MHz

(2.15)

Here the two-photon resonance is important: 𝑓1− 𝑓2 = 803.5 MHz, the hy-

perfine splitting at zero field. Each frequency component is controlled with a

separate AOM. We observe that the temperature is significantly decreased if

|𝑓1 − 𝑓2| ≤ 1.5 MHz (2.16)

Then, subsequent evaporation in the magnetic trap can proceed as designed. In

our optimized sequence, when the relative detuning is larger than that, we do

not obtain a BEC.

(ii) Intensity:

10 mW ≤𝑃F2 ≤ 14 mW

0.3 mW ≤𝑃F1 ≤ 0.6 mW (2.17)
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The beam size is 3.5 mm 1/𝑒2 radius, so that the saturation parameters are:

20.4 ≤ 𝑠F2 ≤ 28.5

0.61 ≤ 𝑠F1 ≤ 1.22 (2.18)

∙ No magnetic fields or gradients

GM and MOT Alignment

The light for the MOT and for the GM is produced in a similar way, except that

there is a separate diode laser, locked to the 𝐷1 line, which seeds the two BoosTAs.

After that, there are separate AOMs which act as switches for the MOT and the GM

light. Both the MOT and the GM light is coupled into the same 2-to-6 fiber splitter

but with opposite linear polarizations. This means that one of them is aligned with

the fast and the other one with the slow PM fiber axis. After the fiber, each of the 6

arms is implemented by identical cages (Thorlabs) for extra stability. The two beams

need to have different sizes: large for the MOT and small for the GM. The two are

split with a PBS (polarization beam splitter) and passed through different expanding

telescopes after which they are recombined on another PBS. Since the final mirror

is the same for the MOT and the GM beams, the alignment of the two has to be

done at the same time. For more precision, each beam is passed through a cage iris

(Thorlabs CPA1), so that only the middle of each beam is used in alignment.

First, using the last two mirrors in the GM path, one of the GM beam in each of

the three axis is aligned to middle of the viewports using targets on the viewports.

This procedure does, in fact, result in the GM being overlapped with the center of

the magnetic trap. For fine alignment, the atoms in the magnetic trap at maximum

gradient can be imaged along each GM axis and then the GM beam can be positioned

to the same spot. After that, the counter-propagating GM beams are overlapped with

the incident ones. Finally, each MOT beam is overlapped with the GM beam coming

from the same fiber. This results in the atoms being in the same position in space,

avoiding extra heating when transitioning from one cooling stage to the next.
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After the polarizations of the beams are set, the next step is balancing the powers

in each pair of MOT and GM beams. It is important to also minimize and balance the

powers in the “wrong” polarization in each pair. For example, during the MOT phase,

some of the MOT light propagates in the GM path but in the wrong polarization.

2.1.6 Dark State Pumping

Operation

In this stage, the atoms are transferred to a single hyperfine state: |𝐹, 𝑚𝐹 ⟩= |2, 2⟩.
Having only the stretched-state has several advantages for magnetic trapping: (i)

in the magnetic trap, not all states are trappable. The ones which are not trapped

have negative magnetic moments and, therefore, lower their energy by going to higher

fields (termed “high-field seekers”). This means that some fraction of the atoms are

lost if they are transferred without optical pumping into the magnetic trap. (ii)

Spin-changing collision between the trapped states could lead to loss. For exam-

ple: |2, 0⟩+ |2, 0⟩ ↔ |2, 1⟩+ |2, −1⟩ and the |2, −1⟩ state is not trapped. If the

gas is composed of only one of the stretched states |2,±2⟩, it cannot decay by this

mechanism.

When a small magnetic field is applied, so that the Zeeman sublevels are resolved,

the 𝐷1 line can be used to optically pump all atoms in the |2, 2⟩ state when circularly-

polarized 𝐹 = 2 and 𝐹 = 1 light is used. This state is then dark for 𝜎+ light (see

Fig. 2-8).

Setup

∙ Light on the 𝐷1 line. (i) Frequency:

𝑓2 = 𝑓𝐹2 + 30 MHz

𝑓1 = 𝑓𝐹1 + 30 MHz

(2.19)
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(ii) Intensity. Typical values are:

𝑃F2 = 5 mW

𝑃F1 = 8 mW (2.20)

The beam size is about 1.5mm 1/𝑒2 radius and the pumping time is 300-600𝜇s.

These values have a wide range: pump powers can be between 1-10mW with

corresponding pump times between 1ms and 200𝜇s. The F = 1 light needs to

be about two times stronger than the F = 2 light. However, if too large pump

light intensities are used, the atoms can gain large recoil and start moving in

the direction of the pump beam.

∙ Magnetic field: a bias magnetic field along the axis of the propagation of the

light is used to define the quantization axis. It is about 5-6Gauss.

2.1.7 Magnetic trap

Operation

In forced evaporation cooling, the hottest atoms are expelled from the trap and the

remaining atoms thermalize to a lower temperature by elastic collisions. This results

in higher phase-space densities. This process can go into a run-away regime which

can be very efficient and can result in the atoms condensing into a BEC.

We use a quadrupole magnetic trap which has a 𝐵= 0 point (a “Majorana hole”),

where the atoms can be spin-flipped to untrapped states. Therefore, a plug beam

is used: a blue-detuned beam implementing a repulsive barrier. It expels the atoms

from that region. An in-depth review can be found at [86].

Setup

∙ RF sweep: evaporation is performed by spin-flipping atoms from the |𝐹, 𝑚𝐹 ⟩= |2, 2⟩
state to the |𝐹, 𝑚𝐹 ⟩= |1, 1⟩ state, as shown in Fig. 2-13. This state is not

magnetically-trappable. The RF frequency is swept from 1GHz to 806 MHz.
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Figure 2-13: Evaporation transition in the magnetic trap. A spin flip from |𝐹, 𝑚𝐹 ⟩= |2, 2⟩
to |𝐹, 𝑚𝐹 ⟩= |1, 1⟩ takes hot particles out of the magnetic trap.

∙ Plug. The beam is generated by a 532 nm single mode IPG GLR-20 laser. The

beam size is 20𝜇m 1/𝑒2 radius and the power is 16W.

* Magnetic field gradient sweep. During the evaporation, the density increases, so

that tree-body loss becomes important, limiting the density to about 𝑛= 1013 cm−3.

Therefore, the magnetic field gradient is decreased during evaporation.

* Shim coils. Due to stray magnetic fields (possibly from the steel chamber), the

𝐵= 0 point shifts in the process of decreasing the magnetic field gradient. Shim

coils in all three directions are used to compensate for the trap motion during

each step of the evaporation. In this way the plug beam stays aligned with the

𝐵= 0 point and extra heating from the motion is eliminated.

We transfer into the magnetic trap by first rapidly turning on a small magnetic

field gradient which captures the atoms after dark state pumping. We then ramp up

the magnetic field gradient to 150 Gauss/cm in 100 ms to increase the starting density.

This also increases the temperature, but the high starting density is necessary for a

large collision rate to start the evaporation. The evaporation lasts for 2.5 s.
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2.1.8 ODT

Operation

While laser cooling relies on the scattering force, which is important for light frequen-

cies close to atomic resonance, light trapping relies on the dipole force and is typically

implemented far from resonance. There, scattering is sufficiently suppressed by the

detuning 𝛿 and the dipole force provides a conservative potential. The scattering rate

scales as 1/𝛿2, while the dipole potential scales as 1/𝛿. The dipole potential is:

𝑈dip =
~Ω2

4

(︂
1

𝜔0 − 𝜔
+

1

𝜔0 + 𝜔

)︂

=
3𝜋𝑐2

2𝜔3
0

Γ

(︂
1

𝜔0 − 𝜔
+

1

𝜔0 + 𝜔

)︂
𝐼(𝑥, 𝑦, 𝑧) ≡ 𝑉dip𝐼(𝑥, 𝑦, 𝑧) (2.21)

where Ω is the Rabi frequency, 𝜔 is the frequency of the light, 𝜔0 is the atomic

resonance frequency, and 𝐼(𝑥, 𝑦, 𝑧) is the spatial intensity distribution of the light.

Optical dipole trapping is necessary because the state used for evaporation, the

|𝐹, 𝑚𝐹 ⟩= |1, 1⟩, is not magnetically trappable, but is needed because of its Feshbach

resonance and its stability against dipolar relaxation.

Setup

∙ Light: 1064 nm light in two orthogonally polarized arms propagating at 45o and

detuned from each other by at 10MHz. The beam size is 90𝜇m 1/𝑒2 radius

with 9 W of power each.

Gaussian beam

To describe the optical dipole potential, we must first look at a Gaussian beam.

Consider a single Gaussian beam propagating along the 𝑧-axis with polarization along

the 𝑥-axis. The electric field is:

𝐸(𝑥, 𝑦, 𝑧) = 𝐸0

(︂
𝑤00

𝑤(𝑧)

)︂
𝑒−(𝑥

2+𝑦2)/𝑤(𝑧)2𝑒−𝑖(𝑘𝑧+𝑘(𝑥2+𝑦2)/2𝑅𝑐(𝑧)−𝑔(𝑧)) �̂� (2.22)
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where the spot size (1/𝑒2 radius) is 𝑤00 at the focus at 𝑧= 0 and 𝑤(𝑧) as a function

of 𝑧:

𝑤(𝑧) = 𝑤00

√︃
1 +

(︂
𝑧𝜆

𝜋𝑤2
00

)︂2

(2.23)

where 𝜆 is the wavelength of the light. 𝑅𝑐(𝑧) is the radius of curvature, and 𝑔(𝑧) is

the Gouy phase. The beams considered here have large enough radii compared to

the atomic cloud size, so that to a good approximation, we can evaluate eq.2.22 at

𝑤(𝑧) = 𝑤00. A measure of the distance over which a Gaussian beam diverges is the

Rayleigh range

𝑧𝑅 =
𝜋𝑤00

𝜆
(2.24)

The Rayleigh range is defined such that the beam size increases by a factor of
√

2

at 𝑧𝑅 away from the focus: 𝑤(𝑧𝑅) =
√

2𝑤00. For example, for the lattices we use

𝑤00 = 125𝜇𝑚 and the cloud is at most 𝑧𝑚𝑎𝑥 = 20𝜇𝑚 in radius, so 𝑧𝑅 = 4.6 cm and

(𝑧𝑚𝑎𝑥/𝑧𝑅) = 4.3× 10−4. Therefore:

𝑔(𝑧) = arctan

(︂
𝑧

𝑧𝑅

)︂
= 9× 10−4 ≈ 0

𝑅𝑐(𝑧) = 𝑧
(︁

1 +
𝑧𝑅
𝑧

)︁
= 103 m ≈ ∞ (2.25)

Therefore, the intensity of a single Gaussian beam can be written as:

𝐼(𝑥, 𝑦, 𝑧) = 𝐼0𝑒
−2(𝑥2+𝑦2)/𝑤2

00 (2.26)

The atoms are located near the minimum and to a good approximation, the po-

tential is harmonic there. For an axis perpendicular to the direction of propagation,

the Gaussian can be expanded in powers of 𝑥, so that the potential is:

𝑉 (𝑥) = 𝑉0𝑒
−2𝑥2/𝑤2

00 ≈ −2𝑉0
𝑤2

00

𝑥2 ≡ −1

2
𝑚𝜔2

𝑡𝑟𝑥
2 (2.27)

where we have dropped the overall energy offset. We can identify the trap frequency
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𝜔𝑡𝑟:

𝜔𝑡𝑟 =

√︃
4𝑉0
𝑚𝑤2

00

(2.28)

where 𝑉0 =𝑉𝑑𝑖𝑝(2𝑃 )/(𝜋𝑤2
00) from Eq. (2.21), where 𝑃 is the power.

Crossed dipole trap potential

For two beams propagating at 45o with respect to each other, the trapping region in

the middle forms a dimple, ash shown in Fig. 2-14.

a) b)

Figure 2-14: Crossed ODT potential. The two beams are at 45o with respect to each other.
a) Top view. b) Side view

The trap frequencies along the main chamber axis can be calculated. Note that

the 𝑧 axis is perpendicular to the plane of the ODT and is along gravity, while the 𝑥

and the 𝑦 axis are along the two symmetry axis of the crossed ODT trap. If the trap

frequencies of the two beams are the same and the angle between them is 2𝜃= 45o,

the combined trap frequencies are:

(𝜔𝑡𝑟,𝑥, 𝜔𝑡𝑟,𝑦, 𝜔𝑡𝑟,𝑧) =
√

2(sin 𝜃, cos 𝜃, 1)𝜔𝑡𝑟 (2.29)

(𝜔𝑡𝑟,𝑥, 𝜔𝑡𝑟,𝑦, 𝜔𝑡𝑟,𝑧)init = 2𝜋 × (0.432, 1.044, 1.130) kHz (2.30)

(𝜔𝑡𝑟,𝑥, 𝜔𝑡𝑟,𝑦, 𝜔𝑡𝑟,𝑧)final = 2𝜋 × (72, 174, 188) Hz (2.31)

where 𝜔𝑡𝑟, init is the value at the beginning of evaporation with 9W in each beam and

𝜔𝑡𝑟, final is the value at the end of evaporation with 250mW in each beam.
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Transfer to the ODT

Since the mode volumes of the ODT and the magnetic trap are very different, the

transfer to the ODT is accompanied by a large atom number loss. In fact, at most

10% of the atoms are transferred, limited by the total power in the ODT beams. We

have found that the transfer efficiency is higher if the ODT is kept on at full power

during the entire magnetic trap evaporation. The ODT is offset from the position of

the plug beam and the center of the magnetic trap, thus forming an effective dimple

potential. It is aligned to the saddle point of the Feshbach field which does not

exactly coincide with the minimum of the quadrupole trap. When optimizing only

the transfer to the ODT we have found that the efficiency is the largest when the

ODT is placed about a beam radius (about 100𝜇m) radially away from the center of

the magnetic trap. It so happens that the Feshbach saddle point is about twice that

distance away. Although the transfer there is not as efficient, the Feshbach saddle

point still overlaps with the extent of the evaporated cloud in the magnetic trap. The

number of atoms transferred is sufficient to start ODT evaporation without having to

transport the atoms. Surprisingly, when we had to transport the evaporated atoms

from the magnetic trap by a few millimeters to the ODT in the saddle of the Feshbach

field with the old coils, the plug was not moved along, but there was no significant

decrease in the number of atoms transferred to the ODT.

After the transfer to the ODT, the magnetic trap is switched off in the presence of

a small bias field which keeps the quantization axis defined. The atoms are then trans-

ferred to the |1, 1⟩ state by a Landau-Zener (LZ) sweep of the transition frequency,

making the transfer less sensitive to bias field drifts. After that, the remaining |2, 2⟩
atoms, leftover because of inefficiencies in the LZ sweep, are blown away by using

resonant 𝐹 = 2 light. Then, the atoms in the wings of the crossed ODT need to be

removed because they interfere with the ODT evaporation. This is done by applying a

magnetic field gradient along the 𝑧 axis, which act as a force pushing the atoms in the

wings away. Finally, the Feshbach field is turned on adiabatically and we evaporate

to a BEC.
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2.1.9 BEC

Operation

The goal of evaporative cooling is to increase the phase space density until the transi-

tion to a BEC is crossed. The phase space density expressed in terms of the thermal

de Broglie wavelength 𝜆𝑇 =
√︀

2𝜋~2/(𝑚𝑘𝐵𝑇 ) and the density 𝑛 is

𝜌 = 𝑛𝜆3𝑇 ≈ 2.612 (2.32)

at the transition point. For a trapped cloud, the transition temperature is [125]:

𝑇𝑐 ≈ 0.94
~�̄�𝑡𝑟

𝑘𝐵
𝑁1/3 (2.33)

where the trap frequency is �̄�𝑡𝑟 = (𝜔𝑡𝑟,𝑥 𝜔𝑡𝑟,𝑦 𝜔𝑡𝑟,𝑧)
1/3. In the ODT, the trap frequencies

are given in Eq. (2.31). Then, for 𝑁 = 2 × 105, the critical temperature is around

350 nK.

Using the Thomas-Fermi approximation (see e.g. [86]), we can obtain the extent

of the cloud, the Tomas-Fermi radius:

𝑅2
𝑖 =

2𝜇

𝑚𝜔2
𝑡𝑟,𝑖

(2.34)

in direction 𝑖, where 𝜇 is the chemical potential:

𝜇 =
152/5

2

(︂
𝑁𝑎

𝑙𝐻𝑂

)︂
~�̄�1/3

𝑡𝑟 (2.35)

ODT evaporation

ODT evaporation involves an exponential decrease of the power 𝑃 in the two arms

with the same parameters:

𝑃 (𝑡) =
(𝑃0 − 𝑃𝑓 )𝑒−𝑡/𝜏 + 𝑃𝑓 − 𝑃0𝑒

−𝑡𝑓/𝜏

1− 𝑒−𝑡𝑓/𝜏 (2.36)
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where 𝑃0 = 9 W, 𝑃𝑓 = 250 mW, 𝑡𝑓 = 2000 ms, 𝜏 = 500 ms at a scattering length of

𝑎= 100 𝑎0. Here 𝑡𝑓 is the duration of the evaporation sweep and 𝜏 determines its

shape. The parameters can be optimized for a range of scattering lengths. If the

scattering length is too large, three-body loss dominates, if the scattering length is

too small, experimental time is the limiting factor. Therefore, a conservative estimate

for the scattering lengths over which a BEC can be formed is:

40 𝑎0 ≤ 𝑎 ≤ 300 𝑎0 (2.37)

Fig. 2-15 shows the regions of Feshbach fields which correspond to this range of scat-

tering lengths 𝑎𝑎𝑎 and 𝑎𝑏𝑏 in the lowest two hyperfine states, labeled here as |𝑎⟩ and

|𝑏⟩.
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Figure 2-15: Magnetic fields suitable for ODT evaporation. A BEC can be produced with
evaporation parameters similar to the ones in the text, either in the |𝑎⟩ state (red) or in the
|𝑏⟩ state (blue) when the scattering lengths 𝑎𝑎𝑎 and 𝑎𝑏𝑏 are in the range of Eq. (2.37).

2.1.10 Lattice

Operation

The physics of ultracold atoms in optical lattices is the subject of Chapter 3. Here

we detail the implementation and design choices.
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Setup

∙ Light: 1064 nm in three retro-reflected beams, orthogonally-polarized with each

other and detuned by at least 5MHz from each other and from the ODT beams,

propagating along 𝑥, 𝑦, and 𝑧.

Intensity distribution

The electric field a pair of retroreflected beams propagating along the 𝑧 axis and with

the same linear polarization in the 𝑥 axis is:

𝐸(𝑥, 𝑦, 𝑧) = 𝐸0𝑒
−(𝑥2+𝑦2)/𝑤2

00𝑒−𝑖𝑘𝑧 �̂�+ 𝐸0𝑒
−2(𝑥2+𝑦2)/𝑤2

00𝑒+𝑖𝑘𝑧 �̂� (2.38)

so that the intensity is:

𝐼(𝑥, 𝑦, 𝑧) = 4𝐼0𝑒
−2(𝑥2+𝑦2)/𝑤2

00 cos2(𝑘𝑧) (2.39)

For 3 pairs of lattices:

𝐼(𝑥, 𝑦, 𝑧) =4𝐼0𝑧𝑒
−2(𝑥2+𝑦2)/𝑤2

0𝑧 cos2(𝑘𝑧)

+4𝐼0𝑦𝑒
−2(𝑥2+𝑧2)/𝑤2

0𝑦 cos2(𝑘𝑦)

+4𝐼0𝑥𝑒
−2(𝑦2+𝑧2)/𝑤2

0𝑥 cos2(𝑘𝑥) (2.40)

where 𝐼0𝑖 = 2𝑃/(𝜋𝑤2
0𝑖). The confinement along each axis comes from the beams propa-

gating in the perpendicular directions and the lattice potential comes from the pair of

retroreflected beams propagating along that axis. A 1D and 2D cuts of this potential

are plotted in Fig. 2-16.

The dipole potential on the atoms is then (from Eq. (2.21)):

𝑉 (𝑥, 𝑦, 𝑧) =
3𝜋𝑐2

2𝜔3
0

Γ

(︂
1

𝜔 − 𝜔0

+
1

𝜔 + 𝜔0

)︂[︂
4𝐼0𝑧𝑒

−2(𝑥2+𝑦2)/𝑤2
0𝑧 cos2(𝑘𝑧)

+ 4𝐼0𝑦𝑒
−2(𝑥2+𝑧2)/𝑤2

0𝑦 cos2(𝑘𝑦) + 4𝐼0𝑥𝑒
−2(𝑦2+𝑧2)/𝑤2

0𝑥 cos2(𝑘𝑥)

]︂
(2.41)
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Figure 2-16: Cuts along the 3D lattice potential. a) 1D for 𝑥=0 and 𝑦=0 and b) 2D for
𝑦=0 (zoomed-in).

The atoms are confined in a small region around (𝑥, 𝑦, 𝑧) = (0, 0, 0). To obtain the

overall trap frequency, the Gaussian can be expanded, just as in Eq. (2.28). Also, the

sinusoidal potential on each lattice site can be approximated by a harmonic potential

and the trap frequency can be obtained by expanding the cosine term. For instance,

along 𝑧 at 𝑥≈ 0 and 𝑦≈ 0:

𝑉 (𝑧) ≈ 𝑉0𝑧 cos(𝑘𝑥)2 ≈ 𝑉0𝑧𝑘
2𝑥2 (2.42)

so that the on-site trap frequency is

𝜔𝑠, 𝑧 =

√︂
2𝑉0𝑧𝑘2

𝑚
(2.43)

where now 𝑉0𝑧 = 4 (2𝑃𝑧)/(𝜋𝑤
2
0𝑧)𝑉𝑑𝑖𝑝. The ground state is then a Gaussian:

Ψ(𝑥) =
(︁𝑚𝜔𝑠, 𝑧

𝜋~

)︁1/4

𝑒−𝑚𝜔𝑠, 𝑧𝑧2/2~ (2.44)

The Gaussian is a fairly good approximation to the ground state wavefunction for

deep lattices. However, in a harmonic potential, the energy levels are equally spaced

and, while, as shown in Section 3.1.1, the energy levels in a lattice are not equally

spaced and that has some important implications.
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Choice of lattice wavelength

As for the ODT, the lattice wavelength needs to be sufficiently far detuned from the

atomic transition to avoid heating from spontaneous scattering. Here we look at this

in more detail. Both the scattering rate:

𝑅 =
3𝜋𝑐2

2~𝜔3
0

(︂
𝜔

𝜔0

)︂3

Γ2

(︂
1

𝜔0 − 𝜔
+

1

𝜔0 + 𝜔

)︂2

𝐼(𝑥, 𝑦, 𝑧) (2.45)

and the strength of the dipole potential Eq. (2.21) need to be considered.

It is important to note that there is a difference between blue and red detuned

light. For red detuned light, the atoms are trapped at the maxima of the light

intensity and for blue detuned light, they are trapped at the minima. This changes

the scattering rate but not the rate of energy increase. This is detailed in [126]. Here

a brief summary for the 1D case is provided, which can easily be generalized to 3D.

If the location of the atoms is set to be 𝑥= 0, then the lattice potentials the atoms

feel can be expressed as:

𝑉red(𝑥) =− 𝑉0 cos2(𝑘𝑥) ≈ −𝑉0
(︂

1− 1

2
(𝑘𝑥)2

)︂
(2.46)

𝑉blue(𝑥) =𝑉0 sin2(𝑘𝑥) ≈ 𝑉0(𝑘𝑥)2 (2.47)

where the deep lattice limit is used to expand around small 𝑘𝑥. The Lamb Dicke pa-

rameter 𝜂 describes the ratio between the extent of the wavefunction 𝑙ℎ𝑜 =
√︀

~/(𝑚𝜔𝑠)

(approximated by the harmonic oscillator length in a deep lattice) and the lattice site

𝑑 = 𝜆/2 = 𝜋/𝑘:

𝜂 ≡ 𝑘𝑙ℎ𝑜 = 𝜋
𝑙ℎ𝑜
𝑑

=

(︂
𝐸𝑅

4𝑉

)︂1/4

(2.48)

where 𝜂 was expressed as a function of the recoil energy

𝐸𝑅 =
~2𝑘2

2𝑚
(2.49)

which is the natural energy scale for a lattice. Therefore, to lowest order in the
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Lamb-Dicke parameter, the scattering rates at the position of the atoms are:

𝑅red =𝑅max

𝑅blue =𝑅max𝜂
2 (2.50)

In the red-detuned case, this rate corresponds to scattering from the lowest lattice

band back to the lowest lattice band. In the blue-detuned case this process is sup-

pressed and the lowest order process is scattering from the lowest band to the first

excited band. There is an equivalent process at the same rate in the red-detuned

case, therefore, if we consider the energy increase per particle to be due to scattering

to higher bands, the red and blue detuned cases are the same. However, since in spin

physics experiments we are interested in the entropy and the correlations of parti-

cles in magnetically ordered states in the lowest band, any form of scattering can be

detrimental to the spin-spin correlations.
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Figure 2-17: Choice of lattice wavelength. a) Lattice lifetime limited by spontaneous scat-
tering of a 40𝐸𝑅 lattice with 1/𝑒2 beam radius of 125𝜇m. Dashed lines correspond to the
minimum requirement for a lifetime of 1 s (blue) and for a more desirable scattering-limited
lifetime of 10 s (black). b) Power required to obtain a 40𝐸𝑅 lattice (blue) and the recoil
𝐸𝑅/ℎ (red). The recoil increases (faster dynamics) but the power requirements also increase
for blue detuning.

Fig. 2-17a shows the scattering-limited lifetime 1/𝑅 (where 𝑅 is the scattering

rate at the position of the atoms) from the pair of Eq-s. (2.50) as a function of lattice

wavelength for a 40𝐸𝑅 lattice, since it is the lattice depth in recoil units which sets

the timescales of dynamics. If a scattering-limited lifetime of 1 s can be tolerated,
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than any lattice wavelength which is at least ∼ 30 nm away from the resonance

can be chosen. However, a more realistic requirement is that the scattering-limited

lifetime be at least 10 s, especially if long-time dynamics are to be studied. This is

the black dashed line in Fig. 2-17a, limiting the choice of wavelength to 𝜆> 834 nm

and 𝜆< 637 nm.

The power required to make a 40𝐸𝑅 lattice is plotted in Fig. 2-17b, as well as the

recoil 𝐸𝑅/ℎ in kHz. As we will see in Section 3.1.3, the timescale for dynamics at the

Mott insulator transition scales as the recoil. The higher the recoil, the faster the

dynamics. Fig. 2-17b shows that the recoil energy is larger for smaller wavelengths

but also the power required to make a lattice of a given depth in recoil units is large

there. We use 1064 nm due to the availability of lasers and fiber amplifiers at that

wavelength and would potentially consider 532 nm (frequency-doubled 1064 nm).

Beam size

There are two considerations for picking beam size: (i) The smaller the beam, the

deeper the lattice; (ii) The larger the beam, the more homogeneous the trap. A small

beam size means that in order to achieve a density of one or two atoms per site, the

atom number needs to be decreased significantly. However, a deeper lattice allows

for more time for state preparation, because the deeper the lattice, the more isolated

from each other the sites are.

We pick a beam size of 125𝜇m 1/𝑒2 radius, which corresponds to a maximum

depth of 35𝐸𝑅 requiring 4.3W of 1064 nm light. For a cloud size of 20𝜇m (40 lattice

sites), this gives a variation of the lattice depth of 1.27% across the cloud.

Polarization

In the cubic lattice design, the three lattice arms do not interfere with each other.

This can be implemented by orthogonal linear polarizations. However, since many

components can introduce polarization rotation, the lattice beams are detuned by

at least 5MHz with respect to each other. Any interference between the different

arms of the lattice will beat at this frequency and average to zero for the atoms. For
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example, dielectric mirrors have different S and P polarization reflection coefficients

(which also vary as a function of the angle of the incident beam) so if the beam

polarization does not exactly align with S and P polarizations of the mirror, a phase

shift between the S and P components of the incident light is introduced. Also, the

polarization properties of the vacuum viewports are not well characterized.

We use polarizing beam splitters suitable for high power applications (UVFS ion-

beam sputtered PBSI-1064 from CVI with 𝑇𝑝/𝑇𝑠 = 1000:1 with 1MW/cm2 damage

threshold). Typically, polarizing beam splitters have better polarization extinction

for transmission than for reflection, while they offer lower power losses in reflection

than transmission. Also, zero-order waveplates have to be used in sensitive appli-

cations, because they offer smaller temperature sensitivity compared to multi-order

waveplates.

We note that we have used circular polarization for the lattices. We had evidence

that even for angled fibers, the tip still reflects some of the light, which could then

propagate to the intensity stabilization photodiode. Therefore, a design in which

the retro is reflected out by a PBS in front of the fiber was used. The incident

beam passes through a PBS followed by a 𝜆/4-waveplate turning the polarization into

circular. When the retro passes through the same waveplate, its circular polarization

is turned into linear, crossed with the original linear polarization. At the cube, the

retro is reflected out, never reaching the fiber tip. We note that we have so far seen

no difference in the lifetime of the lattice between the two designs (linear polarization

with retro hitting the fiber tip and circular polarization with the retro reflected out).

However, this might make a difference in the future.

The implementation of the 3D optical lattice completes the discussion of the stages

required to load a 7Li BEC in an optical lattice. Once loaded, the atoms can be placed

in the Mott insulating state with each atom localized on a single site of the lattice. We

will discuss the physics of the Mott insulator and its characterization in Chapter 3.
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2.2 Methods

In this section, we focus on a few methods and techniques we have developed when

building BEC 5. First, we describe the beam-delivery system from start to finish:

from lasers to calibration of the final beams, since the lattices and the ODTs are

main ingredients of the machine. Then, we look into the atomic nature of the states

which are used as spin states once the atoms are placed in the Mott state in the optical

lattice. Finally, we summarize the time sequence of baking the steel components of

the machine in order to achieve ultrahigh vacuum (UHV).

2.2.1 High power beam delivery

Due to the large recoil energy of lithium as compared to other atoms, achieving the

same lattice depth, requires much more laser power. We use a 50W fiber amplifier at

1064 nm. With 1mm beam radius, at these intensities many optical elements can ex-

hibit thermal lensing or optical damage, so that the choice of optic material is crucial.

In the following, the elements of the beam delivery system are described, focusing on

the ones specific to high laser power. Also, the design choices and considerations for

each of the components are presented. First, we describe thermal lensing, since it

is the direct consequence of high laser power. After that, we follow the path of the

beam, staring from the laser source and finishing with the atoms.

Thermal lensing

Thermal lensing is caused by absorption of the incident light from the material which

causes local heating. The increase in the temperature can lead to changes in the

outgoing wavefront which resemble the effect of a lens. The textbook model of thermal

lensing is to consider a rod with radius 𝑟0 and length 𝐿 and index of refraction 𝑛0.

There is uniform pumping light which is absorbed by the rod. The absorbed power

can be characterized by Beer’s law

𝑃𝑎𝑏𝑠 = 𝑃0

(︀
1− 𝑒−𝛼𝐿

)︀
(2.51)
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where 𝛼 is the absorption coefficient. The uniform incident light results in a uniform

internal heating rate. The heat is transported to the surface of the rod, assumed to be

kept at a fixed (ambient) temperature. Then, the temperature decreases quadratically

with distance from the center. It can be shown that the effect of this on an incident

laser beam is the same as a thin lens with focal length [92]:

𝑓 =
𝐾𝜋𝑟20
𝑃

(︂
1

2

𝑑𝑛

𝑑𝑇
+ 𝛼𝐶𝑇𝐸𝐶𝑟,𝜑𝑛

3
0 +

𝛼𝐶𝑇𝐸𝑟0(𝑛0 − 1)

𝐿

)︂−1
(2.52)

where 𝑃 is the dissipated power, 𝐾 is the thermal conductivity, 𝐶𝑟,𝜑 are elasto-optic

coefficients, and 𝛼𝐶𝑇𝐸 = (1/𝑥)𝑑𝑥/𝑑𝑇 is the coefficient of (linear) thermal expansion.

A strong thermal-lensing effect is characterized by a small effective focal length. This

equation describes three mechanisms which lead to the formation of an effective lens.

(1) The index of refraction changes as a function of temperature. (2) The local

temperature gradient causes mechanical stress which result in changes of the index

of refraction (Photoelastic effect). (3) The temperature change causes the material

to expand (or contract). In the typical case encountered in experiments, the incident

beam is not uniform (it is Gaussian), which leads to modifications of this formula.

Also, in the case of lenses, the thermal lensing effect is to modify the initial curvature

so that focal length changes. Nevertheless, Eq. (2.52) describes the main ingredients

for thermal lensing.

K 𝛼 𝑑𝑛/𝑑𝑇 𝛼𝐶𝑇𝐸

(W/(m oC)) (cm−1) (10−6/oC ) (10−6/oC)
UVFS 1.38 [1] 1× 10−5 [2] 11.9 [4] 0.55 [4]
NBK-7 1.114 [2] 1× 10−3 [4] 2.4 [4] 7.1 [4]
TeO2 2 [53] 3.5× 10−4 [27] 2 < 5 (𝑛𝑒, at 0.7𝜇m) [153] 19.5 along (110) [3]

< 1 (𝑛𝑜, at 0.7𝜇m) [153] 6.1 along (001) [3]
TGG 7.4 [27] 1.31× 10−3 [27] 20 [27] 7 [163]

Table 2.1: Optical and thermal properties of common optical materials: 𝐾 is the thermal
conductivity, 𝛼 is the absorption coefficient, 𝑑𝑛/𝑑𝑇 is the thermo-optic coefficient, 𝛼𝐶𝑇𝐸 is
the coefficient of thermal expansion. Note that the values are for a wavelength of 𝜆=1𝜇m.

2Assuming 𝑑𝑛/𝑑𝑇 =1× 10−6.
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The most commonly used types of glasses in our field are fused silica (UVFS,

i.e. the UV grade, brand names Suprasil 3001, Corning 7980) and the borosilicate

NBK−7. Their properties are summarized in Table 2.1. The main difference between

the two is that UVFS has two orders of magnitude lower absorption coefficient 𝛼,

which makes it the better choice for high power applications. We note that the dom-

inant thermal lensing effect comes from (𝑑𝑛/𝑑𝑇 ), which is higher for UVFS but due

to the lower absorption, we observe no lensing for intensities up to 50-60W/mm2

in UVFS lenses, while we do observe it for NBK-7 lenses. Note that the new lat-

tice/MOT viewports are made out of Corning 7980 [1].
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Figure 2-18: Thermal lensing after an optical isolator (Thorlabs, IO-5-1064-VHP ). Plotted
are the horizontal and vertical beam sizes 𝑤𝑥 and 𝑤𝑦 respectively after a propagation distance
of 10-20 cm as a function of output power.

Table 2.1 also includes the most common AOM material (tellurium dioxide TeO2)

and the optical isolator crystal material TGG (terbium-gallium-garnet). At these

intensities, we typically observe little or no lensing in the AOMs, but we do observe

lensing in the isolators. Fig.2-18 shows a measurement of the size of a laser beam

after it has passed through a Thorlabs isolator (IO-5-1064-VHP). The addition of

an AOM does not change this behavior significantly. A characterization of thermal

lensing effects in similar setups can be found in [147]. Next, we follow the beam as it

propagates from the laser to the atoms.
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Seed and amplifier choice

The lattice and ODT light comes from a 500 mW Mephisto seed laser (from Coherent)

and a 50W fiber amplifier. The Mephisto provides low noise power and has a narrow

linewidth (∼ 1 kHz) suitable for lattice physics. Originally, we used a Nufern NU-

Amp fiber amplifier which has been replaced by an AZUR ALS amplifier. The Nufern

has long output fiber which suffered from stimulated Brillouin scattering (which is

addressed next) and also switching electronics embedded in the drive circuits which

introduce intensity noise at 125 kHz and 250 kHz. These frequencies can drive tran-

sitions from the ground lattice band to the second excited band (see Section 3.2.3).

Stimulated Brillouin scattering (SBS) in fibers

One of the major issues we encountered with implementing a Mott insulator was

its poor lifetime, as detailed in Chapter 3, and a large portion of the problem was

resolved after the Nufern fiber was shortened. Therefore, here we give a brief overview

of the process of Stimulated Brillouin scattering (SBS) in fibers and present the

measurements of this process in the Nufern amplifier. At very high laser powers or

for very long fibers a stimulated process becomes important, in which a large fraction

(sometimes even all) of the incident light is backscattered in a stimulated way. This

is known as Brillouin scattering. At low powers, this process occurs spontaneously:

an incident photon is scattered by the fiber medium into a photon and an acoustic

phonon. Since the scattered photon has lower frequency than the incident one, it

is commonly referred to as the Stokes photon (from Stokes scattering). At higher

powers, this process becomes stimulated. In principle, the photon can be scattered

in any direction but due to the geometry of the fiber, the forward and backward

directions are preferred. Forward scattering should have a zero momentum transfer,

so that it should in principle not occur. However, the thermal excitations in the

fiber are the eigenmodes of the cylindrical structure of the fiber rather than plane

waves (which are assumed in the discussion of SBS), which makes forward scattering

possible. It is known as guided SBS and it was first studied in [143]. Here we focus
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on backward scattering, the more dominant process.

The main cause of Brillouin scattering is electrostriction. This process occurs in all

dielectric materials: the presence of an electric field (light) causes a strain to develop

in the material, i.e a density change from ions moving in response to the applied

electric field, and a corresponding change in the index of refraction. The incident

photon interferes with the backscattered photon forming a moving optical lattice

which generates a moving density grating. When the intensity of the incident light

is high, the moving density grating affects the next photon and stimulates scattering

into the same backpropagating mode (Bragg scattering). Thus, for high intensities,

this process amplifies itself until, at some power, all the light is backscattered, or

some other process causes a breakdown.

In our case, SBS causes extra intensity noise in the lattice light. It is initiated

by thermally excited spontaneous photons. Coupled rate equations can be used to

describe the process (see e.g. [91]):

𝑑𝑃𝑖

𝑑𝑡
=− 𝛾𝑚ℒ(𝜔)𝑃𝑠𝑃𝑖 − 𝛼𝑃𝑖

𝑑𝑃𝑠

𝑑𝑡
=𝛾𝑚ℒ(𝜔)𝑃𝑠𝑃𝑖 − 𝛼𝑃𝑠 (2.53)

where 𝑃𝑖 is the incident (pump) power, 𝑃𝑠 is the backscattered power. The absorption

coefficient 𝛼 accounts for loss in the fiber. This term can be ignored because for fibers

on the order of a few meters, the attenuation is not significant. For instance, in 50 km

fibers, there is 10 % loss. Here 𝛾𝑚 is the gain coefficient for the m-th SBS mode.

Typically, there is only one dominant mode, so that 𝛾1≫ 𝛾𝑚′ , 𝑚′ = 2, 3, .... It is

given by [91]:

𝛾 =
𝑔𝐵
𝐴

=
2(2𝜋)2𝑛8𝑝2𝑖𝑗
𝑐𝜆3𝜌𝐴𝜔𝑎𝑐Γ

(2.54)

where 𝑔𝐵 is the Brillouin gain coefficient, 𝐴 is the acousto-optic area, 𝑛 is the index

of refraction, 𝑝𝑖𝑗 is the respective electrostriction tensor, 𝜌 is the mean density of

the fiber material, 𝜆 is the wavelength of the incident light. The SBS gain has a
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Lorentzian spectral profile ℒ(𝜔) :

ℒ(𝜔) =
Γ/2

(𝜔 − 𝜔0 + 𝜔𝑎𝑐)2 + (Γ/2)2
(2.55)

where 𝜔0 is the frequency of the incident light and 𝜔𝑎𝑐 is the frequency of the phonon.

Typically, 𝜔𝑎𝑐/(2𝜋) ∼ 11 GHz. With these definitions and with the approximations

𝛼→ 0 and that the pump light is not significantly depleted, we get:

𝑑𝑃𝑖

𝑑𝑧
= 0 → 𝑃𝑖 = 𝑃0

𝑑𝑃𝑠

𝑑𝑧
= 𝛾ℒ(𝜔)𝑃0𝑃𝑠 (2.56)

The second equation can be written in terms of the number of photons in the SBS

mode 𝑁 and the number of spontaneous photons 𝑁𝑠𝑝 = 1 + (𝑒~𝜔𝐵/𝐾𝑇 − 1)−1 in that

mode [91]:

𝑑𝑁

𝑑𝑧
=𝐺𝑃0(𝑁 +𝑁𝑠𝑝)

𝑁(𝑧) =𝑁𝑠𝑝

(︀
𝑒𝐺𝑃0(𝑧−𝐿) − 1

)︀
(2.57)

where 𝐺 = 𝛾ℒ(𝜔) and we have used the boundary condition 𝑁(𝐿) = 0. We can

see that in this model, thermally excited phonons seed the scattering and at higher

powers the number of phonons in one of the modes becomes dominant and leads to

stimulated backscattering. The gain into that mode is exponential with fiber length

and input power.

In our system, we measure the relative intensity noise (RIN) of the output light.

Over the frequency range DC to 1MHz the noise increases with input power. We

interpret this to be due to SBS: when there is significant backscattering into a given

mode, the overall output power gets more noisy.

The noise spectrum is measured using the setup shown in Fig. 2-19. The two

backside-polished mirrors (Thorlabs BB1-E03P) attentuate the power. The time trace

is recorded on a photodiode (Thorlabs PDA10A) and then the Fourier transform is
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taken. The sensitivity of this photodiode to 1064 nm light is relatively low, so 100mW

of light are used, resulting in 9V photodiode output for optimal performance. The

noisefloor is measured by turning the light off. The measured relative intensity noise

(RIN) for a few input powers is shown in Fig. 2-19. To extract the RIN, two time

traces of total time 𝑇 need to be taken: an AC coupled one 𝑉𝐴𝐶 (for more resolution)

and a DC coupled one (for the average level 𝑉 ). The power spectral density 𝑆(𝑓) is

computed in the following way:

𝜖(𝑡) =
𝑉𝐴𝐶(𝑡)− 𝑉

𝑉
(2.58)

𝑆(𝑓) =2𝜋
1

𝑇

⃒⃒
⃒⃒
∫︁ 𝑇

0

𝜖(𝑡)𝑒𝑖𝜔𝑡𝑑𝑡

⃒⃒
⃒⃒
2

(2.59)

so that the RIN can be expressed in dB/Hz as 10 log10 𝑆(𝑓).
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Figure 2-19: Measurement of the RIN in the Nufern fiber amplifier. Shown are the mea-
surement setup (top) and the RIN for several output powers.
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This measurement can be used to get an estimate of the Brillouin gain coefficient

𝑔𝐵. Using Eq.(2.57), the total backscattered power 𝑃𝐵 can be modeled as having a

constant part and a fluctuating part:

𝑃𝐵 =
∑︁

𝑛

𝑃𝑛𝑒
𝐺𝑃0𝐿𝑒−𝑖𝜔𝑛𝑡 + 𝑃𝑐𝑒

𝐺𝑃0𝐿 (2.60)

where 𝜔𝑛 is the frequency of fluctuations, and 𝐿 is the length of the fiber. We measure

the total output power:

𝑃out(𝑡) = 𝑃0 − 𝑃𝐵(𝑡) (2.61)

from which the RIN can be extracted:

𝜖 =
𝑃out(𝑡)− 𝑃out

𝑃out

(2.62)

where 𝑃out =𝑃0 − 𝑃𝑐𝑒
𝐺𝑃0𝐿 is the average output power and assuming that the in-

put power is constant for the small backscattered powers. Fig. 2-19 shows that in

the region between 150 and 600 kHz the spectrum is flat, so just a single frequency

component 𝜔𝑛 can be used for the estimate:

𝑆𝑓 ∝
⃒⃒
⃒⃒ −𝑃𝑛𝑒

𝐺𝑃0𝐿

𝑃0 − 𝑃𝑐𝑒𝐺𝑃0𝐿

⃒⃒
⃒⃒
2

(2.63)
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Figure 2-20: RIN as a function of output power. The values are taken as the average over
a frequency range 150-600 kHz, ignoring the peaks. The solid line is a fit of the form of
Eq. (2.64).
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This is shown in Fig. 2-20. Below 25W, the RIN is constant, which is probably

just the intensity noise in the seed (Mephisto) light. Adding this in quadrature to the

SBS noise to get the RIN:

RIN(P0) = 20 log10

√︃
C2 +

(︂
A

B− e−GLP0

)︂2

(2.64)

where all constants of proportionality have been absorbed in the coefficients 𝐶 (which

accounts for any other noise source), 𝐴 (which accounts for the fluctuating part of

the SBS power), and 𝐵 (which accounts for the constant part of the SBS power).

Using this as a fitting function to the measured RIN in the range 150 kHz to 600 kHz,

results in the following fit parameters:

𝐶 = 2.4 (±0.1)× 10−7

𝐴 = 3.1 (±4.9)× 10−13

𝐵 = 1.8 (±3.5)× 10−8

𝐺0 = 𝐺 × 𝐿 = 0.46 (±0.05) 1/Watt (2.65)

If the fiber length over which SBS mostly happens is assumed to be 𝐿 = 1.5 m (1m

outside of the box and another 0.5m inside) and the core of the fiber is 𝑑𝑐 = 7.5𝜇m

in diameter, the Brillouin gain coefficient can be estimated to be:

𝑔𝐵 =
𝐺0

𝐿

𝜋𝑑2𝑐
4

= 1.35× 10−11 m/Watt (2.66)

We compare this to typical Brillouin gain coefficients 𝑔𝐵 in silica fibers which are on

the order of 1.9 to 5 × 10−11 m/W (see e.g. [119]). The errors in our estimate

are: (i) the exact fiber length is not known; (ii) the effective mode diameter could be

different from the actual core diameter; (iii) we have only a few points in our fit.

We note that this analysis is valid only for small 𝑃𝐵, before depletion of the

pump light becomes important. This is where all fiber amplifiers operate, because

the output power is maximized. When the Nufern output fiber length was decreased
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to 20 cm, the noise spectrum was dominated by the noise from the seed laser.
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Figure 2-21: High power optical system. PBS 1 regulates the power in the setup. The galvo
sets the ratio between the power in the ODT and the power in the lattice. PBS 3 sets the
ratio between the power in the two ODT arms. PBS 4 sets the ratio between the power in
lattice 1 and the total power in lattices 2 and 3. PBS 5 sets the ratio between the powers
in lattice 2 and lattice 3. Each of the five beams is fibercoupled. Since the lattices are
retroreflected, there are isolators in front of each fiber to prevent the retroreflected beam
from propagating to the fiber amplifier.

After the laser source has been optimized, the light needs to be distributed to

the ODT and the lattice arms. Fig. 2-21 shows the laser path for high-power beam

delivery. Note that there is an isolator after the amplifier. The ALS laser has a

built-in isolator, while the Nufern requires an external one. Since there is thermal

lensing in the isolator, when one has to be used, we run the full power through the

isolator and then collimate the beam, i.e. the thermal lens at the highest power of

the amplifier is included as part of the setup. Then a PBS and a half-waveplate are

used to attenuate the power for alignment.

The first design choice we make is pass each beam through an optical fiber. This
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has two advantages. (i) The beam profile after the fiber is almost a pure Gaussian, as

the only optics after the fiber are polarizers, mirrors, and focusing lenses. This leads

to clean ODT and lattice beam profiles. (ii) The physical setup can be separated in

space, minimizing the free-propagation distance and enabling a more modular and

easier to maintain setup.

The second design choice is whether to “chain” the AOMs, i.e. to reuse the 0th

order of the AOMs. While this seems to recycle power, the beam profile of the 0th

order is poor and does not lead to good fiber-coupling. Also, the power of each beam

becomes harder to control, because it depends on the level of the previous AOMs in

the chain. This increases the intensity noise of each subsequent arm. Finally, some

AOMs are sensitive to the input polarization and after passing through an AOM the

polarization may not be as well-controlled as if there were a PBS in front of the AOM.

Therefore, we split the power with polarizing-cubes (PBS) and waveplates into five

arms. Next we describe how this is implemented.

Galvo

Since one 50W fiber amplifier does not provide enough power for all five arms at full

power, but the lattice and the ODT are never on at full power at the same time in

our sequence, we dynamically switch between the ODT and lattice paths during the

sequence. This is done by rotating a half-waveplate, implemented with a modified

commercial galvanometer (GVS series from Thorlabs) with a home-built waveplate

mount. Alternatively, a commercial motorized rotation stage (Thorlabs DDR25) can

be used.

The principle of operation is illustrated in Fig. 2-22. A half-waveplate is attached

to a rod which is rotated by an angle ± 𝜃. The beam is positioned such that it is

always inside the waveplate. In general, a half-waveplate has two axis, known as the

fast (F) and the slow (S) one. When a half-waveplate is placed between two parallel

polarizers, the first one for setting the initial polarization and the second one for

detecting the angle of the outgoing polarization, the polarization rotation from the

waveplate is turned into intensity variation. When either the fast or the slow axis is
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Figure 2-22: Rotating the angle of linear polarization with a galvo. a) A half-waveplate is
attached to a rod which is rotated by an angle ± 𝜃 (blue, green). The beam (red circle) is
positioned such that it is always inside the waveplate. b) Transmission through a polarizing
beam splitter positioned after the galvo as a function of the waveplate angle. The orange
line represents the range of operation 𝜃=± 20o. The inset is a zoomed-in version showing
that within this range not all the power can be switched from one path to the other.

aligned with the axis of the polarizers, the output has maximum intensity. Therefore,

if the half-waveplate is rotated by 45o, the output intensity goes between 0 and 100%.

The Thorlabs galvos have a rotation rangle from 0 to 40o, so that it is not possible to

switch the entire power from the ODT to the lattice path. This is shown in Fig. 2-22,

where the polarization in front of the galvo is set (with another half-waveplate) so

that when the galvo is horizontal (𝜃= 0), the transmission is 50 %.

In the sequence, the galvo rotates the waveplate in such a way that its motion

does not limit the ODT or lattice intensity stabilization. The best time to do the

switch is after ODT evaporation when the power in the ODTs is already low. At that

time, the lifetime of the BEC in the ODT is very long so that there is no heating

during the hold time required for the galvo to switch. The waveplate in front of the

galvo allows for the leftover power in the ODTs after the galvo has switched to be

modified. It is set so that there is 15-20% more than the final ODT power, so that

the performance of the intensity stabilization system is not compromised.

The gavlo is the GVS series from Thorlabs (e.g. GVS011). We replace the mirror

with a threaded waveplate mount, see Fig. 2-23a, implemented on a 3D printer from

Formlabs 3. There are two threads: one for mounting a 1-inch waveplate with a 1-
3https://formlabs.com/

89

https://formlabs.com/


a) b)

Figure 2-23: Galvo implementation and performance. a) Picture of the galvo with the
home-built waveplate mount. b) Switching on, hold time, and switching off time traces.
The ramps are 100ms each. Pink: drive voltage; Yellow: galvo position (this is the output
of the internal galvo position sensor). Note that the voltage scales are arbitrary.

inch ring from Thorlabs, the other for attaching an adjustable balance (a metal nut),

which allows for adjusting the waveplate mount so that it is horizontal when the galvo

PID is not engaged.

Fig. 2-23b shows the switching on and off of the galvo from 𝜃=−20o, corresponding

to all power in the ODT, to 𝜃= +20o, corresponding to all power in the lattice. The

switching can be done in 50-100ms. We use the commercial driver which comes with

the GSV011 system, although the feedback parameters need to be tuned manually.

The procedure is a variant of the one described in a Thorlabs manual, which they

provide upon request, with the square-wave drive replaced by using a sinusoidal 1Hz

drive. This is due to the larger moment of inertia of the home-built galvo compared

to the small mirror in the original system.

AOMs

Once the light is split into five arms, the intensity and frequency of each of them

needs to be controlled. This is done with acousto-optic modulators (AOMs). We use

TeO2 AOMs from Intraaction (80 MHz) and from Gooch&Housego (110MHz). The

following briefly describes the principles of operation of the AOMs and then summa-

rizes our observations about their performance, since those will be important for the
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performance of the optical lattice and the Mott insulator, described in Chapter 3.
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Figure 2-24: AOM operation. When the incident light is at the Bragg angle 𝜃𝐵, maximum
efficiency is achieved in the 1st order.

When an RF frequency is applied to a transducer at one end of an acousto-optic

crystal, an acoustic wave propagates within the crystal causing regions of compression

and changing the index of refraction at a period given by the drive frequency. An

incident optical beam is defracted because of the periodic modulation of the index of

refraction. When the incident beam is at the Bragg angle, see Fig. 2-24, maximum

efficiency in the first diffracted order is achieved:

𝜃𝐵 =
𝜆

𝑓𝑅𝐹

𝑣𝑅𝐹 (2.67)

where 𝜆 is the wavelength of the incident light, 𝑓𝑅𝐹 is the frequency of the drive

signal, and 𝑣𝑅𝐹 is the velocity of propagation of acoustic waves in the crystal. For

TeO2, 𝑣𝑅𝐹 = 4.2 mm/𝜇s, so that 𝜃𝐵 = 1.16o for 𝑓𝑅𝐹 = 80 MHz, and 𝜆= 1064 nm. The

separation between the orders is at 2𝜃. If the incident beam has 1/𝑒2 radius of

𝑤00 = 1mm, then clear separation between the two orders can be achieved when the

distance between their centers is about 4 to 5𝑤00, which corresponds to 10 to 12 cm.

When 𝑓𝑅𝐹 = 110 MHz, this distance is shorter: 7 to 9 cm.

By varying the power of the RF drive, the power in the diffracted order can

be tuned. This is used for intensity-stabilizing the ODT and lattice beams. The

propagation time of the acoustic wave in the crystal leads to a delay time, which
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limits the stabilization bandwidth (to about 50-100 kHz). On the other hand, if

the delay time can be accounted for, in open-loop mode, the bandwidth of the AOMs

allows fast switch on and off times less than 1𝜇s. Here we summarize our observations

of the properties of these AOMs.

(1) The +1 order, which is at frequency 𝑓0 + 𝑓𝑅𝐹 , contains a little bit of the -1

order frequency 𝑓0 − 𝑓𝑅𝐹 (and vice versa). This is possibly due to a reflection of the

incident RF wave from the edge of the crystal. Although crystals with slanted cuts

are used, some of this effect persists (see Section 3.2.3).

AOM

PBS 1 PBS 2

Photodiode 1
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Figure 2-25: Polarization rotation in an AOM. The measurement setup is shown on the
top. a) Percent rejected power measured at photodiode 1 as a function of the angle of the
incident linear polarization. The rejected power has been minimized with the polarization
optics after the AOM. b) Relative power if the peak in the noise intensity spectrum at 𝑓𝑅𝐹

as a function of RF drive power, measured here as efficiency in the 1st order.

(2) If the incident linear polarization is not aligned with the crystal axes, the

output polarization becomes elliptical and less pure. When a polarization sensitive

element, such as a PBS, is placed in the light beam, this results in intensity modula-

tion. We characterize this effect by using the setup shown in Fig. 2-25. A polarizing

92



beam splitter (PBS 1) sets the input linear polarization, which is then rotated by the

first half-waveplate. After the AOM, PBS 2 detects the state of the output polar-

ization. The rejected power is measured at photodiode 1 as a function of the angle

of the incident polatization. For each angle of the incident polarization, we optimize

the angles of the two waveplates after the AOM in order to minimize the rejected

power at PBS 2. The result is shown in Fig. 2-25a. There are two points at which

the rejected power is minimized, corresponding to horizontal and vertical polarization

with respect to the AOM. We interpret this variation of the percent rejected power

to signify that the polarization state of the outgoing light is less pure. For chained

AOMs this would lead to a chain-reaction: the more the output polarization of the

first AOM varies, the more the output polarization of the second AOM varies and so

on.

(3) The intensity spectrum of the 1st and 0th orders of the AOM contain a peak at

𝑓𝑅𝐹 when measured after PBS. In the setup shown in Fig. 2-25, we use photodiodes 2

and 3 together with a PicoScope FFT spectrum analyzer. Note that the amplitude of

this peak is independent of the propagation distance after the AOM, i.e. it is not the

result of interference between the Gaussian beams of the two orders. The dependence

of the amplitude of the peak on AOM efficiency (varied by varying the RF power) is

shown in Fig. 2-25b. The higher the efficiency, the smaller the effect in the first order.

Note that this effect could be due to rescattering in the crystal or to polarization

rotation at 𝑓𝑅𝐹 , which then is measured as intensity modulation. However, we observe

little dependence of the amplitude of the peak on incident polarization angle.

(4) As a function of RF power, there is beam steering. This affects the fiber cou-

pling efficiency even when the fibers are watercooled. Depending on the application,

this effect can be decreased by fiber-coupling at lower or higher RF power. Since we

keep the laser beams on for a long time at full power but also require that intensity

stability during the initial stages after turning on the beams is not compromised, we

optimize the fiber coupling efficiency at intermediate RF powers.
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Fibers and fibercoupling

After each beam has passed through an AOM, providing individual control, the light

needs to be delivered to the atoms. At this point, the transverse intensity distribution

of the beam (the beam shape) is not a pure Gaussian, i.e. it is not the TEM00 mode,

due to lensing in an isolator or in other optics in the laser amplifier head or due to

small distortions in the AOM crystal. Therefore, the next design choice we make is to

pass the beam through a cleanup fiber. This also makes the initial part of the setup

independent from the final beam delivery in terms of alignment and spatial location.

We pass each of the ODT and lattice arms through optical fibers. We use the

large mode area polarization maintaining photonic crystal fibers from NKT Photon-

ics LMA-PM-15. These photonic crystal fibers use a microfabricated region which

improves the single-mode operation. They are not hollow core and are not photonic

bandgap fibers, but rely on a modified index of refraction principle which enables

them to be single mode over a large wavelength range. For fibercoupling we use a

molded aspheric lens from Thorlabs (C280-TME-1064, material ECO-550) 18.4mm.

Although this material shown in principle exhibits thermal lensing, the short focal

length decreases the sensitivity to the addition of a second (thermally formed) lens

with a larger focal length.

Just before each of the three lattice fibers, we place an optical isolator (Thorlabs

IO-5-1064-VHP). This provides additional attenuation of the lattice retro beams.

Since the isolators exhibit thermal lensing (Fig. 2-18), the isolators have to be placed

before the fibers. Then, when the lattice arms are switched on at high power, thermal

lensing in these isolators would result in the power after the fibers decreasing slowly

(over several milliseconds), which the intensity stabilization circuit should be able

to eliminate. Note that significant thermal lensing in the isolators is observed for

incident powers above 10W and each lattice arm requires at most 5 W (or 10W if

the retro is included), so significant thermal lensing is not expected in these isolators

anyway. However, since the beam shape is important for preparing and interpreting

Mott insulators in the lattice, we aim to minimize the number of optical components
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after the fibers which could distort the beam in any way. Therefore, the only optical

elements after the fiber are: a waveplate and a PBS, which set the polarization, two

alignment mirrors and a focusing UVFS lens, none of which have been observed to

exhibit thermal lensing.

Moveable mirrors

After the light beams have been prepared, they need to reach the atoms. The BEC

5 machine uses a single-chamber design, which does not require transport, but which

compromises optical access. This means that the MOT and the lattice beams share

the same viewports. In order to avoid dichroics in the lattice beam paths, the MOT

mirrors are moved out of the way during the magnetic trap evaporation stage. This

is done by using translation stages which are moved by air pressure pistons, shown

in Fig. 2-26. Borrowing from the design by Aviv Keshet in BEC 2 [85], standard

translation stages (Newport 433) are modified so that the pneumatic actuators from

Bimba can be mounted.

Figure 2-26: Moveable mirrors

The MOT position of the stages is set by the standard stage stopper (down left on

Fig. 2-26). The final position when the air is on is determined by the balance between

the air pressure in the piston and the spring in the stage. The air pressure is set such

that the stages exactly reach the end of their travel range. Too much pressure could

lead to a sudden stop at the end, missaligning the mirrors. Note that after repeated

use, the pistons need to be cleaned to ensure they move all the way out. Since the

mirror mount uses a single screw to attach it to the post by a Thorlabs C-clamp,
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an additional plastic piece is added, securing the angle of the mirror. Also, it is

important to use small orifices in the supply of the air to allow for smooth operation.

The orifices limit the flow so that there is no interference between the airflow of the

air tubes going to the different mirrors. The actuators use standard pressurized air

provided by MIT facilities, since too much air is used in a cycle and a pressurized

cylinder would not suffice. The stages can move to their final position within 1-2 s.

In the machine sequence, the air pressure is switched on during the magnetic trap

evaporation, leaving about 5 s for the stages to move. The mirrors have been tested

with repeated cycling resulting in no detectable missalignment of the MOT and Gray

molasses beams.

Picomotors and beam alignment

After the beams are prepared, they needs to be aligned with the atoms. Since align-

ment of the lattice, ODT, and the plug is very sensitive, we use motorized mirrors.

This also helps to keep the temperature in the enclosures constant, because alignment

does not require opening the enclosures. We use the New Focus 8821 series mirror

mounts, shown in Fig. 2-27. They use piezo actuators resulting in angular resolution

of 0.7𝜇rad. These mirrors display hysteresis proportional to the step size. There-

fore, they cannot be used for absolute positioning. Instead, an alignment procedure,

described below, has to be followed.

Figure 2-27: Picomotor mirrors used for lattice, ODT, and plug alignment.

Typically, the last mirror before the focusing lens is used for alignment, so that

angular displacements of the mirror lead to linear displacements of the beam focus.

However, this is too sensitive to align the plug and a different strategy has to be used.
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The plug has the smallest beam size of around 20𝜇m 1/𝑒2 radius, compared to 90𝜇m

for the ODTs and 125𝜇m for the lattices. For plug alignment, the picomotor mirror is

placed before an expanding telescope, so that large displacements of the mirror lead

to small displacements of the beam position in the focus. This makes the alignment

easier and more precise.
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Figure 2-28: Decreasing alignment sensitivity. As used in the plug beam path, the angular
displacement Δ𝜃 of the first mirror (left) results in linear displacement Δ𝑥𝐹 of the beam in
the focus of the last lens. The blue lines indicate the beam path and the dashed green lines
are lines parallel to the corresponding light rays through the center of the lenses, used to
determine the refraction through the lenses.

Fig. 2-28 illustrates this idea. To displace the focus of a beam by ∆𝑥𝐹 in the focal

plane of a lens with focal length 𝑓𝐹 , the incident collimated beam needs to propagate

at an angle 𝜃3 with respect to the optical axis. The displacement is:

∆𝑥𝐹 = 𝑓𝐹 tan 𝜃3 (2.68)

If a mirror produces the angular displacement 𝜃3, the rotation of the mirror is directly

proportional to the displacement of the focus. The proportionality constant is the

focal length of the lens 𝑓𝐹 . If 𝑓𝐹 is large, small angular displacements 𝜃3 result in

large ∆𝑥𝐹 . This works well for the lattice and ODT beams, but aligning the plug

beam in this way requires too small rotation of the mirror. Instead, the mirror before
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an expanding telescope is used, so that:

tan 𝜃3 =
∆𝑥2
𝑓2

=
𝑓1
𝑓2

tan 𝜃1 (2.69)

as defined in Fig. 2-28. Finally, the angle 𝜃1 = 2∆𝜃, so that for tan 𝜃1≈ 𝜃1:

∆𝑥𝐹 = 2𝑓𝐹
𝑓1
𝑓2

∆𝜃 (2.70)

If the telescope is expanding 𝑓1<𝑓2, large angular displacements ∆𝜃 result in small

position changes ∆𝑥𝐹 . In practice, the mirror also introduces linear and not just

angular displacement, but this is a small effect.

Focusing, alignment, and calibration

Here we describe the final step of beam delivery: placing a beam of known shape and

power at the position of the atoms and calibrating the optical dipole potential which

the atoms experience. A rough alignment is performed by imaging the atoms from

an axis along the beam we would like to align. Then, the beam is imaged along the

same axis, so that it can be placed where the atoms are. Since the resonant light used

for imaging the atoms (671 nm) and the ODT and lattice light (1064 nm) have quite

different frequencies, there is chromatic aberration in the optics used to form the

imaging system. Nevertheless, this alignment is sufficient to place the beam so that

the atoms feel its dipole potential, after which a more precise alignment procedure is

used.

The next step is to position the focus of the beam at the position of the atoms.

This is done by maximizing its trap frequency. For each lattice beam (with blocked

retro), the trap frequency is measured by displacing the beam from the BEC. This

is done by adiabatically loading into the combined potential of the crossed ODT and

the displaced lattice beam and then suddenly turning off the ODT beams. This leaves

the atoms a little bit away from the center of the lattice beam, so that center of mass

oscillations can be subsequently observed. Note that since we are interested in the
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harmonic part of the Gaussian beam, the displacement needs to be small. For the

ODT beams, this procedure can be done by displacing the cloud by other means, e.g.

by pulsing on and off a gradient or by using the same setup of a crossed ODT and

a displaced lattice arm (with blocked retro) and turning off one of the ODT beams

and the lattice arm. The center of mass oscillations can be observed in short time of

flight, which is still sensitive to the initial position but which enhances the amplitude

of oscillation. A sample of this measurement is shown in Fig. 2-29. To vary the focus,

the fiber collimating lens, which is mounted on a cage z-stage (Thorlabs SM1Z), is

used rather than the focusing lens because it is more sensitive.
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Figure 2-29: Beam focusing. Shown is the position of the atoms as a function of hold time
in the beam potential. The solid line is a fit of the form 𝑓(𝑡)= 𝑎 sin(2𝜋𝑓𝑡+𝜑)+ 𝑐. To focus,
the frequency 𝑓 is maximized.

After the beam is focused onto the atoms, it needs to be aligned. The alignment

of the ODT and the lattice beams is different and we describe both below. Since

the simulation of spin Hamiltonians with lithium in an optical lattice require the

use of the Feshbach resonances at fields between 600Gauss and 1000Gauss, the full

Helmholtz potential of the coils needs to be considered. In this configuration, there is

a strong bias field in the 𝑧 direction and it has a saddle point in the middle. In order

to avoid magnetic field gradients, the atoms need to be placed at the saddle point.

This is done by aligning the crossed-ODT trap with this point.

In principle, the BEC can be produced anywhere around this point, as long as

the gradients are not too big to spill the atoms out of the cloud. After that, the fine

alignment of the ODTs to the saddle point can be performed by imaging the position
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of the BEC in each of the two arms from the top (imaging the 𝑥𝑦 plane). When one

of the ODT beams is adiabatically ramped to zero, the BEC moves, so that it is in

the minimum of the potential of the ODT and the magnetic field, i.e. the cloud moves

closer to the saddle point. Using the position of the BEC in each of the two ODTs,

the position of the saddle point can be triangulated. Finally, we can test if there is a

gradient on the atoms by observing their time of flight position. If they stay at the

same place, we have located the saddle point.

The intros of the lattice beams (retros blocked) can be aligned by “kicking”: by

pulsing on and off the lattice beams faster than the trap frequency and observing

the position of the cloud in time of flight. The position of the atoms in TOF before

the kick can be marked on a camera. The imaging axis has to be chosen so that

motion perpendicular to the direction of propagation of the beam can be detected.

Longer times of flight lead to better sensitivity. The lattice beam is then moved

(with a picomotor mirror) until the cloud does not move when the kick is applied.

This results in the atoms being in the middle of the lattice beam. The retro is then

overlapped with the into by backcoupling the retro into the fiber. Note that the

retro has a cat-eye configuration, i.e. after the collimating lens, there is another lens

which focuses the beam onto the retro mirror. This makes the setup less sensitive to

vibrations and misalignment. In fact, although the intros have to be aligned once or

twice a week, the cat-eye retros stay aligned for much loner, on the order of weeks.

Finally, the lattice depth needs to be calibrated. This is done by amplitude

modulation, which couples the ground band to the second excited band. The BEC

is loaded into a single-arm lattice at typically 35𝐸𝑅, whose intensity is periodically

modulated and the frequency of the modulation is varied. When the modulation

frequency is equal to the bandgap (at zero quasimomentum) the BEC is heated up.

This can be detected by ramping the lattice to zero and observing the cloud density

distribution in time of flight. The number of BEC atoms or the condensate fraction

can be plotted as a function of the modulation frequency. The modulation depth

is about 3%. The modulation time is adjusted so that there is a detectable BEC

depletion at the resonance. One such measurement is shown in Fig. 2-30b. The

100



0 10 20 30 40
Lattice depth (ER)

100

200

300

400

500

600

F
re

q
u

en
cy

 (
kH

z)

q=0
q=2 /a

L

a)

450 475 500 525 550
Modulation frequency (kHz)

4000 

8000 

12000

N
um

be
r 

of
 B

E
C

 a
to

m
s

a)

Figure 2-30: Lattice depth calibration by AM modulation. a) The difference in en-
ergy between the ground band and the second excited band for all quasimomenta. We
use the 𝑞=0 value. b) Number of BEC atoms after modulation. The dip corresponds
to the resonance frequency, here at 35𝐸𝑅. The solid line is 𝑎(1− 𝑏 𝑒−(𝑥−𝑥0)2/2𝑤2

0) with
𝑎=1.18(2)×104, 𝑏=0.65(6)), 𝑤0=5.4(6), 𝑥0=499.7(6).

calculated band structure is then used to to determine the depth in 𝐸𝑅, shown in

Fig. 2-30a. Now the lattice is ready to use!

2.2.2 High field states and admixtures

The mapping to spin Hamiltonians typically requires the use of two long-lived non-

degenerate states, so that the atoms in each state can be individually addressed and

imaged. In the alkalis, typically, two of the ground hyperfine states are chosen. In

this section, we describe the hyperfine structure of 7Li at high field, and the choice of

spin states. We calculate the imaging frequencies that need to be used and then look

into the nature of these states.

The Hamiltonian

Because of the Feshbach resonances of 7Li in the region between 500 and 950 Gauss,

the atomic structure at these fields needs to be considered. The laser cooling is

performed at fields around zero Gauss, but evaporation in the ODT and all the

lattice studies are done at high field. The Hamiltonian describing an alkali atom in

an extrenally applied magnetic field 𝐵 is:

𝐻 = 𝐴𝐻𝐹𝑆I · J + 𝜇B (gJJ ·B + gII ·B) (2.71)
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were we use units of MHz, so that 2𝐴𝐻𝐹𝑆 = 803.5040866 MHz [20] is the hyperfine

splitting at 𝐵= 0, J=L+S is the electronic angular momentum and I is the nuclear

angular momentum (which for lithium is 3/2), the Bohr magneton is �̃�𝐵 =𝜇𝐵/~ =

1.399625 MHz/Gauss, 𝑔𝐼 =−0.001182213 [12] and the Lande g-factor 𝑔𝐽 is:

𝑔𝐽 = 𝑔𝐿
𝐽(𝐽 + 1) + 𝐿(𝐿+ 1)− 𝑆(𝑆 + 1)

2𝐽(𝐽 + 1)
+ 𝑔𝑆

𝐽(𝐽 + 1)− 𝐿(𝐿+ 1) + 𝑆(𝑆 + 1)

2𝐽(𝐽 + 1)
(2.72)

where 𝑔𝑆 = 2.00231930 and 𝑔𝐿 = 1. The Hamiltonian Eq. (2.71) can be directly di-

agonalized. We pick a basis: |𝐼, 𝐽,𝑚𝐼 ,𝑚𝐽⟩. 𝐼 and 𝐽 are always good quantum

number while 𝑚𝐼 and 𝑚𝐽 are good quantum numbers only at high magnetic field.

The Hamiltonian couples states with the same 𝑚𝐹 =𝑚𝐼 +𝑚𝐽 . Therefore, only the

two “stretched” states are not coupled: |𝐹,𝑚𝐹 ⟩= |2, 2⟩ and |𝐹,𝑚𝐹 ⟩= |2,−2⟩ corre-

sponding to |𝑚𝐼 ,𝑚𝐽⟩= |32 , 12⟩ and |𝑚𝐼 ,𝑚𝐽⟩= |− 3
2
,−1

2
⟩ respectively, where 𝐹 = 𝐼 + 𝐽 .

The matrix elements are:

⟨𝑚𝐼 ,𝑚𝐽 |𝐻|𝑚𝐼 ,𝑚𝐽⟩ = 𝐴𝐻𝐹𝑆 𝑚𝑖𝑚𝑗 +
𝜇𝐵

~
𝐵(𝑔𝐽𝑚𝐽 + 𝑔𝐼𝑚𝐼)

⟨𝑚𝐼+1,𝑚𝐽−1|𝐻|𝑚𝐼 ,𝑚𝐽⟩ =
1

2
𝐴𝐻𝐹𝑆

√︀
𝐽(𝐽 + 1)−𝑚𝐽(𝑚𝐽 − 1)

√︀
𝐼(𝐼 + 1)−𝑚𝐼(𝑚𝐼 + 1)

⟨𝑚𝐼−1,𝑚𝐽+1|𝐻|𝑚𝐼 ,𝑚𝐽⟩ =
1

2
𝐴𝐻𝐹𝑆

√︀
𝐽(𝐽 + 1)−𝑚𝐽(𝑚𝐽 + 1)

√︀
𝐼(𝐼 + 1)−𝑚𝐼(𝑚𝐼 − 1)

The resulting matrix is block-diagonal.

Eigenenergies and high field imaging frequencies

The energy level structure for the ground state 2𝑆1/2 is shown in Fig. 2-31a. Note

that the same diagram can be obtained with the Breit-Rabi formula. In the range of

Feshbach fields, the Zeeman levels have already separated into manifolds according

to their 𝑚𝐽 angular momentum. The Feshbach resonances which we use are between

the states in the lowest manifold. For simplicity, we will label them |𝑎⟩, |𝑏⟩, |𝑐⟩, and

|𝑑⟩. In order to avoid dipolar relaxation, the lowest two states |𝑎⟩ and |𝑏⟩ can be

chosen as spin states. Next, we calculate the resonant frequencies which are required

to image them.
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Figure 2-31: Energy level structure of 7Li in a magnetic field. a) 2𝑆1/2. The states are
labeled by |𝑚𝐼 , 𝑚𝐽⟩. b) 2𝑃1/2. The labels of the states are the same as in a). c) 2𝑃3/2.
Here each 𝑚𝐽 manifold is further divided into four states labeled by their 𝑚𝐼 . The inset
shows this for 𝑚𝐽 =−3

2 . d) 2𝑃3/2 at low fields.

To compute the imaging frequencies, the excited state manifolds need to be diag-

onalized as well. Here 𝐴𝐻𝐹𝑆 = 45.914 MHz for the 2𝑃1/2 and 𝐴𝐻𝐹𝑆 = − 3.055 MHz

for the 2𝑃3/2 [12]. The the energy level structure is shown in Fig. 2-31b-c. Note

that in the 2𝑃3/2 state, the hyperfine-structure constant is negative, resulting in the

“inverted” level structure at low field, as show in Fig. 2-31d.

As in the ground state, the states are now split into manifolds with the same

𝑚𝐽 and each manifold has four 𝑚𝐼 sublevels. Since electric dipole transitions (used

in imaging) only couple states with the same 𝑚𝐼 , i.e. they cannot flip the nuclear

spin, we can consider an effective level diagram which only accounts for 𝑚𝐽 . This

level diagram applies to each 𝑚𝐼 sublevel and is shown in Fig. 2-32. For imaging, the

𝜎− transition on the 𝐷2 line can be used because it requires the smallest frequency

detuning with respect to the zero field 𝐷2 line. In practice, we use linearly polarized
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light perpendicular to the external magnetic field, so that both the 𝜎− and the 𝜎+

transition are allowed. However, since they are separated by more than 2GHz, the

coupling to the |𝑚′𝐽 = +1/2⟩ state is negligibly small.

Figure 2-32: Effective level diagram at high fields for each 𝑚𝐼 sublevel. The levels are
separated based on their 𝑚𝐽 angular momentum. The possible electric dipole transitions
are shown out of the ground state. For imaging, the 𝜎− transition is used.
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Figure 2-33: High field imaging frequencies. The frequency difference between the zero-field
𝐷2 line and the high field 𝜎− transition are shown for the four lowest hyperfine states. We
use the |𝑎⟩ and |𝑏⟩ states as spin states and the |𝑐⟩ state as an auxiliary state.

The frequencies required for imaging the 𝑚𝐽 =−1/2 levels in the ground state are

shown in Fig. 2-33 with respect to the 𝐷2 line at zero field. The high field imaging

system is realized by an offset lock from the𝐷2 line lock, since the frequency difference

between the two transitions is several hundreds of MHz. Since the imaging frequen-

cies are relatively far detuned from each other (∼ 200 MHz), we can consider state
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preparation and detection schemes which involve imaging only one of the states with-

out affecting the others. The probability of absorption for atoms in one state, if light

resonant with one of the other states is used, is suppressed by a factor 1/(1+(2𝛿/Γ)2),

where 𝛿 is the detuning. For example, for atoms in state |𝑎⟩, if light resonant with

the |𝑏⟩ state is used 200 MHz away, the probability of absorption is suppressed to 1 %

of its resonant value. If, on the other hand, light resonant with the |𝑑⟩ state is used

at 650 MHz, the suppression goes down to 0.1 %. Therefore, imaging the |𝑎⟩ and the

|𝑏⟩ states separately is possible. Moreover, state preparation schemes involving “blow-

ing away” one of the species are also feasible, although probably the largest possible

detuning has to be chosen. One such scheme involves preparing a pure 𝑛= 2 Mott

insulator plateaus without the surrounding 𝑛= 1 shell. The atoms could be prepared

in the Mott insulator in the |𝑎⟩ state and then the 𝑛= 1 atoms could be sequentially

transferred to the |𝑑⟩ state by Landau Zener sweeps (which is allowed, as we will see

in the next section), after which resonant light could blow them away.

Eigenstates and RF transitions

So far we have assumed that the states are purely the |𝑚𝐼 ,𝑚𝐽⟩ states. However,

although this is true in the limit of very high magnetic fields, at the fields we are

using, there are admixtures which need to be taken into account. In fact, it is these

admixtures that allow us to drive the |𝑎⟩ to |𝑏⟩ transition with RF fields. Given the

diagonalization procedure above, states with the same 𝑚𝐹 =𝑚𝐼 +𝑚𝐽 are coupled,

leading to admixtures of 𝑚𝐽 = +1/2 states in the lowest two hyperfine states. The

|𝑎⟩ and the |𝑏⟩ state can be written in the following way:

|𝑎⟩ =𝐶𝑎

⃒⃒
⃒ +

3

2
,−1

2

⟩
+ 𝛿𝑎

⃒⃒
⃒ +

1

2
,+

1

2

⟩

|𝑏⟩ =𝐶𝑏

⃒⃒
⃒ +

1

2
,−1

2

⟩
+ 𝛿𝑏

⃒⃒
⃒− 1

2
,+

1

2

⟩
(2.73)

which are normalized so that ⟨𝑎|𝑎⟩= 1 and ⟨𝑏|𝑏⟩= 1.

The values of 𝛿𝑎 and 𝛿𝑏 are shown in Fig. 2-34. From Eq. (2.73), the Rabi frequency

for coupling |𝑎⟩ and |𝑏⟩ is proportional to 𝛿𝑎, so that high field spin flips require large
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Figure 2-34: Admixtures of 𝑚𝐽 =+1/2 states in the lowest two hyperfine states. Plotted
are 𝛿𝑎 and 𝛿𝑏 from Eq. (2.73).
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Figure 2-35: Differential magnetic moment of the lowest two hyperfine states. Inset: the
individual magnetic moments.

RF power which is proportional to 𝛿2𝑎. Indeed, to have a Rabi frequency of 5 kHz, we

need a 100Watt amplifier. This also means that the high field imaging transitions

are not cycling at the few percent level.

Finally, the different magnetic moments of the spin states need to be considered.

This difference can play a role when manipulating the atomic cloud with magnetic

field gradients. The magnetic moment is the derivative of the energy as a function

of magnetic field, i.e. the slope. This is shown in Fig. 2-35. The magnetic moments

(inset) approach the Bohr magneton value of 1.4MHz/Gauss at high fields. The

differential magnetic moment 𝜇𝑏−𝜇𝑎 approaches zero as the magnetic field goes to

infinity. The small differential magnetic moment implies that schemes in which the

106



two spin states are separated spatially by a magnetic field gradient, e.g. for observing

transport and spin mixing, are not suitable for lithium. On the other hand, this offers

better control for creating spin patterns, such as a helix within the cloud. This will

be discussed in Section 4.2.3.

2.2.3 Bakeouts and the titanium coated viewport

Building BEC 5 has involved several bakeouts and, for completeness, here we include

some time graphs of the temperature and pressure. Note that the initial Main chamber

bakeout and the subsequent oven bakeout were done in 2011. Here we include the

main chamber bakeout after swapping the Titanium-coated bottom bucket window

in the summer of 2017. The oven bakeout is from the winter of 2017 after a leak

coming from lithium accumulating on an unheated flange: at the reducer connecting

the oven to the six-way cross containing the cold cup, shown in Fig. 2-2.

Air molecules remaining in the main chamber can decrease the lifetime of the

atomic samples we prepare. Therefore, ultra-high vacuum (UHV) is required, i.e.

pressures below 10−10 Torr. Air is pumped out of the vacuum chamber in several

stages: roughing pump, turbo-molecular pump, ion-pump. However, this can achieve

vacuum of around 10−9 to10−10 Torr, when the molecules adsorbed to the walls of the

steel chamber limit the pressure. The next step involves raising the temperature of

the steel chamber so that the molecules desorb and are pumped out by the ion pumps.

Finally, a layer of titanium is typically sprayed so that any remaining molecules stick

to it.

The problem with BEC 5’s main chamber design is that the Titanium filaments

had direct line of sight with the bottom bucket window so that it too got coated, as

shown in Fig. 2-36. The titanium layer heated up when high-intensity IR light for the

lattice passed through it, creating a strong thermal lens. Although we could operate

a lattice with a retro going through that viewport for some time, finally, when an

even larger intensity of the IR beam was applied, the coating was destroyed, making

the viewport opaque at that spot. We have since replaced the viewport.

Fig. 2-37 shows how the pressure in the chambers changes during the bakeout as
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Figure 2-36: Titanium coating on bottom bucket window. The red arrow shows the direct
line of sight of the filaments to the bottom bucket window.

a function of temperature. Although different components are heated up to different

temperatures and each one is monitored individually, here we plot an estimate of

the average temperature using these measurements. The pressure in each chamber is

monitored by a Thoria-Iridium ion gauge. After the temperature is first increased,

the pressure spikes, indicating the release of adsorbed molecules. After that, it slowly

plateaus. When the temperature is decreased back to room temperature, the pressure

also decreasing, signifying that the rate of outgasing decreases with temperature. The

oven and intermediate chambers included a second bake at higher temperature. Note

that the final pressure is much lower at the end of the bake. For the oven, the pressure

rises again when the oven is turned on. The final pressure in the main chamber is

reached after firing the Titanium sublimation pump.

In this chapter, the road to placing ultracold atoms in an optical lattice has been

presented. The operation and specific features of each step have been described.

After that, the design choices and methods for assembling the high power setup for

the lattice and ODT beams, which is at the heart of the experiment, have been

presented. In the next few chapters, the behavior of the atomic system in an optical

lattice and the different spin models which can be implemented with this machine

will be considered. Finally, two studies will be described, one with and one without
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Figure 2-37: Bakeouts. Plotted are the pressures (black) and the temperatures (orange)
during the bakes. These are two separate bakes: (i) oven a) and intermediate chamber b)
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a lattice, which both aim at investigating novel quantum phases.
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Chapter 3

Atoms in Optical Lattices

The scientific agenda of BEC 5 is to study quantum lattice spin models, which can

be simulated by atoms in optical lattices by mapping the Hamiltonians of the two

systems. Interacting atoms in an optical lattice are described by the Hubbard model

which has a quantum phase transition from a superfluid (SF) to a Mott insulator

(MI). In the MI, the atoms are confined to individual sites and it is in this state that

the mapping to spin models is realized. In this chapter, the theoretical background of

the Hubbard model and the SF-MI transition is presented. Then, the specific features

and difficulties associated with implementing and diagnosing a MI are discussed. The

focus is placed on ways of preparing and characterizing the MI as a starting point of

spin experiments. Here, atoms in a single state are considered, except when a second

state is needed for diagnostics, while Chapter 4 describes the spin models when a

second state is added.

3.1 Theoretical description

When a single particle is placed in a periodic potential, the energy structure is modi-

fied and is characterized by the presence of separate energy bands. When interacting

particles are placed in a lattice, the interplay between the individual particle kinetic

energy and the interaction energy between two particles on the same site is captured

by the Hubbard model. This chapter describes this behavior.
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3.1.1 Band structure and wavefunctions

A single particle in an optical lattice is described by the Hamiltonian:

𝐻 = − ~2

2𝑚
∇2 + 𝑉 cos2(𝑘𝐿𝑥) (3.1)

where 𝑘𝐿 = 2𝜋/𝜆 is the lattice wavevector. The Schrödinger equation

𝐻Ψ𝑛,𝑞 = ℰ𝑛(𝑞)Ψ𝑛,𝑞 (3.2)

can then be solved (for an introduction to periodic structures see [165] and for a

more cold-atom perspective see [62]), revealing that the eigenenergies ℰ𝑛(𝑞) form

separate bands, indexed here by 𝑛. They are plotted in Fig.3-1 for several values of

the depth of the potential 𝑉0 = 𝑉/𝐸𝑅, where 𝐸𝑅 = ~2𝑘2𝐿/2𝑚 is the recoil energy. For

increasing lattice depth, the gaps between the bands increase and the widths of the

bands decrease. When atoms are loaded adiabatically into an optical lattice starting

from a BEC in the ground band of the trapping potential (e.g. the optical dipole

trap), they occupy the lowest band only of the lattice potential at quasi-momentum

𝑞= 0.
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Figure 3-1: Energy bands for a particle in a sinusoidal potential for three lattice depths.

For a single particle in a periodic potential, the eigenstates are Bloch wavefunctions
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Ψ𝑛,𝑞(x) in energy band 𝑛 and quasimomentum 𝑞:

Ψ𝑛,𝑞(x) = 𝑒𝑖𝑞𝑥𝑢𝑛,𝑞(x) (3.3)

where 𝑢𝑛,𝑞(x) = 𝑢𝑛,𝑞(x + aL) are periodic functions in space. The Bloch wavefunc-

tions are delocalized in space. They can be expanded into Wannier functions, which

are localized on each site, and form an orthogonal basis. The Wannier function for

site 𝑖 is:

𝑤𝑛(x− xi) =
1√
𝒩

∑︁

𝑞

𝑒𝑖𝑞𝑥𝑖Ψ𝑛,𝑞(x) (3.4)

with normalization constant 𝒩 . The Wannier function at 11𝐸𝑅 centered around

𝑥= 0 is plotted in Fig. 3-2. The Wannier functions are more suited to describing

particles in the Mott insulating state, where particles on a lattice become localized

due to the strong interactions between them compared to their kinetic energy. This

corresponds to a delocalization in quasimomentum space.
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Figure 3-2: Wannier functions at 11𝐸𝑅. a) Linear scale. b) Logarithmic scale.

3.1.2 Scattering in a lattice

The discussion so far involved non-interacting particles. However, the MI phase relies

on interactions. The free space scattering properties could in principle be altered

when the atoms are placed in a confining potential. Typically, one compares the

different length scales which characterize the interactions and the confining potential.
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For example, a tight harmonic confining potential could be applied along one axis

(e.g. along 𝑧), characterized by the harmonic oscillator length. For 7Li in a lattice of

𝑉 = 35𝐸𝑅, it is:

𝑙ℎ𝑜 =

√︂
~

𝑚𝑟𝜔
=

√︃
2~

(2𝑚𝑉 𝑘2𝐿)1/2
≈ 100 nm (3.5)

where we have used 𝑚𝑟 =𝑚/2 (the reduced mass) and 𝜔 =
√︀

2𝑉 𝑘2𝐿/𝑚 from Eq. (2.43)

(the on-site trap frequency). This could be compared to the van der Waals radius,

the effective radius of closest approach between two particles with van der Waals

interactions. For lithium, it is 𝑟𝑣𝑑𝑊 ∼ 180 pm, so that 𝑟𝑣𝑑𝑊 ≪ 𝑙ℎ𝑜. Therefore, the

Busch model [30] can be used to describe the scattering. In this model, two interacting

cold atoms confined in a harmonic potential are described by the 1D Schrödinger

equation with pseudo potential interaction.

The strength of the interactions for cold enough temperatures, can be described by

the scattering length 𝑎 (Section 1.1.2). When the harmonic oscillator length becomes

comparable to the scattering length, a resonance occurs in the following sense. Using

the pseuso potential

𝑉 (𝑟) = 𝑔𝛿(𝑟)
𝜕

𝜕𝑟
𝑟 (3.6)

the effective interaction strength in the confining direction can be expressed as [121]:

𝑔1𝐷 =
2~2𝑎
𝑚𝑟𝑙⊥

1

(1− 𝐶𝑎/𝑙⊥)
(3.7)

where 𝑎 is the free-space scattering length, 𝐶 ≈ 1.46. There is a resonance when

𝑎 = 𝑙⊥/𝐶. In the resonance regime a Tonks-Girardeau gas can be realized [123], in

which the strongly-interacting bosons acquire fermionic properties, because they can

decrease their energy by not occupying the same spatial position. For lithium in a

𝑉 = 35𝐸𝑅 lattice:

𝑙⊥/𝐶 =

√︃
2~

(2𝑚𝑉 𝑘2𝐿)1/2
1

1.46
= 1275 𝑎0 (3.8)

Since in our experiments, typically the scattering length is kept below 400 𝑎0, this

regime is never entered.
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Finally, for large scattering lengths (on the order of hundreds of 𝑎0), the on-site

interactions can be modified because of the large repulsion/attraction between the two

particles. For example, for repulsive interactions (𝑎> 0), the on-site interaction energy

𝑈 (Eq. (3.10)) is decreased because the spatial overlap between the two wavefunctions

is decreased from the repulsion. This effect is sometimes described by the admixture

of higher bands to the wavefunction and has been observed with cold atoms in optical

lattices [159, 107].

In summary, to a very good approximation, for the scattering lengths used in our

experiments, the interactions can be described by the free space scattering length 𝑎.

3.1.3 The Bose-Hubbard model

The Bose-Hubbard model describes well the properties of atoms in optical lattices.

This section presents the model and the phase transition between a superfluid and a

Mott insulating state. The Hamiltonian is:

𝐻𝐵𝐻 = −𝑡
∑︁

⟨𝑖,𝑗⟩
𝑎†𝑖𝑎𝑗 +

𝑈

2

∑︁

𝑖

𝑎†𝑖𝑎
†
𝑖𝑎𝑖𝑎𝑖 − 𝜇

∑︁

𝑖

𝑎†𝑖𝑎𝑖 (3.9)

where 𝑡 is the tunneling matrix element between neighboring sites (the sum ⟨𝑖, 𝑗⟩ is

over nearest neighbors), 𝑈 is the on-site interaction, and 𝜇 is the chemical potential.

Hubbard parameters

Using the Wannier functions 𝑤(𝑥), the two parameters can be expressed as [78]:

𝑡 =

∫︁
𝑑𝑥𝑤*(𝑥− 𝑥𝑖)

(︂
− ~2

2𝑚

𝑑2

𝑑𝑥2
− 𝑉𝐿(𝑥)

)︂
𝑤(𝑥− 𝑥𝑗)

𝑈 =
4𝜋~2𝑎
𝑚

∫︁
𝑑3x|𝑤(x)|4 (3.10)

where 𝑉𝐿(𝑥) is the lattice potential. In the limit of a deep lattice: 𝑉0 =𝑉/𝐸𝑅≫ 1

the tight-binding approximation can be used and the Hubbard parameters can be
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Figure 3-3: Hubbard parameters as a function of lattice depth. The main plots show the
ratio between the tight-binding expressions (Eq. (3.11)) and the exact values (Eq. (3.10)) for
a) the on-site interactions 𝑈 and b) the tunneling 𝑡. The insets show the actual values as a
function of lattice depth. Here only the lowest band of the lattice is considered.

expressed as [26]:

𝑡𝑇𝐵 =
4√
𝜋
𝐸𝑅𝑉

3/4
0 𝑒−2

√
𝑉0

𝑈𝑇𝐵 =

√︂
8

𝜋
𝑎𝑘𝐿𝐸𝑅(𝑉0𝑥𝑉0𝑦𝑉0𝑧)

1/4 (3.11)

with 𝑉0 in recoil units. The expression for 𝑈 can be obtained by using the harmonic

oscillator wavefunctions (Eq. (2.44)) instead of the Wannier functions. The expression

for 𝑡 is valid for the lowest band and is obtained by equating 𝑡 with the bandwidth

of the lowest band of the 1D Mathieu equation. In the tight-binding approximation,

the energy of the lowest band is ℰ = ℰ0 + 2𝑡 cos(𝑞𝑥𝑥) and the width is 4𝑡. The analytic

expressions Eq. (3.11) are fairly good approximations to Eq. (3.10) for a deep lattice.

A comparison between the two is plotted in Fig.3-3. For depths below 5𝐸𝑅 the two

begin to deviate.

Superfluid to Mott insulator transition

In the Bose-Hubbard model, there is a transition from a superfluid state with de-

localized particles to a Mott insulating state in which the particles are localized on

each site. To illustrate this transition, here a mean-field approach is used, following

[155, 144]. The goal is to transform the tunneling term in such a way as to obtain
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an effective Hamiltonian which does not couple different sites. Using the superfluid

order parameter 𝜓 = ⟨𝑎𝑖⟩ = ⟨𝑎†𝑖⟩, which is assumed to be real, the tunneling term can

be transformed:

𝑎†𝑖𝑎𝑗 → ⟨𝑎†𝑖⟩𝑎𝑗 + 𝑎†𝑖⟨𝑎𝑗⟩ − ⟨𝑎†𝑖⟩⟨𝑎𝑗⟩ = 𝜓
(︁
𝑎†𝑖 + 𝑎𝑗

)︁
− 𝜓2 (3.12)

After inserting this into Eq.(3.9) and summing over nearest neighbors 𝑧 = 2𝑑 for a

𝑑-dimensional system, the effective Hamiltonian on site 𝑖 becomes:

�̃�𝑖 = −𝑧𝑡
(︁
𝑎†𝑖 + 𝑎𝑖

)︁
𝜓 + 𝑧𝑡𝜓2 +

𝑈

2
𝑛𝑖(𝑛𝑖 − 1)− 𝜇𝑛𝑖 (3.13)

where the number of atoms on a site is 𝑛𝑖 = 𝑎†𝑖𝑎𝑖. This Hamiltonian can be diago-

nalized by truncating the space to some maximum 𝑛𝑖, which is much larger than the

typical occupation per site. Then, the lowest eigenenergy is minimized with respect

to the superfluid order parameter 𝜓. The phase diagram can be obtained by plot-

ting 𝜓𝑚𝑖𝑛. When 𝜓= 0, the system is a MI, otherwise it is a SF, which is shown in

Fig. 3-4a. For more details, see AppendixA.
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Figure 3-4: Mean-field Bose-Hubbard phase diagram. a) Plotted is the 𝜓 which minimizes
the ground-state energy with 𝜓=0 corresponding to the Mott state. b) Phase boundaries
using Eq. (3.14). The dashed line indicates the critical point for 𝑛=1 using Eq. (3.15).

The phase boundaries can be found by using second-order perturbation theory

for 𝑈≫ 𝑡 and treating the tunneling term in Eq.(3.13) as a perturbation. The eigen-

states of the unperturbed Hamiltonian are Fock states with a fixed number of atoms
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|𝑛⟩ with energy ℰ (0)𝑛 . Since the first-order corrections to the energy vanish because

⟨𝑛|
(︀
𝑎†+ 𝑎

)︀
|𝑛⟩= 0, the energy has to be expanded to second order ℰ (2)𝑛 . When the to-

tal energy ℰ𝑛 = ℰ (0)𝑛 +ℰ (2)𝑛 is minimized with respect to the superfluid order parameter

𝜓, the phase boundaries are obtained (AppendixA):

𝜇± =
1

2
[𝑈 (2𝑛− 1)− 𝑧𝑡]± 1

2

√︀
𝑈2 − 2𝑈 (2𝑛+ 1) 𝑧𝑡+ (𝑧𝑡)2 (3.14)

They are plotted in Fig. 3-4b. The SF-MI transition is typically defined as the point

where the upper and lower phase boundaries of the MI meet 𝜇+ =𝜇− at:

(︂
𝑈

𝑧𝑡

)︂

𝑐

= (2𝑛+ 1) +
√︀

(2𝑛+ 1)− 1 (3.15)

so that for 𝑛= 1, the well-known result (𝑈/𝑡)𝑐 = 𝑧 5.8 is obtained. Higher order

calculations, numerical Monte-Carlo, and DMRG methods show that the mean-

field treatment is a good approximation in 2D and 3D, however in 1D quantum

fluctuations have a significant effect. In 1D the prediction for the phase transi-

tion is (𝑈/𝑡)𝑐 = 3.128 = 𝑧 1.564 [42]. Quantum Monte Carlo simulations in 2D give

(𝑈/𝑡)𝑐 = 16.7392 = 𝑧 4.1848 [33] and in 3D: (𝑈/𝑡)𝑐 = 29.34 = 𝑧 4.8900 [32].

Density distributions in a harmonic trap

a) b)

Figure 3-5: Wedding cake structure of a MI in a 3D harmonic potential. a) At a lattice
depth of 35𝐸𝑅, deep in the MI, and b) at 17𝐸𝑅 where some of the plateaus are melted.
Here the scattering length is 100 𝑎0 and the total number of atoms is 100,000.
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In most cold-atom experiments, a trapping potential is used, which results in a

variation of the chemical potential across the cloud. Therefore, in experiments, a cut

of the phase diagram along a constant (to within a few percent) 𝑡/𝑈 is implemented.

Typically, a local chemical potential 𝜇(r) is defined in terms of the global chemical

potential 𝜇, which determines the total atom number, and the trap potential 𝑉𝑡(r):

𝜇(r) = 𝜇− 𝑉𝑡(r) (3.16)

This results in a “wedding cake” structure, in which MI plateaus alternate with small

superfluid regions. A sample is shown in Fig. 3-5 for two lattice depths. In a deep

lattice of 35𝐸𝑅, all three MI shells are formed, while in a shallower lattice of 17𝐸𝑅,

the 𝑛= 3 MI shells has not formed yet and the system is superfluid in the middle.
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Figure 3-6: Variation of the Hubbard parameters across the cloud. For reference, the vari-
ation of the superexchange matrix element 𝑡2/𝑈 is also shown. Here the lattice depth is
assumed to vary by 1.27% across the cloud (see main text).

Note that due to the trap, the lattice depth varies across the cloud, resulting in

a variation of the Hubbard parameters as well. As described in Chapter 2, in our

system the trapping potential is due to the lattice beams, which are chosen to have

125𝜇m 1/𝑒2 radius. In this potential, for a cloud size of 20𝜇m (40 lattice sites),

there is a 1.27% variation of the lattice depth across the cloud. The variation of the

Hubbard parameters are plotted in Fig. 3-6 for a 3D lattice. When only one or two of

the lattice arms are varied (for 1D or 2D dynamics), the variation of the interaction

energy 𝑈 is smaller.
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3.2 Lattice Methods

The Hubbard model describes the physics of the density sector: how the number of

atoms per site in a given band changes as a function of lattice depth and interactions.

One of the main assumptions in the mapping to the Heisenberg model is that the

density distribution is homogeneous, e.g. a MI with one atom per site. However, in

a real system, the trap leads to a wedding cake structure, there are number defects

(such as holes and doublons in the 𝑛= 1 MI), and some particles can be excited to

higher bands, leaving the Hilbert space of the Heisenberg model and also heating the

system. In this section, we describe the methods we have used to characterize the

MI in order to eliminate imperfections or decrease their importance. This involves

two steps: first, the preparation of the MI should not cause excitations and second,

heating and loss processes in the MI should be avoided. Note that our system does

not have single-site imaging resolution, therefore, bulk techniques need to be used.

3.2.1 Interaction Spectroscopy

Since throughout this section, we will refer to a technique that we have developed,

Interaction spectroscopy, we describe its principle first. For details, see [11], reprinted

in Appendix D, here we summarize the main points. Interaction spectroscopy enables

the manipulation of individual Mott insulator shells based on their on-site occupa-

tion. In the spirit of spectroscopy, the lowest two hyperfine states of 7Li at high

magnetic field are labeled here as |𝑎⟩ and |𝑏⟩. For exactly one atom per site, the

transition frequency 𝜔𝑎𝑏 is determined by the atomic structure at a given magnetic

field. When a second atom is added, the interaction between the two atoms shifts

the energy levels. This shift, also known as clock shift [31], is large enough in 7Li in

the region of magnetic fields around the Feshbach resonances to be easily detectable

spectroscopically. For example, if there are two 𝑏 atoms on a site, i.e. the |𝑏𝑏⟩ state,

and we would like to flip exactly one atom to 𝑎, i.e. to obtain the |𝑎𝑏⟩ state:

|𝑎𝑏⟩ ≡ 1√
2

(︂
|𝑎𝑏⟩+ |𝑏𝑎⟩

)︂
(3.17)
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the transition frequency is:

𝜔𝑏𝑏→𝑎𝑏 = 𝜔𝑎𝑏 + (𝑈𝑎𝑏 − 𝑈𝑏𝑏) /~ ≡ 𝜔𝑎𝑏 + ∆1/~ (3.18)

Similarly, if we start with the |𝑎𝑏⟩ state, the transition frequency to the |𝑎𝑎⟩ state is:

𝜔𝑎𝑏→𝑎𝑎 = 𝜔𝑎𝑏 + (𝑈𝑎𝑎 − 𝑈𝑎𝑏) /~ ≡ 𝜔𝑎𝑏 + ∆2/~ (3.19)

This technique relies on the three scattering lengths 𝑎𝑎𝑎, 𝑎𝑎𝑏, 𝑎𝑏𝑏 (and hence on the

interactions 𝑈𝑎𝑎, 𝑈𝑎𝑏, 𝑈𝑏𝑏) being different from each other. Fig. 3-7 illustrates the

concept. If the the interaction shifts ∆1 and ∆2 are the same, we cannot spin flip

only one of the two atoms. Instead, each atom will be in a superposition (|𝑎⟩+|𝑏⟩)/
√

2,

resulting in:

|Ψ⟩ =
1

2

(︂
|𝑎⟩+ |𝑏⟩

)︂(︂
|𝑎⟩+ |𝑏⟩

)︂
=

1

2
|𝑎𝑎⟩+

1

2

(︂
|𝑎𝑏⟩+ |𝑏𝑎⟩

)︂
+

1

2
|𝑏𝑏⟩ (3.20)

This shows that the |𝑎𝑎⟩ state will also be populated. However, if the interaction

shifts are different, we can flip exactly one of the two atoms and prepare the |𝑎𝑏⟩
state without populating the |𝑎𝑎⟩ state, whose energy is detuned from the driving

frequency 𝜔𝑏𝑏→𝑎𝑏.
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Figure 3-7: Interaction spectroscopy for two particles per site. When all three interactions
are the same 𝑈𝑎𝑎=𝑈𝑎𝑏=𝑈𝑏𝑏, the energy differences Δ1=Δ2 (left). Therefore, it impossible
to flip only one atom on a doubly-occupied site. When Δ1 ̸=Δ2, a state with exactly one
atom in each state |𝑎𝑏⟩ can be prepared (right).
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ultracold bosons [12]. Here we extend this technique to mea-
sure the differential interaction energy of two confined atoms
as a function of magnetic field. We begin by preparing an n=
2 Mott insulator of 7Li in a single hyperfine state in a 1064-
nm cubic optical lattice [our apparatus and Bose-Einstein
condensate (BEC) production are described elsewhere [13].
The number of atoms is 1 × 105 and the lattice depth is 35ER
in each dimension. The central n= 2 plateau, approximately
3 × 104 sites, is surrounded by an n= 1 shell containing a
similar number of sites. We pulse the rf drive for 2.9 ms and
monitor the number of atoms in the other hyperfine state as a
function of drive frequency. At the frequency corresponding
to the transition of a bare atom, we observe a peak coming
from the atoms on n= 1 sites. We observe a second peak
from the n= 2 atoms, which is shifted by the difference in
interaction energy between the initial state (|aa⟩ or |bb⟩) and
the final state (|ab⟩). The pulse length corresponds to a π pulse
for the n= 2 sites (so that we maximize the signal), which
have a Rabi frequency

√
2 greater than that of the n= 1 sites,

due to bosonic enhancement. The interaction blockade [14]
that arises from unequal interaction energies in the three states
means that one may drive the system selectively between |aa⟩
and |ab⟩ (or |bb⟩ and |ab⟩). Thus when we probe the atoms
absorptively after an rf pulse with light that is resonant only
for a (or b), we measure a single flipped atom per n= 2 site.

The frequency of the n= 1 peak corresponds to the Zee-
man shift and thus to the magnitude of the applied magnetic
field (the hyperfine constant and nuclear gfactor for 7Li are
taken from [15]). The frequency shift of the n= 2 peak,
which may be positive or negative, is a direct measure of
the differential two-body interactions. Using this technique,
we obtain rf spectra at many selected bias fields from which
we derive the two-body interaction splittings Ubb −Uab and
Uab −Uaa (Fig. 2). The technique works equally well for
attractive and repulsive interactions, so long as the system
remains in the Mott insulating state.

The precision to which we must determine the differential
interaction energies on a site as an input to a many-body
physics model is fixed by the superexchange rate, which at
Mott insulator depths for 7Li in a 1064-nm optical lattice
ranges from hundreds of hertz to several kilohertz, depending
on lattice depth and dimensionality. Here we measure the
differential interaction energies as a function of magnetic field
to a precision of about 100 Hz, limited only by the stability
of our magnetic field (better than one part in 105 at 103 G)
and the difference in magnetic moments of the two hyperfine
states (approximately 33 kHz/G). As these interaction ener-
gies range over many tens of kilohertz, the error bars are too
small to see on a full scale plot [Fig. 3(a)]. This technique is
particularly well suited to atoms with characteristically large
interaction energies, such as Li, because the wide separation
between singlon and doublon spin-flip resonances permits the
use of high Rabi frequencies, which maximizes signal size and
decreases sensitivity to magnetic-field noise.

While rf spectroscopy in a lattice is a powerful and precise
tool for characterizing differential interactions, another tech-
nique is necessary to measure the absolute interaction energy
(i.e., Uaa or Ubb), for these interactions determine the lattice
depth for the transition to the Mott insulator in each hyperfine
state. In previous studies, lattice amplitude modulation (AM)
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FIG. 2. Fits to representative spectra of the transition between b
and a, taken between the two bb Feshbach resonances. The spectra
have been plotted so that the Zeeman-shifted peaks of the n= 1
transitions overlap. The inset shows an example spectrum in which
each point is an average of four measurements and the fit is a sum
of two Gaussians. The crossing of the frequencies of the two peaks
corresponds to Uab −Ubb = 0.

has been used to drive singlon-to-doublon conversion in the
lowest Hubbard band, and the resonant frequency of this
process has been associated with the on-site interaction energy
in both repulsive [16] and attractive [17] single-component
bosonic systems. Here we employ the same technique to map
the on-site intraspecies interactions of 7Li across a broad
range of magnetic fields. We modulate the lattice depth by
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FIG. 3. (a) Relative interactions Uab −Uaa and Ubb −Uab plotted
as a function of magnetic field, measured via rf interaction spec-
troscopy in a 35ER × 35ER × 35ER optical lattice. (b) Scattering
lengths of the aa and bb interactions plotted as a function of magnetic
field, measured using lattice AM and shown in units of the Bohr ra-
dius a0. Also shown as a bold dashed line is the ab scattering length,
obtained using simultaneous hyperbolic fits to the rf spectroscopy
and lattice AM data sets. The fits are shown as solid black lines.
Dotted vertical lines indicate the position of a resonance.
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Figure 3-8: Interaction spectrum. Top: Number of 𝑎-atoms as a function of central Landau-
Zener sweep frequency relative to the pure transition frequency 2𝜋𝜔𝑎𝑏. Bottom: schematic
representation of each peak of the spectrum. The left peak corresponds to the |𝑏𝑏⟩→ |𝑎𝑏⟩
transition and the right peak corresponds to the |𝑏⟩→ |𝑎⟩ transition. Spectrum from [11].

Fig. 3-8 illustrates the advantages of this technique. In a Mott insulator with

several MI shells of different site occupations, we can detect the number of atoms in

each shell by picking the RF drive frequency and measuring the number of transferred

atoms. For example, by picking the RF frequency to be the pure transition frequency

𝜔𝑎𝑏, only atoms in 𝑛= 1 will be addressed. If the RF frequency is chosen to be 𝜔𝑏𝑏→𝑎𝑏,

only atoms in 𝑛= 2 sites will be addressed. When the transition frequencies for the

different shells are sufficiently separated, Landau-Zener sweeps of the drive frequency

can be performed over each transition frequency, making the number of transferred

atoms correspond to the number of atoms in each MI shell divided by the occupation

number 𝑛. This technique can be used for both state preparation and detection. It

allows the number of atoms in each MI shell to be monitored separately, which can

be used for diagnosing the MI lifetime, as we will describe below. For an 𝑛= 2 MI

plateau, the number of atoms in each of the three possible configurations on a site,

i.e. |𝑎𝑎⟩, |𝑎𝑏⟩, |𝑏𝑏⟩, can be measured. This can be useful in detecting spin-ordered

phases in the spin-1 Heisenberg model, discussed in Chapter 4. Finally, a state with

only a given site occupation can be prepared. The 𝑛= 1 MI can be prepared just
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by decreasing the atom number while monitoring the remaining atoms in 𝑛= 2. A

system of only 𝑛= 2 sites can be prepared by decreasing the atom number so that

there are no sites with 𝑛> 2 and then transferring the atoms in 𝑛= 1 sites to another

state, where they can be blown away with resonant light. Care has to be taken that

the two states have sufficiently different resonant frequencies, so that the atoms in

𝑛= 2 are not affected by the light.

3.2.2 Loading into a lattice

The first step of realizing Heisenberg models with ultracold atoms in optical lattices,

is preparing a pure MI. Typically, this involves starting with a BEC and transferring

it into an optical lattice, rather than trapping hot atoms in the lattice and then

cooling, since efficient cooling techniques for this scenario are lacking. By starting

with a pure BEC in the lowest state in an optical dipole trap and then adiabatically

turning on the lattice potential, the lowest state in the lattice can be loaded (the 𝑞= 0

quasimomentum of the ground band). After that, with an appropriate lattice ramp,

a MI with no excitations can be prepared. In principle, in an infinite-size system, the

superfluid and the MI states in a lattice cannot be connected adiabatically. However,

in a finite system of size 𝐿, the gap ∼ 1/𝐿 can be used to enable this preparation.

In this section, we describe the methods we have used to prepare a pure BEC and to

minimize excitations when loading the MI.

Preparation of a pure BEC

First, we need to ensure that the BEC has no thermal fraction. One way to do this

is to “spill out” the thermal atoms from the trapping potential. There are several

approaches to do that. The simplest one is to control the trap depth with the final

power of the ODT beams at the end of evaporation. By lowering the power just

enough, only the condensed component can be kept trapped. However, this presents a

challenge in laser intensity stability control because the ODT uses a large dynamical

range of powers. The power needs to be as large as possible initially to load the
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maximum number of atoms from the magnetic trap. The final ODT power has to be

quite low to complete the evaporation. In order to completely spill out the thermal

component, the power required is so low that the signal-to-noise ratio in the interlock

setpoint and in the photodiode signal are quite small. This causes some intensity

instability which excites dipole oscillation modes of the BEC in the trap. Ideally,

setpoint-dependent gain feedback should be used.
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Figure 3-9: Controlling condensate fraction with a gradient. As the gradient is increased,
the thermal atoms leave the trap, leaving a pure BEC within our detection limitations.

Another approach is to use a magnetic field gradient to modify the trapping po-

tential. As illustrated in Fig. 3-9, when a linear potential is superimposed with a

Gaussian dipole trap, the number of atoms filling the trap can be controlled by

varying the power of the gradient. This can be done after evaporation is complete.

However, we have found better results (higher final condensate fraction without ex-

citing dipole oscillations of the BEC in the trap) when we use the gradient during

evaporation. We turn the gradient on at the beginning of ODT evaporation and keep

it constant during the evaporation. Towards the end of evaporation, the ODT depth

is lowered beyond a certain point, so that even the lowest temperature thermal atoms

leave the trap. The final condensate fraction as a function of the gradient is shown in

Fig. 3-9. We note that we cannot detect condensate fraction larger than ∼ 90 % due

to limitations in the image fitting procedure.
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Figure 3-10: ODT to Lattice transfer. a) Power in each ODT beam (orange) and lattice
depth of each lattice arm (blue) as a function of time a) during the transfer and b) from the
stage of a thermal cloud to the MI stage. The shaded area is the transfer stage from a).

Transfer from the ODT to the Lattice

Since the confining potential in the lattice is provided by the lattice beams, the

ODT is completely switched off when the lattice is turned on, in order to avoid

extra confinement. Therefore, the BEC needs to be transferred from the ODT to

the lattice without creating excitations. The most likely form of excitations in this

process are dipole oscillations in the trap. There can also be three-body loss from

the compression of the cloud in the lattice sites. In order to avoid the former, we

perform a slow transfer between the ODT and lattice potentials by using a 200ms

linear ramp, with the smallest ODT trap frequency being 72 Hz. Note that although

it is important to make sure the trap centers overlap, this long transfer also makes the

system less sensitive to slight missalignments. This ramp is shown in Fig. 3-10a. In

order to avoid three-body loss from compressing the BEC in the lattice during the long

transfer time, the lattice is ramped up to a small depth of 1𝐸𝑅. For completeness,

the full sequence of the light powers from the stage of a thermal cloud to the MI

stage is shown in Fig. 3-10b, including ODT evaporation, transfer, and lattice ramp

up. Next we discuss the ramp into the MI.
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Lattice ramp into a MI

In order to enter the MI regime, the interactions 𝑈 need to be larger than the tunnel-

ing 𝑡. In our system, this can be achieved in two ways: by increasing the interactions

via a Feshbach resonance, or by increasing the lattice depth. When the lattice depth

is increased, the tunneling decreases (exponentially) because the tunnel barrier be-

tween the lattice site increases, decreasing the overlap between the wavefunctions on

neighboring lattice sites, while the interactions between particles on the same site in-

crease, because the wavefunctions become more localized (increasing the local density

on each site). We follow the typical route for cold atom experiments: we increase the

lattice depth. This has the advantage that the tunneling timescale decreases, which is

also the timescale for transporting heat and entropy by the superfluid shell surround-

ing the MI or by number defects in the MI. A deep lattice in the MI with negligible

tunneling timescale realizes a system of isolated sites, which is an ideal starting point

for state preparation of spin physics experiments.

Next we discuss the ramp of the lattice depth. There are several considerations:

(i) the ramp should not be faster than the bandgap, causing excitations to higher

bands or particle-hole excitations in the MI; (ii) density redistribution should be

avoided. The first set of conditions can be easily satisfied by slower ramps and

the second can be implemented by measuring the initial and final cloud sizes and

matching them by either changing the trapping potential or adjusting the interaction

strength. Numerical simulations show that the dominant source of excess energy

during the lattice ramp is density redistribution and that an exponential ramp leads

to the smallest energy added [47]. We have tried to use other types of ramps and

have more or less verified this claim. A rational behind this is that the ramp needs to

be slow enough during the initial stages, when the system is still superfluid and has

low-lying excitations. Once the density is fixed in the MI, the ramp should be fast in

order to avoid other, slower, heating processes.

We experimentally measure how fast the ramp should be by picking an exponential
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ramp of the form:

𝑉 (𝑡) = 𝑉𝑖 + (𝑉𝑓 − 𝑉𝑖)
𝑒𝑡/𝜏 + 1

𝑒𝑇/𝜏 − 1
(3.21)

for initial depth 𝑉𝑖 and final depth 𝑉𝑓 for a total time 𝑇 . In order to avoid excitations

to higher bands, the ramp speed needs to be smaller than the bandgap. The adia-

baticity criterion typically used in cold atom experiments is that for a Bloch state in

the 𝑛-th band Ψ𝑛,𝑞(𝑥) [21]:

∫︁
Ψ*𝑛,𝑞(𝑥)

𝑑

𝑑𝑡
Ψ1,𝑞(𝑥)𝑑𝑥≪ 𝐸𝑛(𝑞)− 𝐸1(𝑞)

~
(3.22)

For 𝑞 away from the band edge, this simplifies to [21]:

𝑑

𝑑𝑡

(︂
𝑉 (𝑡)

𝐸𝑅

)︂
≪ 32

√
2𝐸𝑅/~ (3.23)

for 𝑉 ≪𝐸𝑅, which gives a lower bound, since for larger lattice depths, the bandgaps

are larger. For our exponential ramp, we typically fix 𝜏 = 𝑇/2.5 and vary 𝑇 .

Eq. (3.23) limits 𝑇 ≫ 10𝜇s. A similar analysis can be done now taking into account

particle-hole excitations in the MI, where the effective bandgap is the interaction en-

ergy 𝑈 . Since 𝑈/ℎ is a few tens of kHz for the scattering lengths we are using, this

is a factor of about 10 smaller than the bandgap to higher bands, so that the lattice

ramp should be slower than about 100𝜇s.
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Figure 3-11: Lattice ramp into the MI. A symmetric ramp into and out of a 3D 33𝐸𝑅 lattice
is used shown in a). The remaining condensate fraction after transferring back to the ODT
is shown in b). The depth is varied in all three lattice arms in the same way.
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We have measured the effect of varying 𝑇 on the remaining condensate fraction.

Fig. 3-11 shows the remaining condensate fraction after a symmetric lattice ramp into

and out of a MI at 𝑉𝑓 = 33𝐸𝑅, measured after transferring the cloud back to the ODT.

Note that there is no hold time after reaching the maximum lattice depth. Very slow

ramps lead to heating and very long ramps become sensitive to other noise processes.

We typically operate with intermediate ramps between 20 and 40ms.

Eliminating higher on-site occupations

In order to simulate spin Hamiltonians, it is important to have control over the number

of atoms in each MI shell. For example, to realize a spin-1/2 system, an 𝑛= 1 MI

is needed, to realize a spin-1 system, an 𝑛= 2 MI is need, and to study three-body

loss, an 𝑛= 3 MI is needed. In the simplest possible form, this means maximizing the

corresponding MI shell and eliminating all higher-occupation MI shells. In principle,

lower-occupation MI shells could be transferred to another hyperfine state and blown

out with resonant light. In the present discussion, we limit ourselves to eliminating

higher occupations. This can be done by simply loading fewer atoms into the lattice.

First, a way of controlling the BEC number reliably is needed. Using a gradient

to cut into the BEC number, similarly to spilling off the thermal fraction, is simple,

but experimentally it leads to heating and atom number fluctuations. Instead, we

decrease the atom number before ODT evaporation by relying on three-body loss.

The thermal cloud is kept in a deep ODT for a certain amount of time at a certain

(large) scattering length. After that, the same evaporation procedure is performed.

This results in a BEC with a different atom number. Fig. 3-12a shows the number

of final BEC atoms as a function of the scattering length at which the thermal cloud

was being held.

Next, the number of the MI shell we are interested in with on-site occupation 𝑛 is

maximized. This is done by picking the starting BEC number which completely fills

that shell. After loading into a deep MI, the number of atoms in the 𝑛+ 1 MI shell

is measured as a function of initial BEC number using interaction spectroscopy. For

example, if we want to maximize the number of atoms in the an 𝑛= 1 MI plateau,
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we count the number of atoms in an 𝑛= 2 and pick a starting BEC number which

results in no 𝑛= 2 atoms. One such measurement is shown in Fig. 3-12b. Finally, the

scattering length at which the lattice is transferred from the ODT can be varied, so

that the number of atoms in the MI shell we are interested in is maximized. This

procedure is described in more detail in [45], reprinted in AppendixE. This completes

the loading process. Using atom number control and interaction spectroscopy, we can

load large MI plateaus with atoms predominantly in sites of occupation 𝑛= 1, 2, or

3, which we can choose.
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Figure 3-12: Controlling the number of atoms in the MI shells. a) The BEC number is
controlled by holding the atoms prior to evaporation for 1 s at a given scattering length.
Plotted is the BEC number after evaporation as a function of the scattering length at which
we hold. b) Loading the lattice at 150 𝑎0. The BEC number prior to loading into the lattice
determines the number of atoms in each MI shell. Plotted here is the number of atoms in
𝑛=2.

3.2.3 Lifetime of the MI and heating processes

After preparation of the MI, an important question is how long the initial distribution

remains the same. Without a microscope, it is more challenging to characterize this

system directly. In this section, we describe several approaches for characterizing the

lifetime of the MI and the sources of noise we have considered and measured.
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There and back again

The simplest way to characterize the lifetime of the MI is to ramp into a MI, hold for

a variable amount of time, and ramp out in a symmetric way. The remaining atom

number, condensate fraction, and BEC number once the atoms are back in the ODT

can be treated as a signature of the loss and heating processes which occur during the

lattice ramp and in the MI. A variant of this is to not go all the way back to the ODT

but to measure the “visibility” of the interference pattern of the atoms in a shallow

lattice. A BEC released from a shallow lattice displays the typical interference pattern

in time-of-flight. In our system, both procedures give similar results. Fig. 3-13 shows

one such lifetime measurement (in a 3D 33𝐸𝑅 lattice) performed by transferring back

to the ODT (from May 2015). The lifetime of the remaining BEC number is about

90ms, quite small. The small lifetime has been a main problem for the machine, but

we have significantly improved it, as we describe below.
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Figure 3-13: Lifetime of the MI in a 3D 33𝐸𝑅 lattice measured by ramping back to the
ODT. In this figure the fitted exponential lifetime (no offset) is 𝜏 = 91.43 ± 16ms (from
May 2015).

When considering the processes which could lead to a decreased MI lifetime, a

distinction needs to be made between heating and loss. Using the procedure above,

the signature of loss processes is a decreased total atom number as a function of

hold time in the MI and that of heating processes is a decreased condensate fraction.

Typically, in a deep MI, loss processes are due to three- or two-body interactions on

a site which change the internal state of the atoms, or to atoms being transferred
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to untrapped lattice bands. Heating processes remove atoms from the lowest band

and transfer them to higher bands or create excitations at the interaction energy 𝑈

but the atoms do not leave the trap. Here heating due to light-scattering is ignored

because it is very small in the far-detuned lattices we are using. Except in a few

distinct cases, we have typically observed that the atoms do not leave the lattice

but the condensate fraction after ramping back to the ODT decreases within tens to

hundreds of ms. We interpret this to signify that there is a heating process in the

MI. In the following, several models of heating in a lattice are presented. After that,

a few experimental measures of noise processes are described.

Single-particle model

Using a single-particle model, the effects of lattice amplitude noise and phase (or

frequency) noise can be taken into account. The deep lattice potential is modeled by

a Harmonic oscillator. In this context, amplitude noise is a periodic modulation of

the trap frequency 𝜔𝑡𝑟 [57, 136]:

𝑉 (𝑥) =
1

2
𝑚𝜔2

𝑡𝑟(1 + 𝜖 sin(2𝜔𝑡))𝑥2 (3.24)

where 𝜖≪ 1, and 𝜔 is the modulation frequency. The 𝜖 term is treated as a pertur-

bation which couples bands 𝑚 and 𝑛 of the trap with a matrix element:

⟨𝑚|𝑥2|𝑛⟩ ∝ 𝛿𝑛+2,𝑛 (3.25)

Therefore, amplitude noise can bring atoms from the ground band to the 2nd excited

band in the lattice. In the harmonic oscillator approximation, the corresponding

transition rate can be calculated [57, 136]:

𝑅0→2 =
𝜋𝜔2

8
𝑆(2𝜔) (3.26)

where 𝑆(𝜔) is the single-sided power spectrum of the noise (see Eq. (2.59)). Transi-

tions to higher bands lead to heating in the MI. Therefore, in this model, amplitude
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noise in the laser light lead to a lifetime of 𝜏 = 1/𝑅0→2.

The heating rate from phase noise can be calculated in a similar way: [57, 136]:

𝑉 (𝑥) =
1

2
𝑚𝜔2

𝑡𝑟(𝑥+ 𝜖0 sin(2𝜔𝑡))2 (3.27)

where now the position is being modulated at a frequency 𝜔. The matrix element is:

⟨𝑚|𝑥|𝑛⟩ ∝ 𝛿𝑛+1,𝑛 (3.28)

so that this type of noise transfers atoms from the ground band to the 1st excited

band. The transition rate is:

𝑅0→1 =
𝜋

2~
𝑚𝜔3𝑆(𝜔) (3.29)

Eq.-s (3.26) and (3.29) can be used as the starting point for searching for noise

sources. First, the relevant frequency ranges for both amplitude and phase noise

need to be calculated for the the lattice band structure. The band gaps over the 1st

Brillouin zone are shown in Fig. 3-14. In the MI (typically 𝑉 > 15𝐸𝑅), laser intensity

noise in the band 250-500 kHz and phase noise in the band 200-300 kHz can lead

to heating. Transitions to even higher bands, eventually leading to atoms loss, are

also possible, for example, when the bandgaps overlap and the noise power at these

frequencies is large (for a given hold time).

The amplitude modulation transition rate is proportional to the frequency squared.

For a flat noise spectrum, this means that lighter atoms suffer more from intensity

noise due to the larger transition frequencies. However, noise spectra are almost

never flat and it depends on the particular laser sources and drive electronics which

frequency bands have more noise. AOM-based stabilization schemes suffer from a

time delay in the crystal, which limits how much gain can be applied above ∼ 50 kHz,

making them unsuitable for eliminating intensity noise for a lattice of lithium atoms.

Alternatively, EOMs can be used, but thermal lensing in the crystal limits their per-

formance for high power lattices, such as the one for lithium. Although there are
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Figure 3-14: Band gaps in a lattice. The energy differences for all quasimomenta are plotted
for bands a) coupled by amplitude modulation and b) coupled by phase modulation. For
reference, the bandgaps at 𝑞=0 are denoted by thick black lines.

ways to (partially) overcome these limitations, it is preferable to start with a low-

noise laser source. The relative intensity noise of the Mephisto seed is reasonably

low, however Stimulated Brillouin scattering in the fiber amplifier (Section 2.2.1) sig-

nificantly increased the noise level. After that was eliminated, the dominant source

of intensity noise were the AOM driver electronics, which have been redesigned. If

a RIN of -130 dB/Hz is assumed (roughly the Mephisto level), the lifetime in this

model should be ∼ 16 s. Since we measure a lifetime almost two orders of magnitude

smaller, either another noise source needs to be found or another model. We consider

both below.

The phase modulation transition rate is proportional to frequency cubed, making

this type of noise particularly important for light atoms. The lattice frequency is de-

termined by the Mephisto seed, which has a linewidth of ∼ 1 kHz, which is negligible.

Therefore, vibrations of the retro mirror are the dominant source of phase noise. In

fact, as we will see below, there is some evidence that this type of noise was indeed

limiting after SBS was eliminated.

Interacting system

A single particle estimate predicts lifetimes much larger than what we observe. There-

fore, interactions need to be considered. If particles are excited to higher bands, they

can interact with particles in the lower bands, causing heating. In particular, the
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interactions between particles in the ground band and in the 1st excited band could

be quite strong. Although it is possible to count the number of particles in higher

bands through bandmapping, we have observed that almost no atoms populate higher

bands. Note that our bandmapping method has a few major limitations. First, in-

teractions probably have to be switched off so that they do not affect the observed

density distribution. Second, and more importantly, our imaging is not done along

a lattice arm, but in the horizontal plane at a 45o angle with respect to the 𝑥 and

𝑦 lattice arms. This makes the Brillouin zones overlap, which could make it difficult

to detect atoms in higher bands. Nevertheless, we can assume that at most a small

fraction of atoms (less than 10%) are in higher bands. In terms of explaining the

short MI lifetime, this leaves two options: either a small number of particles in higher

bands can cause a lot of heating in the Mott insulator, or a different type of excitation

is present.

The lowest-lying excitations in a MI with 𝑛 particles per site are pairs of 𝑛± 1

occupations, e.g. a pair of a hole and a doublon in an 𝑛= 1 MI. These excitations are

at the interaction frequency 𝑈/ℎ∼ 1−30 kHz. This case has been studied theoretically

in [127], where white-noise variation of the lattice depth ⟨𝛿𝑉 (𝑡)𝛿𝑉 (𝑡′)⟩=𝑆0𝛿(𝑡− 𝑡′) in

the Bose-Hubbard model leads to the average energy increase per particle in the MI:

⟨�̇�𝑀𝐼⟩
𝑁

=𝑆0

(︂
1

𝑡

𝜕𝑡

𝜕𝑉
− 1

𝑈

𝜕𝑈

𝜕𝑉

)︂2

𝑧𝑡2𝑈(𝑛+ 1) (3.30)

where 𝑧 is the number of nearest neighbors. An experimental measure of this process

could be the creation of doubly-occupied sites in an 𝑛= 1 MI as a function of hold

time.

In summary, for lithium atoms in optical lattices, noise in the frequency bands

1-30 kHz and 100-500 kHz (for lattice depths up to 35𝐸𝑅) can lead to heating. The

theoretical models presented here have served as a guidance, predicting the effects

of different types of noise. However, since often there are many noise sources of

different origin, we have relied on experimental explorations of the dependence of the

MI lifetime on different parameters. Below, a few examples of our characterization
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are presented.

Laser intensity noise

We focus on laser intensity noise and illustrate two ways of characterizing it. First,

the total number of atoms and the BEC number after a hold time at a given lattice

depth can be measured. Second, adding a controlled amount of noise can reveal the

importance of intensity noise for the MI lifetime.
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Figure 3-15: Laser intensity noise. a) Total atom number and b) BEC number after a 40ms
hold time at each lattice depth.

A measurement of the the remaining total atom number and the remaining BEC

number after loading in a 3D lattice and holding for 40ms at each lattice depth is

shown in Fig. 3-15. The measurement is performed after ramping back to the ODT.

The atom number drops significantly after holding at around 12𝐸𝑅. The intensity

spectrum of the lattice light reveals a peak at 250 kHz. Coincidentally, this is the

frequency of a switching power supply in the Nufern fiber amplifier electronics boards

and also the frequency of an AC-DC converter in the AOM drive electronics. Fig. 3-

14a shows that at around 12𝐸𝑅, intensity noise at this frequency can couple the bands

0→ 2 and then 2→ 4, so that laser intensity noise at that frequency can eventually

drive atoms out of the lattice, as seen in Fig. 3-15a.

When the atoms are kept at lattice depths above 12𝐸𝑅, the atom number “re-

covers”, probably because the time spent at 12𝐸𝑅 is small in that case. However,

the BEC number never goes back to the original value, showing that either there is
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another loss process at higher lattice depths or that even a small number of atoms

in higher bands can lead to a lot of heating. Subsequently, the main source of the

250 kHz peak (the AC-DC converter) was eliminated, decreasing the magnitude of

the effect.

If uncontrolled, laser intensity noise leads to heating and loss. However, controlled

amplitude modulation of the lattice can be used to deliberately drive particles out

of the ground band. In fact, we use this to calibrate the lattice depth (Chapter 2).

Intensity modulation can also be used as a tool to clean up particles which are already

in excited lattice bands. Due to the different bandgaps, particles in different bands

can be targeted separately [15]. For example, one could target the 2→ 4 transition

which could lead to atoms leaving the lattice, while avoiding the 0→ 2 transition. As

shown in Fig. 3-14a, this can be done only at lattice depths below 12𝐸𝑅 or above

27𝐸𝑅.
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Figure 3-16: Lifetime as a function of (added) white noise. Plotted is the heating rate (1/𝜏)
as a function of the power spectral density 10 log10(𝑆(𝑓)) for three different setups. The
superfluid is a 1-arm 10𝐸𝑅 lattice and the Mott insulator is a 3D 33𝐸𝑅 lattice.

Similarly, adding intensity modulation in a controlled way can show if the system

is limited by this type of noise. We add white noise to either a superfluid in a

lattice or to a MI and measure the remaining condensate fraction after the atoms are

transferred back to the ODT as a function of hold time, during which the noise is

added. The heating rate, defined as 1/𝜏 , where 𝜏 is the measured lifetime, is shown in

Fig. 3-16. When a single arm of the lattice at 10𝐸𝑅 is used, the system is superfluid
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and the heating rate increases even when a small amount of noise is added. When the

system is in the MI, the heating rate begins to increase only after the power spectral

density rises above -110 dB/Hz. This suggests that in the superfluid phase, intensity

noise is likely the dominant source of noise, while in the MI in a deep lattice it is

probably not. Nevertheless, because reaching a deep lattice requires passing through

a superfluid phase, decreasing the intensity noise could improve the starting entropy

in the MI. Note that in the superfluid phase, the addition of the Nufern amplifier does

not change the measured heating rate, indicating that the amplifier does not add a

noise source which limits the lifetime at the levels of intensity noise used.

Raman transitions between lattice arms

In addition to intensity and phase noise in the lattice, undesired interference between

different lattice arms could transfer atoms to higher bands in the lattice. In our

setup, AOMs are used to shift the frequencies of the different lattice and ODT arms

and the frequency differences are chosen to be large compared to all relevant energy

scales. Often, both the positive and the negative AOM diffraction orders are used,

typically to reuse frequency sources. This gives a separation of 2 𝑓𝑅𝐹 between the

arms. However, light at the frequency of the -1st order is found in the beams of the

+1st order and vice versa. This leads to interference between the arms with small

beat frequencies, which could drive Raman transitions between the lattice bands.

To measure this effect, we tune the frequency of one of the lattice AOMs, 𝑓𝐿1,

with respect to the other two 𝑓𝐿2, 𝑓𝐿3. For

𝑓𝐿1 = 𝑓0 + 𝑓𝑅𝐹 + ∆𝑓

𝑓𝐿2 = 𝑓0 − 𝑓𝑅𝐹

𝑓𝐿3 = 𝑓0 + 𝑓𝑅𝐹 (3.31)

∆𝑓 is varied. We hold for 100ms in a 3D lattice at 15𝐸𝑅, ramp back the lattice

and transfer the atoms to the ODT and measure the remaining condensate fraction.

Fig. 3-17a shows the final condensate fraction around 𝑓𝐿1 = 𝑓𝐿3, i.e. ∆𝑓 = 0. There is
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no condensate left in a region of ± 1 MHz around the resonance and the condensate

fraction reaches its nominal value when |𝑓𝐿1− 𝑓𝐿3| ≥ 3 MHz. Fig. 3-17b shows the fi-

nal condensate fraction around ∆𝑓 =−2 𝑓𝑅𝐹 , i.e. when one lattice arm uses a positive

and the other a negative AOM order. There are several distinct peaks, corresponding

to Raman transitions to higher bands, the most prominent being |0⟩→ |1⟩.
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Figure 3-17: Raman transitions between the lattice arms. Plotted is the remaining conden-
sate fraction after 100 ms hold time in a 15𝐸𝑅 3D lattice. There are resonances when the
AOM frequencies of two of the lattice arms are the same, either when they use a) the same
and b) the opposite diffraction order. The black line corresponds to the transition |0⟩→ |1⟩
and the grey is for |0⟩→ |2⟩ and |0⟩→ |3⟩.

Therefore, in order to avoid driving Raman transitions to higher bands, the AOM

frequencies need to be spaced by at least 5MHz between all five beams (lattice and

ODT), where we consider each arm to have a frequency spectrum:

𝐴(𝑓0+𝑓𝑅𝐹 ) + 𝜖𝐴(𝑓0−𝑓𝑅𝐹 ) (3.32)

where 𝐴𝑓 is the amplitude of the corresponding frequency component 𝑓 and 𝜖≪ 1. In

principle, if controlled, interference between the lattice arms could be used to engineer

more exotic lattice geometries [141]. However, since in our setup we do not stabilize

the relative phase between the lattice arms, interference between the arms needs to

be avoided.
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MI lifetime after improvements

After eliminating SBS in the Nufern and cleaning up the intensity spectra of the AOM

driver electronics (by eliminating ground loops, noisy amplifiers, etc), we measure the

lifetime of the MI as a function of atom number. This is shown in Fig. 3-18a. The

lifetimes are measured by ramping in and out of the MI. As the initial BEC number

is decreased, the lifetime increases. The extracted lifetimes after exponential fits

are shown in Fig. 3-18b for the remaining BEC number, condensate fraction, and

total atom number. There are two observations. First, the lifetimes extracted by

measuring the remaining BEC number and condensate fraction have increased by a

factor of 10, as compared to our first measurements above. In fact, a lifetime of 1 s

is quite acceptable for studying superexchange physics with ∼ 1 kHz superexchange

rate.
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Figure 3-18: Lifetime as a function of starting BEC number. The measurement is performed
by ramping into a 3D 33𝐸𝑅 lattice, holding for a variable amount of time, then ramping
back and transferring to the ODT at 125 𝑎0 in the 𝑎-state. a) BEC number as a function of
hold time. b) Extracted lifetime from an exponential fit. Note that the 𝑛=2 MI shell forms
for initial BEC numbers above around 2× 104. From Nov 2015.

Second, the lifetime of the total atom number is around a factor of 5 larger. In fact,

although the overall lifetime has increased, the lifetime measured by using the total

atom number has so far always been larger than the lifetime measured by using the

remaining BEC number. Up to this point, we interpreted this difference to suggest

that the MI atoms are transferred either to higher bands or to particle-hole pairs,

which thermalize when the cloud is transferred back to the ODT. However, another
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interpretation is that there is a cold MI core surrounded by a bath which heats

up. Ramping out of the MI and into the ODT thermalizes all excitations, which

could produce misleading results. Therefore, we have resorted to another method for

characterizing the MI lifetime.

A different characterization method

Here we measure the lifetime of the number of atoms in each MI shell, using interaction

spectroscopy, without ramping back to a superfluid. We believe this is a better

characterization of the MI, as it is a more direct measurement. Note that in this

section, the lifetimes are measured after three more improvements: (i) the titanium-

coated bucket window was swapped, (ii) the Nufern was replaced with an ALS fiber

amplifier, and (iii) the table was floated. Eliminating thermal lensing could have

decreased density redistribution during lattice loading. Swapping the fiber amplifier

could have eliminated intensity noise peaks, although it could have introduced new

ones. Floating the table could have decreased phase noise.

First, interaction spectroscopy is used to prepare a MI with exactly known maxi-

mum number of atoms per site. Fig. 3-18a shows the lifetimes of three MIs: with up

to 𝑛= 1, up to 𝑛= 2, and up to 𝑛= 3 atoms per site in a 3D lattice at 20𝐸𝑅 at 111 𝑎0

in the 𝑏 state. The atom number loss in the 𝑛= 3 MI is dominated by three-body

loss, the lifetime of the 𝑛= 1 MI is extremely long, and the lifetime of the 𝑛= 2 MI is

probably dominated by three-body related loss. Note that for technical reasons (e.g.

Feshbach coils heating up, AOMs and fibers heating up), we cannot keep the lattice

beams on at full power for more than 6-8 s.

Next, the lifetime of an 𝑛= 2 MI is characterized at the same parameters. The

lifetime of only the atoms which are in doubly occupied sites is measured by per-

forming a Landau Zener sweep so that all |𝑏𝑏⟩ sites turn into |𝑎𝑏⟩ and we measure

the number of 𝑎 atoms. Similarly, only the number of atoms in singly occupied sites

is measured by performing a Landau Zener sweep |𝑏⟩ → |𝑎⟩. Finally, the total atom

number is also measured. This gives the lifetimes in Fig. 3-19b. The inset shows that

if the three curves are rescaled by the initial number, they collapse on top of each
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Figure 3-19: Lifetimes of different Mott shells. The measurements are done in a 3D 20𝐸𝑅

lattice of 𝑏 atoms at 111 𝑎0. a) For Mott insulators with different maximum occupation
number. The fitted exponential lifetimes for the 𝑛=1, 𝑛=2, and 𝑛=3 MI are respectively
12 s, 4.1 s, and 2.4 s. b) Lifetime of an 𝑛=2 MI. The lifetime of the two shells and of the
total atom number are measured individually. The inset shows that if the three curves are
rescaled by the initial number, they collapse on top of each other. From Nov 2018.

other. This suggests that there is a loss process. This could be three-body related

loss from admixtures of pairs of triplons and singlons on top of the 𝑛= 2 MI, or from

two-body loss in the |𝑏⟩ state. Both of these are discussed more in the next section.

Since we have measured that an 𝑛= 1 MI (with no higher occupation) has a lifetime

of more than 10 s, we could hypothesize that the loss of atoms in 𝑛= 1 sites could be

due to the loss of 𝑛= 2 atoms in the middle of the cloud, leading to density redis-

tribution from the surrounding 𝑛= 1 sites. Note that the tunneling rate at 20𝐸𝑅 is

~/𝑡= 2.5 ms.

Although more data is needed to characterize the particular loss processes at

this scattering length, this example shows how powerful the method of interaction

spectroscopy is in terms of preparing and characterizing Mott insulators. Next, we

use this method to study the loss from three-body recombination in 𝑛= 3 and 𝑛= 2

Mott insulators.

3.2.4 Three-body recombination

So far we have focused mostly on processes which lead to heating in the MI. In this

section, we focus on processes which lead to atom loss. The main source of loss in Mott
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insulators of the lowest two hyperfine states |𝑎⟩ and |𝑏⟩ is three-body recombination.

This process involves the collision of three particles leading to two of them forming

a bound state (a dimer). Since typically the bound state has energy different from

the energy of the free particles, the dimer and the third particle acquire extra kinetic

energy, leading to their loss from the trap. The two energies are equal at the points of

Feshbach resonances. Therefore, this process is more prominent close to a Feshbach

resonance, where the energy of the bound molecular state comes close to the energy

of the free atoms. In practice, three-body recombination results in all three particles

being lost from the trap. In addition, the bound state is typically not trapped at all

by the optical dipole potential used for the individual atoms.

Note that this process is important not only for three particles per site but also

for an 𝑛= 2 MI at lower lattice depths, where tunneling is non-negligible, admixing

triplon-singlon pairs to the wavefunction. It is in this regime that superexchange-

physics can be realized by mapping the system to a spin-1 Heisenberg model (Chap-

ter 4). In fact, both the admixture of triplon-singlon pairs and the superexchange

matrix element are proportional to 𝑡2. This makes the study of three-body recombi-

nation at the Feshbach fields of interest a necessary step in realizing spin Hamiltonians

with an 𝑛= 2 MI.

Three-body loss can be described by a rate equation:

𝑑𝑁

𝑑𝑡
= −Γ3𝑁 (3.33)

where Γ3 is the three-body loss rate, which can further be expressed in terms of a loss

coefficient 𝒦3 and the particle density 𝑛:

Γ3 ∝ 𝒦3

∫︀
𝑛(r)3𝑑r∫︀
𝑛(r)𝑑r

= 𝒦3⟨𝑛2⟩ (3.34)

The coefficient of proportionality depends on the state of the particles. From dimen-

sional analysis, the three-body loss coefficient of this process should scale as:

𝒦3 ∼
~
𝑚
𝑎4 (3.35)
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where 𝑎 is the scattering length.

In addition, there is another process which occurs for three particles on a site

but which results in the formation of three-body bound states, known as Efimov

states. Predicted by Efimov in the 1970s [50], such states have been observed with

ultracold atoms [94] and become relevant for the scattering properties near a Feshbach

resonance. In the region of resonant two-body interactions |𝑎| → ±∞, bound Efimov

trimers exist for both positive interactions (when a dimer bound state exists) and

for negative interactions (when there is no dimer state). As a function of increasing

scattering |𝑎|, the energies of the Efimov states are separated by a universal ratio (for

reviews, see [116, 154]). This process modifies the total three-body loss coefficient 𝒦3

at the positions of the Efimov resonances.

JESSE AMATO-GRILL et al. PHYSICAL REVIEW A 99, 033612 (2019)

ultracold bosons [12]. Here we extend this technique to mea-
sure the differential interaction energy of two confined atoms
as a function of magnetic field. We begin by preparing an n=
2 Mott insulator of 7Li in a single hyperfine state in a 1064-
nm cubic optical lattice [our apparatus and Bose-Einstein
condensate (BEC) production are described elsewhere [13].
The number of atoms is 1 × 105 and the lattice depth is 35ER
in each dimension. The central n= 2 plateau, approximately
3 × 104 sites, is surrounded by an n= 1 shell containing a
similar number of sites. We pulse the rf drive for 2.9 ms and
monitor the number of atoms in the other hyperfine state as a
function of drive frequency. At the frequency corresponding
to the transition of a bare atom, we observe a peak coming
from the atoms on n= 1 sites. We observe a second peak
from the n= 2 atoms, which is shifted by the difference in
interaction energy between the initial state (|aa⟩ or |bb⟩) and
the final state (|ab⟩). The pulse length corresponds to a π pulse
for the n= 2 sites (so that we maximize the signal), which
have a Rabi frequency

√
2 greater than that of the n= 1 sites,

due to bosonic enhancement. The interaction blockade [14]
that arises from unequal interaction energies in the three states
means that one may drive the system selectively between |aa⟩
and |ab⟩ (or |bb⟩ and |ab⟩). Thus when we probe the atoms
absorptively after an rf pulse with light that is resonant only
for a (or b), we measure a single flipped atom per n= 2 site.

The frequency of the n= 1 peak corresponds to the Zee-
man shift and thus to the magnitude of the applied magnetic
field (the hyperfine constant and nuclear gfactor for 7Li are
taken from [15]). The frequency shift of the n= 2 peak,
which may be positive or negative, is a direct measure of
the differential two-body interactions. Using this technique,
we obtain rf spectra at many selected bias fields from which
we derive the two-body interaction splittings Ubb −Uab and
Uab −Uaa (Fig. 2). The technique works equally well for
attractive and repulsive interactions, so long as the system
remains in the Mott insulating state.

The precision to which we must determine the differential
interaction energies on a site as an input to a many-body
physics model is fixed by the superexchange rate, which at
Mott insulator depths for 7Li in a 1064-nm optical lattice
ranges from hundreds of hertz to several kilohertz, depending
on lattice depth and dimensionality. Here we measure the
differential interaction energies as a function of magnetic field
to a precision of about 100 Hz, limited only by the stability
of our magnetic field (better than one part in 105 at 103 G)
and the difference in magnetic moments of the two hyperfine
states (approximately 33 kHz/G). As these interaction ener-
gies range over many tens of kilohertz, the error bars are too
small to see on a full scale plot [Fig. 3(a)]. This technique is
particularly well suited to atoms with characteristically large
interaction energies, such as Li, because the wide separation
between singlon and doublon spin-flip resonances permits the
use of high Rabi frequencies, which maximizes signal size and
decreases sensitivity to magnetic-field noise.

While rf spectroscopy in a lattice is a powerful and precise
tool for characterizing differential interactions, another tech-
nique is necessary to measure the absolute interaction energy
(i.e., Uaa or Ubb), for these interactions determine the lattice
depth for the transition to the Mott insulator in each hyperfine
state. In previous studies, lattice amplitude modulation (AM)
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FIG. 2. Fits to representative spectra of the transition between b
and a, taken between the two bb Feshbach resonances. The spectra
have been plotted so that the Zeeman-shifted peaks of the n= 1
transitions overlap. The inset shows an example spectrum in which
each point is an average of four measurements and the fit is a sum
of two Gaussians. The crossing of the frequencies of the two peaks
corresponds to Uab −Ubb = 0.

has been used to drive singlon-to-doublon conversion in the
lowest Hubbard band, and the resonant frequency of this
process has been associated with the on-site interaction energy
in both repulsive [16] and attractive [17] single-component
bosonic systems. Here we employ the same technique to map
the on-site intraspecies interactions of 7Li across a broad
range of magnetic fields. We modulate the lattice depth by
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FIG. 3. (a) Relative interactions Uab −Uaa and Ubb −Uab plotted
as a function of magnetic field, measured via rf interaction spec-
troscopy in a 35ER × 35ER × 35ER optical lattice. (b) Scattering
lengths of the aa and bb interactions plotted as a function of magnetic
field, measured using lattice AM and shown in units of the Bohr ra-
dius a0. Also shown as a bold dashed line is the ab scattering length,
obtained using simultaneous hyperbolic fits to the rf spectroscopy
and lattice AM data sets. The fits are shown as solid black lines.
Dotted vertical lines indicate the position of a resonance.

033612-2

Figure 3-20: Feshbach resonances in 7Li, as measured by interaction spectroscopy in [11].
Figure adapted from [11].

Therefore, it is the value of 𝒦3 which determines how important three-body loss

processes are and this value depends on the proximity to a Feshbach resonance where

the two-body scattering length diverges. The Feshbach resonances of 7Li are shown

in Fig. 3-20, as measured by interaction spectroscopy in [11]. For 7Li, the three-body

loss coefficient 𝒦3 has been measured for a near-degenerate thermal cloud for the

lowest two hyperfine states: 𝒦𝑎𝑎𝑎 and 𝒦𝑏𝑏𝑏 [128, 66]. These coefficients have been

found to be universal as a function of scattering length near the 𝑎𝑎-resonance at 737

Gauss and the broad 𝑏𝑏-resonance at 895 Gauss. This means that the loss coefficient

𝒦𝑎𝑎𝑎 =𝒦𝑏𝑏𝑏 when 𝑎𝑎𝑎 = 𝑎𝑏𝑏. The effect of Efimov resonances has been observed as
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local maxima or minima in the otherwise monotonic curve 𝒦3(𝑎) as a function of

scattering length 𝑎. In principle, there are two other coefficients 𝒦𝑎𝑎𝑏 and 𝒦𝑎𝑏𝑏 which

have not been measured. Also, the narrow 𝑏𝑏-resonance at 845 Gauss has not been

explored. In fact, some of the spin Hamiltonians which can be implemented with
7Li, have interesting points close to this resonance. In particular, there is a point

where a symmetry-protected topological state, the Haldane phase, can be realized,

as discussed in Chapter 4. Therefore, measuring the three-body loss coefficients is an

important part of characterizing a MI for its use as a starting point for spin physics.

Having particles in a 3D lattice is an ideal platform to measure these coefficients

because the exact number of particles on a site can be controlled and the on-site

densities can be calculated with the Wannier functions.

Theoretical description

Here we summarize the description of the three-body loss rate for two and three atoms

per site in a MI. We compare the three-body driven loss rate to the superexchange

matrix element for an 𝑛= 2 MI, revealing the importance of measuring all four 𝒦3

coefficients.

Following [77], the exact form of Eq. (3.34) for three bosons on a site can be derived

by considering a rate equation for the loss of particles per site:

𝑑𝑁

𝑑𝑡
=− 𝒦3

6

∑︁

𝑖

⟨𝑎†3𝑖 𝑎3𝑖 ⟩
∫︁
|𝑤(𝑥)|6𝑑3(𝑥)

=− 𝒦3

6

∑︁

𝑖

⟨𝑛(𝑛− 1)(𝑛− 2)⟩
∫︁
|𝑤(𝑥)|6𝑑3(𝑥)

=−𝒦3

∫︁
|𝑤(𝑥)|6𝑑3(𝑥)

𝑁

3
(3.36)

where 𝑤(�⃗�) is the Wannier function on a site1. For the sum over sites, we assume

that all 𝑁 particles are in 𝑛= 3 sites, so that there are 𝑀 =𝑁/3 sites. This gives us
1Here the authors of [77] define 𝐾3 to be the recombination event rate, which is related to the

loss rate 𝒦3 = 3𝐾3/6 as detailed in [52]. The factor of 3 comes from the fact that all three particles
are lost and 1/6 from the 𝑁3/6 triplons in a fixed volume.
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the loss rate:

Γ3 = 𝒦3

(︂∫︁
|𝑤(�⃗�)|6𝑑3�⃗�

)︂
1

3
(3.37)

For comparison, for two atoms per site and two-body loss coefficient 𝒦2, the loss

rate is:

𝑑𝑁

𝑑𝑡
= −𝒦2⟨𝑎† 2𝑎2⟩

∫︁
|𝑤(𝑥)|4𝑑3𝑥𝑁

2
(3.38)

Γ2 =𝒦2

∫︁
|𝑤(𝑥)|4𝑑3𝑥 (3.39)

This coefficient has been calculated for two atoms in the |𝑏⟩ state in 7Li [66] and is

shown in Fig. 3-21. In the region of magnetic fields relevant for spin physics (close to

the 𝑏𝑏 Feshbach resonances) 𝒦2 it is at most 1 × 10−15cm3/s at 848.7Gauss but is

typically on the order of 1× 10−16cm3/s. An upper bound can be calculated for the

loss rate (lower bound for the two-body limited lifetime) by considering a deep lattice

where the densities are largest. For a 3D lattice with depths (35,35,35)𝐸𝑅 this gives a

lifetime of at least 6 s (for 𝒦max
2 = 1× 10−15cm3/s), which is quite large. Accidentally,

the Haldane point (Section 4.1.3) is at 847.5 Gauss where 𝒦2 = 2×10−16cm3/s, giving

a lifetime of 30 s in a deep lattice. Therefore, we can assume that two-body loss is

never limiting, except at the two resonance points plotted in Fig. 3-21. However, at

these points, the scattering lengths are either too small or too large, so we do not

plan on using these magnetic fields for realizing spin Hamiltonians.

We next consider the effect of triplon-singlon admixtures on the lifetime of an

𝑛= 2 MI. This admixture can lead to three-body loss but it is suppressed by the en-

ergy difference of the interaction energy 𝑈 . Nevertheless, the superexchange process,

required for realizing spin physics with an 𝑛= 2 MI, occurs via the same intermediate

state: a triplon-singlon pair. The probability of tripton admixture is:

𝑃3 = 𝑧

(︂
6𝑡2𝑥
𝑈2

+
6𝑡2𝑦
𝑈2

+
6𝑡2𝑧
𝑈2

)︂
(3.40)

where 𝑧 is the number of nearest neighbors. The factor of 6 comes from the matrix

element, which in the Fock basis for two sites |𝑛1, 𝑛2⟩ with atom numbers 𝑛1 and 𝑛2
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Fig. 1. (a) The broad Feshbach resonances of the |mF = 1⟩ (dashed red line) and the |mF = 0⟩ (solid blue line) states, centered at 738.2 G and 893.7 G,
respectively. (b) The two Feshbach resonances of the |mF = 0⟩ state.

Fig. 2. A coupled-channels calculation of dipolar relaxation rate coefficients as a function of magnetic field for the |mF = 0⟩ state.

a coupled-channels calculation by using recent interaction potentials [19]. Except for two peaks which signify Feshbach res-
onances, the loss rate coefficients are extremely small, ∼ 3 orders of magnitude smaller than the corresponding measured
rate coefficients, if the experimental losses were treated as purely two-body related. For example, at 880 G the two-body
loss coefficient is ∼ 5 × 10−17 cm3/s which yields, given that the atom density is ∼ 1012 cm−3, a life time of ∼ 20 000 s.
As a comparison, the life time in our dipole trap due to vacuum is less than 100 s. As a result, we exclude two-body losses
from the analysis described below and determine that the loss processes in the region of interest are related to three-body
recombination. Note that while we find this mechanism to be negligible for 7Li atoms, it can be important for heavier alkali
atoms. For instance, 133Cs experiences large dipolar losses caused by the second-order spin–orbit interaction [20].

2.2. Experimental measurement of three-body recombination loss

According to a dimensional analysis, taking the scattering length as the only parameter describing the interaction, one
finds that the three-body recombination loss rate coefficient (K3) scales as h̄a4/m [21]. Above this general scaling, taking
into account the fact that the scattering length has to be supplemented by a three-body parameter to describe the interac-
tion of three bosons, universal theory predicts log-periodic oscillations of K3 due to the presence of Efimov trimer states.
For positive scattering lengths the oscillations are caused by destructive interference conditions between two possible decay
pathways at certain values of a [4,22]. For negative scattering lengths the loss rate coefficient exhibits a resonance enhance-

Figure 3-21: Two-body loss coefficient for 7Li. The red dashed lines indicate the positions of
the two 𝑏𝑏 Feshbach resonances. The shaded regions correspond to |𝑎|<40 𝑎0 and |𝑎|> 400
and are to be avoided. Figure adapted from [66].

is:

⟨3, 1|𝑎†1𝑎2|2, 2⟩=
√

6 (3.41)

The three-body driven loss rate of 𝑛= 2 sites in a 1D system is then:

Γ2, rec =Γ3𝑃3

Γ2, rec =𝒦3

(︂∫︁
|𝑤(�⃗�)|6𝑑3�⃗�

)︂
1

2
2

(︂
6𝑡2𝑥
𝑈2

+
6𝑡2𝑦
𝑈2

+
6𝑡2𝑧
𝑈2

)︂

Γ2, rec =𝒦3

(︂∫︁
|𝑤(�⃗�)|6𝑑3�⃗�

)︂(︂
𝑡2𝑥
𝑈2

+
𝑡2𝑦
𝑈2

+
𝑡2𝑧
𝑈2

)︂
6 (3.42)

where the factor of 1/2 replaces the factor of 1/3 in Eq. (3.37) in the sum over sites,

because now the total number of sites is 𝑁/2, again, assuming all 𝑁 atoms are in

𝑛= 2 sites.

For spin physics, the superexchange rate for two atoms per site needs to be com-

pared to this loss rate. Let’s assume, as we have been doing so far, that all spins are

in the same state. The superexchange matrix element is then in 1D:

𝐽 =
12𝑡2

𝑈
(3.43)

for 𝑡= 𝑡𝑧≫ 𝑡𝑥, 𝑡𝑦. The factor 12 is the same as in Eq. (3.40): a factor of 2 from the

number of nearest neighbors and a factor of 6 from the matrix element for two atoms
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per site. The ratio of the superexchange rate to the three-body loss rate in an 𝑛= 2

system is then:
𝐽/~

Γ2, rec

=
2𝑈

~𝒦3

(︀∫︀
|𝑤(�⃗�)|6𝑑3�⃗�

)︀ (3.44)

Since 𝑈 ∝ 𝑎
∫︀
|𝑤(�⃗�)|4𝑑3�⃗�, in a deep lattice the ratio of the integrals over Wannier

functions is almost constant with lattice depth. Then the ratio 𝐽/(~Γ2, rec) cannot

be tuned by the lattice depth and is determined by the ratio 𝑎/𝒦3, which can be

varied by the magnetic field. The choice of magnetic field is dictated by the choice

of the Heisenberg Hamiltonian parameters (see Chapter 4). Therefore, whether some

spin Hamiltonians can be realized with 7Li solely depends on the value of the three-

body loss rate coefficient 𝒦3. Since for the two spin states, these coefficients are not

all known in the magnetic fields of interest for us, experimental measurements are

required.

Experimental measurement of 𝒦3

We then set out to measure the 𝒦3 coefficients for the region of Feshbach fields

between the 𝑏𝑏 resonances where the Haldane phase can be realized. Although we

have not completed this work, here we present the initial measurements. We perform

two measurements: (1) we measure the lifetime of triply-occupied sites. Then, using

Eq. (3.37), 𝒦3 can be extracted. (2) We measure the lifetime of doubly-occupied sites

in a system with no higher occupation. If three-body loss from triplon admixture

is the main loss process, 𝒦3 can be extracted using Eq. (3.42). Here we focus on

measuring 𝒦𝑏𝑏𝑏 in order to benchmark our methods. At the end of the section, we

present one data point suggesting what the ratio 𝒦𝑎𝑏𝑏/𝒦𝑎𝑎𝑏 is.

First, to measure the lifetime of the atoms in |𝑏𝑏𝑏⟩ sites, a MI in the 𝑏-state is

prepared at a field which maximizes the size of the 𝑛= 3 shell. The field of 867Gauss is

chosen, optimized experimentally. Then, interaction spectroscopy is used to transfer

all atoms in 𝑛= 2 and 𝑛= 1 sites to the 𝑎 state and measure the lifetime of the 𝑏

atoms. We label this configuration (a,aa,bbb). In this way, the three-body loss rate

can be precisely measured because only atoms which started in 𝑛= 3 sites are imaged.
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In this way, the process in which triply-occupied sites in the middle are replenished

from atoms in the wings is excluded, because the atoms in the wings are in the 𝑎

state which is not imaged. The field can then be changed to the desired value while

keeping all lattices at 35𝐸𝑅. A sample loss curve and the three-body loss coefficient

are shown in Fig.3-22. This reproduces the results in [145], obtained by using a

thermal cloud of 𝑏 atoms close to degeneracy. The three-body loss below 850 Gauss

becomes prohibitively large for our preparation sequence. The range of magnetic

fields over which this measurement can be performed is limited by the preparation

time. If the three-body loss rate is faster than the preparation time, this method

fails.
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Figure 3-22: Lifetime of triply occupied sites. The lifetime of 𝑏 atoms is measured in an
(a,aa,bbb) system. a) A sample loss curve at a field of 854 Gauss. The black curve is a fit
𝑓(𝑡)=𝐴 exp−𝑡/𝜏 +𝐶 with 𝜏 =8.107± 0.8250, 𝐴=7258± 303, 𝐶 =1932± 230. b) Lifetime
𝜏 as a function of scattering length. c) Three body loss coefficient 𝒦3.

To extend the range of fields for which 𝒦3 is measured, the loss from triplon
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admixture to an 𝑛= 2 MI can be used. If the three-body loss rate is large, then

the lifetime of 𝑛= 2 sites is dominated by the loss associated with the admixture of

triplons. From Eq. (3.42), it follows that for deep lattices

Γ2, rec ∝ 𝒦3
𝑡2

𝑎2
(3.45)

The Wannier function integrals for the density and for the interactions 𝑈 cancel, up

to a numerical prefactor which is constant with lattice depth. This is particularly

transparent when the Wannier functions are approximated as Gaussians. Therefore,

we expect that measuring the three-body loss coefficient by using the lifetime of the

doubly-occupied sites in an 𝑛= 2 MI is appropriate when Γ2, rec is large: for large

tunneling rates, small scattering lengths, or at magnetic fields where 𝒦3 is large.

In the measurement, an 𝑛= 2 MI is used and the number of atoms in doubly-

occupied sites is maximized by picking the MI loading field, similarly to the case

above. The 𝑛= 1 atoms are then transferred to the 𝑎 state, realizing an (a,bb)

system. The lifetime of the 𝑏 atoms is then directly measured. An exponential fit

with an offset is used to extract the lifetime. The lifetime is measured as a function of

lattice depth in 1D, while the other two lattices are kept constant at 35𝐸𝑅. One such

lifetime is shown in Fig.3-23a. This is done at a point where the Haldane phase is

expected to be. The lifetime does indeed scale as 1/𝑡2, but only for a range of lattice

depths. At very low depths, tunneling plays a role and triplon admixture is no longer

the main mechanism responsible for the formation of triply occupied sites. For very

large lattice depths, other loss processes become dominant. Beyond about 3 s the loss

rate does not depend on lattice depth anymore. This experiment is done at several

magnetic fields between the 𝑏𝑏 resonances, where only 𝑎𝑏𝑏 varies significantly. This

is shown in Fig.3-23b for positive values of 𝑎𝑏𝑏 and in Fig.3-23c for negative values.

For 𝑎𝑏𝑏 positive, the 𝒦𝑏𝑏𝑏 coefficient has been measured (Fig. 3-22), so that we plot a

shaded region to indicate the predicted lifetime. While for small positive scattering

lengths, the loss rate of 𝑛= 2 atoms is consistent with the three-body limited rate,

for large positive scattering lengths, the lifetimes are much shorter, indicating that a
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Figure 3-23: Lifetime of doubly-occupied sites. The lifetime of 𝑏 atoms is measured in an
(𝑎, 𝑏𝑏) system. This is done at several magnetic fields where only 𝑎𝑏𝑏 varies significantly.
a) 𝑎𝑏𝑏= − 96.2 𝑎0, the Haldane point in spin-1. The solid line is a one-parameter fit to
Eq. (3.42). In the regime where the solid line fits the data (i.e. the loss rate scales as 𝑡2), we
believe the lifetime is limited by triplon admixture, as shown in the cartoon. b) 𝑎𝑏𝑏> 0. The
shaded areas are the expected variation of the lifetime with lattice depth given the measured
𝒦𝑏𝑏𝑏. c) 𝑎𝑏𝑏< 0. Here we do not have a measured 𝒦𝑏𝑏𝑏.

different loss process dominates.

To elucidate this point, the loss rate Γ2, rec and the 𝒦3 coefficient can be extracted

as a function of scattering length 𝑎𝑏𝑏. This can be done using both the 𝑛= 3 and 𝑛= 2

lifetime measurements. In the case of 𝑛= 2, only the lattice depths where the lifetime

scales as 1/𝑡2 are used. This is shown in Fig. 3-24. In the region of scattering lengths

where there is data from both 𝑛= 2 and 𝑛= 3 sites, the loss rates and 𝒦3 coefficients

extracted from the two measurements agree. At the minimum of the three-body loss

coefficient (around 𝑎𝑏𝑏 = 100 𝑎0), the measured lifetime of 𝑛= 2 sites is smaller than

the one predicted from the loss rate of 𝑛= 3 sites. Note that at this point, the 𝑛= 2

lifetime does not scale at all like 1/𝑡2 (for 𝑎𝑏𝑏 = 116 𝑎0 in Fig. 3-23b). This can be
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interpreted in the following way. A constant background loss rate can be assumed,

which does not vary with magnetic field but comes from other sources. This could

be technical noise (laser intensity noise or magnetic field noise) at a frequency on the

order of 𝑈/~ of 1−30 kHz, which leads to the creation of 𝑛± 1 type of excitations in

the MI, followed by three-body loss. Then, this limits the 𝑛= 2 lifetime when the

three-body loss rate falls below about 1 to 5/s. Then the points at negative 𝑎𝑏𝑏 (for

which we have no 𝑛= 3 data) are a measurement of the loss rate Γ2, rec and the three-

body loss coefficient 𝒦3. In the region of the Haldane point 𝑎𝑏𝑏≈−100 𝑎0, although

three-body loss from 𝒦𝑏𝑏𝑏 is likely to limit the lifetime, it is not too severe, i.e. there

are probably tens of superexchange times before three-body loss takes over.
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Figure 3-24: Three-body loss coefficient. The results from the lifetime measurements of
atoms in 𝑛=3 and 𝑛=2 sites are compared. a) Γ2, rec at 11𝐸𝑅. b) 𝒦𝑏𝑏𝑏.

To complete the story, all four loss coefficients 𝒦𝑎𝑎𝑎, 𝒦𝑎𝑏𝑏, 𝒦𝑎𝑎𝑏 and 𝒦𝑏𝑏𝑏 need

to be measured. However, since this region is dominated by the 𝑏𝑏-resonances, we

believe that the largest of the four coefficients will be 𝒦𝑏𝑏𝑏 and 𝒦𝑎𝑏𝑏, since they involve

the formation of a 𝑏𝑏 molecule. Bose enhancement also suggests that 𝒦𝑏𝑏𝑏 should be

larger than 𝒦𝑎𝑏𝑏. Here we present a lifetime measurement using both states 𝑎 and 𝑏,

which suggests that 𝒦𝑎𝑎𝑏 is much smaller than 𝒦𝑎𝑏𝑏. The measurement is performed

at one particular field, where the Haldane phase is expected to be. Starting with

an 𝑛= 2 MI in the 𝑏 state and using Interaction spectroscopy, a system of (c,ab)

is prepared, where |𝑐⟩ is the next hypefine level. The lifetimes of the 𝑎 and the 𝑏

atoms are measured separately and are shown in Fig.3-25a. If three-body loss from
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triplon admixture is the only loss mechanism, then the loss rates of 𝑎 and 𝑏 atoms

are respectively:

Γ𝑎 ∝ 2𝒦𝑎𝑎𝑏
𝑡2

𝑈2
𝑎𝑎

+𝒦𝑎𝑏𝑏
𝑡2

𝑈2
𝑏𝑏

Γ𝑏 ∝𝒦𝑎𝑎𝑏
𝑡2

𝑈2
𝑎𝑎

+ 2𝒦𝑎𝑏𝑏
𝑡2

𝑈2
𝑏𝑏

(3.46)

Here we have used Eq. (3.42) and the fact that the number of 𝑎 and 𝑏 atoms are the

same. If we define the ratio 𝑟= Γ𝑏/Γ𝑎 = 𝜏𝑎/𝜏𝑏, then:

𝒦𝑎𝑏𝑏

𝒦𝑎𝑎𝑏

=
𝑈2
𝑏𝑏

𝑈2
𝑎𝑎

2𝑟 − 1

2− 𝑟 (3.47)

which we plot in Fig.3-25b. If we average the first 5 points (9<𝑉𝑧 < 20𝐸𝑅), assuming

that other loss processes dominate for larger lattice depths (corresponding to longer

measurement times), we get 𝒦𝑎𝑏𝑏/𝒦𝑎𝑎𝑏≈ 10. Of course, this is only one data point

and probably a different approach has to be used to verify these results.
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Figure 3-25: Lifetime of 𝑎𝑏 doublons at 846.8377 Gauss. a) Lifetimes of 𝑎 and 𝑏 atoms in
the |𝑎𝑏⟩ sites. b) Ratio of the 𝑎 and 𝑏 lifetimes (top) and the corresponding ratio of the
coefficients 𝒦𝑎𝑏𝑏/𝒦𝑎𝑎𝑏. Note that at this magnetic field 𝑎𝑎𝑎=−58 𝑎0 and 𝑎𝑏𝑏=−185 𝑎0.

In general, if there is more than one state, then the superexchange rate and the

loss rates will be the sums of all processes. If one of the loss coefficients is much

smaller than the others, then we could in principle bias the system so that this is the

more frequent event. This is due to the fact that the loss rate is the product of the loss

coefficient𝒦𝑛𝑛𝑚 and the corresponding admixture probability 𝑡2/𝑈2
𝑛𝑚 (here the indices
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correspond to the different combinations of the two states). By applying a linear tilt

across the lattice (as in Chapter 5), we can modify this admixture probability and

resonantly enhance the one which corresponds to the lowest loss rate. This will

enhance the total loss rate but will change the ratio of superexchange rate to loss rate

for the total system.

This chapter has summarized the main results of the theoretical description of

ultracold atoms in optical lattices using the Bose-Hubbard model and has presented

different ways of loading and characterizing Mott insulators. Starting with a 90ms

lifetime, we have improved the setup and our characterization strategy, resulting in

several-second lifetimes of 𝑛= 1 MIs. We can point to a few reasons for the small

lifetime initially: three-body loss from the presence of higher MI shells with 𝑛> 2,

intensity noise from SBS in the Nufern, general noise in the drive electronics (e.g.

ground loops, noisy amplifiers, large signal to noise in the setpoint, etc), phase noise

from vibrations in the retro mirror, intensity and potentially frequency noise in the

Nufern fiber amplifier, density redistribution due to thermal lensing. We have shown

the advantages of using the number of atoms in each MI shell as a measure of the life-

time and purity of the system, instead of the ramp-in and ramp-out method. We have

also identified and characterized three-body loss in 𝑛= 2 MIs from triplon admixtures

to the wavefunction in a range of scattering lengths. Although this study requires

further work, it points to an inherent loss mechanism in superexchange schemes for

implementing spin-1 Heisenberg Hamiltonians with a MI with two atoms per site. In

the next chapter, the spin models that can be studied with 7Li in an optical lattice

will be described.
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Chapter 4

Spin Models and Dynamics

Spin models can be realized with ultracold atoms in optical lattices by mapping

particle hyperfine states to spin states. The mapping is valid in the Mott insulator

regime in an optical lattice, where particles are localized on individual lattice sites.

The effective spin-spin interactions rely on a second-order tunneling process, known

as superexchange, requiring non-zero tunneling between lattice sites on experimental

timescales. This is due to the very short-range van der Waals interactions in alkali

atoms, which, for all practical purposes, can be considered contact interactions. In

an optical lattice, this means that, to a good approximation, particles interact only if

they are on the same site. Superexchange involves the virtual hopping and hopping

back of a particle in the Mott insulator, realizing the coupling between neighboring

lattice sites.

Figure 4-1: Superexchange. It is a the second-order tunneling processes in the Mott insulator
at a rate proportional to 𝑡2/𝑈 .

As illustrated in Fig. 4-1, this process has a matrix element proportional to 𝑡2/𝑈 ,
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where 𝑡 and 𝑈 are the Hubbard parameters. In the Mott insulator, this process

corresponds to a second order perturbation (in 𝑡/𝑈) to the energy. It is the coher-

ent admixture to the wavefunction of states with higher and lower occupancy 𝑛± 1,

where 𝑛 is number of atoms per site in the unperturbed Fock basis. In realizing

spin models with atoms in optical lattices, the superexchange rate needs to be faster

than heating and loss processes. Therefore, in a given system, the maximum possible

superexchange rate should be used. It can be varied experimentally by changing the

lattice depth or the interactions. The choice of interactions is typically dictated by the

choice of spin model parameters. Therefore, the lattice depth, which mostly affects

the tunneling 𝑡 as we have seen in Chapter 3, is used to vary the superexchange rate.

In a shallow lattice, the system is still superfluid and the mapping to spin models is

not valid, because the particles are not localized on individual sites. In a very deep

lattice, tunneling is too small, hence the superexchange rate can be small compared to

the heating and loss processes in the lattice. Therefore, typically, spin physics exper-

iments are performed at lattice depths a little bit above the superfluid-MI transition,

where particles are localized but the superexchange rate is still relatively large.

The advantages of using lithium for studying superexchange-mediated spin physics,

compared to the other alkali, are that lithium is light and has Feshbach resonances.

The small mass makes the recoil energy large: 𝐸𝑅 = ~2𝑘2/(2𝑚) =ℎ× 25 kHz, where

𝑘 is the lattice light wavevector. As we have seen in Chapter 3, in the tight-binding

limit, the tunneling 𝑡 is proportional to 𝐸𝑅 for a given lattice depth (Eq. (3.11)).

Therefore, for different atomic species at the same lattice depth (𝑉0 in recoil units),

larger recoil energy means faster dynamics. For experiments to be meaningful, the

timescales of spin dynamics need to be at least an order of magnitude smaller than

the heating and atom-loss timescales. However, larger recoil energy also means that

more laser power is required to implement a lattice with the same depth 𝑉0 in recoil

units. As we have seen in Chapter 2, although this can lead to some experimental

complications, the implementation of a high laser power lattice is experimentally fea-

sible. Finally, the Feshbach resonances allow the tuning of the interactions. In 7Li,

the Feshbach resonances between the lowest two hyperfine states |𝑎⟩ and |𝑏⟩ at fields

156



of around 800 Gauss allow the tuning of all three interaction energies 𝑈𝑎𝑎, 𝑈𝑎𝑏, 𝑈𝑏𝑏

and, therefore, of the parameters of the spin Hamiltonians. Although they cannot be

tuned independently, it is possible to find many points of interest where the scattering

lengths at a given magnetic field correspond to the spin parameters of various spin

models.

In this chapter, we consider the spin models which can be realized with 7Li in an

optical lattice: the spin-1/2 and spin-1 Heisenberg models. We detail the mapping

from the two-component Bose-Hubbard model to the Heisenberg model, discuss the

phase diagrams and the advantages and limitations of our platform for studying these

models. In addition to ground states, we discuss the spin dynamics which can be

studied with our platform.

4.1 Spin Models

The spin models which can be realized with the lowest two hyperfine states in 7Li

depend on the site occupation in the Mott insulator. With one atom per site, the

two-component Bose-Hubbard model maps to a spin-1/2 Heisenberg model and with

two atoms per site, it maps to a spin-1 Heisenberg model. In principle, this can be

extended to higher occupations [10] but for three or more particles per cite, three

body recombination is limiting for large interactions.

4.1.1 Spin 1/2

Mapping from the Hubbard model

Here we discuss the mapping from the two-component Hubbard model to the spin-

1/2 Heisenberg model. This mapping can be done by a modified Schrieffer–Wolff

transformation [105] or by a more direct second-order perturbation theory approach

[96]. The phase diagram has been investigated in [49]. Here we give a brief overview

of the mapping and explore the implications for studying superexchange-mediated

spin physics with 7Li.
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The mapping to a Heisenberg model starts with the two-component Bose-Hubbard

model:

𝐻 =− 𝑡
∑︁

⟨𝑖,𝑗⟩

(︁
𝑎†↑𝑖𝑎↑𝑗 + 𝑎†↓𝑖𝑎↓𝑗

)︁
+ 𝑈↑↓

∑︁

𝑖

𝑛↑𝑖𝑛↓𝑖

+
𝑈↑↑
2

∑︁

𝑖

𝑛↑𝑖(𝑛↑𝑖 − 1) +
𝑈↓↓
2

∑︁

𝑖

𝑛↓𝑖(𝑛↓𝑖 − 1) (4.1)

where 𝑎†𝜎𝑖 and 𝑎𝜎𝑖 are the creation and annihilation operators of spin 𝜎 on site 𝑖.

The Hubbard parameters 𝑡 and 𝑈 are assumed to be independent of the lattice site,

i.e. they are uniform across the lattice. This is a fairly good approximation, except

for a small variation of the lattice depth (1%) due to the harmonic confinement (see

Section 3.1.3). In our system, 𝑡 is independent of spin, while 𝑈 is spin-dependent.

The goal of the mapping is to obtain a Heisenberg Hamiltonian of the form:

𝐻 = 𝐽𝑧
∑︁

⟨𝑖,𝑗⟩
𝑆𝑧
𝑖 𝑆

𝑧
𝑗 + 𝐽𝑥𝑦

∑︁

⟨𝑖,𝑗⟩

(︀
𝑆𝑥
𝑖 𝑆

𝑥
𝑗 + 𝑆𝑦

𝑖 𝑆
𝑦
𝑗

)︀
(4.2)

where the 𝐽𝑧 terms are the diagonal matrix elements (the energies) and the 𝐽𝑥𝑦 terms

are off-diagonal matrix elements (spin flip-flop terms which flip spins on neighboring

sites). To construct the effective spin Hamiltonian, the tunneling term in Eq. (4.1) is

treated as a perturbation in the limit 𝑡≪𝑈 , following the approach in [96]. The spin

operators on site 𝑖 are defined as:

𝑆𝑧
𝑖 =

1

2
(𝑛𝑖↑−𝑛𝑖↓) (4.3)

𝑆𝑥
𝑖 =

1

2
(𝑎†𝑖↑𝑎𝑖↓ + 𝑎†𝑖↓𝑎𝑖↑) (4.4)

𝑆𝑦
𝑖 =− 𝑖

2
(𝑎†𝑖↑𝑎𝑖↓ − 𝑎†𝑖↓𝑎𝑖↑) (4.5)

From the definition of the spin raising and lowering operators 𝑆±=𝑆𝑥±𝑖𝑆𝑦, the

second term in Eq. (4.2) can be expressed as:

𝐽𝑥𝑦
∑︁

⟨𝑖,𝑗⟩

(︀
𝑆𝑥
𝑖 𝑆

𝑥
𝑗 + 𝑆𝑦

𝑖 𝑆
𝑦
𝑗

)︀
=
𝐽𝑥𝑦
2

∑︁

⟨𝑖,𝑗⟩

(︀
𝑆+
𝑖 𝑆
−
𝑗 + 𝑆−𝑖 𝑆

+
𝑗

)︀
(4.6)
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elucidating the fact that this term causes spins on neighboring sites to flip. The

effective Hamiltonian is found to be (for details, see Appendix B):

𝐻 = 𝐽𝑧
∑︁

⟨𝑖,𝑗⟩
𝑆𝑧
𝑖 𝑆

𝑧
𝑗 + 𝐽𝑥𝑦

∑︁

⟨𝑖,𝑗⟩

(︀
𝑆𝑥
𝑖 𝑆

𝑥
𝑗 + 𝑆𝑦

𝑖 𝑆
𝑦
𝑗

)︀
+ ℎ𝑧

∑︁

𝑖

𝑆𝑧
𝑖 + ℰ0 (4.7)

Here ℎ𝑧 is a longitudinal field and ℰ0 is an overall energy offset. The parameters of

this Hamiltonian, to second order in perturbation theory, are:

𝐽𝑧 =
4𝑡2

𝑈↑↓
− 4𝑡2

𝑈↑↑
− 4𝑡2

𝑈↑↑
(4.8)

𝐽𝑥𝑦 = − 4𝑡2

𝑈↑↓
(4.9)

ℎ𝑧 =
2𝑡2

𝑈↓↓
− 2𝑡2

𝑈↑↑
(4.10)

ℰ0 = − 4𝑡2

𝑈↑↑
− 4𝑡2

𝑈↑↓
− 4𝑡2

𝑈↓↓
(4.11)

The relative strength of 𝐽𝑧 and 𝐽𝑥𝑦 can be tuned by a magnetic field, varying the

relative strength and sign of the three interactions energies 𝑈↑↑, 𝑈↑↓, 𝑈↓↓. The overall

strength of the parameters can be tuned by the lattice depth, varying 𝑡. The point of

zero energy can be defined to be ℰ0 = 0. The longitudinal magnetic field is typically

ignored in cold atom experiments, because the total magnetization 𝑆𝑧 =
∑︀
𝑖

𝑆𝑧
𝑖 =

∑︀
𝑖

(𝑛𝑖↑−𝑛𝑖↓) is fixed, so that this field does not play a role, except in a few cases

we describe below. Therefore, when ℎ𝑧 and ℰ0 are ignored, the pure anisotropic

Heisenberg Hamiltonian Eq. (4.2) is recovered.

We have observed the effect of ℎ𝑧 in a few cases. Since ℎ𝑧 is a differential energy

between the |↑⟩ and the |↓⟩ spins, it can bias the system to have a higher or lower

number of |↑⟩ spins relative to the number of |↓⟩ spins. In experiments, the two spin

states are mapped onto atomic hyperfine states, which cannot be transformed from

one to the other unless a coupling field is applied. When experiments are performed

in the spin 𝑧 basis, the ℎ𝑧 field does not play a role in the absence of a coupling field.

If a coupling field is applied, ℎ𝑧 shifts the resonant frequency accordingly. When

experiments are performed in the 𝑥𝑦 spin basis, ℎ𝑧 shifts the precession frequency. In
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a homogeneous system, this shift is not detectable. In a trapped system, the trapping

potential makes the Hubbard parameters vary across the lattice because the lattice

depth varies. Then, the effective magnetic field ℎ𝑧 will also vary, which can lead to

dephasing of the spin components in the 𝑥𝑦 plane between lattice sites with different

lattice depth.

Jordan-Wigner transformation

It is instructive to transform this Hamiltonian back to the density sector by a Jordan-

Wigner transformation. This transformation is typically performed in order to sim-

plify numerical simulations of spin-1/2 chains. It also provides a different and some-

times more intuitive perspective of the spin phases and spin transport. In this trans-

formation, the spin model is mapped to a spinless fermion model with either one or

zero fermions per site:

|↑⟩ → |1⟩

|↓⟩ → |0⟩ (4.12)

In this mapping, care has to be taken to fix the phase of the fermionic operators on

each site 𝑓𝑗 so that they obey the fermionic anticommutation relations [40]:

𝑆𝑧
𝑗 =𝑓 †𝑗 𝑓𝑗 −

1

2

𝑆+
𝑗 =𝑓 †𝑗 𝑒

𝑖𝜋
∑︀

𝑙<𝑗 𝑛𝑙

𝑆−𝑗 =𝑓𝑗𝑒
−𝑖𝜋∑︀

𝑙<𝑗 𝑛𝑙 (4.13)

where 𝑛𝑙 = 𝑓 †𝑙 𝑓𝑙 is the number of fermions on site 𝑙. Then, the XXZ Heisenberg model

maps to [40]:

𝐻𝐽𝑊 = −𝐽𝑥𝑦
2

∑︁

⟨𝑖,𝑗⟩

(︁
𝑓 †𝑖 𝑓𝑗 + 𝑓 †𝑗 𝑓𝑖

)︁
− 𝐽𝑧

∑︁

⟨𝑖,𝑗⟩
𝑛𝑖𝑛𝑗 + 𝐽𝑧

∑︁

𝑖

𝑛𝑖 (4.14)
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Then, the 𝐽𝑥𝑦 term is interpreted as the kinetic energy, or the tunneling, and the 𝐽𝑧

term as the interactions between fermions on neighboring sites. Although initially

introduced for 1D systems, the Jordan-Wigner transformation can be extended to

higher dimensions.

Ground states and phase diagram

To determine the phase diagram of the Heisenberg spin-1/2 model, a variational

approach can be used, as in [49]. For reasons outlined above, in homogeneous systems

of ultracold atoms, Eq. (4.2) (with no external fields) can be used as a spin model and

in a trapped system, it serves as a good approximation. We take four trial states and

evaluate their energies for a double-well system. Since these states are product states

over all sites with the same wavefunction on each site, they are not the many-body

ground states, but this approach gives an estimate of the character of the ground

state as a function of the anisotropy 𝐽𝑧/𝐽𝑥𝑦:

Z Ferromagnet | ↑↑⟩ : 𝐸↑↑ =
𝐽𝑧
4

Z Anti-ferromagnet | ↑↓⟩ : 𝐸↑↓ = −𝐽𝑧
4

XY Ferromagnet | →→⟩ =

(︂ |↑⟩+ | ↓⟩√
2

)︂(︂ |↑⟩+ | ↓⟩√
2

)︂
: 𝐸→→ =

𝐽𝑥𝑦
4

XY Anti-ferromagnet | →←⟩ =

(︂ |↑⟩+ | ↓⟩√
2

)︂(︂ |↑⟩ − | ↓⟩√
2

)︂
: 𝐸→← = −𝐽𝑥𝑦

4

Therefore, we can distinguish between two cases depending on the sign of 𝐽𝑥𝑦, which

for 7Li depends only on the sign of the scattering length between the two hyperfine

states 𝑎𝑎𝑏. The corresponding ground states are listed in Table 4.1.

𝐽𝑥𝑦 > 0 𝐽𝑥𝑦 < 0
𝐽𝑧
𝐽𝑥𝑦

> 1 Z antiferromagnet Z ferromagnet
−1 < 𝐽𝑧

𝐽𝑥𝑦
< 1 XY antiferromagnet XY ferromagnet

𝐽𝑧
𝐽𝑥𝑦

< −1 Z ferromagnet Z antiferromagnet

Table 4.1: Ground states for the anisotropic spin-1/2 Heisenberg model.
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This approach can serve as a good starting point in studying spin physics. In

real systems, more effects need to be accounted for. Depending on dimensionality,

system size, presence of defects, the properties of the spin systems can change. In

the following, we focus on 1D systems, which are easier to calculate numerically and

have faster dynamics in cold atom experiments. In 1D the SF-MI transition is at

lower lattice depths (see Section 3.1.3), so that experiments can be performed in the

MI at lower lattice depths, hence with faster superexchange 𝑡2/𝑈 . On the one hand,

by comparing experimental 1D results to numerical simulations, our system can be

benchmarked as a quantum simulator. On the otherhand, the unique properties of

cold atom systems (pure states, low temperatures, tunability, isolation from environ-

ment) can give a new perspective on Heisenberg spin chain studies and can inspire

further research.

Heisenberg spin-1/2 chains: 1D physics

The spin-1/2 Heisenberg chains are integrable and have long-range correlations. In

integrable models, the number of conserved quantities is the same as (or larger than)

the number of degrees of freedom. The spectrum of the Hamiltonian and the spin-spin

correlations can be computed in many cases analytically by the Bethe ansatz. It has

several variants, of which the algebraic Bethe ansatz is conceptually simplest. The

main idea is that the Hamiltonian of the integrable system can be constructed via a

transfer matrix, which satisfies the Yang-Baxter relation. Then, the eigenstates and

eigenvalues of the transfer matrix can be computed. For a review of this method see

[148].

For small systems, we can directly diagonalize the Heisenberg Hamiltonian Eq. (4.2).

We will do this for two and for six sites, because some aspects of the model are not
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transparent for two sites. We start with two sites, where the eigenstates are:

|1⟩ = |↑↑⟩

|2⟩ = |↓↓⟩

|3⟩ =
1√
2

(|↑↓⟩+ |↓↑⟩)

|4⟩ =
1√
2

(|↑↓⟩ − |↓↑⟩) (4.15)

These are the typical triplet (|1⟩, |2⟩, |3⟩) and singlet (|4⟩) states. Their energies

are plotted as a function of 𝐽𝑧/𝐽𝑥𝑦 in Fig.4-2. The Z ferromagnet is the degen-

erate states |↑↑⟩ and |↓↓⟩. We can associate the XY ferromagnet with the state

(| ↑↓⟩+ | ↓↑⟩) /
√

2 and the XY antiferromagnet with the state (| ↑↓⟩ − | ↓↑⟩) /
√

2,

which are ground states when 𝐽𝑥𝑦 < 0 and 𝐽𝑥𝑦 > 0 respectively. Then, as in the

variational approach, the phase transition from the Z ferromagnet to the XY anti-

ferromagnet is at 𝐽𝑧/𝐽𝑥𝑦 =− 1 (Fig. 4-2a) and to the XY ferromagnet at 𝐽𝑧/𝐽𝑥𝑦 = + 1

(Fig. 4-2b). The classical Z antiferromagnet, the Neel state, in the double-well picture

is the degenerate states |↑↓⟩ and |↓↑⟩, which are not eigenstates of the Hamiltonian,

but superpositions of the eigenstates. To see see how the Z antiferromagnet comes to

be the ground state, more than two sites are needed.
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Figure 4-2: Energy spectrum of the Heisenberg model in a double-well. a) Antiferromagnetic
coupling 𝐽𝑥𝑦 > 0; b) Ferromagnetic coupling 𝐽𝑥𝑦 < 0.

Next, we directly diagonalize the Hamiltonian Eq. (4.2) for six sites in the basis

|𝜎1𝜎2𝜎3𝜎4𝜎5𝜎6⟩ where 𝜎𝑖 = ±1/2 is the spin on site 𝑖. Note that the Hamiltonian is
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block diagonal (see AppendixB), so that manifolds with different total magnetization

𝑆𝑧 =
∑︀
𝑖

𝑆𝑧
𝑖 =

∑︀
𝑖

(𝑛𝑖↑ − 𝑛𝑖↓) are not coupled. Put another way, 𝑆𝑧 commutes with the

Hamiltonian. The energy spectrum is shown in Fig. 4-3. The energy levels with total

magnetization 𝑆𝑧 = 0 are shown in green and the ones with 𝑆𝑧 = 3 are shown in red.

The ground states for different values of the anisotropy are in either of these two

manifolds. The eigenstates can be expressed as:

|Ψ⟩ =
𝐿∑︁

𝑗

𝐶𝑗|𝜎1𝜎2𝜎3𝜎4𝜎5𝜎6⟩𝑗 (4.16)

where 𝐿 depends on the value of 𝑆𝑧. For example, for |𝑆𝑧|= 3, 𝐿= 1 and for |𝑆𝑧|= 0,

𝐿= 20.
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Figure 4-3: Energy spectrum of the Heisenberg model for 6 sites. The energy levels with
total magnetization 𝑆𝑧 =0 are shown in green and the ones with 𝑆𝑧 =3 are shown in red.
The ground states are indicated on the top. a) Antiferromagnetic coupling (𝐽𝑥𝑦 > 0). b)
Ferromagnetic coupling (𝐽𝑥𝑦 < 0).

The 𝐽𝑥𝑦 > 0 and 𝐽𝑥𝑦 < 0 cases are similar for the same sign of 𝐽𝑧 except that sym-

metric states are replaced by antisymmetric states except for the 𝑆𝑧 =±3 manifolds,

which each contains only the fully spin-polarized state which is a product state. Note

that for 7Li, 𝐽𝑥𝑦 > 0 (antiferromagnetic coupling) but a ferromagnetic coupling can

be realized by a tilt, switching the sign of 𝐽𝑥𝑦 (Chapter 5). We focus our discussion

on the ferromagnetic case 𝐽𝑥𝑦 < 0 for simplicity. As in the double-well system, at

𝐽𝑧/𝐽𝑥𝑦 = 1, there is a phase transition from a Z ferromagnet to an XY ferromagnet.

At this transition, the ground state changes nature: from one with total magneti-
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zation 𝑆𝑧 =±3 to one with 𝑆𝑧 = 0. At the other transition point, 𝐽𝑧/𝐽𝑥𝑦 =− 1, the

ground state does not switch magnetization manifolds, signaling that the transition

between the XY phase and the Z antiferromagnet has a different nature. For large

and negative 𝐽𝑧/𝐽𝑥𝑦, the lowest two states become almost degenerate. In the limit

of infinite chain and large and negative anisotropy, the ground state of the system

is expected to be the two classical Neel states. We discuss each of the three regions

next.
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Figure 4-4: First three excited states of the ferromagnet. Shown are the coefficients 𝐶𝑗

from Eq. (4.16). Here 𝐽𝑧/𝐽𝑥𝑦 =2 and 𝐽𝑥𝑦 < 0. The two colors indicate the two degenerate
states for each energy level. The first and the second excited state have total magnetization
𝑆𝑧 =±2 and the 3rd excited state has 𝑆𝑧 =±1. The 4th excited state (not plotted) has
𝑆𝑧 =±0. The energy of each state is indicated on the top.

In the Z ferromagnet region 𝐽𝑧/𝐽𝑥𝑦 > 1, the ground state is two-fold degenerate

and the states are |↑↑↑↑↑↑⟩ and |↓↓↓↓↓↓⟩. It is the classical ground state with total

spin ±𝑁/2 for 𝑁 particles on the chain. The Z-ferromagnetic phase has magnon

excitations and is gapped. The first three excited states are shown in Fig. 4-4 and are

all two-fold degenerate, just as the ground state. The first two excited states have

total magnetization 𝑆𝑧 =± 2, i.e. they have one flipped spin compared to the ground

state. The states with more weight have a single domain wall (i.e. a spin is flipped

at the edges of the system). The next excited state has two flipped spins and so on.

At 𝐽𝑧/𝐽𝑥𝑦 = 1, the nature of the ground state changes character and for |𝐽𝑧/𝐽𝑥𝑦|< 1

it includes all states with zero total magnetization 𝑆𝑧 = 0. This is the XY ferromagnet
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Figure 4-5: XY phase. Shown are the coefficients 𝐶𝑗 from Eq. (4.16). Here |𝐽𝑧/𝐽𝑥𝑦|< 1. For
𝐽𝑥𝑦 < 0, it is a ferromagnet (top two rows) and for 𝐽𝑥𝑦 > 0, it is an anti-ferromagnet (bottom
two rows). The ground state is a superposition of all states with total magnetization 𝑆𝑧 =0.

and the ground state as a function of anisotropy is shown in Fig. 4-5. For comparison,

this figure also shows the ground state for antiferromagnetic coupling, illustrating that

the difference between the two is just the symmetry of the state. It is an easy-plane

state: a superposition of all states with zero z-component of the total magnetization,

so that the spin vector points in all directions in the 𝑥𝑦 plane.

Focusing on the ferromagnetic case, there are two notable points: 𝐽𝑧 = 0 and

𝐽𝑧 = 𝐽𝑥𝑦 (technically the phase-transition point). At 𝐽𝑧 = 0, the XX Heisenberg model

is realized. In the language of spinless fermions (Jordan-Wigner transformation),
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this is the non-interacting point. Transport is expected to be ballistic here. At the

isotropic point 𝐽𝑧 = 𝐽𝑥𝑦, the system is symmetric in all directions of space. This is a

highly degenerate point.

As 𝐽𝑧/𝐽𝑥𝑦 is varied between +1 and −1, the weights of the different states with

𝑆𝑧 = 0 change. The amplitudes of two of these states, the two Neel states | ↑↓↑↓↑↓⟩
and | ↓↑↓↑↓↑⟩, grow continuously and for 𝐽𝑧/𝐽𝑥𝑦 <− 1, they dominate. At the other

end of the XY phase, at 𝐽𝑧/𝐽𝑥𝑦 = 1, the ground state is equally likely to be in any

of the 𝑆𝑧 = 0 basis states. This means that this state has maximum entanglement

(maximum information). It can be interpreted as a spin-squeezed state, i.e. the

variance of 𝑆𝑥𝑦 is maximum (it goes all around the Bloch sphere) and the variance of

𝑆𝑧 is minimum. Therefore, it could potentially be useful for metrology (for a review

on spin squeezing and its uses for metrology, see e.g. [104]).

In the infinite chain, the XY phase is gapless, however, in a finite system a gap

opens up, which is on the order of 𝐽𝑥𝑦/𝑀 , where 𝑀 is the number of spins in the

chain. In the XY phase, it is maximum at the 𝐽𝑧 = 0 point and goes to zero at the

isotropic point, even for a system of 6 sites considered here. Therefore, adiabatic

state preparation schemes work better at the 𝐽𝑧 = 0 point. In an infinite system, the

dispersion relation is linear at the XX point, while it gradually becomes quadratic at

the isotropic point.

For 𝐽𝑧/𝐽𝑥𝑦 < − 1, the system is expected to be in the Z antiferromagnetic state.

The ground state and the first excited state are plotted in Fig. 4-6. The ground

state is still in the 𝑆𝑧 = 0 manifold but now the weight of the Neel states is much

larger. For example, for 𝐽𝑧/𝐽𝑥𝑦 =−5, the case plotted in the figure, the probability

is 87 % and 94% for the ground and the first excited state respectively. Therefore, to

a good approximation, the ground state is the |+⟩= | ↑↓↑↓↑↓⟩ + | ↓↑↓↑↓↑⟩ state and

the first excited state is |−⟩= | ↑↓↑↓↑↓⟩ − | ↓↑↓↑↓↑⟩. For large and negative 𝐽𝑧/𝐽𝑥𝑦,

the gap between the two decreases. The gap also decreases with system size. For a

system with 𝑀 sites the gap between the two scales exponentially with system size

∆01∝ exp(−𝑐𝑀), where 𝑐 is constant with size [113]. The second excited state, as in

the Z ferromagnetic case, has one flipped spin and is doubly degenerate, as plotted
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Figure 4-6: The antiferromagnet. Shown are the coefficients 𝐶𝑗 from Eq. (4.16). Here
𝐽𝑧/𝐽𝑥𝑦 =−5 and 𝐽𝑥𝑦 < 0. The ground state and the first excited states are plotted in the
top two rows. The probability of being in either of the two Neel states is 87 % and 94 % for
the two states respectively. The energy gap here is 0.129 |𝐽𝑥𝑦|. The second excited state is
plotted in the bottom two rows.

in the bottom two rows of Fig. 4-6.

4.1.2 Spin 1

Mapping from Hubbard model

A similar approach can be taken to derive the effective Hamiltonian for a system of

two particles per site. Then, two-component Bose-Hubbard model maps to a spin-1
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Heisenberg model. The basis states on each site are now:

|+1⟩ = | ↑↑⟩

|0⟩ =
1√
2

(| ↑↓⟩+ | ↓↑⟩)

|−1⟩ = | ↑↑⟩

|𝑠⟩ =
1√
2

(| ↑↓⟩ − | ↓↑⟩) (4.17)

where the singlet state |𝑠⟩ is not coupled to the triplet manifold (|+1⟩, |0⟩, |−1⟩). The

singlet state is antisymmetric, while the triplet states are symmetric and therefore

the two cannot be connected adiabatically. The effective Hamiltonian in this case is:

𝐻 = 𝐽
∑︁

⟨𝑖,𝑗⟩
S𝑖 · S𝑗 + 𝑢

∑︁

𝑖

(𝑆𝑧
𝑖 )2 + 𝛿2𝐻1 (4.18)

where:

𝐽 =
2𝑡2

𝑈↑↑
+

2𝑡2

𝑈↓↓

𝑢 =
1

2
(𝑈↑↑ + 𝑈↓↓)− 𝑈↑↓ (4.19)

and at the region of interest (around 𝑢= 0), 𝛿≈ 0.1, so the last term can be ignored.

The 𝐽 term is the typical Heisenberg term. When 𝑢/𝐽≫ 1, the ground state is a

product state with the two spins on each site in the |0⟩ state. We call this state the

Spin Mott state. When 𝑢/𝐽≪−1 is large and negative, the system is a Z antifer-

romagnet or a Z ferromagnet for 𝐽 > 0 and 𝐽 < 0 respectively. Around the isotropic

point 𝑢= 0, there is a symmetry-protected topological phase for antiferromagnetic

coupling 𝐽 > 0 in 1D, which we discuss next.

Heisenberg spin-1 chains

As in the case of spin-1/2, 1D systems are more amenable to numerical and theoretical

exploration. However, in an antiferromagnetic spin-1 chain, there is a symmetry-
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protected topological (SPT) phase, the Haldane phase, absent in the spin-1/2 case.

We focus the rest of the discussion on the antiferromagnetic case 𝐽 > 0 and note

that there is a region in the 7Li Feshbach diagram for which the effective spin-1

Hamiltonian is in the Haldane phase regime.

The SPT phase is named after Haldane, who in a series of 1983 papers [69, 68]

realized that there is a difference between half-integer and integer AFM spin chains.

This came as a surprise to the community because the behavior of spin chains with

spin-1/2 (which could be solved analytically by Bethe ansatz) was similar to the

classical limit behavior of 𝑆→∞ chains and it was assumed that spin chains with

any spin in between would behave the same way. Haldane’s original papers did not

give a rigorous proof but later analytical, numerical, and experimental work (for

reviews see [131, 6, 8, 158]), have shown for the zero-temperature ground state that:

𝑆 = 𝑛 (integer spin) 𝑆 = 𝑛
2

(half integer spin)

Excitation gap Continuous spectrum (spin waves) for

small 𝑞

∆ℰ ∝ 2𝐽𝑆𝑒−𝜋𝑆 ℰ(𝑞) = 𝜋
2
𝐽 | sin(𝑞𝑑)|

spin-spin correlations ⟨𝑆(𝑥)𝑆(𝑥 + 𝑑)⟩
decay exponentially

spin-spin correlations ⟨𝑆(𝑥)𝑆(𝑥 + 𝑑)⟩
decay by a power law

the ground state has no long-range or-

der (but hidden string order)

the ground state has quasi-Neel long-

range order

We note that his discussion applies to the antiferromagnetic coupling case. In 1D

quantum fluctuations play an important role for Hamiltonians with antiferromag-

netic coupling 𝐽 > 0. By contrast, for ferromagnetic coupling 𝐽 < 0, the ground state

has all 𝑁 particles with spin 𝑆 aligned, acting as one big spin 𝑁𝑆. In fact, as we have

seen with the 6-sites toy model in the discussion for spin-1/2, the classical ferromag-

netic ground state is the true quantum mechanical ground state, while the classical

antiferromagnetic state (the Neel state | ↑↓↑↓ ...⟩) is not.

The spin-1 Heisenberg Hamiltonian has been solved analytically only for a set of
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special cases. In fact, the Hamiltonian which has been considered is:

𝐻 =
∑︁

⟨𝑖,𝑗⟩

(︀
cos 𝜃 (S𝑖 · S𝑗) + sin 𝜃 (S𝑖 · S𝑗)

2)︀ (4.20)

52 2 Haldane Quantum Spin Chains

Barber, Batchelor (θ = - π/2 )

Sutherland (θ = π/4 )

AKLT (β = 1 /3 )

Haldane (θ = 0 )

Takhtajan, Babujan
(θ = - π/4 ) 

dimerized phase

ferromagnetic
phase

Haldane phase

trimerized
phase

Fig. 1. Angular representation of the phase diagram of the S = 1 bilinear biquadratic hamil-
tonian. (Adapted from Ref. [16].)

In this representation, the exact solutions discussed above correspond to θ = π/4
(Sutherland), θ = −π/4 (Takhtajan, Babujian), θ = arctg(1/3) (Affleck et al.),
θ = −π/2 (Barber, Batchelor) and the Haldane point is for θ = 0. In this diagram
the Haldane phase should occur in the region −π/4 < θ < π/4; the points θ = −π/4
and θ = π/4 at which the gap vanishes, should be critical points separating the
Haldane phase from, respectively, the dimerized and trimerized AF phases [16]. The
Haldane phase at β = 0 can be intuitively interpreted as being similar to the VBS
phase, which is the exact ground state for β = tg θ = 1/3. In this frame, spin 1 at
each lattice site is obtained by symmetrization of two S = 1/2 variables at the same
site. The VBS ground state is realized as a symmetrical linear superposition of states
where one of the two S = 1/2 variables at each site is paired in a singlet state (valence
bond) with one of the two S = 1/2 variables at the neighboring site. This picture
clearly reveals the difference between integer spin chains, which may have a VBS
ground state of unbroken symmetry with a gap, and half-integer spin chains, which
are necessarily partially dimerized. In this latter case, if the translational symmetry
is restored by quantum fluctuations leading to a unique resonating-valence-bond
(RVB) state [17], the gap vanishes [18].

The VBS state of the S = 1 AF chain is characterized by the development of
string correlations which reflect a hidden topological long-range order [19,20]. The
string correlations have been extensively studied for the general hamiltonian, Eq. (6),

Figure 4-7: Exactly-solved Hamiltonians of the form of Eq. (4.20) as a function of 𝜃. Here
𝛽= sin 𝜃/ cos 𝜃. This diagram illustrates that the Haldane phase is of the same class as the
AKLT phase and the two can be adiabatically connected. Figure from [131].

Fig.4-7a shows the exactly-solved points as a function of 𝜃 and the corresponding

phases. The Haldane phase (𝜃 = 0) is expected to be of the same class as the AKLT

phase, so we next discuss the AKLT phase. It is the exact solution of:

𝐻 =
∑︁

⟨𝑖,𝑗⟩

(︂
(S𝑖 · S𝑗) +

1

3
(S𝑖 · S𝑗)

2

)︂
(4.21)

given by Affleck, Kennedy, Lieb, and Tasaki (AKLT) [7, 8]. The ground state is

a valence-bond state (VBS). Here, each spin-1 (on each site) is represented as a

superposition of two spin-1/2 particles (similar to our implementation with a MI

with two atoms per site), which are in a triplet state. Each of the two spin-1/2

particles is in a singlet state with one of the spin-1/2 particles on the neighboring

sites, as illustrated in Fig.4-8a. In the case of a finite chain, this leaves two uncoupled

spin-1/2 particles on each end of the chain. Since each end can be in |𝑠=± 1/2⟩,
this leaves a four-fold degeneracy. These spin-1/2 particles are similar to Majorana

fermions, because they are correlated through the chain, so that this state can be of
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interest for quantum computing.

+1	
-1	

-1	 -1	+1	 +1	 +1	 -1	0	 0	 0	 0	 0	

+1	 0	+1	 -1	 0	 -1	-1	 0	 0	 +1	 0	

0	 0	0	 0	 -1	 0	0	 +1	 0	 -1	 +1	

a)

can be of interest for quantum computing.

+1	
-1	

-1	 -1	+1	 +1	 +1	 -1	0	 0	 0	 0	 0	

+1	 0	+1	 -1	 0	 -1	-1	 0	 0	 +1	 0	

0	 0	0	 0	 -1	 0	0	 +1	 0	 -1	 +1	

a)
+1	

-1	

-1	 -1	+1	 +1	 +1	 -1	0	 0	 0	 0	 0	

+1	 0	+1	 -1	 0	 -1	-1	 0	 0	 +1	 0	

0	 0	0	 0	 -1	 0	0	 +1	 0	 -1	 +1	

b)

Figure 1-7: Valence bond states a) On each site, the spin-1 particle is a superposition of
spin-1/2 in a triplet state. On neighboring sites, each of the spin-1/2 particles (one from the
left and one from the right) are in a singlet state. This leaves two uncoupled spins at the
edges. Since each end can be in |s = ± 1/2i, this leaves a four-fold degeneracy. b) Hidden
string order in the Haldane phase. The ground state is a superposition of configurations
with alternating |+1i and |+1i sites with any number of |0i sites in between.

The Haldane phase is also a VBS but it has hidden string order (for a discussion see

[23]). A pictorial representation is shown in Fig.1-7b. The state is linear superposition

of all configurations (with zero magnetization) in which sites with spin |+1i alternate

with sites with spin |�1i with any number of sites with spin |0i in between. The

state has no long-range order in the sense that if one were to pick a site in the chain,

one cannot predict what the spin would be further down the chain because of the

uncontrolled number of spin |0i sites. Mathematically, this hidden order is captured

by the correlator:

O↵ = lim
|j�k|!1

h g|� S↵
j

⇣
eik

Pk�1
l=j+1 S↵

l

⌘
S↵

k | gi (1.16)

where ↵= x, y, z. The exponent keeps track of the number of |0i sites between sites

(i, j): it is (�1)n, where n is the number of non-zero spins between sites (i, j). The

correlator is non-zero in the Haldane phase but this a necessary but not sufficient

condition for the Haldane phase.

Although the Haldane gap in spin-1 chains has been experimentally observed in

some materials, typically, D/J⌧ 1 [35]. The control of the parameters with ultracold

12

b)

Figure 4-8: Valence bond states. a) Pictorial representation of the spin-1 particle as a
superposition of two spin-1/2 in a triplet state on the same site and in singlet states with
the neighboring site. b) Hidden string order in the Haldane phase. The ground state is a
superposition of configurations with alternating |+1⟩ and |+1⟩ sites with any number of |0⟩
sites in between. Here we show three such configurations.

The Haldane phase is also a VBS but it has hidden string order (for a discussion

see [83]). A pictorial representation is shown in Fig.4-8b. The state is a linear

superposition of all configurations with zero magnetization in which sites with spin

|+1⟩ alternate with sites with spin |−1⟩ with any number of sites with spin |0⟩ in

between. The state has no long-range order in the sense that if one were to pick a

site in the chain, one cannot predict what the spin would be further down the chain

because of the uncontrolled number of spin |0⟩ sites. Mathematically, this hidden

order is captured by the correlator:

𝒪𝛼 = lim
|𝑗−𝑘|→∞

⟨Ψ𝑔| − 𝑆𝛼
𝑗

(︁
𝑒𝑖𝑘

∑︀𝑘−1
𝑙=𝑗+1 𝑆

𝛼
𝑙

)︁
𝑆𝛼
𝑘 |Ψ𝑔⟩ (4.22)

where 𝛼=𝑥, 𝑦, 𝑧. The exponent keeps track of the number of |0⟩ sites between sites

(𝑖, 𝑗): it is (−1)𝑛, where 𝑛 is the number of non-zero spins between sites (𝑖, 𝑗). The

correlator is non-zero in the Haldane phase. This a necessary but not sufficient

condition for a state to be the Haldane phase.

The Hamiltonian which describes the majority of real materials which realize the
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spin-1 Heisenberg chain is:

𝐻 = 𝐽𝑧
∑︁

⟨𝑖,𝑗⟩
𝑆𝑧
𝑖 𝑆

𝑧
𝑗 + 𝐽𝑥𝑦

∑︁

⟨𝑖,𝑗⟩

(︀
𝑆𝑥
𝑖 𝑆

𝑥
𝑗 + 𝑆𝑦

𝑖 𝑆
𝑦
𝑗

)︀
+𝐷

∑︁

𝑖

(𝑆𝑧
𝑖 )2 (4.23)

where 𝐷≡𝑢 above. The phase diagram is shown in Fig. 4-9. Note that the ferro-

magnetic and anti-ferromagnetic sides differ in the 𝐷 → 0 region. The ferromagnetic

side has an XY-ferromagnet (like in the spin-1/2 case) and the antiferromagnetic side

has a Haldane phase. For large 𝐷, the system is in the Spin Mott phase, described

above, which is known in the condensed matter literature as the large-D phase. For
7Li, 𝐽𝑧 = 𝐽𝑥𝑦 so that we realize the red line in the figure.
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diagonalization of finite-size systems. The numerical data are analyzed using conformal field theory, the level
spectroscopy, phenomenological renormalization-group, and finite-size scaling method. We thus present a
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I. INTRODUCTION

One-dimensional antiferromagnetic spin chains have been
the subject of recent investigations by numerous groups. A
uniform antiferromagnetic Heisenberg chain is known to
have a gapless ground state for half integer spin. In particu-
lar, the exact solution is available for S!1/2 chains.1 In con-
trast, for integer spin,2 there is a gap between the first excited
state and the ground state. This state is destroyed by various
types of perturbations such as single-ion-type anisotropy, ex-
change anisotropy, and bond alternation.3–6 In this context,
the S!1 XXZ chain with single ion anisotropy has been
studied by many authors from the early stage of the study of
Haldane gap problem. In the present work, we present the
quantitative phase diagram of this model analyzing the exact
diagonalization data by various methods including the re-
cently developed level spectroscopy method7 based on con-
formal field theory and renormalization group. These meth-
ods of analysis allow us to obtain an accurate phase diagram
even using the numerical data for relatively small size sys-
tems.
This paper is organized as follows. In the next section, the

model Hamiltonian is defined and the obtained phase dia-
gram is presented. The numerical exact diagonalization re-
sults and methods of analysis are explained in Sec. III. The
final section is devoted to a summary and discussion.

II. MODEL HAMILTONIAN AND GROUND-STATE PHASE
DIAGRAM

The Hamiltonian is given by

H!#
l!1

N

$J!Sl
xSl"1

x "Sl
ySl"1

y ""JzSl
zSl"1

z %"D#
l!1

N

Sl
z2 ,

!1"

where S! l is a spin-1 operator. The parameter D represents
uniaxial single-ion anisotropy. The periodic boundary condi-
tion is assumed unless specifically mentioned. In what fol-
lows, we set J!1 to fix the energy scale. The ground-state
phase diagram of this model consists of the Haldane phase,

the large-D phase, two XY phases, the ferromagnetic phase,
and the Néel phase.4,5 Between these phases, various types of
phase transitions take place. There is a gapful phase to gapful
phase transition !Gaussian transition" between the Haldane
phase and large-D phase, gapful-gapless Berezinskii-
Kosterlitz-Thouless !BKT" transitions between the XY phase
and the Haldane or large-D phase, an Ising transition be-
tween the Néel phase and Haldane phase, a first-order tran-
sition between the ferromagnetic phase and the large-D
phase or XY phase. The character of the transition between
the large-D and Néel phase is still unclear although it is
likely to be the first-order transition.
Our phase diagram is summarized in Fig. 1. For Jz#0,

the Haldane-large-D transition line of is shown by the ! .
For large D, the ground state becomes a large-D phase, the
Haldane phase appears under the large-D phase. With the
decrease of D, the ground state becomes the Néel phase. The
line with the symbol " represents the Haldane-Néel transi-

FIG. 1. The phase diagram of S!1 XXZ chains with uniaxial
single-ion-type anisotropy. The solid lines and symbols are the tran-
sition lines. The dotted line shows the curve Jz!$1/2!D! expected
from the perturbation calculation for large negative D.
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Figure 4-9: Phase diagram of the Heisenberg spin-1 chain with variable anisotropy 𝐽𝑧/𝐽𝑥𝑦
as in Eq. (4.23). Figure adapted from [35]. With 7Li, the red dashed line 𝐽𝑧 = 𝐽𝑥𝑦 can be
realized.

A Hamiltonian which better describes the 7Li system has been considered in [158].

Here, a term 𝐽 ′ is added which represents interchain coupling:

𝐻 = 𝐽
∑︁

⟨𝑖,𝑗⟩
S𝑖 · S𝑗 + 𝑢

∑︁

𝑖

(𝑆𝑧
𝑖 )2 + 𝐽 ′

∑︁

[𝑖,𝑘]

S𝑖 · S𝑘 (4.24)

where ⟨𝑖, 𝑗⟩ denotes nearest-neightbors along the chains and [𝑖, 𝑘] denotes nearest-

neighbors between neighboring chains. The phase diagram is shown in Fig.4-10.

The control of the Hamiltonian parameters which ultracold atoms offer can reveal
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(2014).

compound TlCuCl3.
36 By contrast, the isostructural compounds PbNi2V2O8 and

SrNi2V2O8 are found to already lie very near to a quantum critical point, making

them prime candidates for the study of pressure-induced quantum criticality.

In addition to pressure, chemical substitution represents another mechanism

by which the e↵ective Hamiltonian parameters of magnetic compounds can be

modified. This is already somewhat apparent in the isostructural compounds

PbNi2V2O8 and SrNi2V2O8, where the di↵ering influence of the Pb2+ and Sr2+

ions leads SrNi2V2O8 to be closer to the Ising AFM phase than PbNi2V2O8. In-

deed, SrNi2V2O8 was initially thought to magnetically order below TN = 7K based

on experiments on powder samples,30 whereas recent results on polycrystalline31

and single crystals32 have established its low temperature magnetic behavior to be

consistent with a non-magnetic Haldane ground state.

The prospect of chemical fine-tuning is even more exciting for molecule-based

J’/
J	

u/J	

Figure 4-10: Phase diagram of the spin-1 Heisenberg model with interchain coupling 𝐽 ′ as
in Eq. (4.24). Here QPM stands for quantum paramagnet and is the Spin Mott (large-D)
phase. Figure from [158].

the different phase transitions and the properties of the Haldane phase. Although

the gap of the Haldane phase has been experimentally observed in some materials,

for most materials 𝐷/𝐽≫ 1, so that the ground state is the large-D phase and the

Haldane phase cannot be reached [131]. The spin-1 Heisenberg Hamiltonian has

been realized with ultracold ions and although quench dynamics across the Haldane

phase have been observed, the ground state remains elusive [38, 39, 142]. As noted

in [39], the Haldane phase is not connected adiabatically to the Spin Mott or the

antiferromagnetic phase. The authors propose to add a term to the Hamiltonian of

the form 𝐻pert = − ℎ∑︀𝑖(−1)𝑖𝑆𝑧
𝑖 (a staggered magnetic field). This term breaks the

corresponding symmetries, so that in the presence of this term, an adiabatic ramp

ramp 𝑢→ 0 can be implemented, after which the perturbing term can be switched

off adiabatically, realizing the Haldane phase. Other schemes with ultracold bosons

in optical lattices could also realize a Haldane phase, for example, in a zig-zag lattice

with rapid modulation of the magnetic field [161].

Indeed, the overlap between the Spin Mott phase (large-D phase) and the Haldane

phase has been studied for chains of several lengths [160]. Both phases have total

𝑆𝑧 = 0 and are gaped, but the gap closes at the phase transition between them. Also,

one is topologically trivial and the other one is not. Therefore, it is expected that the
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overlap between these two states will be vanishing in the limit of large chains. The

study [160] shows that as a function of 𝑢, the overlap quickly drops to 0 for chains

with 102 atoms, but for chains with up to 10 atoms, it remains non-zero even for

|𝑢/𝐽 | ≈ 5.

So far we have described the Hamiltonians which the two-component Hubbard

model with one or two atoms per site maps to. Next, we will explore to what degree

the parameters of these Hamiltonians can be varied with the Feshbach resonances of
7Li and discuss the feasibility of simulating Heisenberg spin models with 7Li atoms.

4.1.3 Implementation of spin models with 7Li

7Li atoms in an optical lattice is a promising platform for simulating Heisenberg

models because the parameters of the Hamiltonians can be widely tuned. This is due

to the set of Feshbach resonances between the lowest two hyperfine states at magnetic

fields between 600 and 1000 Gauss. We have detailed the atomic nature of these states

in Section 2.2.2. Here we will refer to them as |𝑎⟩ and |𝑏⟩. We have mapped out the

Feshbach resonances using interaction spectroscopy and amplitude modulation (see

Chapter 3 and [11], reprinted in AppendixD). They are shown in Fig.4-11. Although

the three interactions cannot be varied independently, by picking different magnetic

fields, many interesting magnetic phases can be realized with both spin-1/2 and spin-

1. There are several considerations which can determine what range of Heisenberg

parameters can be accessed with this system.

First, note that in a large part of the Feshbach diagram, one or more of the scat-

tering lengths is negative. For a BEC, this would mean that it would collapse unless

very small atom numbers are used [60]. However, a MI with attractive interactions

is metastable [108]. An attractive single-species MI is the highest excited state and

its decay mechanisms are the same as the excitation mechanisms in a repulsive MI.

Therefore, from the perspective of the MI, we need to consider only the absolute value

of the scattering length. From the perspective of the spin models, the negative inter-

actions flip the sign of some of the Heisenberg parameters, enabling the preparation

of antiferromagnetic Heisenberg models with bosons.
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ultracold bosons [12]. Here we extend this technique to mea-
sure the differential interaction energy of two confined atoms
as a function of magnetic field. We begin by preparing an n=
2 Mott insulator of 7Li in a single hyperfine state in a 1064-
nm cubic optical lattice [our apparatus and Bose-Einstein
condensate (BEC) production are described elsewhere [13].
The number of atoms is 1 × 105 and the lattice depth is 35ER
in each dimension. The central n= 2 plateau, approximately
3 × 104 sites, is surrounded by an n= 1 shell containing a
similar number of sites. We pulse the rf drive for 2.9 ms and
monitor the number of atoms in the other hyperfine state as a
function of drive frequency. At the frequency corresponding
to the transition of a bare atom, we observe a peak coming
from the atoms on n= 1 sites. We observe a second peak
from the n= 2 atoms, which is shifted by the difference in
interaction energy between the initial state (|aa⟩ or |bb⟩) and
the final state (|ab⟩). The pulse length corresponds to a π pulse
for the n= 2 sites (so that we maximize the signal), which
have a Rabi frequency

√
2 greater than that of the n= 1 sites,

due to bosonic enhancement. The interaction blockade [14]
that arises from unequal interaction energies in the three states
means that one may drive the system selectively between |aa⟩
and |ab⟩ (or |bb⟩ and |ab⟩). Thus when we probe the atoms
absorptively after an rf pulse with light that is resonant only
for a (or b), we measure a single flipped atom per n= 2 site.

The frequency of the n= 1 peak corresponds to the Zee-
man shift and thus to the magnitude of the applied magnetic
field (the hyperfine constant and nuclear gfactor for 7Li are
taken from [15]). The frequency shift of the n= 2 peak,
which may be positive or negative, is a direct measure of
the differential two-body interactions. Using this technique,
we obtain rf spectra at many selected bias fields from which
we derive the two-body interaction splittings Ubb −Uab and
Uab −Uaa (Fig. 2). The technique works equally well for
attractive and repulsive interactions, so long as the system
remains in the Mott insulating state.

The precision to which we must determine the differential
interaction energies on a site as an input to a many-body
physics model is fixed by the superexchange rate, which at
Mott insulator depths for 7Li in a 1064-nm optical lattice
ranges from hundreds of hertz to several kilohertz, depending
on lattice depth and dimensionality. Here we measure the
differential interaction energies as a function of magnetic field
to a precision of about 100 Hz, limited only by the stability
of our magnetic field (better than one part in 105 at 103 G)
and the difference in magnetic moments of the two hyperfine
states (approximately 33 kHz/G). As these interaction ener-
gies range over many tens of kilohertz, the error bars are too
small to see on a full scale plot [Fig. 3(a)]. This technique is
particularly well suited to atoms with characteristically large
interaction energies, such as Li, because the wide separation
between singlon and doublon spin-flip resonances permits the
use of high Rabi frequencies, which maximizes signal size and
decreases sensitivity to magnetic-field noise.

While rf spectroscopy in a lattice is a powerful and precise
tool for characterizing differential interactions, another tech-
nique is necessary to measure the absolute interaction energy
(i.e., Uaa or Ubb), for these interactions determine the lattice
depth for the transition to the Mott insulator in each hyperfine
state. In previous studies, lattice amplitude modulation (AM)
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FIG. 2. Fits to representative spectra of the transition between b
and a, taken between the two bb Feshbach resonances. The spectra
have been plotted so that the Zeeman-shifted peaks of the n= 1
transitions overlap. The inset shows an example spectrum in which
each point is an average of four measurements and the fit is a sum
of two Gaussians. The crossing of the frequencies of the two peaks
corresponds to Uab −Ubb = 0.

has been used to drive singlon-to-doublon conversion in the
lowest Hubbard band, and the resonant frequency of this
process has been associated with the on-site interaction energy
in both repulsive [16] and attractive [17] single-component
bosonic systems. Here we employ the same technique to map
the on-site intraspecies interactions of 7Li across a broad
range of magnetic fields. We modulate the lattice depth by
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Figure 4-11: Feshbach resonances in 7Li. Figure from [11].

To form a MI with at an experimentally attainable lattice depth and experimen-

tally feasible timescale for dynamics, the minimum scattering length has to be larger

than about 40 𝑎0. On the other hand, three body loss becomes limiting during the

preparation phase at around 400 𝑎0. Although the MI preparation can be done at one

scattering length and the experiments at another (see Chapter 5), we have avoided

performing experiments above 400 𝑎0 because there higher band admixtures could

play a role, changing the Hubbard parameters. Although this effect can be accounted

for (see for example [108]), if the scattering lengths of the two species are very differ-

ent, then they will not simultaneously be in an equilibrium density distribution. We

have so far ignored this, relying on there being enough residual curvature from the

trap to keep mass transport suppressed (see Chapter 5 for tilted lattices). Also, near

a Feshbach resonance in the 7Li system, only one of the scattering lengths goes above

400 𝑎0, while the others remain ∼ 75 𝑎0. In order to keep the ratios of the scattering

lengths within a factor of 10, we have restricted the experimentally useful regions in

the Feshbach diagram to points where all three scattering lengths are in the region

40 a0 < |a| < 400 a0 (4.25)

Next, we look for special points in the Feshbach diagram. First, there is no

point at which all three interactions are the same 𝑈↑↑=𝑈↑↓=𝑈↓↓, although they are

all predicted to asymptote to about −40 𝑎0 at fields above the second 𝑏𝑏-resonance
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(about 𝐵 > 950 Gauss). Second, for magnetic fields between the two 𝑏𝑏 resonances,

there are two points at which 𝑈↓↓=±𝑈↑↑ for the SF-MI transition occurs at the same

lattice depth for 𝑎 and 𝑏 atoms. Also, in the same region of Feshbach fields, there is

a point where 𝑈↓↓=𝑈↑↓, so that there is a tunneling resonance between |𝑏⟩ and |𝑎𝑏⟩
sites. Although these points might be interesting from the perspective of the density

sector, we next focus on the points relevant for the spin schemes.

Given these considerations, the region between 820 and 950 Gauss is suitable

for realizing spin physics. In this region, there is one scattering length which varies

significantly (𝑎𝑏𝑏), while the other two stay almost constant and in the region of

Eq. (4.25). As we discuss in the next section, in this region, a large variety of magnetic

phases can be realized.

Finally, in the discussion so far, only the interactions 𝑈 have been considered

to be spin-dependent, while the tunneling 𝑡 is the same for both spin states. One

way to realize spin-dependent tunneling with alkali atoms in an optical lattice is to

implement a spin-dependent lattice. For example, in rubidium this can be done by

choosing a lattice wavelength between the 𝐷1 and 𝐷2 lines so that the difference

between the vector polarizabilities of the two Zeeman levels used as pseudo-spins can

be utilized by using light with different polarizations [106, 109, 137]. If two separate

beams are used for the different polarization components, spin-dependent tunneling

can be implemented. However, in lithium, the small fine structure splitting of 10 GHz

between the 𝐷1 and 𝐷2 lines leads to large scattering rates and loss from spontaneous

emission.

Spin-1/2 with 7Li

We first consider the case of simulating the spin-1/2 Heisenberg model with a MI

with one atom per site. The Hamiltonian regimes, characterized by their ground

states, which can be realized are shown in Fig. 4-12a. Fig. 4-12b shows the spin-

1/2 Heisenberg parameters 𝐽𝑧 and 𝐽𝑥𝑦 at a lattice depth of 11𝐸𝑅 as a function of

magnetic field. At this depth, the system is always in the MI regime in the range of

scattering lengths of Eq. (4.25). The optimal depth can be tailored for each field. The
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Figure 4-12: Spin-1/2 phase diagram for the Feshbach resonances of 7Li. a) Ground
states. The blacked-out regions correspond to scattering lengths outside the range
40 𝑎0< |𝑎|< 400 𝑎0. b) 𝐽𝑧 and 𝐽𝑥𝑦 at a lattice depth of 11𝐸𝑅. c) Anisotropy 𝐽𝑧/𝐽𝑥𝑦.

blacked-out regions correspond to scattering lengths outside the range of Eq. (4.25).

This condition can be relaxed a little to lower scattering lengths if the lattice depth

is raised accordingly and to higher scattering lengths if higher band admixture is

accounted for and no density redistribution occurs (e.g. by a tilt). Since 𝑎𝑎𝑏< 0

in this region of magnetic fields, 𝐽𝑥𝑦 > 0 from Eq. (4.11), realizing antiferromagnetic

couplings. The sign of 𝐽𝑥𝑦 can be flipped by applying a tilt ∆>𝑈𝑎𝑏 (see Section 5.6

for the corresponding phase diagram). On the other hand, 𝐽𝑧 has a resonance at

𝑈𝑏𝑏 = 0 and switches sign.

Fig. 4-12c shows the ratio 𝐽𝑧/𝐽𝑥𝑦 as a function of field. This ratio determines the

behavior of the system: energy spectrum, ground states, transport properties, etc.

The range of parameters we can access covers most types of behavior, which allows us

to explore very different systems. Notable points which can be realized in this system
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are: (i) 𝐽𝑧 = 0, where the system maps to non-interacting fermions (Jordan-Wigner

transformation); (ii) 𝐽𝑧 = 𝐽𝑥𝑦, the isotropic point; 𝐽𝑧 =− 𝐽𝑥𝑦, where 𝑈↑↑=𝑈↓↓ and

can be considered the ferromagnetic counterpart of the isotropic point. Nevertheless,

the Hamiltonian at these two points is different.

Spin-1 with 7Li

In 7Li, we can realize the Haldane phase in a small region around the point 𝑢= 0, i.e.

when:

2𝑈↑↓ = 𝑈↑↑ + 𝑈↓↓ (4.26)

We call this the degeneracy point. Away from that point for 𝐽 > 0, the system is

predicted to be in an antiferromagnetic state (𝑢< 0) and a Spin Mott state (𝑢> 0).

As in Fig. 4-10, we assume that the system is in the Haldane phase when

− 0.5 <
𝑢

𝐽
< 1 (4.27)

Fig. 4-13a shows this phase diagram for a (35,35,11)𝐸𝑅 lattice and Fig. 4-13b shows

how the width of the region in which the system is in the Haldane phase varies as a

function of lattice depth. Since the width is on the order of tens of mG around 11𝐸𝑅,

field stability needs to be improved in our system.
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Figure 4-13: Spin 1 phase diagram for 7Li around 𝑢 = 0. a) At 11𝐸𝑅. Here zero field
is the point where 𝑢 = 0, which is at 847.5091 Gauss. b) Magnetic field region over which
−0.5<𝑢/𝐽 < 1 and the system is in the Haldane phase, plotted as a function of lattice depth
𝑉𝑧 for a (35,35,𝑉𝑧)𝐸𝑅 lattice. The dashed line is 𝑉𝑧 =11𝐸𝑅, the case in a).

179



The Spin Mott phase can easily be prepared by starting in a Z ferromagnet and

Landau-Zener sweeping over the transition |𝑎𝑎⟩ → |𝑎𝑏⟩ on each site. This can be

done in a deep lattice, so that the sites are isolated and in the region of magnetic

fields where the interactions are different and interaction spectroscopy can be used.

Once the system is in the Spin Mott phase, the magnetic field can be ramped to

the Haldane phase. However, given the discussion above, adiabatic state preparation

would require the addition of terms to the Hamiltonian.

Since superexchange inevitably involves a higher on-site occupation as part of

the virtual tunneling, loss processes from having two or three particles on a site for

spin-1/2 and spin-1 respectively have to be considered. This type of loss is inherent

to the superexchange process. For the lowest two hyperfine states |𝑎⟩ and |𝑏⟩, the

two-body spin relaxation of two-particles per site of the form |𝑎𝑎⟩ and |𝑎𝑏⟩ is excluded

by |𝑎⟩ being the lowest state. Given the calculated dipolar relaxation coefficient for

two 𝑏-particles, dipolar loss from |𝑏𝑏⟩ sites can mostly be ignored (see Section 3.2.4).

Therefore, superexchange in the spin-1/2 system does not induce loss. In the spin-1

system, admixtures of triply occupied sites in the 𝑛= 2 MI does lead to loss, as shown

in Section 3.2.4. Depending on the values of the four loss coefficients, 𝒦𝑎𝑎𝑎, 𝒦𝑎𝑎𝑏, 𝒦𝑎𝑏𝑏,

and 𝒦𝑏𝑏𝑏, at the fields of interest, some spin-1 schemes with 7Li could not be possible

or could be limited to short observation times.

Although some of the results above are more general, we have been focusing on

the 1D case (spin chains), in which the spins are allowed to move only along one direc-

tion. The implementation of such a system with an optical lattice is straightforward.

Typically, a 3D lattice is used in order to enter the MI regime. Then, only one of the

lattice arms is lowered to allow dynamics along that direction, while the other two are

kept large and constant. More specifically, if we want superexchange dynamics along

𝑧, then 𝑡2𝑧/𝑈≫ (𝑡2𝑥/𝑈, 𝑡
2
𝑦/𝑈). This realizes a quasi-1D geometry with many tubes, i.e.

many independent 1D realizations of the same chain, which we typically average over.

Due to the trap, these chains are not exactly the same: the ones towards the edges

of the cloud are shorter and have lower lattice depth. The lattice beam geometry can

be designed to minimize this effect by, for example, using elliptical beams.
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4.1.4 Beyond spin chains: 2D and 3D physics

With a cubic optical lattice, it is fairly easy to effectively switch on and off the dynam-

ics along a certain axis by changing the lattice depth. It is therefore straightforward

to create 1D, 2D, or 3D systems. In many cases, dimensionality does not change

the physics qualitatively but only quantitatively. For example, for ultracold atoms

in optical lattices, higher dimensions typically mean slower dynamics. This is due

to the fact that the SF-MI transition is at higher lattice depths in 2D and 3D (see

Section 3.1.3). Also, again from an experimental perspective, it is easier to add fea-

tures to 1D systems than to 3D systems, just because in many cases identical copies

are needed along each lattice axis. Such features include magnetic or AC-Stark shift

gradients, superlattices, trap-compensation beams, etc.

However, a change in dimensionality could result in a qualitative change of the

system behavior. For example, quantum fluctuations are much more pronounced

in 1D systems and, therefore, interest towards lower-dimensional physics has been

high. Similarly, the decay of spin-spin correlations ⟨𝑆𝛼
𝑖 𝑆

𝛼
𝑖+𝑑⟩, where 𝛼=𝑥, 𝑦, 𝑧 and

the distance between the spins is 𝑑, could depend on dimensionality. For example,

the Haldane phase is predicted to exist only in 1D. As shown in Fig. 4-10, when cou-

pling between the chains is added, transitioning to a 2D system, the phase disappears.

Spin transport can also be different: while diffusion is observed in 1D, superdiffusion

is observed in 2D [73]. Another illustration of the increased importance of quantum

fluctuations in low-dimensional systems is provided by the Mermin-Wagner theo-

rem. It states that in systems with continuous symmetry, there is no phase with

spontaneously-broken symmetry (no long-range order) at any finite temperature for

𝑑≤ 2.

Finally, 1D spin systems have been a model system in the condensed matter com-

munity for the last decades and most numerical studies are only possible in 1D. This

makes 1D spin chains a useful benchmark for quantum simulations, for an example

of such a study see [29].
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4.2 Dynamics

We have so far discussed ground states of the Heisenberg Hamiltonian. However, the

dynamics in the different regimes of the Hamiltonian are also different. Sometimes,

the nature of the dynamics also depends on the type of initial state used (e.g. pure

state vs thermal state), so it can be non-universal. The dependence of the dynamics

on the Hamiltonian anisotropy 𝐽𝑧/𝐽𝑥𝑦 in the spin-1/2 chain is the subject of our most

recent research (paper in preparation). Here we will focus on two other aspects. First

we will discuss whether the superexchange timescale is ℎ/𝐽 or ~/𝐽 . Then we will look

into the dynamics when a uniform energy offset is applied, motivated by our study

of superexchange in a tilted lattice [45] (addressed in Chapter 5).

4.2.1 What is the timescale for dynamics?

In this section we compare the timescales for coherent Rabi oscillations in a double-

well and for coherent ballistic expansion in a 1D lattice. We also show how and when

the tunneling dynamics with matrix element 𝑡 of a single particle in a lattice map

to the superexchange dynamics with matrix element 𝐽 = 𝑡2/𝑈 of a single spin |↑⟩
in a lattice filled with spin |↓⟩ particles. This is in the spirit of the Jordan-Wigner

transformation.

Let’s first consider a single particle in a double-well. We label the two wells left

|𝐿⟩ and right |𝑅⟩. In this basis, the Hamiltonian is:

𝐻 =− 𝑡 (𝑎†𝐿𝑎𝑅 + 𝑎†𝑅𝑎𝐿) =

=−

⎡
⎣0 𝑡

𝑡 0

⎤
⎦ (4.28)

The eigenvalues are 𝜆± = ±𝑡 and the eigenstates are:

|±⟩= 1√
2

(|𝐿⟩± |𝑅⟩) (4.29)

If the particle starts in the left well |Ψ(𝜏 = 0)⟩= |𝐿⟩= 1√
2
(|+⟩+ |−⟩), the evolution
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under the Schrödinger equation is:1

|Ψ(𝜏)⟩ =
1√
2

[︀
𝑒−𝑖𝑡𝜏/~|+⟩+ 𝑒𝑖𝑡𝜏/~|−⟩

]︀

=
1

2

[︀
(𝑒𝑖𝑡𝜏/~ + 𝑒−𝑖𝑡𝜏/~)|𝐿⟩+ (𝑒𝑖𝑡𝜏/~ − 𝑒−𝑖𝑡𝜏/~)|𝑅⟩

]︀

= cos

(︂
𝑡𝜏

~

)︂
|𝐿⟩+ sin

(︂
𝑡𝜏

~

)︂
|𝑅⟩ (4.30)

The evolution of the probability is then:

𝑃 (𝜏) = ⟨Ψ(𝜏)|Ψ(𝜏)⟩ = cos2
(︂
𝑡𝜏

~

)︂
− sin2

(︂
𝑡𝜏

~

)︂
= cos

(︂
2𝑡𝜏

~

)︂
(4.31)

The particle undergoes Rabi oscillations with frequency 𝜔𝑅 =2𝑡/~. The time to tunnel

to the next site, which is half the period 𝑇 = 2𝜋/𝜔𝑅, can be considered as the timescale

for dynamics in this system:

𝑇double−well =
ℎ

4𝑡
=
𝜋~
2𝑡

(4.32)

We now consider a 1D chain with one particle. The dispersion relation can be

used to obtain the maximum group velocity. The tight-binding approximation for

the dispersion relation can be used, which as we have seen in Chapter 3 is a good

approximation for the dispersion relation of a particle in the sinusoidal potential of

an optical lattice for lattice depths above a few recoil. The dispersion relation in the

tight-binding limit in a 1D periodic potential is:

ℰ(𝑞) = −2𝑡 cos(𝑞𝑎𝐿) (4.33)

so that the width of the band is 4𝑡. The velocity is

𝑣 =
𝑑ℰ
𝑑(~𝑞)

(4.34)

1In this chapter, we denote time with 𝜏 and the tunneling matrix element with 𝑡.
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The maximum group velocity is:

𝑣𝑚𝑎𝑥 = max

[︂
2𝑡𝑎𝐿
~

sin(𝑞𝑎𝐿)

]︂
=

2𝑡𝑎𝐿
~

(4.35)

The time to travel one site is 𝑇 = 𝑎𝐿/𝑣𝑚𝑎𝑥:

𝑇1D−chain =
~
2𝑡

(4.36)

so that
𝑇double−well
𝑇1D−chain

= 𝜋 (4.37)

Comparing the kinetic term in the Hubbard model and in the Heisenberg model:

𝐾Bose−Hubbard =− 𝑡
∑︁

⟨𝑖,𝑗⟩
(𝑎†𝑖𝑎𝑗 + 𝑎†𝑗𝑎𝑖)

𝐾Heisenberg =
𝐽𝑥𝑦
2

∑︁

⟨𝑖,𝑗⟩
(𝑆+

𝑖 𝑆
−
𝑗 + 𝑆+

𝑗 𝑆
−
𝑖 )

reveals that we can map 2𝑡→ 𝐽𝑥𝑦. In a 1D chain, mass transport happens at a rate

2𝑡/~ and spin transport happens at a rate 𝐽𝑥𝑦/~, so that the superexchange time is:

𝑇1D−chain, J =
~
𝐽𝑥𝑦

(4.38)

In other words, if the dynamics are driven by superexchange and the lattice depth is

varied, then when the time is scaled by 𝑇1D−chain, J, the dynamics will be the same.

4.2.2 Dynamics in tilted lattices

In Chapter 5 and in [45], we demonstrate the advantages of adding a constant energy

offset (tilt) to 1D lattices for studying superexchange-mediated spin dynamics. Here

we outline the regime in which these experiments are to be carried out. We compare

the dynamics of a single particle in a tilted lattice to the dynamics of a single spin

|↑⟩ in a (perfect) chain of spin |↓⟩ particles in a tilted lattice.
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The spin Hamiltonians discussed in this chapter can be realized with atoms in

optical lattices in the MI regime, where first-order tunneling at a rate 𝑡/~ is suppressed

by the interactions since 𝑡<𝑈 . Then, second order tunneling, superexchange, at a

rate of 𝐽/~ drives the dynamics, enabling the study of spin physics. However, in

trapped systems with defects (or at non-zero temperature), the mapping is only an

approximation. For example, number defects (sites with occupations of 𝑛± 1 where 𝑛

is the MI filling) can still propagate at the tunneling rate 𝑡/~. Moreover, in a trapped

system, superfluid shells form around the MI plateaus, enabling the propagation of

entropy from them into the MI also at rates on the order of 𝑡/~. Since this rate is

much faster than the superexchange rate 𝐽/~, transport of entropy and mass could

interfere with the study of spin Hamiltonians. A tilt of the lattice potential could

suppress first order tunneling by turning linear transport into Bloch oscillations. If

the tilt per site is larger than the tunneling matrix element, the Bloch oscillations are

confined to a single site, so that transport through first-order tunneling is inhibited.

However, superexchange is not necessarily suppressed, unless the tilts are too large.

For example, in [45] we use tilts on the order of 𝑈 in the MI regime. These effects of

the tilt are explored in this section.

Finally, if the tilt is large enough so that higher bands are coupled, the dynamics

are different: particles can tunnel to the next band. This is the Zener breakdown

regime, analogous to the Zener breakdown in diodes and to the diabatic Landau-

Zener crossings between two coupled levels.

Bloch oscillations

From the perspective of single particles, the tilt is nothing more than a constant

force 𝐹 . The dynamics of a single particle can then be described by the following

Hamiltonian (for reviews, see [75, 72]):

𝐻(𝑥) = − ~2

2𝑚

𝑑2

𝑑𝑥2
+ 𝑉0 cos2(𝑘𝐿𝑥) + 𝐹𝑥 (4.39)
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From a quantum mechanical perspective, we want to solve for the time evolution of a

wavepacket (e.g. a Gaussian) in this potential. The solutions to Eq. (4.39) for 𝐹 = 0

are Bloch waves Ψ𝑛,𝑘(x), as we have seen in Chapter 3. We now construct spatially

localized wavepackets from the Bloch waves:

𝜑(𝑥, 𝜏) =
∞∑︁

𝑛=1

∫︁ 𝜋/𝑑

−𝜋/𝑑
𝑑𝑘 𝑔𝑛(𝑘, 𝜏)Ψ𝑛,𝑘(x) (4.40)

where 𝑔𝑛(𝑘, 𝜏) is the momentum distribution. This is then substituted in the Hamil-

toian eq.(4.39) to find the time evolution of the momentum-space wavefunctions

𝑔𝑛(𝑘, 𝜏), which can be simplified by considering only a single band 𝑛. It can be

shown that the evolution of |𝑔(𝑘, 𝜏)|2 is governed by a transport equation [75, 80]:

𝑑

𝑑𝜏
|𝑔(𝑘, 𝜏)|2 =

𝐹

~
𝑑

𝑑𝑘
|𝑔(𝑘, 𝜏)|2 (4.41)

with solution of the form:

|𝑔(𝑘, 𝜏)|2 = 𝐺

(︂
𝑘 − 𝐹𝜏

~

)︂
(4.42)

This suggests that the evolution of the center of the wavepacket in momentum space

is governed by a classical equation of motion:

𝑑

𝑑𝜏
(~𝑘) = −𝐹 (4.43)

with solution:

𝑘(𝜏) = 𝑘0 −
𝐹𝜏

~
(4.44)

Following this semi-classical picture, the group velocity of the wavepacket is the

derivative of the dispersion relation ℰ(𝑘) =−ℰ1 cos(𝑘𝑑), where 𝑑 is the lattice spacing

and 2ℰ1 is the band width, and for simplicity we have taken the 𝐹 = 0 dispersion

relation. Going back to the Hubbard model, the width of the ground band is 4𝑡, so
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that ℰ(𝑘) =− 2𝑡 cos(𝑘𝑑). The group velocity is then:

𝑣𝑔(𝜏) =
1

~
𝑑

𝑑𝑘
ℰ(𝑘)

=− 2𝑡𝑑

~
sin(𝑘(𝜏)𝑑)

=− 2𝑡𝑑

~
sin(𝑘0𝑑− 𝜔𝐵𝜏) (4.45)

where we have defined the Bloch frequency:

𝜔𝐵 =
𝐹𝑑

~
(4.46)

The time evolution in position space is also periodic:

𝑥(𝜏) =

∫︁
𝑣𝑔(𝜏)𝑑𝜏 = 𝑥(0)− 2𝑡

𝐹
cos(𝑘0𝑑− 𝜔𝐵𝜏) (4.47)

We have thus shown that the motion of a particle in a periodic potential under a

constant force is periodic. This motion is known as Bloch oscillations. The amplitude

of the oscillation depends on the strength of the force. The peak-to-peak amplitude

is 𝐴𝑝𝑝 = 4𝑡/𝐹 , which can be expressed in terms of the energy offset per site (the tilt)

∆ =𝐹𝑑, so that

𝐴𝑝𝑝 =
4𝑡

∆
𝑑 (4.48)

If ∆> 4𝑡, the Bloch oscillations are confined to one lattice site. This is, in fact, the

regime we want to be in. In [45] we have used ∆ = 1.65𝑈 and in 1D 𝑡/𝑈 ≈ 0.2 at

most in the presence of the tilt, so that 𝐴= 0.48 𝑑.

It is much easier to observe Bloch oscillations in systems of ultracold atoms in

optical lattices than in real materials, where the period is on the order of THz.

Oscillations in both momentum space [21] and position space have been observed with

ultracold atoms. In position space, when the initial density distribution is a single

Wannier function localized on one site, the dynamics are a “breathing” mode: the

wavefunction expands and relocalizes [130]. When the initial distribution is extended,

the center of mass does periodic oscillations [58].
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Wannier-Stark states

Another way to describe this system is by the eigenstates of the Hamiltonian Eq. (4.39)

in the tight-binding approximation. Without the tilt, these are the Wannier states

from Section 3.1.1. With a tilt, the eigenstates are the Wannier-Stark states Φ(𝑥𝑗)

centered around site 𝑗, which can be expressed in terms of the Wannier states 𝑤(𝑥𝑖)

centered around site 𝑖 (here we have assumed the lowest band) [72]:

Φ(𝑥𝑗) =
∑︁

𝑖

𝒥𝑖−𝑗

(︂
2𝑡

∆

)︂
𝑤(𝑥𝑖) (4.49)

where 𝒥𝑛(𝑧) is a Bessel function of the first kind. These functions are localized on a

single site when the argument of the Bessel function is small 𝑡≪∆, the result from

Eq. (4.48).
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Figure 4-14: Wannier Stark functions compared to Wannier functions. Both are plotted at
11𝐸𝑅 and for the Wannier Stark states Δ=1.65𝑈 . Here Δ> 0 so that the lattice sites on
the right have higher energy.

Tunneling and superexchange dynamics in a tilted lattice

Next, we look at the tunneling and superexchange dynamics with and without a tilt.

The evolution of a single particle in a non-tilted lattice starting from the particle

localized on a single site (i.e. initial state Ψ(0)⟩= |0...010...0⟩) in an infinite chain is
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given by:

|Ψ(𝜏)⟩ =𝑒𝑖𝐻𝜏/2~|Ψ(0)⟩ =
∞∑︁

𝑛=0

(𝑖𝜏/2~)𝑛

𝑛!
𝐻𝑛|Ψ(0)⟩ (4.50)

where 𝐻 = − 𝑡 ∑︀
⟨𝑖,𝑗⟩

𝑎†𝑖𝑎𝑗. The odd and even powers of 𝐻𝑛 can be computed separately,

giving the occupation probability on a site 𝑖 after a time 𝜏 is [93]:

𝑃𝑖(𝜏) =

⃒⃒
⃒⃒𝒥𝑖

(︂
2𝑡𝜏

~

)︂⃒⃒
⃒⃒
2

(4.51)

where we have picked the particle to be at 𝑖 = 0 initially and 𝒥𝑛(𝑧) is a Bessel function

of the first kind. The dynamics are plotted in Fig. 4-15a, showing the coherent ballistic

expansion of the wavefront. Such dynamics have been observed in [130]. This system

maps to the system of a single |↑⟩ spin in a chain of |↓⟩ spins when the tunneling

matrix element 𝑡 is replaced by the superexchange matrix element 𝐽 = 2𝑡2/𝑈 . This

has been observed in [56].

(i)	

(ii)	

(iii)	

a) b) c)

Figure 4-15: Tunneling and superexchange with and without a tilt. The time units are 𝑡𝜏/~.
a) (i) Time evolution of a single particle initially localized on a single site, Eq. (4.51). The
dynamics are the same for spin transport via superexchange for a spin | ↑ ⟩ in a chain of
| ↑ ⟩ spins if (ii) 2 𝑡→ 𝐽 =4𝑡2/𝑈 (no tilt) and (iii) 2 𝑡→ 𝐽(Δ)=2𝑡2[1/(𝑈 −Δ)+1/(𝑈 +Δ)]
(tilt Δ). b) Bloch oscillations, Eq. (4.52) for a small tilt Δ/4𝑡=0.125 and c) for a large tilt
Δ/4𝑡=2.06.
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However, when the lattice is tilted, a single particle in an empty lattice behaves

differently from a single spin | ↑ ⟩ in chain of spin | ↓ ⟩. The evolution of a single particle

in a tilted lattice is described by Bloch oscillations with occupation probability [72]:

𝑃𝑖(𝜏) =

⃒⃒
⃒⃒𝒥𝑖

(︂
4𝑡

∆
sin

(︁𝜔𝐵𝜏

2

)︁)︂⃒⃒
⃒⃒
2

(4.52)

In the limit ∆→ 0, this reduces to Eq.(4.51). Fig. 4-15b shows the “breathing” mode

of the dynamics for small tilts ∆ < 4𝑡, when the Bloch oscillation amplitude 𝐴𝑝𝑝

in Eq. (4.48) extends over several lattice sites. When the tilt is large, the Bloch

oscillations are confined to the same site, Fig. 4-15c. Therefore, for ∆ > 4𝑡, first-

order tunneling is suppressed. This is clear also from an energy argument. The width

of the lowest band is 4𝑡. When the energy difference between neighboring sites is

much larger than this width, there is either not enough energy to tunnel or there is

no state to dissipate the energy into, thus suppressing tunneling both up and down

the hill. However, second order tunneling is still allowed in a tilted lattice but at

a modified rate (Chapter ]refchapter5). Therefore, the evolution of the single spin

| ↑ ⟩ in a spin | ↓ ⟩ chain in a tilted lattice is the same with and without the tilt (if

tunneling resonances are avoided).

Zener breakdown

The results so far were derived in the single-band approximation. We now turn to

the probability that the wavepacket will transition to the next band. As we have seen

so far, in momentum space, the particle’s momentum increases linearly, i.e. it cycles

through the first energy band of the lattice. The bandgap is the smallest at the edges

of the first Brillouin zone, so the probability that the particle will tunnel to the next

band is largest there. We can view this in terms of an avoided crossing and compute

the Landau-Zener transition probability. An approximate result can be derived in

the limit of a weak lattice by considering the free-particle wavefunctions and energy

levels and treat the lattice as a perturbation. This results in the following transition
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probability [75]:

𝑃 = 𝑒−2𝜁 (4.53)

where

𝜁 =
𝜋2

16

(𝐸𝑏𝑔/𝐸𝑅)2

∆/𝐸𝑅

(4.54)

This result remains valid for deeper lattices, only the prefactor in Eq. (4.54) changes.

4.2.3 Relaxation of non-equilibrium spin distributions

In order to measure the dynamics of spin Hamiltonians, we need a way of preparing

non-equilibrium spin distributions in the Mott insulator. One way to do this is to

use the different magnetic moments of the lowest two hyperfine states and prepare

a spin spiral, as in [17, 73]. In a 1D spin spiral, the total magnetization along the

chain rotates in the XZ or in the XY plane, hence the term spin helix might be more

appropriate. After preparation of this pattern in a deep lattice, the lattice depth can

be lowered to enable the dynamics. Since the spin spiral is a non-equilibrium distri-

bution, it relaxes. The relaxation rate can be used as a measure of the superexchange

rate and of the main transport mechanism of a given Hamiltonian. In the following,

we assume that the MI has one atom per site, realizing a spin-1/2 Heisenberg model.

In this section, we describe the spin spiral and its preparation as a tool for measuring

transport properties of spin systems. The relaxation dynamics in a tilted lattice are

presented in Section 5.5 and the variation of the relaxation properties as a function of

spiral wavevector and anisotropy 𝐽𝑧/𝐽𝑥𝑦 are the subject of our most recent project.

Spin Spiral preparation

As illustrated in Fig.4-16, the starting point is a 1D chain of atoms in an 𝑛= 1 MI in

the |↑⟩ state. A 𝜋/2 pulse is applied so that, on each site, the atom is in:

|Ψ(𝑡 = 0)⟩ =
1√
2

(| ↑⟩+ | ↓⟩) (4.55)
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Figure 4-16: Spin Spiral preparation. The spins are initialized in the |↑⟩ state. Then, a 𝜋/2
pulse transfers them to the 𝑥𝑦 plane on the Bloch sphere where they precess at a frequency
which depends on the total magnetic field. A magnetic field gradient is added along the
chain, causing the spins to precess at different rates. This creates a spin spiral in the XY
plane. If the second 𝜋/2 pulse is applied after the magnetic field gradient is switched off, a
spin spiral in the XZ plane is prepared.

Then, a magnetic field gradient 𝐵′ is applied so that the total field along the chain is

𝐵(𝑧) = 𝐵0 +𝐵′𝑧, where 𝐵0 is the bias field we use in the Feshbach resonances region.

The evolution of each atom is described by:

|Ψ(𝑡, 𝑧)⟩ =
1√
2

(︀
𝑒−𝑖𝜇↑𝐵(𝑧)𝑡/~| ↑⟩+ 𝑒−𝑖𝜇↓𝐵(𝑧)𝑡/~| ↓⟩

)︀

|Ψ(𝑡, 𝑧)⟩ =
1√
2
𝑒−𝑖𝜇↑𝐵(𝑧)𝑡/~ (︀| ↑⟩+ 𝑒−𝑖(𝜇↓−𝜇↑)𝐵(𝑧)𝑡/~| ↓⟩

)︀
(4.56)

If the free evolution time is 𝑇 , the differential magnetic moment ∆𝜇=𝜇↓−𝜇↑ (cal-

culated for this region of magnetic fields in Section 2.2.2), the differential phase shift

is:

∆Φ(𝑇, 𝑧) =
∆𝜇(𝐵0 +𝐵′𝑧)𝑡

~
(4.57)

We can split this in two parts ∆Φ(𝑇, 𝑧) =𝜑0(𝑇 ) + ∆𝜑(𝑇, 𝑧), where the total magnetic

field contributes only an overall phase shift 𝜑0 = ∆𝜇𝐵𝑇/~. The relative phase between

the |↑⟩ and the |↑⟩ components varies along the chain:

∆𝜑(𝑇, 𝑧) =
∆𝜇𝐵′

~
𝑧𝑇 (4.58)
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This is a spiral in the XY plane. A spiral in the XZ plane can be created by applying

another 𝜋/2 pulse after the magnetic field gradient has been switched off:

|Ψ𝑓⟩ =
1

2
𝑒−𝑖𝜇↑𝐵(𝑧)𝑡/~ [︀| ↑⟩(1 + 𝑒𝑖ΔΦ(𝑧,𝑡)) + | ↓⟩(1− 𝑒𝑖ΔΦ(𝑧,𝑡))

]︀
(4.59)

After that the free evolution of the spiral is measured as a function of hold time. Both

the XY and the XZ spirals are measured by imaging the probability of being in either

the |↑⟩ or the |↓⟩ state. In the case of the XY spiral, a second 𝜋/2 pulse is applied

before imaging in order to transfer the atoms back in the 𝑧 basis. The probabilities

are:

𝑃↑ =
1

2
[1 + cos(∆𝜑(𝑧, 𝑡) + 𝜑0)]

𝑃↓ =
1

2
[1− cos(∆𝜑(𝑧, 𝑡) + 𝜑0)] (4.60)

If, for example, only the atoms in the |↑⟩ state are imaged, a sinusoidal variation of

the density along the tubes is measured. Note that although both the XY and the

XZ spirals can decay by transport by superexchange, the XY spiral is also sensitive

to dephasing. For example, in our system, we realize many 1D tubes which we

average when imaging. Due to the variation of the lattice depth due to the trapping

potential, the effective magnetic field ℎ𝑧 also varies (Section 4.1.1), which leads to

slightly different time evolution of the XY spirals in each tube. When the spin

distributions of the different tubes are averaged, this is leads to dephasing.

The wavevector of this distribution is determined by the phase shift ∆𝜑 = 𝑄𝑧 in

Eq. (4.58):

𝑄 =
∆𝜇𝐵′𝑇

~
(4.61)

Therefore, by varying the evolution time 𝑇 at a given magnetic field gradient 𝐵′, the

wavelength of the spin spiral can be controlled. In principle, spirals of any wavelength

can be prepared. However, if the spiral wavelength becomes larger than the size of the

cloud 𝐿, finite-size effects dominate. In Fourier space, the 𝑄 vector is Fourier-limited

by the inverse cloud size 2𝜋/𝐿. Since the relaxation of the spin spirals is limited to
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Q-vectors of at least 2𝜋/𝐿, the relaxation of spirals with smaller Q-vectors cannot

explore all relevant decay mechanisms and cannot point to the underlying transport

properties of the spin Hamiltonian. In the other extreme, we are limited by our

resolution, so we cannot image spirals with wavelengths smaller what about 5 lattice

sites. However, if an echo pulse sequence is implemented during the measurement

stage after the spiral is prepared, the evolution of small wavelength spirals can be

explored as well. As in [17], the spin spiral can be prepared in the 𝑥𝑦 plane and a

𝜋 pulse (an echo) can be used halfway through the evolution time, with the rest of

the measurement protocol as describe above. If there are no decay mechanisms, after

the final 𝜋/2 pulse used to rotate the spins to the 𝑧 basis, all the spins will be in the

same state and if there are decay mechanisms, they will not.

We now consider the effect of noise in 𝐵′ and 𝐵, which can be seen from Eq. (4.60).

If the magnetic field gradient 𝐵′ fluctuates during the evolution time, then the

wavevector is determined by the integral 𝐵′𝑇 =
∫︀ 𝑇

0
𝐵′(𝑡)𝑑𝑡. The effect of low fre-

quency noise in the overall magnetic field (which results in the overall magnetic field

being different for different realizations of the experiment) is to shift the position

along the cloud where 𝜋/2 pulses are resonant, i.e. where we have assumed 𝑧= 0 in

the above analysis. This just changes the overall phase of the fringes. Since for our

current magnetic field stability, this does not allow us to directly average images with

the same spiral wavelength 𝜆 = 2𝜋/𝑄. Therefore, using spiral wavelengths smaller

than the cloud size also enables us to extract the spiral contrast from a single shot,

because the phase of the density distribution can be fitted, so that this fluctuating

phase is just a fit parameter.

Spin spiral relaxation

We first note that the spin spiral is a non-equilibrium spin distribution which is not

a single spin wave. Focusing on the Z ferromagnet, as in Section 4.1.1, the first band

of excited states are different superpositions of all states with one flipped spin, the

next one have two flipped spins and so on. These states are spin waves and since the

total 𝑧 magnetization 𝑆𝑧 is a good quantum number because 𝑆𝑧 commutes with the
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Hamiltonian, each spin wave is an eigenstate of 𝑆𝑧. The spin pattern we create is a

superposition of states with a different number of slipped spins. As an example, let us

consider 5 sites with spin as illustrated in Fig. 4-17, realizing a spiral with wavelength

of 8 sites.

Figure 4-17: Spin spiral on 5 sites realizing a spiral with a wavelength of 8 sites.

We can represent the spin on each site as a superposition of spin | ↑⟩ and spin | ↓⟩:

|Ψ𝑠𝑝𝑖𝑟𝑎𝑙⟩ = | ↑⟩ (0.92| ↑⟩+ 0.38| ↓⟩) (0.71| ↑⟩+ 0.71| ↓⟩) (0.38| ↑⟩+ 0.92| ↓⟩) | ↓⟩

= 0.25| ↑↑↑↑↓⟩+ 0.6| ↑↑↓↑↑⟩+ 0.25| ↑↓↓↓↓⟩+

+ 0.6| ↑↑↑↓↓⟩+ 0.25| ↑↑↓↑↓⟩+ 0.25| ↑↓↑↓↓⟩+

+ 0.1| ↑↓↑↑↓⟩+ 0.1| ↑↓↓↑↓⟩ (4.62)

This state contains states with a different number of flipped spins (relative to the Z

ferromagnet), so it is a superposition of different eigenstates.

The relaxation of the spin spiral monitors the relaxation of a single spatial fre-

quency. By varying the Q-vector a range of these frequencies can be measured and the

corresponding transport behavior can be extracted. The Z component of the spiral

can decay only through spin transport, i.e. via superexchange at a rate proportional

to |𝐽𝑥𝑦|/~. The prefactor depends on the Heisenberg anisotropy 𝐽𝑧/𝐽𝑥𝑦, because the

transport regimes are different in the different regions of the Hamiltonian parameter

space. For example, at the 𝐽𝑧 = 0 point, which maps to non-interacting fermions, the

transport is expected to be ballistic. As 𝐽𝑧 is increased, the transport is expected to

slow down. The XY components of the spin spiral can decay also through dephasing.

The decay rates of the XZ and XY spirals as a function of 𝐽𝑧/𝐽𝑥𝑦 are the subject of

our next project.

Variations of this method include preparing the spiral as a perturbation, i.e. by not
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using the full 𝜋/2 pulse, but some other angle. Also, varying the temperature of the

system could reveal more features of the dynamics. Other types of non-equilibrium

spin distributions can also be prepared. For example, the cloud can be separated

into a |↑⟩ side and a |↓⟩ side and the mixing between the two can be measured (as in

[157, 118]).

In this chapter, we have looked into the main research direction of BEC 5: spin

physics. We have described the implementation of both spin-1/2 and spin-1 Heisen-

berg models with 7Li atoms in an optical lattice and have looked at the specific

advantages and drawbacks of this approach. Our platform provides wide tunability

of the Heisenberg parameters, enabling us to create different ground states and to also

study various transport regimes. These can be studied by measuring the relaxation

of a spin spiral. In the next chapter we look into a method which can further enhance

our ability to study spin physics by suppressing first order tunneling (which is respon-

sible for entropy and mass transport) and not superexchange. Finally, it remains to

be seen how low our entropy is and if ground-state physics are within reach.
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Chapter 5

Case study: a tilted Mott insulator

In [45] we have demonstrates several advantages and new features of adding a uniform

potential energy offset, a tilt, to a Mott Insulator (MI). In this chapter we add details

and focus on the implications of using the tilt to study spin physics with 7Li.

A disadvantage of using superexchange to obtain effective spin-spin interactions is

that spin dynamics happen at a rate proportional to 𝑡2/(~𝑈) which is much slower that

first-order tunneling at 𝑡/~. Although in the MI first-order tunneling is suppressed

by interactions, number defects in the MI and the proximity to the superfluid shell

in a trapped cloud, where entropy can accumulate, can cause entropy and heat to

be transported by first-order tunneling. By using a controlled potential-energy offset,

first order tunneling is suppressed (in the sense explained in Section 4.2.2) and second-

order tunneling is still allowed but at a modified rate:

𝐽(∆) =
4𝑡2

𝑈

(︂
1

1−∆/𝑈
+

1

1 + ∆/𝑈

)︂
(5.1)

The prefactor is valid for a single-species 𝑛= 1 MI. This function if plotted in Fig. 5-1.

For ∆ = 1.4𝑈 , the superexchange matrix element is the same with and without the

tilt. Therefore, by using tilts ∆∼ 1.4𝑈 , the rate of superexchange is not significantly

altered by the tilt and the advantages of studying suprexchange in a tilted lattice can

be explored.
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Figure 5-1: Superexchange matrix element as a function of tilt. Plotted is 𝐽(Δ) from
Eq. (5.1) relative to 𝐽 at zero tilt. We focus on the range of tilts in the shaded region for
studying spin physics.

5.1 Choice of tilt implementation

We have used two physical implementations of the tilt: (i) a magnetic field gradient;

(ii) an optical AC Stark shift gradient. A magnetic field gradient can be used for spin

states with the same magnetic moments. Although it provides a more homogeneous

tilt, a magnetic field gradient has slower turn on and off times. Due to the high power

demands of lithium, we have used an AC Stark shift to explore the effects of the tilt

on superexchange.

5.1.1 Magnetic field gradient

Here we describe the characterization of the magnetic field gradient in our system1.

The magnetic field gradient is calibrated by measuring the acceleration it imparts

on a BEC. The gradient is switched on while the BEC is held in the ODT. After

the ODT is switched off, the position of the atoms is recorded as a function of time,

as show in Fig.5-2a. The acceleration is plotted in Fig.5-2b as a function of the

current in the coils. For reference, the resulting gradient in Gauss/cm and the tilt

in kHz/site are also shown. With a 150-Amp power supply the maximum tilt is 3.4

kHz/site and with a larger power supply of 500 Amps, the tilt can be at most 11.3
1For the magnetic field gradient we use the pair of double-layer coils which are furthest from the

atoms. The rest of the coils are used to create the Feshbach field.
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kHz/site. This tilt is equal to the on-site interaction for a lattice depth of 11𝐸𝑅 and

scattering length of 100 𝑎0 in 1D and of 200 𝑎0 in 3D. The inset in Fig.5-2b shows a

zoom into the zero crossing of the acceleration. At zero applied gradient, the residual

effective magnetic field gradient due to the steel chamber and the welding causes

an acceleration of −2𝑔, measured at 869.3174Gauss. This measurement includes

gravity with acceleration +𝑔, so that the acceleration due to the residual magnetic

field gradient is −3𝑔 (pointing up).
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Figure 5-2: Calibration of the magnetic field gradient formed with the outermost coil pair
in anti-Helmholtz configuration. a) Center of mass position of the BEC cloud after release
in several magnetic field gradients. The legend shows the fitted acceleration in units of 𝑔.
b) The acceleration as a function of current in the coils.
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Figure 5-3: Interaction spectroscopy in an 𝑛=2 MI in the presence of a magnetic field
gradient. The left peak corresponds to the: |𝑎⟩ → |𝑏⟩ transition in n= 1 and the right peak
corresponds to the |𝑎𝑎⟩ → |𝑎𝑏⟩ transition in n= 2.

We also note that this set of coils produces a small bias field in the anti-Helmholtz
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configuration. To measure it, we use interaction spectroscopy (Section 3.2.1) in an

𝑛= 2 MI at different values of the applied magnetic field gradient. Starting with a MI

in state 𝑎, we do spin-flips to state 𝑏 at different frequencies and measure the atom

number in 𝑏. Fig. 5-3 shows that the resonance lines for both 𝑛= 1 and 𝑛= 2 shift and

broaden in the presence of larger tilts. The broadening is expected and is due to the

fact that in a magnetic field gradient, different portions of the cloud are at different

magnetic fields. Atoms in the top and bottom parts of the cloud are resonant for

slightly smaller or slightly larger frequencies as compared to atoms in the center of

the cloud. The shift must be due to an additional bias field which this pair of coils

introduces.

5.1.2 Optical tilt with an AC stark shift

We implement an AC Stark shift potential gradient by a 1064 nm Gaussian beam

offset by about a beam radius from the atoms. The total potential which the atoms

feel is the sum of the potential of the lattice beams (which are also responsible for

the overall trapping) and that of the tilt beam. For dynamics in 1D along the tilt,

the potential is:

𝑈(𝑧) = 𝑈𝐿(𝑧) + 𝑈𝑇 (𝑧) (5.2)

where: 𝑈𝐿(𝑧) = −
(︁
𝑉𝑧 cos2(𝑘𝐿𝑧) + 𝑉𝑥𝑒

−2𝑧2/𝜎2
𝑥,𝐿 + 𝑉𝑦𝑒

−2𝑧2/𝜎2
𝑦,𝐿

)︁

𝑈𝑇 (𝑧) = −𝑉𝑇 𝑒−2(𝑧+Δ𝑧)2/𝜎2
𝑧,𝑇

and 𝑉 =
3𝜋𝑐2

2𝜔3
0

Γ
2𝑃

𝜋𝜎2
𝑇

(︂
1

𝜔0 − 𝜔
+

1

𝜔0 + 𝜔

)︂

The lattice potential 𝑈𝐿 is the sum of the three orthogonal lattice beams and the

tilt potential 𝑈𝑇 is the AC stark shift of the beam offset by ∆𝑧 from the center of

the lattice beams. The maximum gradient of the intensity of a Gaussian beam is at

𝜎𝑧,𝑇/2, which is half of the 1/𝑒2 radius of the beam. As we will see in the next section,

the non-Gaussian components of the beams become important for the fine alignment

and calibration of the tilt.
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5.2 Characterization of the tilt beam

The value of the tilt across the cloud is determined by the intensity distribution in

the wings of the tilt beam (around the point of maximum tilt 𝜎𝑧,𝑇/2). Although this

distribution is expected to be Gaussian, experimental imperfections lead to deviations,

requiring experimental calibration of the parameters of the system. This includes the

position of the beam with respect to the cloud, the value and the inhomogeneity of

the tilt across the cloud and their calibration. In this section, we present the details

of this characterization.

Design

The beam is prepared in a similar way to the lattice and ODT beams, as described in

Section, 2.2.1. In short, the light source is a 50 W ALS 1064 nm laser amplifier with

a Mephisto seed. The power of the beam is controlled with an AOM, after which

the beam passes through a large mode area polarization-maintaining fiber LMA-PM-

15 from NKT-Photonics with a watercooled input section. This allows us to use

about 20 W. We pick a beam size of 73𝜇m so that we can get tilts per site of up to

30 kHz/site. This is equal to the on-site interaction in an 11𝐸𝑅 1D lattice at 265 𝑎0

and a 35𝐸𝑅 1D lattice at 190 𝑎0.

Beam shape

Although a single-mode fiber suppresses modes other than the TEM00 mode (Gaussian

spatial distribution of the intensity), the photonic crystal fiber core has a hexagonal

shape. This affects only the wings of the beam, but since we would like to utilize

the intensity gradient in the wings, we need to characterize them. Fig. 5-4a shows

the intensity distribution at the focus of the tilt beam and the hexagonal shape can

be clearly seen. Since the lattice beams suffer from the same effect, we need to

experimentally optimize the parameters of the combined tilt and lattice system.

To calibrate this profile with the atoms, we measure the AC stark shift gradient

by "kicking" the atoms with the tilt beam, i.e. we pulse the tilt beam on and off
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Figure 5-4: Shape of the tilt beam at the focus. a) Measured intensity profile. b) Intensity
profile extracted from the kicking measurement as compared to a Gaussian profile. Inset:
measured position of the cloud in 3ms time of flight after kicking as a function of the position
of the tilt beam. The main plot is obtained by integrating the shape in the inset.
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Figure 5-5: Lattice potential with and without a tilt. Shown are the magnitude of the tilt
per site (left), the total potential for 40 lattice sites (middle) and the individual Gaussian
potentials of the tilt and lattice beams (not including the interference). The lattice has
a depth of 𝑉𝑧 =12𝐸𝑅 and has 1/𝑒2 radius of 125𝜇m. a) No tilt. b) With a tilt of 8 W
positioned half a beam waist away (at the theoretical point of maximum tilt).

faster than the trap frequency. The initial position of the atoms is determined by

their equilibrium position in a dipole trap formed by the three lattice beams with

their retros blocked. We vary the position of the tilt beam and measure the position
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of the cloud after 3 ms time of flight. We convert this to an effective beamshape by

integrating the measured cloud position as a function of position of the tilt beam.

This is shown in Fig.5-4b.

Given the measured beam profile of the tilt beam, we construct the expected total

potential including the potential of the lattice beams. Although the lattice beams

are prepared in a similar way and have similar deviations from a perfect Gaussian,

we ignore that for this calculation. Fig.5-5 shows the tilt per site across a MI of 40

sites as well as the total and the individual potentials with and without a tilt. Note

the large inhomogeneity of the tilt when the tilt beam is positioned at the point of

maximum gradient 𝜎𝑧,𝑇/2.

Calibration

The tilt beam is calibrated by ramping down the lattice depth in the direction along

the tilt to 12𝐸𝑅 and then adiabatically turning the tilt on. When the tilt crosses

∆ =𝑈 there is an increase in the number of doublons, as shown in Fig. 5-6a. This

reproduces the results in [146, 110], where a transition between a paramagnet (a state

with one atom per site) to an antiferromagnet (a state with alternating empty and

doubly occupied sites) was observed. We associate the tilt value corresponding to

the middle of this transition with 𝑈 . More quantitatively, we fit a phenomenological

function of the form (solid line in Fig. 5-6a):

𝑓(𝑥) = 𝐴 tanh

(︂
𝑥− 𝑥0
𝑤

)︂
+ 𝑐 (5.3)

and identify the center 𝑥0 of the transition with ∆ =𝑈 .

Displacement from the lattice

Depending on the relative position between the center of the lattice and the center of

the tilt beam, both the value of the tilt for a given beam power and the inhomogeneity,

caused by the curvature of the tilt and the lattice beams, can vary. For a perfect

Gaussian, the maximum slope is at ±𝜎/2, so we expect that the tilt is maximized
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Figure 5-6: Tilt calibration. a) After the lattice arm along the tilt is lowered to 12𝐸𝑅, the
tilt beam is adiabatically turned on. b) The number of atoms in 𝑛=2 sites is measured as
a function of the final power in the tilt beam. The solid line is a fit function of the form in
Eq. 5.3.

when the tilt beam is positioned ±𝜎/2 away. This is the case illustrated in Fig. 5-

5. The inhomogeneity across the cloud also depends on both the relative position

and the relative strength of the lattice and the tilt beams. Since we found that the

tilt beam deviates from a perfect Gaussian, we use the calibration procedure above

to experimentally measure the tilt strength (in units of kHz/site per Watt of beam

power) and the inhomogeneity as a function of tilt beam displacement.

The calculated tilt and inhomogeneity for a system of 40 lattice sites (a cloud with

diameter of about 20𝜇m) are compared to the measured ones in Fig. 5-7. Given the

calculated total potential in Fig. 5-5, the inhomogeneity can be calculated by defining

it as:

𝐼 =
∆max −∆min

∆max + ∆min

(5.4)

over the extent of the cloud. Note that this potential includes the measured beam

shape of the tilt beam and perfect Gaussian beams for the three lattice arms. The

inhomogeneity is measured by using the calibration technique and taking the width

of the fitted curve of Eq. (5.3). It is defined as:

𝐼𝑚 = 2.2
𝑤

𝑥0
(5.5)
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which is the range over which 𝑓(𝑥) goes from 10% to 90% of its asymptotic values.
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Figure 5-7: Characterization of the strength and homogeneity of the tilt across the cloud.
The lattice depth is 12𝐸𝑅. a)-b) Calculated average tilt per Watt and inhomogeneity I
(Eq. (5.4)) of the total potential as a function of tilt beam displacement. c)-d) Measured tilt
strength 𝑈/𝑥0 and inhomogeneity 𝐼𝑚 (Eq. (5.5)).

The plots in Fig. 5-7 are not symmetric around zero due to the asymmetric tilt

beam profile measured above. While the expected positions of maximum tilt and

minimum inhomogeneity agree qualitatively with the measurements, the quantitative

differences are probably due to imperfections in the lattice beams, similar to the ones

measured for the tilt beam. For more details, see the Supplementary information in

paper [45], AppendixE.

Alignment

In the measurements shown above, the beam was focused to the position of the

atoms. We do this by measuring the dipole oscillation frequency after the BEC

has been suddenly loaded into the tilt beam, positioned slightly off-center in the 𝑧
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direction. We move the focus of the tilt beam until this frequency is maximized. To

a good approximation, if the displacement is small compared to the beam size in that

direction, the potential is harmonic and characterized by a trap frequency 𝑤𝑡𝑟𝑎𝑝 =√︁
4𝑉𝑇/(𝑚𝜎2

𝑧,𝑇 ). After focusing, we position the tilt beam so that the inhomogeneity

is minimized (Fig. 5-7d). In the measurements shown above, we record the position

of the atoms when loaded adiabatically into the tilt beam on a camera and use this

as a reference.

Choice of tilt strength

In order to suppress tunneling, the tilt has to be ∆> 4𝑡 (Section 4.2.2) but in order

to not suppress superexchange, it has to be not more than about 2𝑈 (Fig. 5-1). As

explained above, to avoid higher order resonances ∆ =𝑈/𝑚, the tilt should be a

little bit larger 𝑈 . How much larger than 𝑈 is determined by the tilt inhomogeneity.

Since the inhomogeneity varies with the power in the tilt beam, which in tern is

determined by 𝑈 , which we vary in the experiment, the tilt inhomogeneity will vary.

In order to make sure that no ∆ =𝑈 resonances exist in the extent of the cloud,

we experimentally determine what the ratio ∆/𝑈 should be in order to avoid the

formation of doubly-occupied sites at ∆ =𝑈 .
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Figure 5-8: Choice of tilt strength. Here 𝑎=55 𝑎0. a) After the lattice arm along the tilt
is lowered to 12𝐸𝑅, the tilt beam is adiabatically decreased from Δ≫𝑈 . b) The number
of atoms in 𝑛=2 sites is measured as a function of the final power in the tilt beam several
lattice depths 𝑉𝑧.
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We use a procedure similar to the calibration protocol but we now start from a

large tilt and adiabatically decrease it until we see the formation of doublons. This is

shown in Fig. 5-8. We pick a tilt of ∆/𝑈 = 1.65 in order to avoid having a resonance

∆ =𝑈 within the cloud.

Now that the tilt beam is aligned and calibrated, we can study its effects on an

𝑛= 1 MI. As we have illustrated in [45], there are four main advantages of studying

superexchange physics in the presence of a tilt. First, since the tilt suppresses first

order tunneling by turning linear transport into Bloch oscillations with amplitude

smaller than the lattice site (for ∆> 4𝑡), nonequilibrium density distributions can be

frozen in. We use this to load large Mott insulators by loading the lattice at a large

scattering length. Second, in the presence of the tilt, the transition to a superfluid,

which occurs when the lattice depth is lowered starting from the MI, is suppressed.

This means that spin physics experiments can be performed at lower lattice depths,

resulting in faster dynamics. Typically, superexchange experiments are performed

in the MI but at a lattice depth a little bit above the SF-MI transition so that the

atoms are localized on individual sites but the tunneling timescales are still fast.

Third, number defects, such as holes and doublons in an 𝑛= 1 MI, are frozen in and

act as reflective barriers, which allows pure spin physics to be studied. Fourth, the tilt

can be used to tune the Heisenberg parameters. We have illustrated these features in

[45] and in the following we give more details focusing on the implications for studying

spin physics with 7Li.

5.3 Suppression of the SF-MI transition

In the presence of a tilt, the superfluid transition can be suppressed when approached

from the Mott phase. In this section we describe this effect and the benefits for

studying superexchange-driven spin models at lower lattice depths.
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Figure 5-9: Equilibrium density distributions in the MI as a function of scattering length
for a fixed total number of 50,000 atoms. Plotted is a cut along the middle of the cloud at
35𝐸𝑅.

5.3.1 Nonequilibrium density distributions

Due to the small mass of lithium, high laser power is required to achieve lattice depths

large enough so that the atoms are deep in the MI. A system deep in the MI is useful

for preparation and detection. Therefore, the lattice beams need to be relatively

small: 125𝜇m 1/𝑒2 radius. This results in large harmonic confinement due solely

to the curvature of the lattice beams, so that it is difficult to have a large number

of atoms in a given MI plateaus. The equilibrium density distributions in such a

potential are plotted in Fig.5-9 for 50,000 atoms for several scattering lengths in a

3D lattice at 35𝐸𝑅. When the scattering lengths is small, MI plateaus with higher

occupation are populated, while when the scattering length is large, more atoms are

in 𝑛= 1. If large MI plateaus are required, the scattering length can be increased

just before the lattice is loaded. In the experiments in [45], we load 45,000 atoms at

300 𝑎0 resulting in spin chains of 40 sites.

For experiments, typically lower lattice depths and smaller scattering lengths are

required. Although the initial Mott loading can still be performed at a large scat-

tering length to maximize the number of atoms with a given occupation, when the

lattice depth is lowered and the scattering length decreased, density redistribution is

expected due to the non-equilibrium initial density distribution. The tilt can be used

as a method of preserving the initial density distributions. Note that even without
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an externally applied tilt, the curvature of the lattice beams provides a non-negligible

energy offset, which freezes first-order tunneling dynamics at the edges of large clouds.

5.3.2 Minimum lattice depth

In the experiments described in [45], we observe that we can suppress the transition

to a superfluid by starting from a MI with a tilt. The experiments are performed

in 1D tubes and the lattice is loaded at a large scattering length of 300 𝑎0. When

all three lattice arms are at 35𝐸𝑅, deep in the MI, the tilt beam is turned on faster

than the tunneling time ~/𝑡. Then, the lattice depth along the tilt is decreased

adiabatically and after a short evolution time of 10ms, the lattice is rampred back

up, so that doubly-occupied sites can be detected with interaction spectroscopy. Note

that the lattice ramp up is on the order of a few tunneling times, so that there is

local but not global equilibrium. This means that the state locally is not projected

onto the Fock basis (which a sudden ramp up would do) but if there has been density

redistribution during the hold time (atoms accumulating close to the center of the

lattice due to the nonequilibrium initial density distribution), it would be detected as

doublon formation. The fraction ∆/𝑈 = 1.65 is kept constant constant and the lattice

depth and the scattering length are varied. We use the appearance of doubly-occupied

sites as an indicator of the breakdown of the Mott insulator.
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Figure 5-10: Suppression of the transition to the superfluid. Plotted is the number of atoms
in n= 2 sites at 50 𝑎0 with and without a tilt. The dashed lines indicate the lattice depths
below which doublons appear (Eq. 5.6). Figure adapted from [45]
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Fig. 5-10 compares the data with and without a tilt for a scattering length of

50 𝑎0. In both cases, below a certain lattice depth, the number of atoms in 𝑛= 2 sites

sharply increases. The main observation here is that with a tilt the lattice depth

can be lowered further than without a tilt before doublons begin to appear in the

system. Since, as we show below, the main mechanism responsible for the breakdown

of the Mott plateaus in the case without the tilt is the transition to the superfluid,

it is in this sense that this transition is suppressed in the presence of the tilt. This

enables the use of lower lattice depths for superexchange experiments, increasing the

timescale for dynamics. Note that the superexchange matrix element scales with

𝑡2 and tunneling increases exponentially when lowering the lattice depth. For more

details, see [45].
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Figure 5-11: Fraction of atoms in doubly-occupies sites as a function of lattice depth a) with
a tilt of Δ/𝑈 =1.65 and b) without a tilt.

Next, we analyze the breakdown mechanisms for the case with and without a tilt.

Fig. 5-11a-b shows the data for all scattering lengths with a tilt and without a tilt

respectively. In order to analyze the system, we extract a critical lattice depth 𝑉𝑐𝑟

below which doublons appear. We fit exponentials to part of the data: down to the

lattice depths where the fraction of atoms in 𝑛= 2 sites begins to decrease or plateau.

The critical lattice depth is defined as the point at which the fraction of atoms in
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doubly-occupied sites is 3 % above the noisefloor:

𝑓(𝑥) = 𝐴𝑒−𝑥/𝜏 + 𝐶

𝑓(𝑉𝑐𝑟) ≡ 𝛼 = 0.03 + 𝐶

𝑉𝑐𝑟 = −𝜏 log

(︂
1

𝐴
(𝛼− 𝐶)

)︂
(5.6)

The critical lattice depth is plotted in Fig. 5-12a and the ratio (𝑡/𝑈) evaluated at

𝑉𝑐𝑟 is plotted in Fig. 5-12b. With a tilt, the data is consistent with there being a

critical lattice depth, below which the MI breaks down detected as increased number

of doublons. Without a tilt, the data indicates that there is a critical (𝑡/𝑈), so that

the critical lattice depth varies as a function of scattering length.
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Figure 5-12: Mott insulator breakdown. a) Critical lattice depth 𝑉𝑐𝑟 above which doublons
appear (Eq. (5.6)). b) Critical 𝑡/𝑈 (calculated at 𝑉𝑐𝑟).

We first focus on the case without a tilt (blue points). The data is consistent with

a critical (𝑡/𝑈). This is indeed what we would expect since the transition between

the superfluid and the Mott insulator phases happens at a critical ratio 𝑡/𝑈 (Sec-

tion 3.1.3). In fact, the critical ratio that we measure by detecting the appearance

of doubly-occupied sites is, averaging the values in Fig. 5-12b, (𝑡/𝑈)𝑐≈ 0.07. Note

that in 1D, (𝑡/𝑈)𝑐≈ 0.3. The difference can be rationalized by looking at the phase

diagram. Fig. 5-13 shows the mean field phase diagram and a numerically obtained

phase diagram in 1D using DMRG. In particular, the point (𝑡/𝑈) which is the max-

imum extent of the MI and is typically associated with the SF-MI transition seems
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a poor indicator of the size of the MI plateaus in a trap (where there is a range of

chemical potentials). Since our critical (𝑡/𝑈) is defined in terms of the appearance of

doublons, this measurement is much more sensitive to the shape of the MI lobes. We

will use our measurement of (𝑡/𝑈)𝑐 as the maximum (𝑡/𝑈) suitable for superexchange

experiments in a MI.
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neighbouring lattice sites, U > 0 denotes the strength
of the on-site Coulomb repulsion, Vc parameterises the
curvature of the quadratic confining potential, and rc =
(L+1)/2 denotes the central position of the chain. In the
following, we set U = 1 as our energy unit, unless stated
otherwise.

Constrained Bose-Hubbard model. In general, the
Bose-Hubbard model cannot be solved analytically. In
the low-density limit, the model reduces to the Bose gas
with δ-potential interaction which was solved by Lieb
and Liniger [16]. The fact that three or more bosons
may occupy the same site forms the major obstacle on
the way to an exact solution. Since multiple occupancies
also pose technical problems in numerical approaches,
the Bose-Hubbard model is usually approximated by the
constraint that there is a maximal number of bosons
per site, 0! nb !N − 1 . This constrained Bose-Hubbard
model has N degrees of freedom per site so that it can be
written in terms of spin variables with S = (N − 1)/2. The
case N = 2 is trivial because the hard-core Bose-Hubbard
model has no interaction term. It reduces to a model
for free spinless fermions whose properties are known
exactly [17]. The Bose-Hubbard model is recovered in
the limit N →∞ . In general, however, the SU(N )-Bethe
Ansatz equations do not solve the constrained Bose-
Hubbard model [18,19].
In our work, we study the restricted Bose-Hubbard

model with N = 6, i.e., nb ! 5. Our results are represen-
tative for the original Bose-Hubbard model (1) because
multiple lattice occupancies are strongly suppressed in the
parameter regions of interest to us, U/t > 2 and fillings
ρ=N/L<nb.

Numerical algorithm. We adopt the DMRG
method [12] as our numerical tool for the calcula-
tion of ground-state properties for constrained Bose
systems [13,14]. For the spectral properties, we employ
the dynamical DMRG (DDMRG) [15].
The considered lattices are large enough to permit

reliable extrapolations to the thermodynamic limit for
the physical quantities of interest to us. We keep up to
m= 2000 density-matrix eigenstates, so that the discarded
weight is always smaller than 1× 10−10.
We checked our algorithm for nb = 1 against the exact

result [17]. The exact ground-state energy in the thermo-
dynamical limit and the extrapolated ground-state energy
from DMRG agree to four-digit accuracy.

Ground-state phase diagram. At integer filling ρ=
N/L, the Bose-Hubbard model in one dimension describes
a Mott transition between the “superfluid” phase, char-
acterised by a divergence of the momentum distribution
at momentum k= 0 [10], and a Mott insulating phase,
characterised by a finite gap for single-particle excitations.
The latter is defined by the energy difference between the
chemical potentials for half band filling and one particle
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Fig. 1: Phase diagram of the one-dimensional constrained Bose-
Hubbard model (nb ! 5) from DMRG with “superfluid” (SF)
and Mott insulating (MI) regions. The symbols confine the
regions with a finite Mott gap, ∆> 0, extrapolated from ∆(L)
for L! 128. The position of the Mott tips has been obtained
from the Tomonaga-Luttinger parameter.

less than half filling,

∆(L) = µ+(L)−µ−(L),

µ+(L) = E0(L,N +1)−E0(L,N), (2)

µ−(L) = E0(L,N)−E0(L,N − 1),

where E0(L,N) is the ground-state energy for L sites
and N particles. In the thermodynamical limit, N,L→
∞ and ρ=N/L integer, the gap is finite for the Mott
insulator, ∆= limN,L→∞∆(L)> 0, so that the system
becomes incompressible when we go from the “superfluid”
phase to the Mott insulating phase.
The Mott transition lines in the µ-U ground-state phase

diagram have been previously determined by various
analytical and numerical methods, e.g., strong-coupling
expansions [20,21], variational cluster approach [22],
QMC [23,24], and DMRG [13,14]. In fig. 1 we show the
phase diagram for the first Mott lobe (ρ= 1) and the
second Mott lobe (ρ= 2) as obtained from our DMRG
calculations with system sizes up to L= 128.
The overall shape of the Mott lobes agrees with previous

results. Here, we provide accurate data for the second
Mott lobe, and the values for the critical interaction
strength for the first two Mott lobes which we obtain
from the Tomonaga-Luttinger parameter. At the tip of
each Mott lobe, the model is in the universality class of
the XY spin model so that there is a Kosterlitz-Thouless
phase transition with the Tomonaga-Luttinger parameter
Kb = 1/2, and the gap is exponentially small in the vicinity
of (t/U)c. In contrast, SU(N )-Bethe Ansatz equations

30002-p2

b)

Figure 5-13: Phase diagram showing the superfluid and Mott insulating regions. a) From
mean field as derived in Section 3.1.3; b) From DMRG. Figure from [51]. The blue line
indicates the critical 𝑡/𝑈 we have measured.

In the case with the tilt, the data is consistent with a critical lattice depth 𝑉𝑐𝑟 ≈
6𝐸𝑅, mostly independent of the scattering length (Fig. 5-12a). At even lower lattice

depths (4𝐸𝑅), we see that the atoms are accelerated out of the cloud. Fig. 5-14 shows

the position of the atoms as a function of lattice depth. We interpret the breakdown

in the presence of the tilt to be a Zener breakdown, so that atoms tunnel to the next

band of the lattice. Note that at 6𝐸𝑅 the width of the first excited band is 1.7𝐸𝑅.

In summary, while in the no tilt case the breakdown of the Mott insulator is well

described by a transition to a superfluid above a critical ratio 𝑡/𝑈 , in the case of the

tilt there is another breakdown mechanism, for which there is a critical lattice depth

independent of scattering length. One interpretation is that at small lattice depths,

since the bandgap and the bandwidth become comparable, there is Zener tunneling to

higher bands. This is supported by the observation that for very small lattice depths,

the atoms leave the trap. Finally, the main conclusion of this set of experiments is

212



0 10 20 30
Lattice depth (ER)

255

260

265

270

P
os

iti
on

 o
f t

he
 c

lo
ud

 (
px

)

Figure 5-14: Zener breakdown. Plotted is the position of the cloud along the tilt axis as a
function of lattice depth. The atoms are accelerated out of the cloud around 4𝐸𝑅.

that with a tilt, the lattice depth can be lowered further than without a tilt, enabling

faster dynamics. Next we explore how much the superexchange rate can be increased

by going to lower lattice depths.

5.3.3 Maximum superexchange rate

In practice, for 7Li the three scattering lengths (𝑎𝑎𝑎, 𝑎𝑎𝑏, 𝑎𝑏𝑏) are very different, so the

maximum superexchange rate in the presence of a tilt is determined by all three in

the following way. First, the rate of transport dynamics is determined by |𝐽𝑥𝑦|, which

in the presence of a tilt is:

|𝐽𝑥𝑦| =
⃒⃒
⃒⃒−4𝑡2

1

2

(︂
1

(𝑈𝑎𝑏 −∆)
+

1

(𝑈𝑎𝑏 + ∆)

)︂⃒⃒
⃒⃒ (5.7)

The interactions 𝑈 are determined by 𝑎𝑎𝑏 and by the lattice depth. The tunneling 𝑡

is also given by the lattice depth, which is determined through the criterion of the

phase transition by the smaller of the two scattering lengths {|𝑎𝑎𝑎|, |𝑎𝑏𝑏|}min, so that

both components are in the MI regime. The tilt is determined by the maximum of

the three scattering lengths, so that all resonances ∆ =𝑈/𝑚 (with 𝑚= 1, 2, 3, ...) are

avoided. In principle, if the tilt inhomogeneity is smaller, the tilt can be fine-tuned to

be between the resonances for up to some maximum value of 𝑚. Working in 1D and

assuming that the minimum lattice depth with the tilt is 𝑉𝑐𝑟 = 6.3𝐸𝑅 (the average
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𝑉𝑐𝑟 from Fig. 5-12a) and without the tilt is the depth corresponding to 𝑡/𝑈 = 0.07

(the average (𝑡/𝑈)𝑐 from Fig. 5-12b), and the tilt is ∆ = 1.65{|𝑈𝑎𝑎|, |𝑈𝑎𝑏|, |𝑈𝑏𝑏|}max,

we can plot 𝐽𝑥𝑦,max as a function of magnetic field: Fig. 5-15.
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Figure 5-15: Maximum superexchange rate in 7Li. a) 𝐽𝑥𝑦,𝑚𝑎𝑥 with and without a tilt
Δ = 1.65max (|𝑈𝑎𝑎|, |𝑈𝑎𝑏|, |𝑈𝑏𝑏|) at the minimum depth 𝑉𝑐𝑟. Plotted for reference are: b)
the minimum and maximum scattering lengths and c) the lattice depths at which 𝐽𝑥𝑦,max

is calculated. The ranges where 𝑎min < 40 𝑎0 and 𝑎max > 400 𝑎0 are excluded.

When 𝑎max = 𝑎𝑎𝑏, the term in brackets in Eq. (5.7) is kept as large as possible.

When 𝑎max ̸= 𝑎𝑎𝑏, then ∆/𝑈𝑎𝑏 can become much larger than 2, significantly slowing

down the dynamics. Due to the particular Feshbach resonances in lithium, the mini-

mum lattice depth without the tilt is always larger than the minimum lattice depth

with the tilt, resulting in larger superexchange rates with the tilt in the range of

magnetic fields relevant for implementic spin Hamiltonians.

5.3.4 Higher dimensions

The tilt can be implemented in 2D and 3D by offsetting the beam along the other

one or two axis. As discussed in [45], since the motion along x, y, and z is separable,

we expect to be able to reach the same minimum lattice depth of 6𝐸𝑅 with the

tilt as in 1D. Since the MI transition is at much higher depths, the increase in the

superexchange rate is expected to be much larger in higher dimensions. For example,

we can use Eq. (5.7), at a scattering length of 100 𝑎0, and assume that minimum

lattice depth with the tilt is 6.3𝐸𝑅 and without the tilt it is the one corresponding
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to the SF-MI transition. Table 5.1 lists the superexchange rates ~/|𝐽𝑥𝑦|.

∆/𝑈 1D 2D 3D
(𝑡/𝑈)𝑐 (no tilt) 0 0.07 0.06 0.034

𝑉0 0 8.3𝐸𝑅 10.2𝐸𝑅 13.3𝐸𝑅

𝑉Δ 1.65 6.3𝐸𝑅 6.3𝐸𝑅 6.3𝐸𝑅

𝐽0/~ 0 1.3 kHz 698Hz 203Hz
𝐽Δ/~ 1.65 2.2 kHz 3.6 kHz 6.0 kHz
𝐽Δ/𝐽0 1.7 5.2 30

Table 5.1: Maximum superexchange rates in 1D, 2D, and 3D with and without a tilt for
100 𝑎0. Here we assume that the tilt allows the lattice depth to be lowered to 6.3𝐸𝑅 in 2D
and 3D as well. In the case without the tilt, we use the measured (𝑡/𝑈)𝑐=0.07 for 1D and
the numerically calculated literature values for (𝑡/𝑈)𝑐 for 2D and 3D, listed in Section 3.1.3.

x	

z	

Figure 5-16: Implementation of the tilt in 2D. Illustration of the competing second order
processes in 2D when the tilt is along a diagonal of the lattice.

Implementing a given tilt by offsetting a Gaussian beam requires more power in

higher dimensions. In addition, if the beam is positioned along the diagonal, there

are lattice sites on equipotential lines. This is illustrated in Fig.5-16 in 2D. Tunneling

over two sites at the same potential through an intermediate off-resonant state can

take place, which is on the same timescale as superexchange. For example, if one of

these sites on equipotential lines is a hole, it can propagate through a second-order

process on a timescale comparable to ~/𝐽 . To suppress these processes, the tilt beam

can be offset slightly from the diagonal.
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5.4 Effect of holes and doublons

In an 𝑛= 1 MI the lowest energy number defects are holes and doublons, which,

ignoring Bose enhancement factors, propagate at the tunneling rate 𝑡/~. When a tilt

is added, these defects become pinned in the same sense that first order tunneling gets

suppressed. In [45], we have illustrated the effects of the tilt on holes and doublons.

We have shown that a pinned hole acts as a reflective barrier, while a pinned doublon

also acts as barrier but with a reflectivity which depends on the sign and magnitude

of the tilt. Here we discuss this effect.

We consider the case of a single |↑⟩ atom next to a |↓↓⟩ doublon resulting in the

|↑⟩ atom becoming part of the doublon for all 𝑈 being equal. As shown in Fig.5-17,

the superexchange matrix element is:

𝐽𝑑 = −2𝑡2

∆
+

2𝑡2

2𝑈 + ∆
(5.8)

This is the case illustrated in [45].
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Figure 5-17: Superexchange across a doublon.

This expression will change when the interactions 𝑈 are not all equal or if the

doublon is different. We consider the most general case when all three interaction

strengths are different. The propagation of an |↑⟩ spin across a |↓↓⟩, |↑↓⟩, and |↑↑⟩

216



doublon are respectively:

𝐽↓↓ =
2𝑡2

(𝑈↑↓ − 𝑈↓↓)−∆
+

2𝑡2

2𝑈↑↓ + ∆
(5.9)

𝐽↑↓ =
𝑡2

−∆
+

𝑡2

(𝑈↑↑ + 𝑈↑↓) + ∆
(5.10)

𝐽↑↑ =
4𝑡2

−∆
+

3𝑡2

2𝑈↑↑ + ∆
(5.11)

As a function of ∆, these expressions have resonances at different points, so that

in a general two-species MI with doublons, the rates at which the single |↑⟩ atoms

propagate across the doublons is strongly dependent on the exact value of the tilt.

It is therefore best to avoid doublons all together, which can be done by erring on

the side of using smaller atom numbers. By decreasing the atom number, the chem-

ical potential is decreased, making doublons less probable than holes. Nevertheless,

doublons can appear due to noise processes, limiting the lifetime of the MI.

5.5 Measurement of the superexchange rate

To show the tunability of the Heisenberg parameters with tilt, we measure the su-

perexchange rate in a spin-1/2 system, described in Section 4.1.1. We implement the

XXZ Heisenberg model:

𝐻 = 𝐽𝑧
∑︁

⟨𝑖,𝑗⟩
𝑆𝑧
𝑖 𝑆

𝑧
𝑗 + 𝐽𝑥𝑦

∑︁

⟨𝑖,𝑗⟩

(︀
𝑆𝑥
𝑖 𝑆

𝑥
𝑗 + 𝑆𝑦

𝑖 𝑆
𝑦
𝑗

)︀
(5.12)

with a MI with one atom per site. In order to measure dynamics, we create a non-

equilibrium spin distribution: a spin spiral (Section 4.2.3) and observe the decay of

its contrast. We measure the density distribution of the number of atoms in one if the

two spin states, which has a sinusoidal variation along the 1D chains. We then fit for

the amplitude of the sinusoid, the contrast, and record how it decays as a function of

time. Note that the spin spiral is created along the same lattice axis as the tilt and

the lattice depth only along this axis is decreased, realizing 1D dynamics. We have
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detailed these measurements in [45], here we provide additional data sets and more

details.
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Figure 5-18: Relaxation of the spin spiral. Plotted is the contrast obtained when imaging
the probability of being in state |↑⟩. The contrast is rescaled to the initial contrast 𝐶0. a)
Relaxation at different lattice depths, indicated in the legend in recoil units. Time in ms. b)
Time rescaled by 𝑡𝑠𝑒= ~/|𝐽𝑥𝑦|. Here the decay curves collapse, showing that the relaxation
is driven by superexchange. Here Δ = 1.65𝑈 and 𝐽𝑧/𝐽𝑥𝑦 =0.25.

We create the spiral in the XZ plane, so that the z-component of the magnetiza-

tion can only decay through transport, because spin-flips between the two hyperfine

states can only happen if a microwave field is applied, which we do not apply for this

measurement. Therefore, measuring the timescale for the decay of the spin spiral is

a measure of the rate of transport. We confirm that the decay is driven by superex-

change by varying the lattice depth and collapsing the decay curves by rescaling the

time by the superexchange time 𝑡𝑆𝐸 = ~/|𝐽𝑥𝑦|, Eq. (5.7). This is shown in Fig. 5-18 for

a range of lattice depths. In this case, the spiral decays over about 7 superexchange

times.

We also plot the lifetime of the spin spiral at each lattice depth, extracted by

fitting an exponential with an offset to the data. This is shown in Fig. 5-19a for

two tilts ∆/𝑈 = 1.65 and ∆/𝑈 = 1.35. For the smaller tilt, the dynamics are faster

but at low lattice depths another process dominates, which is probably due to the

appearance of doublons at ∆ =𝑈 due to tilt beam inhomogeneity (Fig. 5-8b). The

solid line is a fit of the form 𝐴~/|𝐽𝑥𝑦|. Note that the anisotropy 𝐽𝑧/𝐽𝑥𝑦 varies as

a function of tilt, as shown in Fig. 5-19b for this magnetic field. The fact that the
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coefficient 𝐴, characterizing how many superexchange times are required for the spin

spiral to decay, is different for the two anisotropies can be explained by the different

transport properties at different Hamiltonian anisotropies 𝐽𝑧/𝐽𝑥𝑦.
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Figure 5-19: Measurement of the superexchange rate in a tilted lattice. a) Relaxation time
of the spin spiral as a function of lattice depth for two tilts Δ/𝑈 =1.65 and Δ/𝑈 =1.35. The
solid lines are functions of the form: 𝐴 ~/|𝐽𝑥𝑦| with 𝐴=7.0 and 𝐴=5.5 respectively. The
magnetic field is 848.1014Gauss so that 𝐽𝑧/𝐽𝑥𝑦 =0.25 and 𝐽𝑧/𝐽𝑥𝑦 =0.03 respectively. The
scattering lengths are (𝑎𝑎𝑎, 𝑎𝑎𝑏, 𝑎𝑏𝑏)= (−58, −80, −65) 𝑎0. b) Variation of the anisotropy
𝐽𝑧/𝐽𝑥𝑦 as a function of tilt at 848.1014 Gauss. The dashed and dotted lines correspond to
the resonances Δ= |𝑈𝑎𝑎| and Δ= |𝑈𝑏𝑏| respectively. The solid black lines are the two tilts
from a).

In fact, the variation of the relaxation time constant as a function of anisotropy

is the subject of our most recent project. We have shown that different types of

transport are realized for different regimes of the Hamiltonian. Here, we would like

to show that the tilt can be used to tune the Heisenberg parameters. Since varying

the tilt, varies the anisotropy 𝐽𝑧/𝐽𝑥𝑦:

𝐽𝑧(∆) =
4𝑡2

𝑈𝑎𝑏

1

2

(︂
1

1−∆/𝑈𝑎𝑏

+
1

1 + ∆/𝑈𝑎𝑏

)︂

+
4𝑡2

𝑈𝑎𝑎

1

2

(︂
1

1−∆/𝑈𝑎𝑎

+
1

1 + ∆/𝑈𝑎𝑎

)︂

+
4𝑡2

𝑈𝑏𝑏

1

2

(︂
1

1−∆/𝑈𝑏𝑏

+
1

1 + ∆/𝑈𝑏𝑏

)︂
(5.13)

in order to single out the effect of the variation of the tilt only on the superexchange

time ~/|𝐽𝑥𝑦|, we pick a special point where 𝑎𝑎𝑎 =− 𝑎𝑏𝑏 so that the last two terms

cancel: 𝐽𝑧 =− 𝐽𝑥𝑦. Then, it is only the value of |𝐽𝑥𝑦| which drives the dynamics as
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the tilt is varied at this magnetic field.

Fig. 5-20 shows the relaxation times for two spiral wavevectors. Although we do

expect the relaxation time to depend on wavevector, the two wavelengths used here

are too similar. In fact, since this data was taken, we have improved the resolution

and by using polarization-rotation imaging instead of absorption imaging, and we are

now able to vary the spiral wavelength by a factor of 5. Here, as a function of tilt, we

observe the expected variation of the lifetime. Note that for tilts close to resonances

∆ =𝑈/𝑚, plotted as dashed and dash-dotted lines, the lifetimes no longer fall on the

curves 𝐴~/|𝐽𝑥𝑦|.
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Figure 5-20: Relaxation time of the spin spiral as a function of tilt for two spiral wavevectors.
The lattice depth is 12𝐸𝑅. The magnetic field is 857.0052 Gauss so that 𝐽𝑧/𝐽𝑥𝑦 =−1 and
is constant as a function of Δ. The solid lines are functions of the form: 𝐴 ~/|𝐽𝑥𝑦| with
𝐴=6.5 and 𝐴=6.6 for 𝜆 = 11.2𝜇m and 𝜆 = 10.45𝜇m respectively. The dotted parts
are the same curves over regions where resonances Δ=𝑈/𝑚 occur. These are plotted for
Δ=𝑈𝑎𝑏 and Δ=𝑈𝑎𝑎=𝑈𝑏𝑏 in dashed black and grey lines respectively and in dash-dotted
lines for Δ=𝑈𝑎𝑏/2 and Δ=𝑈𝑎𝑎/2.

In addition to showcasing the tilted lattice as a method for studying spin models,

these two experiments serve as a benchmark that spin Hamiltonians can be realized

in the system we have built. In fact, this is the first time superexchange mediated

dynamics have been measured in our system. Moreover, we measure superexchange

rates varying over two orders of magnitude and we show that we can control this rate

with a tilt over an order of magnitude. As we have shown that the tilt can be used

to tune the parameters of the Heisenberg model, next we explore how this affects the

phases which can be accessed with 7Li in the region of Feshbach resonances between
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the lowest two hyperfine states.

5.6 Spin-1/2 phase diagram with a tilt

In Section 4.1.3 we presented the phase diagram of the spin-1/2 Heisenberg model

for 7Li. We now explore how the tilt changes this. Fig. 5-21 compares the no tilt

case to the case of a tilt ∆ = 1.65{|𝑈𝑎𝑎|, |𝑈𝑎𝑏|, |𝑈𝑏𝑏|}max. This tilt flips the sign of

the Heisenberg parameters, so that the XY phase is now antiferromagnetic. It also

changes the ratio 𝐽𝑧/𝐽𝑥𝑦, as shown in Fig. 5-21b. In the majority of the magnetic

field regions, this results in the Z phases becoming XY and vice versa. 𝐽𝑥𝑦 is positive

for no tilt and negative for the 1.65 U tilt. Since in the entire (usable) range of the

Feshbach diagram with no tilt 𝐽𝑥𝑦 is positive, even a system with many Feshbach

resonances, such as ours, can benefit from using the tilt as a tool to enlarge the

available Hamiltonian regimes.
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Figure 5-21: Effect of a tilt on the spin-1/2 phase diagram. a) 7Li phase diagram without
and with a tilt. The red, purple, and blue lines correspond to the scattering lengths 𝑎𝑎𝑎, 𝑎𝑎𝑏,
and 𝑎𝑏𝑏 respectively. b) Anisotropy 𝐽𝑧/𝐽𝑥𝑦. 𝐽𝑥𝑦 is positive for no tilt and negative for the
1.65 U tilt.

When the tilt is varied in the range ∆/|𝑈 |max = 1.2 to 2, the phase diagram does

not change significantly. It is rather the speed of superexchange which changes over

about an order of magnitude. This is shown in Fig. 5-22. It is true that for a given

magnetic field, varying the tilt changes the Heisenberg parameters, so different be-

havior is expected but it is typically within the same phase.
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Figure 5-22: Effect of changing the value of the tilt on the spin-1/2 phase diagram. a) 7Li
phase diagram. The red, purple, and blue lines correspond to the scattering lengths 𝑎𝑎𝑎, 𝑎𝑎𝑏,
and 𝑎𝑏𝑏 respectively. b) Anisotropy 𝐽𝑧/𝐽𝑥𝑦.

In this chapter, we have explored the effect of a controlled potential energy offset

on a Mott insulator. The main advantages of the tilt are to increase the speed of

superexchange by allowing the MI plateaus to be preserved to lower lattice depths,

to freeze number defects, and to vary the Heisenberg parameters. An important

application for our lab is that the tilt can be used to increase the fidelity of adiabatic

state preparation protocols. But also, since the tilt freezes holes and doublons, it

can be used to implement schemes with disorder in the following way. If a superfluid

is loaded semi-adiabatically into a 3D lattice so that a (small) fraction of the sites

are holes and doublons, the tilt can freeze this density distribution. Then, by spin-

flips, a second spin component can be added. If the lattice depth is now decreased,

spin transport via superexchange is allowed in this potential with random holes and

doublons, which in addition can have tilt-variable reflectivity.
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Chapter 6

Supersolids and Superradiance

Even though the BEC 5 machine was built to study spin models with optical lat-

tices, it is versatile enough to explore other ways of forming novel quantum phases.

This chapter focuses on the supersolid, a new form of matter, long sought-after in

condensed matter physics, but recently demonstrated in systems of ultracold atoms.

Here we review the supersolids formed in ultracold atom systems and put in context

our take on it: to form one by superradiance in a BEC. Our work is described in

detail in [46] reprinted in AppendixC.

6.1 Supersolids

At first glance, a supersolid is an impossible form of matter because it is both a solid

and a fluid at the same time. However, bosonic atoms can be in a supersolid state

if a BEC develops a density modulation with a spontaneously chosen phase. In fact,

the defining features of a supersolid are the breaking of two continuous symmetries:

(i) translational invariance, characteristic for crystals with periodic structure and

(ii) phase invariance, characteristic for superfluid systems. The energy spectrum

of the system is often characterized by a roton minimum at the wavevector of the

modulation. In other words, the excitation spectrum of the superfluid contains an

energy state with a density modulation at a wavevector 𝑞, which, as a function of

some parameter, becomes lower and lower in energy, until, at the phase transition, it
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becomes energetically more favorable for this state to form because its energy goes

below the energy of the original ground state. Although this is a very generic behavior,

we now look at a few physical systems in which supersolids have been realized.

The early efforts to look for a supersolid phase were focused on superfluid helium

4, which has such a roton minimum (see e.g. [98]). Here the roton minimum in

the dispersion relation is attributed to a peak in the pair correlation function. Note

that the term “roton” is a historical artifact and does not correspond to rotation in

the system. Despite some controversy about the observation of a supersolid in this

system, the current consensus is that the supersolid was in fact not observed [87].

In a typical BEC of atoms with contact interactions, the excitation spectrum

does not have a roton minimum. However, for dipolar gases confined in 2D pancakes

with strong dipolar interactions, such a minimum develops. Physically, it is the

result of the angular dependence of the dipole interaction, which in this geometry

is manifested as a momentum dependence of the excitations, as discussed in [135].

When the dipoles are confined to a 2D plane and oriented perpendicular to it, they

interact repulsively. However, when the 2D character of the confinement potential

is relaxed and the interactions become more 3D-like, the interaction energy can be

decreased. For small excitation wavevectors (𝑞 < 1/𝐿, where 𝐿 is the size of the

condensate perpendicular to the 2D planes), the interaction is 2D-like, while for large

momenta, 𝑞 > 1/𝐿, it has a 3D character. This means that at some momentum

𝑞 ∼ 1/𝐿, a minimum in the excitation spectrum can develop for sufficiently strong

dipole interactions. The system can be described by the Gross-Pitaevskii equation

with both contact and dipolar interactions. It can then be linearized around the

ground state for no confinement in the 𝑥𝑦-plane and with a Thomas-Fermi profile in

the 𝑧-direction. The lowest branch of the excitation spectrum looks like [135]:

ℰ2(𝑞) =

(︂
~2𝑞2

2𝑚

)︂2

+ ~2𝜔2 +
~2𝑞2

2𝑚

(2𝛽 − 1)(5 + 2𝛽)

3(1 + 𝛽)(2 + 𝛽)
𝜇 (6.1)

where 𝛽 = 𝑔/𝑔𝑑 parameterizes the ratio between contact interactions (with strength

𝑔) and dipolar interactions (with thrength 𝑔𝑑), 𝜔 is the trap frequency of the strongly-
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The minimum energy is zero for the maximum density n 0
equal to a critical value. At higher densities, excitations
with momenta q in the vicinity of this minimum become
unstable and the condensate collapses. Below we find the
condensate wave function, excitation spectrum, and the
conditions for both rotonization and instability.

We consider a condensate of dipolar particles harmoni-
cally confined in the direction of the dipoles (z) and
uniform in two other directions (! ! fx; yg). The dynam-
ics of the condensate wave function  "r; t# in this infinite
pancake trap is described by the time-dependent Gross-
Pitaevskii (GP) equation (see [7] and references therein),

i !h
@
@t
 "r; t# !

!

$ !h2

2m
"%m

2
!2z2 % gj "r; t#j2

% d2
Z

dr0Vd"r$ r0#j "r0; t#j2
"

 "r; t#;

(1)

where ! is the confinement frequency, m is the particle
mass, and d the dipole moment. The wave function  "r; t#
is normalized to the total number of particles. The third
term in the right-hand side (rhs) of Eq. (1) corresponds to
the mean field of short-range (van der Waals) forces, and
the last term to the mean field of the dipole-dipole inter-
action. The coupling constant for the short-range inter-
action is g, and Vd" ~rr# ! "1$ 3cos2!#=r3 is the potential
of the dipole-dipole interaction, with ! being the angle
between the vector ~rr and the direction of the dipoles (z).

The ground state wave function is independent of
the in-plane coordinate ! and can be written as
 0"z# exp"$i"t#, where " is the chemical potential.
Then, integrating over d!0 in the dipole-dipole term of
Eq. (1), we obtain a one-dimensional equation similar to
the GP equation for short-range interactions:
!

$ !h2

2m
"%m

2
!2z2 % "g% gd# 2

0"z# $"
"

 0"z# ! 0;

(2)

where gd ! 8#d2=3. We will discuss the case of "g%
gd# > 0, where the chemical potential " is always posi-
tive. For "& !h! the condensate presents a Thomas-
Fermi (TF) density profile in the confined direction:

 2
0"z# ! n 0"1$ z2=L2#, with n 0 ! "="g% gd# being the

maximum density, and L ! "2"=m!2#1=2 the TF size.
Linearizing Eq. (1) around the ground state solution

 0"z# we obtain the Bogoliubov–de Gennes (BdG) equa-
tions for the excitations. Those are characterized by the
momentum q of the in-plane free motion and by an
integer quantum number (j'0) related to the motion
in the z direction. The excitation wave functions take the
form f("z# exp"iq!#, where f(! u(v, and u; v are the
Bogoliubov fu; vg functions. Then the BdG equations read

$f$ ! !h2

2m

#

$ d2

dz2
% q2 %" 0

 0

$

f% )Hkinf%; (3)

$f% ! Hkinf$ %Hint*f$+; (4)

where Hkin is the sum of kinetic energy operators, and

Hint*f$+ ! 2"gd % g#f$"z# 2
0"z#

$ "3=2#gd q 0"z#
Z 1

$1
dz0f$"z0# 0"z0#

, exp"$qjz$ z0j#:

(5)

For each j we get the excitation energy $j as a function of
q. We will be mostly interested in the lowest excitation
branch $0"q# for which the confined motion is not excited
in the limit q! 0.

The second term in the rhs of Eq. (5) originates from
the nonlocal character of the dipole-dipole interaction
and gives rise to the momentum dependence of an effec-
tive coupling strength. In the limit of low in-plane mo-
menta qL- 1, this term can be omitted. In this case,
excitations of the lowest branch are essentially 2D and the
effective coupling strength corresponds to repulsion.
Equations (3) and (4) become identical to the BdG equa-
tions for the excitations of a trapped condensate with a
short-range interaction characterized by a coupling con-
stant "g% gd# > 0. In the TF regime for the confined
motion, the spectrum of low-energy excitations for this
case has been found by Stringari [19]. The lowest branch
represents phonons propagating in the x; y plane. The
dispersion law and the sound velocity cs are given by
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FIG. 1. Dispersion law $0"q# for (a) % ! 1=2, "= !h! ! 343; (b) % ! 0:53, "= !h! ! 46 (upper curve) and % ! 0:47, "= !h! ! 54
(lower curve). The solid curves show the numerical results, and the dotted curves the result of Eq. (9).
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Figure 6-1: Roton minimum in the excitation spectrum. The figure is adapted from [135],
which describes the case of a dipolar gas. Dashed line: The top branch has 𝛽 = 0.53 and
the lower branch has 𝛽 = 0.47 from Eq. (6.1). The solid lines are numerical simulations.
The roton minimum is formed in the lower branch around 𝑞𝐿∼ 1.

confined direction 𝑧 (perpendicular to the pancakes), and 𝜇 is the chemical potential.

When the second term is negative, 𝛽 < 1/2, the excitation spectrum develops a roton

minimum. This is plotted in Fig. 6-1. We note that this analytical expression is

valid in the region around the roton. Recently, supersolids have been observed in Dy

systems in a metastable regime [150, 28, 37].

Another way of inducing such a minimum is through atom-photon interactions.

One way to think about it is that the laser excitation induces a dipole-dipole inter-

action between the atoms for high enough intensities and large atomic densities. For

example, in a BEC with contact interactions in an elongated trap along the 𝑧 axis

and light beam incident along the 𝑦 axis, the Bogoliubov excitation spectrum for

wavevector 𝑞𝑧 = 𝑞 gets modified by the total effective atom-atom interaction which

includes the coupling to a light field [120]:

ℰ2(𝑞) =

(︂
~2𝑞2

2𝑚

)︂2

+ 𝜋𝑛0𝑅
2

(︂
~2𝑞2

2𝑚

)︂[︂
4~2𝑎
𝑚𝑅2

+
𝛼2𝑘2

2𝜋𝜖20𝑐
𝐼 𝑄(𝑞, 𝑅)

]︂
(6.2)

where 𝑛0 is the peak density, 𝑅 is the radial width of the condensate, 𝐼 is the intensity,

𝛼(𝛿) is the atomic polarizability, 𝑘 = 2𝜋/𝜆 is the light wavevector. The term in

brackets describes the effective atom-atom interactions: the first term is the contact

interactions with scattering length 𝑎 in this geometry and the second one comes
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from the coupling to the light field. The momentum dependence is captured by the

𝑄(𝑞, 𝑅) which is the dimensionless integral of the dipole-dipole interaction over the

atomic density (so it is geometry-dependent) and depends on the difference 𝑞2 − 𝑘2.
If the second term is negative, a minimum in the excitation spectrum can develop

around 𝑞∼ 𝑘, i.e. for momenta close to the wavevector of the incident light. One

potential issue in this scheme is superradiant Rayleigh scattering, which can heat

up the cloud. Its relative importance can be suppressed by placing the system in

a cavity, which increases the atom-photon interaction or by the choice of geometry

and laser polarization, or by significantly increasing the atomic density compared to

typical BEC densities.

Although such roton minima in the excitation spectra of BECs in cavities have

been observed [115], the breaking of gauge invariance is also required for a supersolid.

This means that the phase of the density modulations needs to be spontaneously

chosen when measured. Put another way, the ground state is highly degenerate

and contains configurations with all possible phases. In the cavity experiments, the

cavity defines the phase of the modulation since the cavity mirrors define a boundary

condition for the light in the cavity. This issue has been resolved by placing the atoms

in two cavities at an angle with each other. This additional degree of freedom enables

the continuous symmetry breaking [99].

Another way to realize a system which breaks both continuous translational sym-

metry and gauge invariance is to introduce spin-orbit coupling between two atomic

hyperfine states, as realized in BEC 2 [100].

The scheme which we implemented was originally proposed in [122]. It also uses

a light field to introduce an additional term in the lowest branch of the excitation

spectrum. The setup uses two counter-propagating laser beams, which do not in-

terfere and are detuned from atomic resonance, incident along the long axis of an

elongated BEC. To obtain an analytical solution for the lowest branch of the exci-

tation spectrum, similarly to the treatments above, the Gross Pitaevskii equation in

1D is linearized around the ground state. Here the density is assumed to be spatially

homogeneous of length 𝐿, so that the ground state is Ψ0 = 1/
√
𝐿, and the light field
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can be treated as plane waves 𝐸(0)
1,2 =𝐸𝑒𝑖𝑘𝑒𝑓𝑓𝑥, where the effective wavevector takes

into account the light-atom interaction [122]:

𝑘eff =
2𝜋

𝜆

√︂
1 +

𝛼

𝜖0
𝑛 (6.3)

Here 𝜆 is the wavelength of the incident light, 𝑛 is the density, and 𝛼 is the polariz-

ability. This results in the following dispersion relation [122]:

ℰ2(𝑞) =

(︂
~2𝑞2

2𝑚

)︂2

+

(︂
~2𝑞2

2𝑚

)︂[︃
2𝑛𝑎− 16𝛼2𝑘2𝑛

𝑐𝜖20
𝐼1,2

1

𝑞2 − 4𝑘2𝑒𝑓𝑓

]︃
(6.4)

where and 𝐼1 and 𝐼2 are the light intensities in each beam, which are assumed to be

the same. This equation has form similar to the one of Eq. (6.2). Here the spectrum

develops a roton minimum at 𝑞= 2𝑘𝑒𝑓𝑓 above a critical intensity:

𝐼𝑐𝑟𝑖𝑡 =
~2𝑞2

2𝑚

2𝜋𝑐𝜖20
𝛼2𝑘𝑛𝐿

(6.5)

For larger densities and longer clouds, the critical intensity is lower.

This is illustrated in Fig. 6-2. Two counter-propagating laser beams, which do

not interfere and are detuned from atomic resonance, are incident upon an elongated

BEC. In our setup, the two beams are detuned by 𝜔1−𝜔2 = 180 MHz with respect to

each other, which is higher than the relevant frequencies, so that they can be treated

as non-interfering for all practical purposes. They are detuned by 1-20GHz from

atomic resonance. Each one triggers superradiant Rayleigh scattering preferentially

in the backward direction. We describe superradiance in the next section. For each

beam, the incident and backscattered beams interfere to form a moving optical lattice,

corresponding to a moving density modulations. When the two beams act indepen-

dently, there are two moving optical lattices and two moving density modulations.

Above a critical power, the two beams act together, i.e. the lowest-energy state is

a stationary optical lattice and a stationary density modulation. In this regime, the

two moving lattices get phase-locked by the atoms and are stationary with respect

to the atomic density modulation. This constitutes a supersolid because the atomic

227



!1 !2!1 !2

!2!1

!1 !2!1 !2

!1 !1

a) b)

c) d)

Figure 6-2: Supersolid from two counter propagating laser beams incident on an elongated
BEC. a) Setup. b) Superradiance from a single beam. Shown are the light fields only:
the interference between the incident and the backscattered beam form a moving optical
lattice. This corresponds to a moving density modulation (not shown). c) Superradiance
from two independent beams. d) Supersolid: stationary density modulation (also shown)
and a stationary phase-locked lattice.

superfluid develops a density modulation with a spontaneously chosen phase.

6.2 Two-beam Superradiance

Each beam acting individually in this regime would trigger a collective scattering

response from the atoms: Superradiance, as studied in a BEC [76]. As the atoms

Rayleigh scatter from the incident beam, they gain momentum. In the strongly

elongated geometry, the photon is scattered preferentially along the axis of the con-

densate, opposite to the direction of the incident photon. This process is analogous

to the Stimulated Brillouin scattering in fibers, described in Section 2.2.1. The in-

terference between the recoiling atoms and the BEC atoms forms a moving density

modulation. This modulation acts as a Bragg grating and further stimulates more

atoms to scatter into that mode. The backscatted light has slightly lower frequency
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than the incident one due to the imparted recoil on the atoms. It interferes with

the incident light, forming a moving optical lattice. This process can be described

by rate equations, assuming a quasiparticle description, for the number of atoms in

the superradiant mode. However, for large laser powers, this description is no longer

adequate and rather a description in terms of mode softening and roton formation in

the excitation spectrum is relevant. Indeed, a roton minimum forms in the excitation

spectrum above a threshold power, as described above.
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FIG. 2. Observation of superradiant light scattering in different
regimes. Shown are momentum distributions after 2-ms time of
flight for three different pump times and different pump powers at
18.62 GHz red of the 7Li D2 line. For each time, the single-beam
case with pump propagating from the left (top picture, triangles) is
compared to the case of two balanced beams from opposite sides
(bottom, circles). The strength of collective light scattering vs laser
power is characterized by the number of atoms with momentum 2h̄k

(right peak). Solid lines are a guide to the eye. The images are taken
at the powers indicated by the dashed vertical lines.

already present. The recoiling atoms are lost from the system
at a rate L, either by collisions or because they move out of
the condensate volume.

The resulting rate equation describes both the threshold
and the initially exponential gain for the case of a single pump
beam [7],

dN1

dt
= Ref(N1 + 1) − LN1 = Ref + (RN0f − L)N1. (1)

For weak pump beams and negligible source depletion,
one would expect, at least in the perturbative regime, that the
addition of a second counterpropagating pump beam would
trigger superradiant scattering into the opposite direction.
However, due to bosonic stimulation, the rates of scattering
into the end-fire modes are proportional to the number of
atoms in the initial and the final states. For the case of
two counterpropagating beams which can transfer equal but
opposite momenta, the stimulated scattering rates, which are
responsible for superradiance, cancel in the rate equation

dN1

dt
= R1N0f (N1 + 1) − R2N1f (N0 + 1) − LN1 (2)

if the single-particle scattering rates are equal (R1 = R2). The
remaining terms simply reflect spontaneous scattering and loss
L as described above. A similar equation can be written for
the −2h̄k atoms.
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FIG. 3. Time dynamics of collective light scattering for two
beams in the large Rayleigh scattering rate regime. Each beam is
at power P which is above the effective threshold power P0 at blue
detuning δ from the 7Li D2 line. (a) Comparison of the single-beam
pump to the two-beam pump. In both cases, the single-beam power
is the same and P/P0 = 1.2, where P0 = 2.8 mW at δ = 9.9 GHz.
(b) For different initial condensate numbers (P/P0 = 1.8, where
P0 = 8.6 mW at δ = 17 GHz). (c) For different pump powers [P0 and
δ are the same as in (a)]. (d) For different detunings but at constant
Rayleigh scattering rate, which was measured for a single beam in
each case to be 1.7 × 104 s−1, which corresponds to P/P0 = 2.3.
Here, δ0 = 9.9 GHz. Solid lines are a guide to the eye.

Complete suppression of superradiance for the two-beam
case is observed for pump times on the order of tens of recoil
times ω−1

R = 2.5 µs [e.g., 50-µs case in Figs. 2(c) and 2(d)].
For even smaller pump powers and therefore longer pump
times, as in the 1-ms data, the suppression is incomplete. This
is possibly due to effects of decoherence, or defocusing of
the recoiling atoms by atom-atom interactions, which could
begin to have an effect after long pump times. For detailed
experimental studies of the behavior of the single-beam system
at low Rayleigh scattering rates, see Refs. [7,15,16,18–21].

When the Rayleigh scattering rate into the end-fire modes
becomes on the order of the recoil frequency ωR , the
quasiparticle picture can no longer be used. In this regime
the system displays the opposite behavior compared to the
low scattering rate regime. The presence of the second beam
lowers the apparent threshold power for nonzero momentum
atoms to appear in time of flight [see Fig. 2(f)]. In addition,
the time dynamics of the system differs qualitatively for
the single-beam and the two-beam cases (Fig. 3). When the
two beams are suddenly turned on, we observe temporal
oscillations of the number of atoms with nonzero momentum.
This was predicted by Ref. [31] as oscillations around an
equilibrium crystal phase. By contrast, with a single pump
beam the number of recoil atoms grows continuously until the
Bose-Einstein condensate gets depleted and the gain decreases,
as shown in Fig. 3(a), in agreement with the predictions of
Eq. (1). The frequency of the oscillations is on the order
of the recoil frequency ωR . The amplitude decays with time
due to the loss of atoms to Rayleigh scattering into modes

051603-3

b)

Figure 6-3: Difference between one beam and two beams above threshold power. a) Number
of atoms in a single satellite peak as a function of time. b) Time of flight image. Figures
adapted from [46]
.

In our experiment, we see that sudden turn on (a quench) of a single pump beam

results in a different response as compared to a sudden turn on of two beams (in the

geometry of Fig. 6-2). The response of the BEC can be observed in time of flight, when

the atoms with recoil momentum can be counted separately from the BEC atoms,

because they form satellite peaks to the main cloud. This is shown in Fig. 6-3. The

time evolution of the number of atoms with momentum ±~𝑘 is plotted for one and

for two pump beams. While for a single beam, we see and increase in the number of

outcoupled atoms, until the BEC density has dropped significantly and the collective

scattering decreases, for two beams, we see decaying oscillations. We interpret this

to show that in the two-beam case a new regime is entered (potentially a supersolid).

However, it forms only transiently due to Rayleigh scattering to other modes.
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6.2.1 Rayleigh scattering

Since Rayleigh scattering is important for this experiment, we measure the lifetime

of a BEC in the lowest hyperfine state |𝑎⟩, limited by the Rayleigh scattering rate,

which, ignoring the counterrotating term and interference effects is:

𝑅𝑠𝑐 =
3𝜋𝑐2

2~𝜔3
0

Γ2𝐼

(︂
1

3

1

(𝜔 − 𝜔𝐷1)2
+

2

3

1

(𝜔 − 𝜔𝐷2)2

)︂
(6.6)

Here a single pump beam is used, which is expanded so that the lines are not power-

broadened significantly. Fig. 6-4 shows the measured BEC lifetime as a function of

detuning from the 𝐷2 line. Note that there are two minima, corresponding to the 𝐷1

and 𝐷2 line resonances, which are split by 10GHz. The measured lifetime is fit fairly

well by 1/𝑅𝑠𝑐, serving as a calibration for our system.
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Figure 6-4: Rayleigh scattering rate. Plotted is the BEC lifetime as a function of frequency
of the pump light. The solid line is a fit of the form: 𝐴/(1/(𝜔−𝜔𝐷1)

2+2/(𝜔−𝜔𝐷2)
2) with

𝐴=119.6.

6.2.2 Between the 𝐷1 and the 𝐷2 lines

Here we describe an interesting observation. Note that the data presented in [46] is

for laser frequencies either red or blue detuned with respect to both the 𝐷1 and the

𝐷2 line. If the pump frequency is tuned between the two lines, many of the atoms

get pumped into the next Zeeman sublevel, the |𝑏⟩ state. On the one hand, this can

be interpreted as optical pumping, since the transitions are not entirely cycling. On
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the other, it could also signify Raman superradiance, as observed in [139].

The pump lasers are linearly polarized and drive a 𝜋 transition from the |𝑎⟩ state.

As explained in Section 2.2.2, at the magnetic fields we use, the two lowest hyperfine

states |𝑎⟩ and |𝑏⟩ contain an admixture of a state with 𝑚𝑗 = +1/2, so that in the

|𝑚𝐼 ,𝑚𝐽⟩ basis they are:

|𝑎⟩ =𝐶𝑎

⃒⃒
⃒ +

3

2
,−1

2

⟩
+ 𝛿𝑎

⃒⃒
⃒ +

1

2
,+

1

2

⟩
(6.7)

|𝑏⟩ =𝐶𝑏

⃒⃒
⃒ +

1

2
,−1

2

⟩
+ 𝛿𝑏

⃒⃒
⃒− 1

2
,+

1

2

⟩
(6.8)

where 𝛿𝑎∼ 0.15, and 𝛿𝑏∼ 0.2. Since electric-dipole transitions do not couple states

with different nuclear magnetic moment, the |𝑎⟩ state is coupled to the |𝑏⟩ state by

the 𝛿𝑎 part of the |𝑎⟩ state. Therefore, spontaneous emission from the excited state

can populate the |𝑏⟩ state.
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Figure 6-5: Raman superradiance and optical pumping. a) The number of atoms in |𝑏⟩
relative to the number of atoms in |𝑎⟩ for a single pump beam. Three different detunings
are used: between the lines (Δ𝐷2 = −6.5MHz, Δ𝐷1 = 2.9MHz), blue of both lines (Δ𝐷2 =
5.0MHz, Δ𝐷1 = 14.5MHz), and red of both lines (Δ𝐷2 = −13.2MHz, Δ𝐷1 = −3.8MHz).
The pumping light is 𝜋-polarized. b) The maximum number of atoms pumped into the |𝑏⟩
state. The inset shows a time-of-flight image of atoms in the |𝑏⟩ state for pump frequency
between the 𝐷1 and 𝐷2 lines.

By using a single pump beam targeting the |𝑎⟩ state, the number of atoms in the |𝑏⟩
state can be measured as a function of pump time. Note that the frequency difference

between the resonant transitions for the |𝑎⟩ and the |𝑏⟩ state is around 200MHz. This

is shown in Fig. 6-5a for three detunings of the pump beam with respect to the 𝐷1 and
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the 𝐷2 lines. The number of atoms pumped into the |𝑏⟩ state is significant only when

the pump frequency is between the 𝐷1 and 𝐷2 lines. Fig. 6-5b shows the maximum

number of atoms measured in the |𝑏⟩ state for the time period used in Fig. 6-5a as

a function of the detuning of the pump light. Note that in between the 𝐷1 and the

𝐷2 lines this number is notably larger. Also shown is a time of flight image taken in

the |𝑏⟩ state for pump frequencies between the two lines. It is interesting to see that

both the main cloud and a cloud with momentum ~𝑘 are visible. Typical Raman

superradiance would transfer atoms to the other state always with recoil momentum.

Instead, in the situation where the transitions are not entirely cycling, between the

𝐷1 and 𝐷2 lines we apparently observe a combination between optical pumping and

Raman superradiance. Note that when both pump beams are on, there are little

or no atoms in the |𝑏⟩ state for all pump powers. In principle, it is possible that

a stationary coherent grating involving a superposition between the |𝑎⟩ and the |𝑏⟩
states could form, but we do not observe it here.

6.2.3 Threshold power

One way to shed more light on the new phase formed when the cloud is pumped by

two beams in the transient regime is to measure how the threshold power scales with

detuning. In [46], we presented a single dataset, and here we combine all datasets.

From Eq. (6.5): 𝐼𝑐𝑟𝑖𝑡 ∝ 𝛼−2 ∝ 𝛿2, therefore, the process is driven by a critical

Rayleigh scattering rate, which scales the same way with detuning: Eq. (6.6). Ignoring

interference effects, the threshold power can be expressed as:

𝑃𝑡ℎ,𝑞𝑢𝑎𝑑 = 𝐴

(︂
1

(𝜔 − 𝜔𝐷1)2
+

2

(𝜔 − 𝜔𝐷2)2

)︂−1
(6.9)

We should compare this to a scenario in which the threshold power is driven by the

AC Stark shift of the applied beams. Then, the threshold power would scale linearly

with detuning:

𝑃𝑡ℎ,𝑙𝑖𝑛 = 𝐴

(︂
1

|(𝜔 − 𝜔𝐷1)|
+

2

|(𝜔 − 𝜔𝐷2)|

)︂−1
(6.10)
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Figure 6-6: Threshold power. a) Three datasets marked by three different colors. The circles
use the critical power in beam 1 and the number of atoms in the right satellite peak and
the triangles use the critical power in beam 2 and the number of atoms in the right satellite
peak. The two beams are balanced. b) Different fits: red: quadratic (Eq. (6.9)), green:
linear (Eq. (6.9)), both are weighted fits.

We next average over all datasets we have taken by scaling them to the mean

threshold power in each dataset. We believe the variations between the three datasets

are due to different starting BEC numbers, resulting in different densities, which from

Eq. (6.5) change the critical power 𝐼𝑐𝑟𝑖𝑡∼ 1/𝑛, where 𝑛 is the density of the cloud. The

different datasets are shown with different colors in Fig. 6-6a. We then try both fits

(Eq. (6.9) and Eq. (6.10)) to all the data, Fig. 6-6b. The quadratic fit seems better,

confirming that the critical power for the formation of the new phase is driven by a

critical Rayleigh scattering rate.

We have observed a new regime in Superradiant Rayleigh scattering, in which

the emergent phase is predicted to be a supersolid. There is a marked difference

in the response of the system when pumped with a single beam and when pumped

with two balanced beams. The latter shows an oscillatory behavior in the number

of atoms in the satellite peaks after a quench, compared to an exponential increase

in the former. However, due to the large Rayleigh scattering rate into modes other

than the backscattered modes, this new phase forms only transiently. Although our

observations indicate the formation of a phase with a density modulation, we could

not unambiguously establish supersolid behavior. We have seen that the threshold

power for this phase is consistent with a critical Rayleigh scattering rate, as predicted
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theoretically. The lifetime of the new phase can be increased by increasing the density,

thus lowering the threshold power.

It would be interesting to measure the backscattered light as a means to detect

if the density modulation in the BEC is stationary and perhaps if its phase is spon-

taneously chosen at each realization. By interfering the backscattered light and the

pump light and measuring the frequency difference, we could detect if the two are

frequency shifted (in the case of Rayleigh scattering and single-beam superradiance)

or they have the same frequency (in the case of a stationary density modulation).

Finally, the excitation spectrum of a supersolid is also of interest. Due to the

two broken symmetries, two different excitation modes (the corresponding Goldstone

modes) are expected. A phonon mode, characteristic of solids, is expected due to the

broken continuous translational symmetry and a phase mode, related to the broken

gauge symmetry. The excitation spectrum of the system we have studied has been

explored numerically in [122], predicting three excitation branches. The appearance

of the first gap at momentum 𝑞= 𝑘eff from Eq. (6.3) is due to the formation of an

optical lattice potential above threshold power. A second gap opens up at momentum

𝑞= 2𝑘eff . Above that momentum, a phononic excitation branch forms. Recently, the

excitation spectrum of a supersolid in a dipolar gas has been measured and two

different excitation modes detected [150].
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Chapter 7

Outlook

We have laid out the features of the BEC 5 machine and the advantages of the
7Li platform for exploring novel quantum phases. The ability to tune between non-

interacting and strongly interacting systems of particles of different states together

with the fast timescale for dynamics, open up a wide range of systems that can be

studied both with and without a lattice. We have developed a straightforward route

to a BEC with 7Li atoms with a fast cycle time of 10 s, which has enabled us to better

characterize the Mott insulator as a starting point of spin physics experiments. Spin

Hamiltonians can be studied by a mapping in the the MI to the spin sector, which

assumes a homogeneous density. In order to improve the accuracy of this mapping,

we have explored new methods and approaches.

Creating a MI with a long lifetime is particularly challenging for lithium due to

its light mass. We have identified the main noise sources and decreased their effect.

Due to the large bandgaps in the optical lattice, traditional noise-canceling schemes

are not appropriate, therefore decreasing the noise of the laser source is important.

Similarly, the system is particularly sensitive to phase noise, so that floating the table

is probably necessary. The three-body loss coefficients are higher as compared to those

for heavier atoms, so that having good control over the number of atoms per site in

the MI is essential. More importantly, we have moved on from the traditional method

of characterizing a MI (without single-site resolution) by ramping in and ramping out,

because this method does not distinguish between heating in the MI and heating in
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the rest of the system. We have found that using interaction spectroscopy to measure

the lifetime of individual MI shells is a more direct way to characterize a MI. Further,

we have developed the tilted lattice as a tool for bringing the MI system closer to the

spin system we wish to simulate. In a tilted lattice superexchange-driven dynamics

stand out, because first-order tunneling is suppressed as is the effects of number

defects and the surrounding superfluid.

With this, we believe that we have characterized the main issues involved in the

mapping from the density sector description of the system with the Hubbard model to

the spin sector description with a Heisenberg model. By creating a non-equilibrium

spin distribution and studying its relaxation in the anisotropic Heisneberg spin-1/2

model, we have directly measured superexchange-mediated physics over two orders

of magnitude in the coupling parameters, making our first steps in studying spin-

Hamiltonians. We are now in a position to realize spin-1/2 and spin-1 models and to

study nonequilibrium dynamics, adiabatic state preparation protocols, ground states,

and phase transitions. Here we discuss several directions in which the 7Li platform is

prepared to go.

7.1 Transport in anisotropic spin-1/2 Heisenberg chains

The direct continuation of this work is to explore transport in the spin-1/2 Heisenberg

model. Indeed, this has been the first goal of BEC 5 since its conception, after BEC

4’s study on transport with 87Rb [157]. We have measured different decay rates of

the spin spiral as a function of the anisotropy 𝐽𝑧/𝐽𝑥𝑦. Different transport regimes

emerge, from ballistic at 𝐽𝑧 = 0 to super-diffusive at 0.5<𝐽𝑧/𝐽𝑥𝑦 < 1, to diffusive at

the isotropic point 𝐽𝑧 = 𝐽𝑥𝑦, and to sub-diffusive at 𝐽𝑧/𝐽𝑥𝑦 > 1, where 𝐽𝑥𝑦 > 0.

To some degree, these properties can be understood if we consider the Jordan-

Wigner transformation, introduced in Section 4.1.1. There, the spin system is trans-

formed into a system of spinless fermions on a lattice by mapping |↑⟩ → |1⟩ and

|↓⟩ → |0⟩. The fermions tunnel with a matrix element 𝐽𝑥𝑦 and have nearest-neighbor

interactions 𝐽𝑧. At 𝐽𝑧 = 0 point, the system maps to noninteracting fermions. There-
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fore, the ballistic transport at that point is expected. As the interactions are increased,

the transport slows down. More notably, at the isotropic point 𝐽𝑧 = 𝐽𝑥𝑦, we measure

diffusive transport, just as in a previous study of transverse spiral relaxation with
87Rb [74]. Moreover, when 𝐽𝑧 changes sign, the transport is different. It is ballistic

almost all the way to 𝐽𝑧/𝐽𝑥𝑦 = 1 and then becomes diffusive at large negative 𝐽𝑧, but

it does not seem to show sub-diffusive behavior, which was the case for 𝐽𝑧 > 0.

Transport in the Heisenberg model is still an active research topic. The focus so

far has been on the high-temperature limit. For example, recent numerical studies

[102] show that for a system consisting of two halves, each in a different thermal

state, transport is ballistic for 0≤ 𝐽𝑧/𝐽𝑥𝑦 < 1, super-diffusive at the isotropic point

𝐽𝑧/𝐽𝑥𝑦 = 1, and diffusive at 𝐽𝑧/𝐽𝑥𝑦 > 1. What our measurements contribute to the

discussion is the realization of a different regime: a pure state in an isolated system,

which shows a different transport behavior. Extensions of our study could include

preparing different initial states, rather than the spin spiral, and studying the effect

of holes. It is possible that holes become more important for larger anisotropies

(stronger effective fermion interactions), or that a spiral with a smaller tilt angle in

the XZ plane could lead to different behavior. Finally, it would be interesting to

study transport in higher dimensions. This can be done either by using the same spin

spiral we have created here and decreasing one or both of the other two lattice arms

to enable transport in 2D or 3D respectively, or by preparing a spiral along the 2D or

3D diagonal. These are two different systems which could potentially show different

behavior.

7.2 Adiabatic state preparation

Realizing the ground states of the model Hamiltonians is one of the prime goals of

quantum simulation. However, so far noise and heating have prevented their observa-

tion. Conceptually, there are two routes to prepare the ground states: either by direct

cooling, or by adiabatic state preparation. The latter relies on the ability to adia-

batically transform one Hamiltonian with the system in its ground state to another
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Hamiltonian, whose ground state we are interested in. The two ground states can

then be connected by varying a parameter. There are two main caveats. First, this

type of state preparation is possible only if the two ground states have the same sym-

metries. Put another way, there have to be no level crossings between the two ground

states. Second, the tuning parameters needs to be varied slowly with respect to the

band gap to the first excited state. The band gap is typically minimal at avoided

crossings. This gap sets the timescale over which the protocol is to be implemented

and it needs to be within the experimental limits.

Often, if the first condition is not satisfied, terms can be added to the Hamiltonian,

in order to create an adiabatic pathway. For example, in spin-1/2 Heisenberg models,

ferromagnets and antiferromagnets cannot be adiabatically connected. However, with

the addition of a magnetic field gradient, they can be linked. One way to see this,

is by considering as an initial state the Z ferromagnet and the desired final state an

Z Neel state. In a similar way to creating the spin spiral, after an initial 𝜋/2 pulse,

a magnetic field gradient can be applied for long enough that after a final 𝜋/2 pulse

the accumulated phase difference results in a Z Neel state.

Similarly, a way to prepare an XY-ferromagnet starting from a Z-ferromagnet

in the spin-1/2 Heisenberg chain, is to add strong ℎ𝑥 and ℎ𝑧 fields which can then

be adiabatically turned off. This can be experimentally realized by applying an

RF coupling between the two hyperfine states, initially with a large Rabi frequency

(realizing the ℎ𝑥 field) and a large detuning (realizing the large ℎ𝑧 field). The adiabatic

protocol consists of first adiabatically decreating the detuning to zero, i.e. performing

half of a Landau-Zener sweep. In a double-well description, this leaves the system in

a superposition between the three triplet states. After that the Rabi frequency has to

be adiabatically brought to zero. It is in this stage that the bandgap is the smallest

and is non-zero only because the system is finite. In fact, the XY phase has no gap in

the inifinite-size system. As an initial probe, the adiabatic sweep into the XY phase

can be reversed and the remaining magnetization can be measured. A magnetic field

gradient of varying strength can be adiabatically turned on and off while the system

is in the XY phase and the results compared to the case of isolated lattice sites (deep
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lattice). Since the XY ferromagnet should be insensitive to small perturbations of

this kind, while for separate lattice sites, a spin spiral pattern should emerge, the

comparison between the two could suggest if the phase we have prepared is indeed

the XY phase.

This protocol has been considered by the Daley group. By calculating the fidelity

of the final state with and without a lattice tilt, they have shown that the fidelity is

decreased by mobile holes but this effect can partially be compensated by freezing in

the holes with a tilt [45], reprinted in AppendixE. Therefore, a promising direction for

the BEC 5 machine is to pursue adiabatic state preparation schemes in the spin-1/2

system. Calculations show that for chains of 15-30 sites, the gaps are large enough

for the protocols to be realized on experimentally feasible timescales (under 100ms).

We note that the Z-ferromagnet is the natural state to start with, since this is the

single-species 𝑛= 1 Mott insulator, whose initial entropy is limited only by our Mott

insulator preparation, which we have studied in detail. Moreover, this state has a gap

of size 𝑈 , which is large not a function of system size.

Similar approach can be taken for preparing ground states in spin-1. There, by

definition, the Haldane phase cannot be prepared adiabatically from a topologically-

trivial phase, like the Spin Mott or the Z antiferromagnet. This holds true for an

infinite chain where the gaps of both states close at the phase transition point. In fact,

the overlap between the Z ferromagnet and the Haldane phase has been calculated

for several lattice chains [160] and it drops significantly for systems larger than 10

sites. When this system was realized in a chain of ions, the authors saw dynamics

when they directly drive the transition [142]. They suggested adding a term to the

Hamiltonian of the form 𝐻 ′ = −ℎ∑︀𝑖(−1)𝑖𝑆𝑧
𝑖 , which can lead to an adiabatic pathway

[38]. Finally, the Haldane phase occurs in the 1D case, while it disappears in higher

dimensions. Therefore, varying the interchain coupling can be of significant interest.

In our systems we need to first measure all three-body loss coefficients at the Haldane

point and then design a Hamiltonian which adiabatically connects to the Haldane

phase, in a way similar to adding 𝐻 ′.

Although each of these ground states is interesting on their own right, for example
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the XY ferromagnet can be though of as a counterflow superfluid [96], their realization

open up the possibility to study different phase transitions quenches between them.

In fact, just by changing the magnetic field, we can drive various types of transitions

between states of different symmetries. For example, we can directly drive the tran-

sition between a Z ferromagnet and a Z antiferromagnet in spin-1/2, or between the

Haldane phase and the Z antiferromagnet in spin-1.

7.3 Other directions and machine improvements

In addition to Heisenberg spin systems, the 7Li platform with its fast dynamics and

tunable interactions is suitable for both simulating other types of systems or for study-

ing other quantum phenomena in general. For example, another goal for BEC 5 is

to study non-equilibrium dynamics. Cold atoms in optical lattices provide a unique

opportunity to study a isolated systems which are not coupled to a bath, by contrast

to what is typically encountered in condensed matter systems. Therefore, the dy-

namics and relaxation of pure quantum states can be studied with ultracold atoms.

One avenue of exploration is how isolated quantum systems thermalize. In classical

systems non-equilibrium states thermalize, i.e. relax to a state with thermal distribu-

tion. For isolated many-body quantum systems with nonintegrable Hamiltonians, the

eigenstate thermalization hypothesis suggests that nonequilibrium quantum systems

following unitary time evolution also relax. It is a topic of recent research under what

conditions this relaxation happens and when a prethermal long-lived state is realized.

In this context, dissipation could also be added in a controlled way, exploring a dif-

ferent set of quantum systems. Finally, gauge fields with controllable interactions can

be engineered for applications in condensed matter and high energy physics.

Machine improvements can also lead to new capabilities. For example, a micro-

scope can be added along realizing single site resolution. For that, the top viewport

would probably have to be replaced by one with flatness and thickness matched to

the microscope design. Also, shaping of the lattice potential could improve some

experiments. For example, we are currently interested in 1D experiments because of
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the faster dynamics and larger many-body gaps for adiabatic state preparation. How-

ever, with a symmetric 3D cubic lattice, we average over many isolated realizations of

the same system: many tubes, which also have different lengths. A smaller number

of tubes can be engineered by shaping the lattice beams, providing less averaging

and more access to individual system realizations. Also, adding blue-detuned beams

could shape the overall trapping potential, leading to more homogeneous systems.

This could also be done by using digital micromirror devices (DMD) or spatial light

modulators (SLM). However the high laser power required to make a 1064 nm optical

lattice for lithium often limits the types of optical devices that can be conveniently

used for optical potential shaping.

After many years of design and improvements, the 7Li quantum simulation plat-

form that we have implemented now works reliably and repeatably and is ready to

study a wide range of interesting quantum systems.
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Appendix A

Supplement to Chapter 3

A.1 Mean-field Bose-Hubbard model

Here we derive in details the phase diagram of the Bose-Hubbard Hamiltonian, dis-

cussed in Chapter 3, following [155, 144]. The transformation of the Hamiltonian

is similar in spirit to the Bogoliubov transformation used in describing a condensed

superfluid gas, for example, (𝑎 → 𝑎𝑖 +
√
𝑁). Here we define the superfluid order

parameter 𝜓 = ⟨𝑎𝑖⟩ = ⟨𝑎†𝑖⟩=
√
𝑁 , which is assumed to be real. The transformation

is then:

𝑎†𝑖𝑎𝑗 → ⟨𝑎†𝑖⟩𝑎𝑗 + 𝑎†𝑖⟨𝑎𝑗⟩ − ⟨𝑎†𝑖⟩⟨𝑎𝑗⟩ = 𝜓
(︁
𝑎†𝑖 + 𝑎𝑗

)︁
− 𝜓2 (A.1)

Which gives the Hamiltonian

�̃� = −𝑡
∑︁

⟨𝑖,𝑗⟩
(𝑎†𝑖 + 𝑎𝑗)𝜓 + 𝑡

∑︁

⟨𝑖,𝑗⟩
𝜓2 +

𝑈

2

∑︁

𝑖

𝑎†𝑖𝑎
†
𝑖𝑎𝑖𝑎𝑖 − 𝜇

∑︁

𝑖

𝑎†𝑖𝑎𝑖 (A.2)

We look at the first term:

−𝑡
∑︁

⟨𝑖,𝑗⟩
(𝑎†𝑖 + 𝑎𝑗)𝜓 = −𝑡

∑︁

⟨𝑖,𝑗⟩
(𝑎†𝑖 )𝜓 − 𝑡

∑︁

⟨𝑖,𝑗⟩
(𝑎𝑗)𝜓 = −𝑡

∑︁

𝑖

𝑧𝑎†𝑖𝜓 − 𝑡
∑︁

𝑖

𝑧𝑎𝑖𝜓
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and similarly for the second therm:

𝑡
∑︁

⟨𝑖,𝑗⟩
𝜓2 = 𝑡

∑︁

𝑖

𝑧𝜓2

For the interaction term, we simply use the commutation relation for the raising and

lowering operators [𝑎, 𝑎†] = 1 to express 𝑎†𝑎†𝑎𝑎= 𝑎†(𝑎𝑎†− 1)𝑎=𝑛(𝑛− 1) for 𝑛=𝑎†𝑎.

We obtain a Hamiltonian which is valid on each site of the lattice and does not couple

to other sites. This significantly simplifies the analysis.

�̃�𝑖 = −𝑧𝑡
(︁
𝑎†𝑖 + 𝑎𝑖

)︁
𝜓 + 𝑧𝑡𝜓2 +

𝑈

2
𝑛𝑖(𝑛𝑖 − 1)− 𝜇𝑛𝑖 (A.3)

Now we can write this Hamiltonian in the Fock state basis with |𝑛⟩ atoms per site,

𝑛 = 1, 2, 3, .... We set �̄�=𝜇/𝑈 and 𝑡=𝑧𝑡/𝑈 :

⎡
⎢⎢⎢⎢⎢⎢⎣

(𝑡𝜓2 − 𝜇) −
√

2𝑡𝜓 0 ...

−
√

2𝑡𝜓 (𝑡𝜓2 + 1− 2𝜇) −
√

3𝑡𝜓 ...

0 −
√

3𝑡𝜓 (𝑡𝜓2 + 3− 3𝜇) ...
...

...
... . . .

⎤
⎥⎥⎥⎥⎥⎥⎦

(A.4)

We truncate this at 𝑛= 10 and diagonalize it. We then minimize the lowest energy

eigenstate with respect to the superfluid parameter 𝜓. This is plotted in Fig. A-1

for two values of 𝑚𝑢. The regions in the phase diagram where 𝜓𝑚𝑖𝑛 = 0 are the MI

regions.

We now use second-order perturbation theory to obtain the phase boundaries. We

separate the Hamiltonian �̃� (Eq.(A.3)) into:

�̃� = 𝐻(0) + 𝑉

𝐻(0) =
𝑈

2
𝑛(𝑛− 1)− 𝜇𝑛+ 𝑧𝑡𝜓2

𝑉 = −𝑧𝑡
(︁
𝑎†𝑖 + 𝑎𝑖

)︁
𝜓 (A.5)

The eigenstates of the unperturbed Hamiltonian are Fock states |𝑛⟩ with 𝑛 atoms per
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Figure A-1: Obtaining the mean-field Bose-Hubbard phase diagram. Plotted is the energy
of the lowest eigenstate of �̃� (Eq.(A.3)) as a function of 𝜓. The minimum of the red curve
is at 𝜓=0, signifying a MI phase.

site with eigenenergies:

ℰ (0)𝑛 = ⟨𝑛|𝐻(0)|𝑛⟩ =
𝑈

2
𝑛(𝑛− 1)− 𝜇𝑛+ 𝑧𝑡𝜓2 (A.6)

To second order in 𝜓, the corrections are:

ℰ (2)𝑛 =
∑︁

𝑘 ̸=𝑛

|⟨𝑛|𝑉 |𝑘⟩|2

ℰ (0)𝑛 − ℰ (2)𝑛

=
∑︁

𝑘 ̸=𝑛

| − 𝑧𝑡𝜓(⟨𝑛|𝑘 + 1⟩
√
𝑘 + 1 + ⟨𝑛|𝑘 − 1⟩

√
𝑘)|2

𝑈
2
𝑛(𝑛− 1)− 𝜇𝑛+ 𝑧𝑡𝜓2 − 𝑈

2
𝑘(𝑘 − 1) + 𝜇𝑘 − 𝑧𝑡𝜓2

= (𝑧𝑡𝜓)2
∑︁

𝑘 ̸=𝑛

|𝛿𝑘+1,𝑛

√
𝑛+ 𝛿𝑘−1,𝑛

√
𝑛|2

𝑈
2
𝑛(𝑛− 1)− 𝜇𝑛+ 𝑧𝑡𝜓2 − 𝑈

2
𝑘(𝑘 − 1) + 𝜇𝑘 − 𝑧𝑡𝜓2

= (𝑧𝑡𝜓)2
(︂

𝑛

(𝑛− 1)𝑈 − 𝜇 +
𝑛+ 1

𝜇− 𝑛𝑈

)︂
(A.7)

The energy is then ℰ𝑛 = ℰ (0)𝑛 + ℰ (2)𝑛 :

ℰ𝑛 =
𝑈

2
𝑛(𝑛− 1)− 𝜇𝑛+ 𝜓2

[︂
𝑧𝑡+ (𝑧𝑡)2

(︂
𝑛

(𝑛− 1)𝑈 − 𝜇 +
𝑛+ 1

𝜇− 𝑛𝑈

)︂]︂
(A.8)

Since this expression is a parabola with respect to 𝜓, then ℰ𝑛(𝜓 = 0) is the ground

state when the term is square brackets is positive, otherwise ℰ𝑛(𝜓 = 0) is the highest

excited state. Therefore, the sign of the term in square brackets determines the phase

boundary between a MI with 𝜓 = 0 and a superfluid with 𝜓 ̸= 0. From this we can
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get the phase boundaries:

𝑧𝑡+ (𝑧𝑡)2
(︂

𝑛

(𝑛− 1)𝑈 − 𝜇 +
𝑛+ 1

𝜇− 𝑛𝑈

)︂
= 0

𝜇± =
1

2
[𝑈 (2𝑛− 1)− 𝑧𝑡]± 1

2

√︀
𝑈2 − 2𝑈 (2𝑛+ 1) 𝑧𝑡+ (𝑧𝑡)2 (A.9)

The SF-MI transition is typically defined as the point where the upper and lower

phase boundaries of the MI meet 𝜇+ =𝜇− at:

(︂
𝑈

𝑧𝑡

)︂

𝑐

= (2𝑛+ 1) +
√︀

(2𝑛+ 1)− 1 (A.10)
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Appendix B

Supplement to Chapter 4

The different spin models which can be studied with 7Li are discussed in Chapter 4.

Here, the mapping to the spin-1/2 Heisenberg model is presented for a double-well

and some details of the six-site system are given.

B.1 Mapping to spin-1/2 Heisenberg model

The goal is to map the two-component Hubbard model:

𝐻 =− 𝑡
∑︁

⟨𝑖,𝑗⟩

(︁
𝑎†↑𝑖𝑎↑𝑗 + 𝑎†↓𝑖𝑎↓𝑗

)︁
+ 𝑈↑↓

∑︁

𝑖

𝑛↑𝑖𝑛↓𝑖

+
𝑈↑↑
2

∑︁

𝑖

𝑛↑𝑖(𝑛↑𝑖 − 1) +
𝑈↓↓
2

∑︁

𝑖

𝑛↓𝑖(𝑛↓𝑖 − 1) (B.1)

to the Heisenberg spin-1/2 model:

𝐻 = 𝐽𝑧
∑︁

⟨𝑖,𝑗⟩
𝑆𝑧
𝑖 𝑆

𝑧
𝑗 + 𝐽𝑥𝑦

∑︁

⟨𝑖,𝑗⟩

(︀
𝑆𝑥
𝑖 𝑆

𝑥
𝑗 + 𝑆𝑦

𝑖 𝑆
𝑦
𝑗

)︀
(B.2)

Here we consider a double well with one particle per site. Following [96], the tunneling

term in Eq. (B.1) is treated as a perturbation:

𝑉 = −𝑡
(︁
𝑎†1𝑎2 + 𝑎†2𝑎1

)︁
(B.3)
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The four Fock states {|↑↑⟩, |↑↓⟩, |↓↑⟩, |↓↓⟩} can be used as basis states, where |𝛼𝛽⟩ is

taken to represent that there is a spin 𝛼 on site 1 and spin 𝛽 on site 2 in the double

well. These states are the eigenstates (or linear combinations of eigenstates) of the

Hamiltonian Eq. (B.2) in the limit 𝑡= 0. The matrix elements of the Bose-Hubbard

Hamiltonian Eq. (B.1) can be calculated to second order in perturbation theory for

𝑡≪𝑈 in this basis:

𝐻𝛼𝛽 =
∑︁

𝑘

|𝑉𝛼𝑘𝑉𝑘𝛽|2
𝐸𝛼 − 𝐸𝑘

(B.4)

where 𝑉𝛼𝛽 = ⟨𝛼|𝑉 |𝛽⟩ and |𝛼⟩ and |𝛽⟩ are two of the basis states. Note that in the

unperturbed case 𝑡= 0 the basis states have the same energy ℰ = 0. Including the

perturbation, the matrix elements are:

⟨𝐻𝐵𝐻⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎣

−4𝑡2
𝑈↑↑

0 0 0

0 −2𝑡2
𝑈↑↓

−2𝑡2
𝑈↑↓

0

0 −2𝑡2
𝑈↑↓

−2𝑡2
𝑈↑↓

0

0 0 0 −4𝑡2
𝑈↓↓

⎤
⎥⎥⎥⎥⎥⎥⎦

(B.5)

Next, the matrix elements of the Heisenberg Hamiltonian Eq. (B.2) can be computed:

⟨𝐻𝐻⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎣

1
4
𝐽𝑧 0 0 0

0 −1
4
𝐽𝑧

1
2
𝐽𝑥𝑦 0

0 1
2
𝐽𝑥𝑦 −1

4
𝐽𝑧 0

0 0 0 1
4
𝐽𝑧

⎤
⎥⎥⎥⎥⎥⎥⎦

(B.6)

where the spin matrices 𝑆𝛼
𝑖 are defined as:

𝑆𝑧
𝑖 =

1

2
(𝑛𝑖↑−𝑛𝑖↓) (B.7)

𝑆𝑥
𝑖 =

1

2
(𝑎†𝑖↑𝑎𝑖↓ + 𝑎†𝑖↓𝑎𝑖↑) (B.8)

𝑆𝑦
𝑖 =− 𝑖

2
(𝑎†𝑖↑𝑎𝑖↓ − 𝑎†𝑖↓𝑎𝑖↑) (B.9)

so that 𝑆𝑧| ↑⟩= 1/2.
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We now match ⟨𝐻𝐵𝐻⟩ to ⟨𝐻𝐻⟩ element by element. However, the resulting system

of equations for 𝐽𝑧 and 𝐽𝑥𝑦 does not have a solution, so that more terms need to be

added to Eq. (B.2). We add both a longitudinal field term and an overall energy

offset:

𝐻 ′ = 𝐽𝑧
∑︁

⟨𝑖,𝑗⟩
𝑆𝑧
𝑖 𝑆

𝑧
𝑗 + 𝐽𝑥𝑦

∑︁

⟨𝑖,𝑗⟩

(︀
𝑆𝑥
𝑖 𝑆

𝑥
𝑗 + 𝑆𝑦

𝑖 𝑆
𝑦
𝑗

)︀
+ ℎ𝑧

∑︁

𝑖

𝑆𝑧
𝑖 + ℰ0 (B.10)

so that:

⟨𝐻 ′𝐻⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎣

1
4
𝐽𝑧 + ℎ𝑧 + ℰ0 0 0 0

0 −1
4
𝐽𝑧 + ℰ0 1

2
𝐽𝑥𝑦 0

0 1
2
𝐽𝑥𝑦 −1

4
𝐽𝑧 + ℰ0 0

0 0 0 1
4
𝐽𝑧 − ℎ𝑧 + ℰ0

⎤
⎥⎥⎥⎥⎥⎥⎦

(B.11)

Now, ⟨𝐻𝐵𝐻⟩ can be matched to ⟨𝐻 ′𝐻⟩ element by element, resulting in the following

expressions for the parameters:

𝐽𝑧 =
4𝑡2

𝑈↑↓
− 4𝑡2

𝑈↑↑
− 4𝑡2

𝑈↑↑
(B.12)

𝐽𝑥𝑦 = − 4𝑡2

𝑈↑↓
(B.13)

ℎ𝑧 =
2𝑡2

𝑈↓↓
− 2𝑡2

𝑈↑↑
(B.14)

ℰ0 = − 4𝑡2

𝑈↑↑
− 4𝑡2

𝑈↑↓
− 4𝑡2

𝑈↓↓
(B.15)

B.2 Six-site Hamiltonian

We diagonalize the six-site spin-1/2 Heisenberg Hamiltonian Eq. (B.2). It is block

diagonal in the basis |𝜎1𝜎2𝜎3𝜎4𝜎5𝜎6⟩, where 𝜎𝑖 is the spin on site 𝑖 which is |↑⟩ or

|↓⟩. Each block corresponds to a value of the total 𝑧 magnetization 𝑆𝑧 =
∑︀
𝑖

𝑆𝑧
𝑖 =

∑︀
𝑖

(𝑛𝑖↑−𝑛𝑖↓), which commutes with the Hamiltonian.

We use the following basis states which are arranged with progressively lower

magnetization. Shown are only states 1 to 42, the states 43-64 are the same as 22 to

1 but progressively higher negative magnetization (i.e. |↑⟩ ↔ |↓⟩. We note the XY
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Figure B-1: Heisenberg spin-1/2 Hamiltonian on 6 sites for 𝐽𝑥𝑦 = 1 = 𝐽𝑧.

phase consists of states with 𝑆𝑧 = 0, which in this basis are the states between 23-42.

The matrix elements are plotted in Fig.B-1.
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|1⟩ =| ↑↑↑↑↑↑⟩

|2⟩ =| ↑↑↑↑↑↓⟩

|3⟩ =| ↑↑↑↑↓↑⟩

|4⟩ =| ↑↑↑↓↑↑⟩

|5⟩ =| ↑↑↓↑↑↑⟩

|6⟩ =| ↑↓↑↑↑↑⟩

|7⟩ =| ↓↑↑↑↑↑⟩

|8⟩ =| ↓↓↑↑↑↑⟩

|9⟩ =| ↓↑↓↑↑↑⟩

|10⟩ =| ↓↑↑↓↑↑⟩

|11⟩ =| ↓↑↑↑↓↑⟩

|12⟩ =| ↓↑↑↑↑↓⟩

|13⟩ =| ↑↓↓↑↑↑⟩

|14⟩ =| ↑↓↑↓↑↑⟩

|15⟩ =| ↑↓↑↑↓↑⟩

|16⟩ =| ↑↓↑↑↑↓⟩

|17⟩ =| ↑↑↓↓↑↑⟩

|18⟩ =| ↑↑↓↑↓↑⟩

|19⟩ =| ↑↑↓↑↑↓⟩

|20⟩ =| ↑↑↑↓↓↑⟩

|21⟩ =| ↑↑↑↓↑↓⟩

|22⟩ =| ↑↑↑↑↓↓⟩

|23⟩ =| ↑↑↑↓↓↓⟩

|24⟩ =| ↑↑↓↑↓↓⟩

|25⟩ =| ↑↑↓↓↑↓⟩

|26⟩ =| ↑↑↓↓↓↑⟩

|27⟩ =| ↑↓↑↑↓↓⟩

|28⟩ =| ↑↓↑↓↑↓⟩

|29⟩ =| ↑↓↑↓↓↑⟩

|30⟩ =| ↑↓↓↑↑↓⟩

|31⟩ =| ↑↓↓↑↓↑⟩

|32⟩ =| ↑↓↓↓↑↑⟩

|33⟩ =| ↓↑↑↑↓↓⟩

|34⟩ =| ↓↑↑↓↑↓⟩

|35⟩ =| ↓↑↑↓↓↑⟩

|36⟩ =| ↓↑↓↑↑↓⟩

|37⟩ =| ↓↑↓↑↓↑⟩

|38⟩ =| ↓↑↓↓↑↑⟩

|39⟩ =| ↓↓↑↑↑↓⟩

|40⟩ =| ↓↓↑↑↓↑⟩

|41⟩ =| ↓↓↑↓↑↑⟩

|42⟩ =| ↓↓↓↑↑↑⟩
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Appendix C

Observation of two-beam collective

scattering phenomena in a

Bose-Einstein condensate

This appendix contains a reprint of the following paper [46]:

I. Dimitrova, W. Lunden, J. Amato-Grill, N. Jepsen, Y. Yu, M. Messer, T. Rigaldo,

G. Puentes, D. Weld, and W. Ketterle, Observation of two-beam collective scattering

phenomena in a bose-einstein condensate, Phys. Rev. A 96, 051603 (2017).
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Observation of two-beam collective scattering phenomena in a Bose-Einstein condensate

Ivana Dimitrova,1 William Lunden,1 Jesse Amato-Grill,1,2 Niklas Jepsen,1 Yichao Yu,1,* Michael Messer,1,†
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(Received 7 September 2017; published 22 November 2017)

Different regimes of collective light scattering are observed when an elongated Bose-Einstein condensate is
pumped by two noninterfering beams counterpropagating along its long axis. In the limit of small Rayleigh
scattering rates, the presence of a second pump beam suppresses superradiance, whereas at large Rayleigh
scattering rates it lowers the effective threshold power for collective light scattering. In the latter regime, the
quench dynamics of the two-beam system are oscillatory, compared to monotonic in the single-beam case.
In addition, the dependence on power, detuning, and atom number is explored. The observed features of the
two-beam system qualitatively agree with the recent theoretical prediction of a supersolid crystalline phase of
light and matter at large Rayleigh scattering rates.

DOI: 10.1103/PhysRevA.96.051603

Collective scattering of light can dramatically enhance
single-particle scattering and can lead to qualitatively new
phenomena. Since the pioneering work of Dicke [1], it has
been observed in various systems, including thermal atomic
and molecular gases [2–6], degenerate Bose and Fermi gases
[7,8], atomic systems in cavities [9,10], solid state systems
[11,12], and astrophysical systems [13]. Collective scattering
occurs when it is impossible to determine which particle
scattered a photon. As a result, correlations develop between
the particles which enhance subsequent scattering, leading
to superradiance. Due to their long coherence time, Bose-
Einstein condensates are well suited for studying superra-
diance [7]. Furthermore, the coherence between the atoms,
which is responsible for the superradiant scattering, can be
directly observed from the momentum distributions and allows
a detailed study of superradiance without detection of the
emitted light. Different regimes and geometries have been
explored by many experimental [6,14–24] and theoretical
studies (see Refs. [25–30] and references therein). In elongated
clouds the superradiant gain of the optical mode along the
condensate axis, known as the “end-fire mode,” is largest, and
one can use a single-mode approximation. If the pump laser
beam also propagates along this axis, all relevant modes of
both the light and the atoms are aligned, allowing for a simple
one-dimensional description.

*Present address: Department of Physics, Harvard University,
Cambridge, Massachusetts 02138, USA.

†Present address: Institute for Quantum Electronics, ETH Zurich,
8093 Zurich, Switzerland.

‡Present address: Université Pierre et Marie Curie (Paris 6), 4 place
Jussieu, 75 252 Paris Cedex 05, France.

§Present address: (1) Departamento de Física, FCEyN, UBA,
Pabellón 1, Ciudad Universitaria, 1428 Buenos Aires, Argentina;
(2) Instituto de Física de Buenos Aires, UBA CONICET, Pabellón 1,
Ciudad Universitaria, 1428 Buenos Aires, Argentina.

¶Present address: Department of Physics, University of California,
Santa Barbara, California 93106, USA.

Motivated by recent theoretical work [31], we have studied
the effect of illuminating a Bose-Einstein condensate by two
counterpropagating beams at the same intensity. Interference
between the two beams can be suppressed by orthogonal
polarization or rendered irrelevant by a large frequency offset.
Remarkably, we never find a regime in which the two beams
act independently, i.e., in which each of them independently
induces superradiant scattering into its corresponding direction
of propagation. When the Rayleigh scattering rate into the
end-fire modes is smaller than the recoil frequency ωR =
h̄k2/2m, where m is the atomic mass and k is the wave number
of the pump light, superradiance is suppressed compared to
the single-beam case, which is readily explained by bosonic
stimulation. By contrast, at high Rayleigh scattering rates,
the threshold for collective light scattering is lowered in the
presence of a counterpropagating beam. The two regimes are
characterized by different microscopic mechanisms.

At small Rayleigh scattering rates, each scattered photon
creates a quasiparticle in the form of a recoiling atom, or
a phonon, with momentum equal to the difference between
the momenta of the incoming and the scattered photons.
Each phonon mode is a moving density modulation which
is amplified by subsequent collective light scattering. In the
geometry of Fig. 1, a single pump beam triggers collective
light scattering along the condensate axis, resulting in an
enhanced number of atoms in the 2h̄k phonon mode and en-
hanced backscattered light. An additional counterpropagating
beam can create quasiparticles with opposite momentum or
annihilate the quasiparticles created by the first beam.

When the Rayleigh scattering rate into the end-fire modes
is comparable to or larger than the recoil frequency, two or
several photons can be scattered quasisimultaneously. This
creates the possibility of new collective dynamics to emerge,
which are no longer governed by individual quasiparticle
resonances. The analysis of Ref. [31] shows that above a
critical pump power, corresponding to a Rayleigh scattering
rate on the order of ωR , the two-beam system develops a
type of roton instability towards a periodic modulation and
undergoes a phase transition to a crystalline phase. This
phase is a stationary situation, where an atomic density

2469-9926/2017/96(5)/051603(6) 051603-1 ©2017 American Physical Society
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FIG. 1. Experimental geometry. An elongated Bose-Einstein con-
densate is exposed to two counterpropagating pump beams detuned
by 160 MHz from each other and by 1–20 GHz from the atomic
resonance at 671 nm. Collective scattering into the end-fire modes
creates two backscattered beams and a modulated atomic density
distribution. If this distribution is stationary, ω1 = ω′

1 and ω2 = ω′
2.

modulation collectively creates two backscattered beams. Each
of them interferes with its corresponding pump beam so that
two standing waves are formed. In a self-consistent way, a
stationary density modulation is stabilized by the stationary
optical lattice potential, which, in contrast to usual optical
lattices, consists of two different standing waves which are
created and therefore phase locked by the atoms. In contrast
to the single-beam case, in which the backscattered beam is
frequency shifted by 4ωR with respect to the incident beam
due to the 2h̄k of recoil momentum imparted to the atoms,
in the crystal phase both backscattered beams have the same
frequency as their corresponding pump beams because the
atomic density distribution is stationary. This establishes a new
supersolid form of matter by spontaneous crystallization of
light and atoms. For a sudden turn on of the pump beams, there
should be an oscillatory behavior around the new equilibrium
phase, in contrast to the exponential growth and eventual gain
depletion of single-beam superradiance, as in Ref. [7].

In this Rapid Communication, we characterize the regimes
of low and high Rayleigh scattering rates by determining
the threshold power for collective light scattering and by
monitoring the time evolution of the atomic momentum
distribution both for a single beam and for two beams. We
observe qualitatively different behaviors, including oscillatory
dynamics for two pump beams at high Rayleigh scattering
rates. Our observations are consistent with the predictions of
the crystal phase using the one-dimensional (1D) theoretical
model [31]. However, the experimental system is three dimen-
sional (3D) and its lifetime is severely limited by Rayleigh
scattering into free space. Therefore, the crystal phase can
only form transiently and cannot reach equilibrium.

Experiments are performed with a new 7Li machine which
produces Bose-Einstein condensates of typically 4 × 105

atoms in 10 s. Atoms from an effusive oven are laser cooled
with a spin-flip Zeeman slower and 5 × 109 atoms are captured
in a 3D magneto-optical trap operated on the D2 line. After
a compression step, further sub-Doppler cooling is performed
using gray molasses on the D1 line, as in Ref. [32], which
reduces the temperature to 90 μK. Dark-state optical pumping
on the D1 line prepares the atoms in the magnetically trappable
|F = 2,mF = 2〉 ground state. They are then transferred to a
quadrupole magnetic trap with a repulsive “plug” optical beam

used to inhibit losses from the center of the trap [33]. During
rf evaporation the atomic density is kept at 1 × 1013 cm−3 by
gradually opening up the magnetic trap to prevent strong losses
due to three-body recombination. The negative scattering
length of the |F = 2,mF = 2〉 state prevents the formation of
large stable condensates [34]. The evaporation is terminated
just before degeneracy is reached and the atoms are transferred
to a 1064-nm optical dipole trap. They are spin flipped to the
lowest hyperfine |F = 1,mF = 1〉 state, which has a Feshbach
resonance at 737 G [35]. The scattering length is tuned to
about 125aB , where aB is the Bohr radius, and the atoms are
evaporated to degeneracy.

For the current experiment, a magnetic field is chosen to
realize a scattering length of 15aB to avoid strong scattering
between atoms in different momentum states. We obtained a
cloud of typical size of about 20 μm × 120 μm by releasing
it from a crossed optical dipole trap and letting it expand into a
single-beam dipole trap. A tunable Ti:sapphire laser generates
671-nm light detuned by 1–20 GHz from atomic resonance.
The two pump beams have e−2 radii of 140 μm and propagate
along the long axis of the condensate. Interference between
them is suppressed on experimentally relevant time scales by
offsetting them in frequency by 160 MHz using two acousto-
optic modulators. This frequency offset is large enough to
eliminate Raman coupling between momentum sidebands,
�ω � ωR , and small enough so that the recoil momenta of
the two beams are indistinguishable, h̄�k � h/L. Both beams
have the same polarization and drive a π transition. Rectangu-
lar pump pulses are applied, after which the trap is suddenly
switched off and momentum distributions are recorded after
ballistic expansion. Momentum distributions are then charac-
terized by the number of atoms in the satellite peaks, which
are separated from the main cloud by recoil momentum.

The onset of collective light scattering is studied by
measuring the number of atoms in the 2h̄k peak in time of
flight as a function of laser power (Fig. 2). All three plots
on the right-hand side show that there is an effective critical
power for the onset of superradiance. For long pump times
[Figs. 2(a)–2(d)], the thresholds are lower, corresponding to
small Rayleigh scattering rates. For high pump powers (large
Rayleigh scattering rates), the dynamics occurs already on
short time scales and the critical powers are lower for two
beams than for a single beam [Figs. 2(e) and 2(f)]. By contrast,
at low Rayleigh scattering rates, collective light scattering is
suppressed in the presence of two beams. This is best seen in
Figs. 2(c) and 2(d): At the same powers, at which the system ex-
hibits strong superradiance with a single pump beam, there are
no recoiling atoms visible in the presence of two pump beams.

For Rayleigh scattering rates smaller than the recoil
frequency [Figs. 2(a)–2(d)], a quasiparticle picture can be used
to describe the onset of superradiance (for discussions, see,
e.g., Refs. [7,24,25,28]). Recoiling quasiparticles are created
by Rayleigh scattering into the end-fire mode, which occurs at
a rate of Ref = RN0f , where R is the total Rayleigh scattering
rate per atom, N0 is the number of atoms in the condensate,
and f is the effective solid angle for scattering into the
end-fire mode, approximately given by λ2/D2, where λ is
the wavelength of the scattered light and D is the diameter of
the condensate. This rate is enhanced via bosonic stimulation
by a factor N1 + 1 with N1 atoms with recoil momentum 2h̄k
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FIG. 2. Observation of superradiant light scattering in different
regimes. Shown are momentum distributions after 2-ms time of
flight for three different pump times and different pump powers at
18.62 GHz red of the 7Li D2 line. For each time, the single-beam
case with pump propagating from the left (top picture, triangles) is
compared to the case of two balanced beams from opposite sides
(bottom, circles). The strength of collective light scattering vs laser
power is characterized by the number of atoms with momentum 2h̄k

(right peak). Solid lines are a guide to the eye. The images are taken
at the powers indicated by the dashed vertical lines.

already present. The recoiling atoms are lost from the system
at a rate L, either by collisions or because they move out of
the condensate volume.

The resulting rate equation describes both the threshold
and the initially exponential gain for the case of a single pump
beam [7],

dN1

dt
= Ref(N1 + 1) − LN1 = Ref + (RN0f − L)N1. (1)

For weak pump beams and negligible source depletion,
one would expect, at least in the perturbative regime, that the
addition of a second counterpropagating pump beam would
trigger superradiant scattering into the opposite direction.
However, due to bosonic stimulation, the rates of scattering
into the end-fire modes are proportional to the number of
atoms in the initial and the final states. For the case of
two counterpropagating beams which can transfer equal but
opposite momenta, the stimulated scattering rates, which are
responsible for superradiance, cancel in the rate equation

dN1

dt
= R1N0f (N1 + 1) − R2N1f (N0 + 1) − LN1 (2)

if the single-particle scattering rates are equal (R1 = R2). The
remaining terms simply reflect spontaneous scattering and loss
L as described above. A similar equation can be written for
the −2h̄k atoms.
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FIG. 3. Time dynamics of collective light scattering for two
beams in the large Rayleigh scattering rate regime. Each beam is
at power P which is above the effective threshold power P0 at blue
detuning δ from the 7Li D2 line. (a) Comparison of the single-beam
pump to the two-beam pump. In both cases, the single-beam power
is the same and P/P0 = 1.2, where P0 = 2.8 mW at δ = 9.9 GHz.
(b) For different initial condensate numbers (P/P0 = 1.8, where
P0 = 8.6 mW at δ = 17 GHz). (c) For different pump powers [P0 and
δ are the same as in (a)]. (d) For different detunings but at constant
Rayleigh scattering rate, which was measured for a single beam in
each case to be 1.7 × 104 s−1, which corresponds to P/P0 = 2.3.
Here, δ0 = 9.9 GHz. Solid lines are a guide to the eye.

Complete suppression of superradiance for the two-beam
case is observed for pump times on the order of tens of recoil
times ω−1

R = 2.5 μs [e.g., 50-μs case in Figs. 2(c) and 2(d)].
For even smaller pump powers and therefore longer pump
times, as in the 1-ms data, the suppression is incomplete. This
is possibly due to effects of decoherence, or defocusing of
the recoiling atoms by atom-atom interactions, which could
begin to have an effect after long pump times. For detailed
experimental studies of the behavior of the single-beam system
at low Rayleigh scattering rates, see Refs. [7,15,16,18–21].

When the Rayleigh scattering rate into the end-fire modes
becomes on the order of the recoil frequency ωR , the
quasiparticle picture can no longer be used. In this regime
the system displays the opposite behavior compared to the
low scattering rate regime. The presence of the second beam
lowers the apparent threshold power for nonzero momentum
atoms to appear in time of flight [see Fig. 2(f)]. In addition,
the time dynamics of the system differs qualitatively for
the single-beam and the two-beam cases (Fig. 3). When the
two beams are suddenly turned on, we observe temporal
oscillations of the number of atoms with nonzero momentum.
This was predicted by Ref. [31] as oscillations around an
equilibrium crystal phase. By contrast, with a single pump
beam the number of recoil atoms grows continuously until the
Bose-Einstein condensate gets depleted and the gain decreases,
as shown in Fig. 3(a), in agreement with the predictions of
Eq. (1). The frequency of the oscillations is on the order
of the recoil frequency ωR . The amplitude decays with time
due to the loss of atoms to Rayleigh scattering into modes
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FIG. 4. (a) Time-of-flight images at three different powers at 3-μs
pump time, 2 ms of ballistic expansion, and at 7 GHz blue of the
D2 line. The power noted is the power in each beam. (b) Effective
threshold power for the onset of collective light scattering with two
pump beams. Each point is obtained from a two-line fit to the number
of atoms in the 2h̄k peak after 3-μs pump time as a function of power,
as shown in the inset. The error bars are one standard deviation of the
threshold fit. The blue line is a quadratic fit for the threshold power vs
effective detuning: P0 = Aδ̃2 with A being a single free parameter.

other than the end-fire modes. We observe distinct nonzero
momentum peaks in time of flight with two beams for about
12 μs at an inverse Rayleigh scattering rate of about 30 μs.
The amplitude and period of the oscillations depend strongly
on the initial number of condensate atoms [Fig. 3(b)]. This
is characteristic of collective light scattering effects, e.g.,
in collective spontaneous emission the peak intensity of the
emitted light scales with N2, where N is the number of
scatterers [3]. Sample oscillation curves for different initial
condensate numbers as well as different loss rates have been
numerically calculated in Ref. [36] for a 1D two-beam system.
The frequency and the amplitude of the oscillations increase
with power in the pump beams, as shown in Fig. 3(c). When
the Rayleigh scattering rate is kept constant and the detuning
is varied, oscillations with a larger amplitude are observed at
higher detunings, as evidenced in Fig. 3(d). This is consistent
with the optical dipole potential rather than Rayleigh scattering
governing the dynamics, as in the model used to describe the
crystal phase in Ref. [31]. A constant Rayleigh scattering
rate R′ requires the power to be scaled with detuning δ

as P ′ ∝ R′δ2, so that the ac Stark shift and, therefore, the
potential depth ∝P ′/δ ∝ δ [37].

In addition to the different time dynamics, the single-beam
and the two-beam cases also differ in the shape of the observed
momentum peaks [Fig. 4(a)]. For the short times of flight
used in this experiment, the observed density distributions
within each momentum peak still reflect the in-trap density
distribution. The shape of the ±2h̄k peaks follows closely the
elongated shape of the condensate, while the shape of the 2h̄k

peak for a single beam is shorter and more rounded. This can
be explained by the inhomogeneous intensity distribution of

the backscattered end-fire beam along the condensate. The
power of the end-fire mode is largest where the pump beam
enters the cloud, increasing the generation of recoiling atoms
via Bragg scattering. In contrast, the combined potential of
the two stationary optical lattices is predicted to be almost
homogeneous along the condensate [31]. At even higher
powers [see the rightmost column in Fig. 4(a)], there is
a backward peak of atoms with −2h̄k momentum in the
one-beam case. It is the result of the second-order process
of rescattering of a backscattered photon. This is the Kapitza-
Dirac regime, commonly associated with pump times smaller
than the recoil time [38]. We also observe momentum peaks
at 4h̄k due to higher-order superradiance as studied earlier [7].
In all cases, the two-beam geometry shows patterns distinctly
different from those obtained by adding up the peaks for the
two one-beam geometries, indicative of a different mechanism
of collective light scattering.

We have also studied the detuning dependence of the
effective threshold power P0 for collective light scattering
[Fig. 4(b)]. Due to the fine structure splitting in the excited
state (10 GHz), the effective detuning δ̃ for a pump beam at
frequency ω is given by δ̃−1 = 2/(ω − ωD2) + 1/(ω − ωD1),
where ωD1 and ωD2 are the frequencies of the D1 and D2 lines
and the coefficients reflect the relative strength of the dipole
matrix elements for π -polarized light. The observed thresholds
are consistent with P0 ∝ δ̃2, i.e., the onset requires a critical
Rayleigh scattering rate. This agrees with the threshold power
predicted for the crystal phase in Ref. [31]. However, due to
scatter in the data, the experimental results would also agree
almost equally well with a linear fit P0 ∝ δ̃, i.e., the onset is
driven by a critical ac Stark shift. Note that in between the
D1 and D2 lines optical pumping to other hyperfine states
limits the gain into the end-fire modes. For the single-beam
pump, this leads to Raman superradiance, as observed in
Refs. [39,40].

We have so far emphasized the qualitative differences
between the one- and two-beam cases. Those cases can be
connected by using two beams with imbalanced intensities.
In the large Rayleigh scattering limit, we observe that the
number of atoms in both satellite peaks initially goes through
an oscillation, but eventually the stronger beam wins over:
With pump time, one momentum peak grows in number and the
other one decreases. Reference [36] has investigated the phase
diagram of the imbalanced system, showing that there is a
similar instability to self-organization for all values of the beam
asymmetry. Further studies are needed to explore this regime.

In this work, we have observed a self-organization effect of
atoms coupled by light. Related effects have been observed
with cold atoms in optical cavities (see Ref. [41] for a
review). Superradiant light scattering into a single-cavity mode
gives rise to only two distinct density modulations, i.e., a
checkerboard phase which breaks Z2 symmetry. The system
studied here is in free space and the density modulation which
forms breaks a continuous U (1) symmetry, which constitutes
a supersolid phase. In fact, a system with two cavities also
realizes a supersolid with the spontaneous breaking of a
continuous symmetry [42]. The present system is conceptually
simpler, but the study of the crystal phase is currently limited
by the large Rayleigh scattering rates into free space relative
to the scattering into the end-fire modes.
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In conclusion, we have studied collective light scattering of
an elongated Bose-Einstein condensate when pumped with
one or two noninterfering beams. In the regime of small
Rayleigh scattering rates compared to the recoil frequency, a
quasiparticle picture of the scattering explains the suppression
of superradiance in the presence of two beams. In the regime
of large Rayleigh scattering rates, the behavior of the two-
beam system is qualitatively different and consistent with
the incipient formation of the predicted crystal phase. The
superradiant gain and, as a consequence, the lifetime of the
crystal phase could be increased by increasing the atomic
density or decreasing the cloud diameter D while keeping the
Fresnel number F ∝ D2/L0λ on the order of one, where L0

is the length of the condensate (see Ref. [2] for a discussion).
This would allow the study of a supersolid formed by collective
light scattering, which features a spontaneously chosen phase
of the atomic density distribution and the emergent optical

lattice. In particular, it would be interesting to confirm the
predictions that the backscattered light is not recoil shifted
and that the phase of the density modulation is spontaneously
chosen.
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We prepare and study a two-component Mott insulator of bosonic atoms with two particles per site. The
mapping of this system to a magnetic spin model and the subsequent study of its quantum phases require a
detailed knowledge of the interaction strengths of the two components. In this work we use radio-frequency
transitions and an on-site interaction blockade for precise empirical determination of the interaction strengths
of different combinations of hyperfine states on a single lattice site. We create a map of the interactions of the
two lowest hyperfine states of 7Li as a function of magnetic field, including measurements of several Feshbach
resonances with exceptional sensitivity, and we identify promising regions for the realization of magnetic spin
models.

DOI: 10.1103/PhysRevA.99.033612

I. INTRODUCTION

Ultracold atoms in optical lattices, described by a Hubbard
Hamiltonian, are a uniquely accessible platform for the study
of quantum magnetism. A dual-component Mott insulator
with n atoms per site, in which each of the components stands
in for a magnetic spin, implements a spin-n/2 Heisenberg
model with nearest-neighbor interactions [1]. With first-order
tunneling suppressed by on-site interactions, only exchanges
between sites that preserve the overall density distribution are
possible. This superexchange of particles mediates effective
spin-spin interactions [2], and in analogy to the spin system,
the ground state will be determined by ratios of the on-site
intra- and interspecies interactions, which can be varied by
means of a state-dependent optical lattice [3] or by using
Feshbach resonances [4]. The model with a single particle per
site, corresponding to spin 1/2, has been studied extensively
in many regimes; recent successes include observation of
three- and two-dimensional Néel ordering in fermions [5,6],
measurements of spin correlations in two-dimensional spin-
imbalanced systems [7], and spin-charge correlations in the
presence of hole doping [8].

In this work we focus on a two-component spin-1 bosonic
model implemented using the two lowest hyperfine states of
7Li (hereafter a and b) in a cubic optical lattice. Integer-spin
models remain largely unexplored using cold-atom systems
and yet they are predicted to exhibit many interesting be-
haviors arising from both magnetic ordering and beyond-
mean-field effects due to topological considerations [9–11].
With two particles per site, the three states of our model, | +
1〉 = |aa〉, |0〉 = (|ab〉 + |ba〉)/

√
2, and | − 1〉 = |bb〉, form

a spin triplet manifold on each lattice site.1 As in the
spin-1/2 system, the nearest-neighbor interactions arise from
superexchange. Because of Feshbach resonances, the three

1Hereafter, for compactness, we will refer to these three states as
|aa〉, |ab〉, and |bb〉, using the Fock basis notation.

possible configurations have on-site energies that are a func-
tion of the applied magnetic field B, so one can tune the
configurational energies of different distributions of spins in
the lattice (Fig. 1). Quantum phase transitions are expected in
regimes where the nearest-neighbor interactions compete with
on-site interactions. Determining the relevant regions of B for
an exploration of the spin-1 Hamiltonian therefore requires
precise knowledge of the relative strength of the interactions
among the hyperfine states.

II. EXPERIMENT

Radio-frequency spectroscopy has been used in the past to
measure site occupancy in a single-species Mott insulator of

|aa

1√
2
(|ab + |ba )

|bb

ωaa→ab

ωbb→ab

B

FIG. 1. The three different combinations of two hyperfine states
on a lattice site have interaction energies Uaa, Uab, and Ubb which can
be tuned via Feshbach resonances. At a given field B, the splittings
will in general be unequal, giving rise to an interaction blockade: The
two possible transitions can be individually addressed by an rf drive
with frequency ω = ωZeeman + �U/h̄.
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ultracold bosons [12]. Here we extend this technique to mea-
sure the differential interaction energy of two confined atoms
as a function of magnetic field. We begin by preparing an n =
2 Mott insulator of 7Li in a single hyperfine state in a 1064-
nm cubic optical lattice [our apparatus and Bose-Einstein
condensate (BEC) production are described elsewhere [13].
The number of atoms is 1 × 105 and the lattice depth is 35ER

in each dimension. The central n = 2 plateau, approximately
3 × 104 sites, is surrounded by an n = 1 shell containing a
similar number of sites. We pulse the rf drive for 2.9 ms and
monitor the number of atoms in the other hyperfine state as a
function of drive frequency. At the frequency corresponding
to the transition of a bare atom, we observe a peak coming
from the atoms on n = 1 sites. We observe a second peak
from the n = 2 atoms, which is shifted by the difference in
interaction energy between the initial state (|aa〉 or |bb〉) and
the final state (|ab〉). The pulse length corresponds to a π pulse
for the n = 2 sites (so that we maximize the signal), which
have a Rabi frequency

√
2 greater than that of the n = 1 sites,

due to bosonic enhancement. The interaction blockade [14]
that arises from unequal interaction energies in the three states
means that one may drive the system selectively between |aa〉
and |ab〉 (or |bb〉 and |ab〉). Thus when we probe the atoms
absorptively after an rf pulse with light that is resonant only
for a (or b), we measure a single flipped atom per n = 2 site.

The frequency of the n = 1 peak corresponds to the Zee-
man shift and thus to the magnitude of the applied magnetic
field (the hyperfine constant and nuclear g factor for 7Li are
taken from [15]). The frequency shift of the n = 2 peak,
which may be positive or negative, is a direct measure of
the differential two-body interactions. Using this technique,
we obtain rf spectra at many selected bias fields from which
we derive the two-body interaction splittings Ubb − Uab and
Uab − Uaa (Fig. 2). The technique works equally well for
attractive and repulsive interactions, so long as the system
remains in the Mott insulating state.

The precision to which we must determine the differential
interaction energies on a site as an input to a many-body
physics model is fixed by the superexchange rate, which at
Mott insulator depths for 7Li in a 1064-nm optical lattice
ranges from hundreds of hertz to several kilohertz, depending
on lattice depth and dimensionality. Here we measure the
differential interaction energies as a function of magnetic field
to a precision of about 100 Hz, limited only by the stability
of our magnetic field (better than one part in 105 at 103 G)
and the difference in magnetic moments of the two hyperfine
states (approximately 33 kHz/G). As these interaction ener-
gies range over many tens of kilohertz, the error bars are too
small to see on a full scale plot [Fig. 3(a)]. This technique is
particularly well suited to atoms with characteristically large
interaction energies, such as Li, because the wide separation
between singlon and doublon spin-flip resonances permits the
use of high Rabi frequencies, which maximizes signal size and
decreases sensitivity to magnetic-field noise.

While rf spectroscopy in a lattice is a powerful and precise
tool for characterizing differential interactions, another tech-
nique is necessary to measure the absolute interaction energy
(i.e., Uaa or Ubb), for these interactions determine the lattice
depth for the transition to the Mott insulator in each hyperfine
state. In previous studies, lattice amplitude modulation (AM)
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FIG. 2. Fits to representative spectra of the transition between b
and a, taken between the two bb Feshbach resonances. The spectra
have been plotted so that the Zeeman-shifted peaks of the n = 1
transitions overlap. The inset shows an example spectrum in which
each point is an average of four measurements and the fit is a sum
of two Gaussians. The crossing of the frequencies of the two peaks
corresponds to Uab − Ubb = 0.

has been used to drive singlon-to-doublon conversion in the
lowest Hubbard band, and the resonant frequency of this
process has been associated with the on-site interaction energy
in both repulsive [16] and attractive [17] single-component
bosonic systems. Here we employ the same technique to map
the on-site intraspecies interactions of 7Li across a broad
range of magnetic fields. We modulate the lattice depth by
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as a function of magnetic field, measured via rf interaction spec-
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lengths of the aa and bb interactions plotted as a function of magnetic
field, measured using lattice AM and shown in units of the Bohr ra-
dius a0. Also shown as a bold dashed line is the ab scattering length,
obtained using simultaneous hyperbolic fits to the rf spectroscopy
and lattice AM data sets. The fits are shown as solid black lines.
Dotted vertical lines indicate the position of a resonance.
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TABLE I. Parameters of the Feshbach resonances in the two lowest hyperfine states of 7Li, determined with a simultaneous fit to rf
interaction and lattice AM spectroscopy data (except where specified otherwise). The reported errors in our measurements are 1σ statistical
uncertainties in the fit parameters. The AM data slightly bias the resonance positions derived from combined fits towards higher magnetic
fields, possibly due to unaccounted-for systematics. As the rf data are influenced only by two-body on-site effects rather than by many-body
physics, the resonance positions are likely captured more accurately by the rf data alone.

Bres (G) Bres (G) Bres (G)
Channel abg/a0 � (G) (rf data only) (combined fit) (previous works)

aa − 25.8(1.2) − 135.9(6.9) 737.58(10) 738.29(15) 738.2(2)a

737.8(2)b

736.97(7)c

ab − 29.8(1.3) − 90.5(4.0) 794.64(07) 794.59(12)
bb − 23.0(1.4) − 14.9(0.9) 845.42(01) 845.45(02) 844.9(8)a

bb − 23.0(1.4) − 172.7(10.0) 893.34(12) 893.84(18) 893.7(4)a

aReference [19].
bReference [20].
cReference [21].

30% peak to peak along the shallow dimension of a 35ER ×
35ER × 20ER optical lattice and measure the entropy added
to the system by adiabatically ramping back to the BEC from
the Mott insulator and measuring the recondensed fraction.
While we must remain in the Mott insulator in regions of
magnetic field where the scattering length is negative in order
to prevent the collapse of the atomic cloud, data taken above
but close to the transition for either attractive or repulsive
interactions display a bias towards higher frequency [16].
While this systematic bias prevents the collection of data for
very small scattering lengths, limiting the accuracy of our
determination of the background scattering length in each
channel, the locations of the resonances themselves are not
significantly affected.

We perform a simultaneous fit to both the rf differential
interaction spectroscopy data and the lattice AM spectroscopy
data in order to determine the interspecies interaction energy
Uab and to extract parameters of the Feshbach resonances we
detect [see Fig. 3(b)]. We take the form of the scattering length
in each state to be a hyperbola

as = abg

(
1 −

∑
i

�(i)

B − B(i)
res

)
(1)

with a background scattering length abg, width �(i), and res-
onance location B(i)

res. In order to provide a useful comparison
with existing literature, we calculate the scattering lengths

1

as
= 4π h̄2

m

1

U

∫
|ψ (r)|4d3r, (2)

where U is the on-site interaction energy we measure and
ψ (r) is the calculated Wannier wave function on a site,
given calibration of the lattice depth by interband parametric
excitation. This approximation for ψ systematically biases the
scattering lengths towards lower values because interactions
modify the actual two-particle wave function by admixing
higher bands, but the correction is not significant as long as
|as|/aHO � V 1/4/

√
2π , where aHO is the harmonic-oscillator

length on a site and V is the lattice depth in recoil units
[18]. For the moderate scattering lengths considered here,
we remain more than one order of magnitude below this
threshold. The complete Feshbach resonance spectrum for the

two lowest hyperfine states of 7Li is plotted in [Fig. 3(b)] and
the parameters of the resonances can be found in Table I.

III. RESULTS

We find a single resonance in the lowest hyperfine state,
whose position is in good agreement with the most re-
cent measurements made using rf spectroscopy of molecu-
lar binding energies [19], although previous measurements
made using the modification of in-trap condensate size due
to the mean-field energy of interactions have reported the
resonance at slightly lower magnetic fields [20–22]. We also
find a single resonance between the a and b states, previously
unmeasured, whose parameters are particularly relevant for
studies of two-component systems. Of interest is also the
double resonance in the b state, studied previously using three-
body atom loss [23,24] and also rf spectroscopy of molecular
binding energies [19]. Compared to previous techniques, rf
interaction spectroscopy allows for the exploration of the
interspecies resonance. The method is as precise as rf spec-
troscopy of molecular binding energies, but does not require
knowledge of the molecular potential in order to extract the
scattering lengths.

The region between the two bb resonances provides an
opportunity to vary the interaction energy of a |bb〉 site with
respect to that of an |aa〉 or |ab〉 while keeping the latter two
relatively constant. We even find a point, near 849 G, where

2Uab = Uaa + Ubb (3)

so that the transitions from |aa〉 to |ab〉 and |ab〉 to |bb〉 occur
at the same frequency. The interaction blockade vanishes and
it is possible to rotate around the entire spin-1 Bloch sphere.
This point is characterized by Rabi oscillations with twice
the amplitude (i.e., full contrast on all doubly occupied sites)
but

√
2 lower Rabi frequency than when the two transition

frequencies are different and the rf drive is resonant with only
one of them (Fig. 4). Moreover, for two sites connected by
tunneling, the degeneracy condition (3) also means that the
superexchange process corresponding to | + 1〉L| − 1〉R ⇒
|0〉L|0〉R becomes resonant. This degeneracy implements a
special point in the spin-1 Heisenberg model: It is the point
where the spin-spin interactions are isotropic and where the
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FIG. 4. Rabi oscillations of doublons (a) exactly at and (b) far
away from the magnetic field at which the interactions are degener-
ate, as in (3). The measured atom number is normalized to the total
number of n = 2 sites. The system is initially prepared in state b
and we detect the total number of atoms in state a after applying
a resonant rf drive. Decaying sinusoidal fits determine the Rabi
frequencies to be 1.68(4) and 2.30(1) kHz, respectively, consistent
with the expected

√
2 ratio in Rabi frequency between resonant three-

level and two-level systems. The time constant for the decoherence
away from degeneracy is 10.2 ms. The oscillations in (a) seem to
decay faster because these data were taken at the closest magnetic
field to the degeneracy point which is permitted by the present
resolution limit of our magnetic-field set point, so we ultimately
observed beating between two nearly equal but off-resonant Rabi
frequencies.

on-site anisotropy, which biases the system towards local
pairing, completely vanishes.

As much as rf interaction spectroscopy in a lattice enables
precise measurements of scattering lengths, it is also a tool
for state preparation and diagnostics. Starting with an n = 2
Mott insulator in a single hyperfine state, one can prepare the
fully paired state |ab〉 on every doubly occupied lattice site
by means of a π pulse or a Landau-Zener sweep. Figure 4(b)
demonstrates coherent preparation of this fully paired state,
or spin Mott state, which has a large gap and is a promising

starting point for adiabatic state preparation, in analogy to
the band insulator in fermions [3]. Full diagnostics of doubly
occupied sites can be realized using transitions to a third hy-
perfine state, by selectively measuring the number of doublons
in different configurations of hyperfine states. We therefore
expect this method to prove useful in studies of strongly
interacting multicomponent cold-atom systems, especially
when the relative interaction strengths can be modified with
Feshbach resonances or with a spin-dependent lattice.

IV. CONCLUSION

We have developed a technique to precisely determine
the relative on-site interaction energies of different configura-
tions of two-component bosons in an optical lattice and have
demonstrated that technique using 7Li over a broad range of
magnetic fields. We have improved the precision parameters
of three previously observed Feshbach resonances and report
the observation of an interspecies Feshbach resonance in
7Li. The identification of a magnetic field which provides
for a degeneracy of differential interactions paves the way
for future investigation of a spin-1 bosonic system, which
is predicted to include spin-ordered phases such as an XY
antiferromagnet, a Z paramagnet, and topologically protected
phases such as the Haldane phase.
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In an optical lattice entropy and mass transport by first-order tunneling is much faster than spin
transport via superexchange. Here we show that adding a constant force (tilt) suppresses first-order
tunneling, but not spin transport, realizing new features for spin Hamiltonians. Suppression of the
superfluid transition can stabilize larger systems with faster spin dynamics. For the first time in
a many-body spin system, we vary superexchange rates by over a factor of 100 and tune spin-spin
interactions via the tilt. In a tilted lattice, defects are immobile and pure spin dynamics can be
studied.

The importance of spin systems goes far beyond quan-
tum magnetism. Many problems in physics can be
mapped onto spin systems. Famous examples are the
Jordan-Wigner transformation between spin chains and
lattice fermions, and the mapping of neural networks
to Ising models. The study of spin Hamiltonians has
provided major insights into phase transitions and non-
equilibrium physics. Therefore, the properties of well
controlled spin systems are explored using various plat-
forms [1].

In the field of ultracold atoms, such Hamiltonians are
realized by a mapping from the Hubbard model in the
Mott insulating (MI) state to Heisenberg models with
effective spin-spin coupling given by a second order tun-
neling process (superexchange) [2, 3]. Although immense
progress has been made towards the realization of spin-
ordered ground states [4–7], a major challenge is to reach
low spin temperatures. A promising route is adiabatic
state preparation [8], but in a trapped system a higher
entropy region surrounds a low-entropy MI core, whose
ultimate temperature and lifetime is limited in most cases
by mass or energy transport. A fundamental limitation
of superexchange-driven schemes is that the lattice depth
controls both mass transport (occuring at the tunneling
rate t/~) and the effective spin dynamics (at t2/(~U),
where U is the on-site interaction). Schemes isolating
the MI by shaping the trapping potential have been pro-
posed [9–13].

Here we use a controlled potential energy offset be-
tween neighboring sites (a tilt) to decouple spin transport
from density dynamics in the MI regime. Tilted lattices
have been used before to suppress tunneling (in spin-orbit
coupling schemes with laser-assisted tunneling [14–17]),
or to implement spin models using resonant tunneling
between sites with different occupations [18–21]. Energy
offsets have been used in double-well potentials to modify
superexchange rates [22], between sublattices to suppress
first-order tunneling and to observe magnetization decay
via superexchange [23].

X
X

FIG. 1. In a tilted lattice with energy offset per site ∆, tun-
neling at t/~ is suppressed, while superexchange at J(∆)/~ is
still allowed. This enables the slower superexchange processes
to dominate the dynamics even in systems with defects.

The implications of using an off-resonant tilt for study-
ing spin physics fall into four categories: (i) A tailored
density distribution can be chosen which is frozen-in by
the tilt. (ii) The tilt suppresses the transition to a super-
fluid (SF). We use these two features to stabilize larger
MI plateaus at lower lattice depths. (iii) The sign and
magnitude of the superexchange interaction can be tuned
with the tilt which allows access to a larger range of mag-
netic phases. (iv) In a tilted MI with n atoms per site,
number defects (n± 1) are localized. This turns t-J mod-
els [24] into spin models with static impurities and allows
the study of pure spin dynamics.

In a tilted lattice, the energy difference between lat-
tice sites prevents first-order tunneling. More precisely,
the dynamics of a single particle are Bloch oscillations
[25, 26] and if the tilt per site ∆ is larger than the band-
width, their amplitude is smaller than a lattice site. In
contrast, swapping particles incurs no energy cost, pre-
serving superexchange (Fig. 1), but with a modified ma-
trix element. For n= 1 it is [22]:

J(∆) =
4t2

U

1

2

(
1

1−∆/U
+

1

1 + ∆/U

)
(1)

where tunneling resonances at ∆ =U/m (m= 1, 2, 3...)
[21] should be avoided. We implement the tilt with an
AC Stark shift gradient from a far-detuned 1064 nm laser
beam, offset by a beam radius from the sample. We load
a 7Li Bose-Einstein condensate [27] into a 3D 1064 nm



2

optical lattice in the MI regime. Although the tilt can
be applied in any direction, here we use a tilt only along
one axis of the lattice and study 1D dynamics (see [28]).

(i) Preparing large non-equilibrium MI plateaus. In
most optical lattice experiments, the number of atoms
(and therefore the signal-to-noise ratio of measurements)
is not determined by the number of available atoms from
the cooling cycle, but by the available laser power (and
therefore beam size) for the optical lattice. This deter-
mines the harmonic confinement potential at each lattice
depth. The equilibrium size of a MI plateau with n atoms
per site is determined by the balance between the local
chemical potential µ≈nU and the harmonic trapping
potential. Its radius r∝µ1/2, so the total atom number
N ∝ U3/2, where U is controlled by the scattering length
a via a Feshbach resonance [29]. We find that the n= 1
MI plateau loaded at a= 300 a0 has an order of magni-
tude more atoms than the one loaded at a= 50 a0 (see
Fig. S3 in [28]). We initialize the experiment by loading
45,000 atoms at a= 300 a0 at a lattice depth V = 35ER
in a pure n= 1 MI with diameter of 40-45 sites and then
freeze in this distribution by applying a tilt with a 300µs
linear ramp, much faster than ~/t= 28 ms. This allows
the decoupling of MI state preparation from further spin
experiments, which could be carried out at very different
scattering lengths and lattice depths.

(ii) Increasing the speed of superexchange. The speed
of superexchange is proportional to t2 and therefore in-
creases dramatically at lower lattice depths. Due to com-
peting heating and loss processes, most experiments on
spin physics are carried out at lattice depths only slightly
above the SF-MI transition. The melting of the Mott
plateaus at the transition can be suppressed by a tilt
and spin Hamiltonians can be studied at lattice depths
even below the phase transition. Next, we experimentally
determine how much the lattice depth can be lowered.

We associate the breakdown of the initial MI plateau
with the appearance of doublons (two atoms per site
[30]), which are measured by interaction spectroscopy.
We transfer only atoms in n= 2 sites to another hyper-
fine state by using the interaction-shifted transition fre-
quency, so that atoms in n= 1 sites are not affected [29].
After loading, we decrease the scattering length, lower
the lattice depth Vz along the direction of the tilt while
keeping Vx =Vy = 35ER, and hold for 10 ms. We detect
doublons by ramping Vz back to 35ER on a timescale
∼ ~/t but slower than ~/U , so that there is local (but
not global) equilibrium. The fraction of atoms on n= 2
sites at a= 50 a0 is shown in Fig. 2a. Below a critical lat-
tice depth Vc, a sharp increase in the number of doublons
is observed. Without the tilt Vc = 11.7ER, while with a
tilt of ∆ = 1.65U , Vc = 7.3ER, implying an increase in
the superexhchange rate from Eq. (1) by a factor of 5 at
the critical depth in the tilted lattice.

To generalize this result, we repeat the measurement
at several scattering lengths (inset of Fig. 2a). All Vc are
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FIG. 2. Stabilization of large Mott plateaus at small lattice
depths. a) Fraction of atoms in doubly occupied sites as a
function of lattice depth Vz measured with (gold) and with-
out (blue) a tilt at a= 50 a0. Inset: Critical lattice depth
Vc (dashed lines in main plot) below which the fraction of
atoms in n= 2 is more than 3% above the noise floor. Two
initial density distributions are used: (i) nonequilibrium: an
n= 1 plateau prepared at a= 300 a0 (circles) and (ii) equilib-
rium: an n= 1 plateau prepared at the final scattering length
(triangles). The dotted line corresponds to the SF-MI tran-
sition. b) Virtual and real doublon populations at a= 50 a0
and ∆ = 1.65U . The fraction of coherently admixed doublons
is the difference between the doublons from the fast and the
slow ramp, shown in the inset. Solid line: probability of dou-
blon admixture. The shaded region accounts for tilt inhomo-
geneity. The dashed lines corresponds to Vc. The negative
values of the coherent doublon fraction are an artefact in the
breakdown regime.

above the threshold for the SF-MI transition because of
the spatial shrinking of the equilibrium Mott plateaus in
a harmonic trap [31, 32]. Without the tilt, Vc is deter-
mined by the proximity to the SF-MI transition and the
breakdown of plateaus is driven by first-order tunneling
in the single-band approximation. Note that global den-
sity redistribution is not responsible for the breakdown in
this measurement, as indicated by the fact that when the
lattice is loaded at the final scattering length, so that lit-
tle or no density redistribution is expected, we see similar
Vc (triangles in Fig. 2a).

With the tilt, this melting can be suppressed and we
observe that Vc is decreased, resulting in faster spin dy-
namics. However, we observe that we cannot stabilize
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the Mott plateaus by tilts for lattice depths smaller than
Vc≈ 6.3ER which we interpret as a breakdown of the
single-band approximation. We find Vc to have only a
weak dependence on tilt for the range of tilts used (0.3
to 0.9ER). Note that at this lattice depth, the bandgap
is 3ER, and the width of the first excited band is 1.6ER.
At a somewhat lower lattice depth of 4ER, we observe
that atoms are accelerated out of the lattice, a clear sign
for the breakdown of single-band physics. In cubic 2D
and 3D lattices, the motion separates in x, y, and z and
the effective breakdown of the single-band approximation
should be independent of dimension. Assuming that the
lattice can be lowered to 6.3ER in 3D, then at a= 100 a0
where the SF-MI transition is at Vc = 13.3ER, superex-
change can be 50 times faster at ∆/U = 1.4, where J/~
in Eq. (1) is the same as for ∆ = 0.

The tilt suppresses the real population of dou-
blons, responsible for the breakdown of MI plateaus,
but not the virtual ones (coherent doublon admix-
tures), responsible for superexchange. In leading or-
der in perturbation theory in t, the n= 1 MI ground
state has doublon-hole admixtures with probability
P = 2t2/(U −∆)2 + 2t2/(U + ∆)2. These admixtures are
taken into account by a unitary transformation which
leads to the effective spin Hamiltonian acting on the un-
perturbed states [3, 33]. As perturbation theory breaks
down when t and U become comparable, the distinction
between real and virtual doublons is blurred. Virtual
doublons have been detected without a tilt in [34, 35].
We measure the number of coherently admixed doublon-
hole pairs as the difference between all doublons (mea-
sured with a lattice ramp-up faster than ~/U , projecting
the wavefunction onto Fock states) and the real doublons
(incoherent doublons, measured with a slow, locally adia-
batic ramp-up as in Fig. 2a). Fig. 2b shows that the pres-
ence of the tilt does not inhibit this coherent admixture,
but only modifies its probability. At Vc perturbation the-
ory breaks down.

(iii) Tuning the Heisenberg parameters with a tilt.
Tilts comparable to U tune the strength and sign of the
superexchange interactions (Eq. (1)). This effect has so
far only been observed for two particles in a double-well
[22]. Here we demonstrate it for the first time in a many-
body system by measuring the relaxation dynamics of a
nonequilibrium state in a spin chain.

A spin-1/2 Heisenberg model [2] is implemented using
the lowest two hyperfine states of 7Li in a high magnetic
field

H = Jz
∑

〈i,j〉
Szi S

z
j + Jxy

∑

〈i,j〉

(
Sxi S

x
j + Syi S

y
j

)
(2)

where 〈i, j〉 denote nearest neighbors, Sαi are spin ma-
trices, and Jz and Jxy are the superexchange parame-
ters (see [28]). Similarly to [36, 37] (our preparation is
described in [28]), we create a spin pattern and study
its relaxation. Using π/2 pulses and a pulsed magnetic
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FIG. 3. Relaxation of a non-equilibrium spin pattern by su-
perexchange, controlled by the tilt. a) Lifetime as a func-
tion of lattice depth Vz along the tilt for ∆ = 1.65U↑↓. Inset:
decay of the contrast of the |↑〉 state for 6ER≤Vz ≤ 17ER.
The lifetimes are obtained from exponential fits with an off-
set. b) Lifetime as a function of applied tilt at Vz = 12ER.
The solid lines in both subfigures are A ~ /Jxy(∆), with one fit
parameter: a) A= 7.54± 0.31 b) A= 6.54± 0.34. The dotted
line indicates the region where the single-band approxima-
tion of the Hubbard model breaks down due to resonances of
∆ =U↑↑, U↑↓, U↓↓.

gradient, a spiral spin pattern is created resulting in a
sinusoidal (cosinusoidal) variation of the z (x) projection
of the magnetization, which is a superposition of many
spin waves (magnons), and is therefore not an eigenstate.
The spiral has a pitch of 11.5µm, and about two periods
fit within the cloud. We measure the relaxation of the
spiral by imaging the decaying contrast of the real-space
density distribution of |↑〉 atoms on a CCD camera (with
4µm resolution) in the presence of a tilt ∆ = 1.65U .

We first show that the tilt does not inhibit superex-
change. To simplify the interpretation, we pick a mag-
netic field of 848.1014 Gauss at which Jz = 0 and the
dynamics are solely determined by Jxy = J from Eq. (1)
with U =U↑↓. The inset in Fig. 3a shows the decay of the
contrast at several lattice depths, which collapse onto a
single curve when the time is rescaled by ~/Jxy. This con-
firms, over a range of more than two orders of magnitude
(0.015 kHz< Jxy/~< 2.68 kHz), that the spin relaxation
is driven by superexchange. We note that the contrast de-
cays to a long-lived offset, which is larger at higher tem-
peratures probably due to the presence of holes. Also, the
offset in the spin-density modulation is smaller than the
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observed offset in the contrast since our imaging method
enhances small contrasts. The dependence of the relax-
ation time and the offset on parameters of the system,
such as the anisotropy of the Heisenberg model, the pitch
of the spiral and temperature will be addressed in a fu-
ture study.

We now demonstrate the modification of the superex-
change rate with tilt. In general, changing the strength of
the tilt also changes the ratio Jz/Jxy, which determines
the nature of the dynamics and the ground state. For ex-
ample, when ∆>U , the sign of the Heisenberg parame-
ters can be flipped (see Eqs. S6-S7 in [28]), making it pos-
sible to go between ferromagnetic and antiferromagnetic
coupling. Here we pick a magnetic field of 857.0052 Gauss
at which U↑↑=−U↓↓ so that Jz/Jxy =− 1 is constant as
a function of tilt. Then, varying the tilt only changes
the speed of the dynamics and not the nature of the
Hamiltonian. Fig. 3b shows that the relaxation times
can be tuned by the tilt by an order of magnitude
(0.067 kHz< Jxy/~< 0.605 kHz).

(iv) Freezing in defects. A direct consequence of the
absence of first-order tunneling in a tilted MI is that
defects, which normally propagate at a rate ∼ t/~, are
frozen in. Here we illustrate the different effects of mobile
and immobile holes and doublons on the spin transport
of a single |↑〉 atom in a chain of |↓〉 atoms. We nu-
merically simulate the evolution of the two-component
Bose-Hubbard model (see [28]) for three inital states af-
ter tunneling is suddenly switched on. When there are no
defects (Fig. 4a,d), the dynamics are the same with and
without the tilt. The time evolution of spin |↑〉 shows co-
herent ballistic expansion of the wavefront with a charac-
teristic checkerboard pattern [38], akin to the dynamics
of a single particle in a non-tilted lattice [26]. The effect
of mobile holes (Fig. 4b) is to displace the particles with-
out impeding the overall dynamics significantly, which
was also observed for antiferromagnetic chains [39]. Some
coherent oscillations appear blurred and are restored by
the tilt. In the tilted case, the holes act as domain walls,
confining the dynamics to a shorter chain (Fig. 4e).

The effect of doublons is more subtle. Compared to
holes, the presence of |↓↓〉 doublons enables the forma-
tion of an |↑↓〉 doublon, so that the |↑〉 spin can prop-
agate at t/~. Note that due to Bose enhancement, an
|↑↓〉 doublon quickly turns into a |↓↓〉 doublon. Fig. 4c
shows that the |↑〉 spin is localized near the original po-
sition by collisions with |↓↓〉 doublons, which we suspect
is due to destructive interference of all paths. With the
tilt, doublons are pinned and act as reflective barriers.
The superexchange rate for spin |↑〉 to become part of a
doublon is J2 = 2t2 [−2/∆ + 2/(2U↑↓+ ∆)], which is dif-
ferent for ±∆ and leads to the left-right asymmetry in
Fig. 4f. The effects of fixed and mobile defects in higher
dimensions will be somewhat different, but overall, mo-
bile defects can have a significant effect on spin dynamics,
while immobile defects act, to a good approximation, as

a) b) c)

d) e) f)

FIG. 4. Effect of holes and doublons on the superexchange
dynamics of an |↑〉 spin in a chain of |↓〉 spins. Plotted is the
probability distribution of the |↑〉 spin as a function of time for
three initial states without (top row) and with (bottom row)
the tilt: no defects (left), two holes (middle), two doublons
(right). Here ∆ = 1.25U , U is spin independent, and the pa-
rameters are chosen so that the superexchange rate J/~ is the
same as in the case with no tilt.

domain walls or static impurities. This has implications
not only for dynamics, but also for adiabatic state prepa-
ration where the tilt prevents defects from increasing the
final entropy (see Fig. S5 in [28]).

The implementation of tilts for heavier atoms, should
be less demanding since similar tilts (in units of recoil
energy) require lower laser power. Magnetic tilts are also
possible if the two spin states have the same magnetic
moment. Separation of spin and mass transport could
also be achieved with random offsets implemented with
bichromatic lattices or laser speckle, as in the studies of
Anderson localization [40, 41].

We have introduced tilted lattices as a new tool with
practical and fundamental applications. On the practi-
cal side, we have shown that it can lead to an order of
magnitude larger systems with spin-spin couplings which
are an order of magnitude faster. On the fundamental
side, the tilt can change not only the speed of superex-
change, but also the anisotropy of Heisenberg models. It
also turns t-J models with mobile holes into spin sys-
tems with pinned impurities. This can be used to cre-
ate lattices with disorder, similar in spirit to disorder in
species-dependent lattices created by pinning the second
species [42], and to study mixed-dimensional transport in
2D systems with tilt along one axis [43]. The separation
between spin and density dynamics should be useful for
future quench experiments and for improving the fidelity
of adiabatic preparation of magnetically-ordered ground
states.
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bier, C. Salomon, and M. Köhl, Phys. Rev. A 79, 061601
(2009).

[11] C. J. M. Mathy, D. A. Huse, and R. G. Hulet, Phys.
Rev. A 86, 023606 (2012).

[12] T.-L. Ho and Q. Zhou, “Universal cooling scheme for
quantum simulation,” (2009), arXiv:0911.5506.

[13] A. Mazurenko, C. S. Chiu, G. Ji, M. F. Parsons,
M. Kanász-Nagy, R. Schmidt, F. Grusdt, E. Demler,
D. Greif, and M. Greiner, Nature 545, 462 EP (2017).

[14] H. Miyake, G. A. Siviloglou, C. J. Kennedy, W. C. Bur-
ton, and W. Ketterle, Phys. Rev. Lett. 111, 185302
(2013).

[15] M. Aidelsburger, M. Atala, M. Lohse, J. T. Barreiro,
B. Paredes, and I. Bloch, Phys. Rev. Lett. 111, 185301
(2013).

[16] C. J. Kennedy, W. C. Burton, W. C. Chung, and W. Ket-
terle, Nature Physics 11, 859 EP (2015).

[17] M. Aidelsburger, M. Lohse, C. Schweizer, M. Atala, J. T.
Barreiro, S. Nascimbène, N. R. Cooper, I. Bloch, and
N. Goldman, Nature Physics 11, 162 EP (2014).

[18] S. Sachdev, K. Sengupta, and S. M. Girvin, Phys. Rev.
B 66, 075128 (2002).

[19] J. Simon, W. S. Bakr, R. Ma, M. E. Tai, P. M. Preiss,
and M. Greiner, Nature 472, 307 EP (2011).

[20] F. Meinert, M. J. Mark, E. Kirilov, K. Lauber, P. Wein-
mann, A. J. Daley, and H.-C. Nägerl, Phys. Rev. Lett.
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Supplemental material

REALIZATION OF TILTED POTENTIALS

The tilt is implemented by an AC Stark shift gradient
across the cloud. We use a 1064 nm beam, far off detuned
from the 671 nm D-lines of lithium so that the two hyper-
fine states used as spin states feel the same potential gra-
dient. Using an optical beam makes it possible to switch
the tilt on and off suddenly (within 1µs) with an acousto-
optic modulator and to change the axis along which the
tilt is applied. An alternative approach is to use a mag-
netic field gradient, which provides for better alignment
stability and homogeneity of the tilt across the sample.
However, the use of a magnetic field gradient can make it
more difficult to implement large tilts, due to geometri-
cal and power constraints (for lithium 150 Gauss/cm are
needed for a tilt of 10 kHz/site), and also to make the
tilts the same for all states used as pseudo-spins, due to
differential magnetic moments.

The generalization to 2D and 3D tilts is straightfor-
ward except that care has to be taken to avoid resonant
second-order tunneling (see also [44]). These processes
arise when nearest-neighbor sites have the same poten-
tial energy offset. For example, when the tilt is along
the (1,1) direction in a 2 D lattice, all sites connected by
a line parallel to (1,-1) have the same potential energy
and a two-step tunneling process can take place, com-
peting with superexchange. This issue can be resolved
by missaligning the tilt from the (1,1) direction.

CALIBRATION OF THE TILT

The tilt beam is a Gaussian beam with 73µm 1/e2

radius. After preparing an n= 1 MI in a 3D lattice of
35ER, 1D dynamics are realized by lowering the lattice
along the tilt direction to 12ER and keeping the other
two lattices at 35ER. The calibration is done by then
adiabatically ramping up the tilt across the ∆ =U reso-
nance. As a result, doublons are formed on every other
site. This reproduces the experiments in [19, 20]. Fig. S1
shows the number of atoms in n= 2 sites as a function of
tilt power. We fit a phenomenological function

f(x) = A tanh

(
x− x0
w

)
+ c (S1)

and identify the center x0 of the transition with ∆ =U .
For slower ramp speeds we see a second resonance at half
the power, which we interpret as ∆ =U/2.
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FIG. S1. Calibration of the tilted potential. Plotted are the
number of atoms in the n= 2 MI shell (with lattice depths
(Vx, Vy, Vz) = (35, 35, 12)ER) after an adiabatic ramp of the
tilt as a function of the final strength of the tilt beam in
Watts. After identifying the center of the transition with U,
we obtain the power of the tilt in unites of kHz/site (top axis).

ALIGNMENT AND INHOMOGENEITY

We repeat the calibration measurement as a function
of the distance between the MI and the center of the tilt
beam. The center x0 and width 2.2w/x0 of the fitted
function f(x) from Eq. (S1) are shown in Fig. S2. For a
perfect Gaussian beam

g(z) = Ae−2(z−z0)
2/σ2

0 (S2)

we expect that the tilt is maximized when the beam
is z0 =±σ0/2 =± 36.5µm away from the cloud. How-
ever, due to imperfections in the beam, we find it at
z0 = + 36.3µm and z0 =− 49.8µm. see Fig. S2.

The potential across the cloud is determined by the
sum of the AC-Stark shifts of the tilt beam combined
with the lattice beams. Since they are all Gaussian, their
curvatures lead to an inhomogeneity of the tilt per site
across the cloud. In fact, for our geometry, the majority
of the inhomogeneity comes from the lattice beams, each
with a 1/e2 radius of 125µm. In principle, for a given
tilt beam power, it is possible to find a displacement of
the tilt beam which leads to a cancellation of the curva-
ture of the lattice and the curvature of the tilt beam at
the position of the cloud. We characterize the inhomo-
geneity by the width of the region over which doublons
form when we perform the calibration measurement in
Fig. S1. We define the width as the region over which the
fit function f(x) goes from 10 % to 90 % of the asymp-
totic values. We note that the point of minimum width
does not exactly coincide with the point of maximum
tilt, as shown in Fig. S2, and that for lower powers of the
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FIG. S2. Strength and inhomogeneity of the tilt (at lattice
depths (Vx, Vy, Vz) = (35, 35, 12)ER). The extracted a) center
point x0 and b) width 2.2w/x0 as a function of the displace-
ment of the tilt beam from the atoms.

tilt beam, the inhomogeneity increases, which is proba-
bly due to the partial cancellation of the lattice and tilt
beam curvatures. The inhomogeneity can be decreased
by using larger beams, which is an option for heavier
atoms for which the laser power is not so limiting as for
lithium. For our experiments, we use a displacement of
z0 = + 45µm to minimize the inhomogeneity of the tilt.

CHOICE OF TILT VALUE

For most of the experiments, we pick a tilt per site of
∆ = 1.65U . This choice avoids resonant tunneling and
formation of doublons at ∆ =U/m for tunneling m sites
away. The most prominent such resonance is at ∆ =U
and tunneling of up to 5 sites away has been observed
[21]. Due to the inhomogeneity of the tilt across the
cloud of 10-15 %, we pick a ∆>U to avoid any resonances
within the cloud. The scaling of the superexchange rate
with tilt x= ∆/U is

h(x) =
1

2

(
1

1 + x
+

1

1− x

)
(S3)
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For x> 1, the sign of h(x) is flipped. For 1<x<
√

2, the
magnitude of superexchange is increased. For x>

√
2

the superexchange rate decreases, for example to 50 % at
x= 1.75, implying that the most useful range of applica-
bility of the tilt is between 1<x< 2 and any points x< 1
that avoid resonances.

LOADING LARGE MI PLATEAUS
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FIG. S3. Size of n= 1 MI plateaus. Plotted is the number of
atoms in the n= 2 MI shell as a function of initial BEC num-
ber (with condensate fraction of more than 95 %). This is a
measure of the size of the n= 1 MI plateau at each scatter-
ing length given the trapping potential, which in this case is
determined solely by the curvature of the lattice beams. The
dashed lines indicate the maximum number of BEC atoms
which fit in the n= 1 MI shell at a scattering length of 50 a0
and of 300 a0.

To determine the maximum atom number for the n= 1
MI shell, we probe the formation of the n= 2 MI shell
by loading successively more atoms at each scattering
length and measuring the number of doubly-occupied
sites: Fig. S3. The smaller the scattering length, the
smaller the number of atoms that fill the n= 1 MI plateau
for a harmonic trapping potential. The maximum scat-
tering length which can be used is the one for which the
three body loss rate becomes comparable to the inverse
lattice loading time.

PREPARATION OF THE SPIN SPIRAL

The spin spiral is created by turning on a magnetic
field gradient of 50.8 Gauss/cm and then quickly apply-
ing a π/2 pulse to rotate the spins from the | ↑〉 to the
(| ↑〉+ | ↓〉) /2 state on each site. During the next 550µs
of free evolution, the spins precess by a different amount
on each site because of the magnetic field gradient and
the differential magnetic moment of 31 kHz/Gauss be-
tween the | ↑〉 and the | ↓〉 states at 882 Gauss. Another

π/2 pulse rotates the spiral into the xz plane, after which
the magnetic field gradient is turned off. This results in a
spiral with wavelength λs =h/(∆µB′T ) = 11.5µm where
T is the evolution time.

SPIRAL IMAGE ANALYSIS

-20 -10 0 10 20
Distance along the cloud ( m)

0

0.2

0.4

0.6

0.8

1

1.2

Av
er

ag
e 

nu
m

be
r o

f s
pi

n 
|

 a
to

m
s 

(a
.u

.)
FIG. S4. Fitted density distribution from a single image of
spin | ↑〉 atoms after averaging along the horizontal direction.

We analyze the spin spiral by imaging one of the two
spin states. Fig. S4 shows the spin density distribution
of the | ↑〉 atoms. We take 5 images and after averaging
along the direction perpendicular to the stripe pattern,
we fit them simultaneously with a 1D function of the
form:

sj(x) =
a

2
[1 + C sin(Qx+ φj)] e

−(x−x0)
2/2w2

0 (S4)

where only the phase φj is allowed to vary from image
to image. Here Q is the spiral wavevector, C is the con-
trast, a is an overall scaling factor, and x0 and w0 are the
midpoint and the width of the Gaussian envelope respec-
tively. The phase variation comes from magnetic field
fluctuations which are currently 1 × 10−5 at 880 Gauss.
Once we have calibrated the wavelength of the spiral as
a function of evolution time, we also fix the wavevector
Q in the fit. We extract the contrast C and rescale it to
the initial contrast in Fig. 3. The value of the starting
contrast is limited by our imaging system.

HEISENBERG MODEL

The Heisenberg Hamiltonian is derived from the two
component Bose-Hubbard model with one particle per
site as in [2].

H = Jz
∑

〈i,j〉
Szi S

z
j + Jxy

∑

〈i,j〉

(
Sxi S

x
j + Syi S

y
j

)
(S5)
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where the spin matrices Sαi are defined as

Szi = (ni↑−ni↓)/2, Sxi = (a†i↑ai↓+ a†i↓ai↑)/2, and

Syi =− i(a†i↑ai↓− a
†
i↓ai↑)/2. The coefficients are:

Jz =
4t2

U↑↓

1

2

(
1

1−∆/U↑↓
+

1

1 + ∆/U↑↓

)

− 4t2

U↑↑

1

2

(
1

1−∆/U↑↑
+

1

1 + ∆/U↑↑

)

− 4t2

U↓↓

1

2

(
1

1−∆/U↓↓
+

1

1 + ∆/U↓↓

)
(S6)

Jxy = − 4t2

U↑↓

1

2

(
1

1−∆/U↑↓
+

1

1 + ∆/U↑↓

)
(S7)

NUMERICAL SIMULATIONS

For simulating the dynamics of spin |↑〉 in a chain of
spin |↓〉, we use the two-component Bose-Hubbard model:

H =− t
∑

〈i,j〉

(
a†↑, ia↑, j + a†↓, ia↓, j

)
+ U

∑

i

n↑, in↓, i

+
U

2

∑

i

(n↑, i(n↑, i − 1) + n↓, i(n↓, i − 1))

−∆
∑

i

i (n↑, i + n↓, i) (S8)

where a†σ, i and aσ, i are the creation and annihilation
operators of spin σ on site i, t is the tunneling matrix
element, U is the on-site interaction, and ∆ is the tilt.
Here U↑↑=U↑↓=U↓↓=U . We perform quench simula-
tions from initial product states with and without a tilt
to investigate the effects of holes and doublons on the
superexchange dynamics.

In particular, we use a one-dimensional lattice of 11
sites with three initial states: (i) unit filled MI state of
| ↓〉 particles with a single | ↑〉 particle on site 6; (ii) we
replace the | ↓〉 particles on sites 2 and 10 with holes; (iii)
we replace holes with | ↓↓〉 doublons. We time-evolve the
initial state either with no tilt ∆ = 0 or with a tilt tuned
close to the resonance ∆ = 1.25. Calculations were per-
formed using the open-source Python package for exact
diagonalization and quantum dynamics QuSpin v0.3.2
[45, 46].

ADIABATIC STATE PREPARATION WITH A
TILT

One of the important potential applications of prevent-
ing transport of holes and doublons is in isolating entropy,
especially when the entropy is initially dominant at the

outside of a harmonic trap. For example, if we begin with
a Mott Insulator plateau in the center of the system, we
can adiabatically prepare interesting spin-ordered states
within that plateau [8, 47]. However, this situation is
complicated if propagation of entropy into the Mott In-
sulator plateau (as holes and doublons) is allowed during
the adiabatic ramp. In the presence of a tilt, these be-
come pinned defects, as described in the main text. This
will generally isolate entropy at the edge of the system,
and in the worst case it will generally lead to a break for
holes, or weak coupling for doublons in the spin chain.

A full analysis of this situation for a general thermal
state would be an interesting next direction. As a simple
demonstration, here we consider adiabatic state prepara-
tion in the presence of a single hole, with and without
a tilt. We aim to begin with all spins aligned with the
x-axis, and then prepare an XY Ferromagnet within the
Hamiltonian of Eq. (S5) [48]. This can be accomplished
by switching on an RF field that couples the spins, ini-
tially far detuned from resonance, and then tuning the
field into resonance. The difficult part of the adiabatic
process is the removal of this field, which is what we
model here. The modified Bose-Hubbard Hamiltonian is

Ha(τ) = H − Ω(τ)
∑

i

Sxi , (S9)

where H is the Heisenberg Hamiltonian (S5) and Ω(τ)
is the time-dependent external field, which we decrease
during the adiabatic ramp in the following way

dΩ(τ)

dτ
∼ ∆E(Ω(τ)), (S10)

where ∆E is the energy gap of the Hamiltonian (S9)
computed numerically.

In Fig. S5, we present example results, beginning with
spins aligned along the x-axis, and either no holes or
a single hole, which can either begin in the center of
the system (localized), or begin in a superposition of L
states where the hole occupies different sites with equal
amplitude (delocalized). In order to account for holes we
compute the adiabatic ramp with the tunneling terms as
well as the linear tilt terms

H̃a(τ) =Ha(τ)− t
∑

〈i,j〉
(a†↑,ia↑,j + a†↓,ia↓,j)

−∆
∑

i

i(n↑,i + n↓,i), (S11)

where the notation is the same as in Eq. (S8).
When the hole is pinned by the tilt, it creates spin

chains of shorter length. As an indicator of the effects
just on the adiabatic state preparation, we consider cor-
relation functions at each possible separation distance
where we remove any contributing state where a hole has
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FIG. S5. Averaged over distance correlation function
Kd = 〈|Ki,i+d|〉i of the adiabatically prepared state of 10
sites with the following parameters: Jz/Jxy = 1/5, t/Jxy = 5,
Ω(0)/Jxy = 50, τmaxJxy = 500. The results are presented for
3 configurations of the initial state with and without tilt ∆.

broken the chain. This gives a renormalized conditional
correlation matrix

Ki,j =
Ci,j
Ni,j

, (S12)

which neglects the contributions from holes. Here

Ni,j =
∑

k

|ck|2F (i, j, k) (S13)

is the renormalization matrix for |ψ〉 =
∑
k ck|k〉 ex-

panded in the Fock basis {|k〉} and the numerator

Ci,j =
∑

k,k′

c∗k′ckF (i, j, k)〈k′|S+
i S
−
j |k〉 (S14)

is the conditional correlation matrix. For both functions
the condition is defined as

F (i, j, k) = 1, iff

j∑

l=i

〈k|nl|k〉 = |i− j|+ 1, (S15)

which takes into account only states |k〉 that do not have
holes between sites i and j.

As shown in Fig. S5, in the absence of holes, the tilt
does not have an effect on the correlations and they de-
cay following the expected algebraic law. When holes
are added, the correlations are suppressed without a tilt,
more prominently so when the hole is localized. This ef-
fect of mobile holes becomes significantly weaker in the
presence of the tilt which pins the holes, restoring the
strength of the correlations. For a localized hole (in the
middle of the chain), the tilt effectively splits up the chain
in two parts and prevents the build-up of correlations be-
tween them, which leads to suppression of correlations at
distances longer than half the chain.
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