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Abstract

Ultracold neutral Fermi gases provide a novel platform for the experimental quantum
simulation of correlated many-body systems. The study of fluctuations and correla-
tions in Fermi gases and the development of appropriate measurement methods are
the subject of this thesis.

Spatial atom noise analysis performed for expanded clouds of an ideal Fermi gas
reveals Pauli suppression of density fluctuations for cold gas samples deep in the
quantum degenerate regime. Measuring the level of suppression provides sensitive
thermometry at low temperatures.

Spin fluctuations and density fluctuations are studied for a two-component gas
of strongly interacting fermions along the Bose-Einstein condensate - BCS crossover.
This is done by in situ imaging of dispersive speckle patterns. Compressibility and
magnetic susceptibility are determined from the measured fluctuations. Speckle imag-
ing easily resolves a tenfold suppression of spin fluctuations below shot noise, and can
be universally applied to trapped quantum gases.

A degenerate Fermi gas is rapidly quenched into the regime of strong effective re-
pulsion near a Feshbach resonance. The spin fluctuations are monitored using speckle
imaging and, contrary to several theoretical predictions, the samples remain in the
paramagnetic phase for an arbitrarily large scattering length. Over a wide range of
interaction strengths a rapid decay into bound pairs is observed over times on the
order of a few Fermi times, preventing the study of equilibrium phases of strongly
repulsive fermions. This suggests that a Fermi gas with strong short-range repulsive
interactions does not undergo a ferromagnetic phase transition.
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Chapter 1

Introduction

The field of ultracold quantum gases continues to expand. Bose-Einstein condensation

of dilute alkali vapors [1, 2] opened up a multitude of research possibilities and led

eventually to the experimental study of quantum degenerate Fermi gases [3] and

new phases in optical lattices [4]. Particularly in this context it is evident that the

expansion of the field is not mere diversification. Instead, cold quantum gases are

becoming a model system to investigate universal physics [5] and to address long-

standing questions relevant for solid state many-body systems [6].

The experiments described in this thesis follow this concept. Individually they

demonstrate fundamental effects of quantum mechanics, reveal pair correlations in

a superfluid and attempt to investigate the possibilities for itinerant ferromagnetism

in a strongly interacting quantum gas. However, altogether they want to contribute

towards the implementation of a quantum simulator for solid state systems.

This chapter will provide a motivation and general introduction to fluctuation and

correlation experiments with cold atoms.
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1.1 Mean values and fluctuations

1.1.1 Why is the physics of fluctuations interesting?

Every experimentalist is confronted with fluctuations in the quantity of interest. Of-

ten these fluctuations have a technical origin, e.g. uncertainties caused by residual

mechanical vibrations in a measurement setup, and contribute to the error budget of

the experiment. In the absence of technical noise the outcome of a measurement is

typically still noisy, but now the noise reflects fundamental properties of the studied

system.

Measuring the voltage drop across an electrical resistor is a good example. Ini-

tially technical noise in the measurement device - for instance an oscilloscope - might

be the limiting factor, but eventually one finds that irreducible forms of noise are

associated with every resistor. The random thermal motion of the charge carriers in

the conductor gives rise to thermal Johnson noise, and for very low currents through

the resistor the quantization of charge results in significant shot noise type statistical

fluctuations of the current [7].

However, identifying the physical origins of a noise effect is not only insightful on

the level of a particular system. It rather leads to the understanding of a very funda-

mental relation between the fluctuations in any thermodynamic system at equilibrium

and the response of the system to applied external forces. This relation, explicated

as the fluctuation-dissipation theorem [8], allows one vice versa to determine rele-

vant thermodynamic quantities without affecting the equilibrium: One can interpret

fluctuations as being caused by spontaneous infinitesimal perturbations constantly

probing the response of the system. Fluctuations are not just a distraction from the

mean values, they carry additional information.

From a historical viewpoint the discovery and explanation of Brownian motion

[9] is another very prominent example for the relevance and impact of understanding

noise effects in physics. Like the thermal noise in a resistor Brownian motion can

be analyzed and interpreted within the framework of the fluctuation-dissipation the-

orem. Again the system’s response to an applied force is linked to thermally driven
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microscopic fluctuations. Many years before a general formulation of the fluctuation-

dissipation theorem was given, Einstein [10] and Smoluchowski [11] carefully mod-

eled Brown’s experimental observations. They derived via statistical mechanics the

connection between the kinetic noise of erratically moving microscopic particles char-

acterized by the diffusion constant D = 〈(Δx)2〉/(2t), i.e. mean square displacement

per time t, and a mobility parameter μ = vd/F that quantifies the particles’ mean

drift velocity vd under the influence of an externally applied force F . By finding

D = μkBT (1.1)

with kB being the Boltzmann constant and T being the absolute temperature, Ein-

stein and Smoluchowski wrote down an early version of the fluctuation-dissipation

theorem.

Many more examples - in particular exciting recent developments like squeezed

quantum states [12] - could be given to further motivate the exploitation of noise

phenomena, but in the focus of this thesis is the application of noise measurements

in the context of many-body physics with ultracold quantum gases.

1.2 Fluctuations and experiments with cold atoms

1.2.1 New ways to probe interesting quantum phases

Given the universal relevance of fluctuations it is not surprising that they can also

play an important role in the field of cold atoms. Consider for instance a three-

dimensional optical lattice loaded with a two-component interacting Fermi gas so

that there is on average one atom per lattice site. Assuming appropriate values for

temperature, lattice depth and interaction strength it is expected that such a system

undergoes a phase transition to a Mott insulating [13] and an antiferromagnetic [14]

state as depicted in Fig. 1-1. Diagnosing these phase transitions can be challenging

because the mean density distribution of one atom per lattice site (i.e. half filling in a
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a)  Mott Insulator b)  Antiferromagnet

Figure 1-1: Illustration of atom distributions in an optical lattice for a) a Mott
insulating state and b) an antiferromagnetic state. The red and gray dots represent
atoms of the two different spin components. Both quantum states have exactly one
atom per lattice site. While the Mott insulator randomly assigns the spin state for
each site, the antiferromagnet is an ordered system alternating between the two spin
components.

system with two spin components) is not changing. However, by measuring differential

density fluctuations the various states can easily be distinguished. With n1 (n2) being

the number density of spin component 1 (2) it is clear that both quantum phases

exhibit suppressed noise for the sum density n1 + n2. But while the Mott insulator

will show fluctuations in the difference density n1 − n2, they will be suppressed for

the antiferromagnet.

Although noise measurements are not the only method to experimentally identify

these quantum phases, developing the ability to precisely measure fluctuations is

going to be a significant advantage at the ultracold atoms research frontier.

1.2.2 Noise and correlation measurements - The state of the

field

Over the past decade progress has been made towards accessing the wealth of infor-

mation hidden in the density fluctuations and correlations of ultracold gases. Several

experiments successfully demonstrated the deterministic sub-Poissonian preparation

of small clouds of bosons with typically a few hundred atoms [15, 16, 17, 18].

In 2004 Altman et al. [19] suggested to directly reveal density-density correla-

tions by carefully analyzing the atom shot noise in the image of an expanding gas

cloud. Their proposal led to experiments that reported the atom shot noise resolved

detection of local and nonlocal pair correlations between the constituents of dissoci-

ated weakly bound Feshbach molecules [20]. Furthermore, following similar concepts
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Fölling et al. [21] and Rom et al. [22] could find density correlations in images of

gas clouds released out of an optical lattice potential. The obtained correlations in

momentum space are a consequence of the momentum projection happening when the

periodic lattice potential is abruptly switched off. Accordingly, after ballistic expan-

sion the correlations are revealed in the spatial frequency domain by calculating the

two-dimensional autocorrelation functions of the density distributions and averaging

appropriately.

In a more recent experiment [23] studying a two-dimensional Mott-insulator of

bosonic Caesium atoms it was possible to directly observe in a spatially resolved

way the reduction of number fluctuations accompanying the incompressible Mott

state. A localized atom counting in repeated absorption images was performed to

obtain the number statistics. In this regard this experiment was paradigmatic for a

new generation of cold atoms experiments that can now provide single-site resolved

imaging of atoms in optical lattices allowing high fidelity atom counting and statistics

[24].

All approaches mentioned here delivered insight into interesting quantum states

by employing noise or fluctuation related measurements. However, they all rely in

some way on specialized preparation schemes, two-dimensional confinement geome-

tries or other requirements. The work presented in this thesis wants to further expand

the applicability of noise measurements by introducing and demonstrating a simple

experimental infrastructure for universal fluctuation measurements in ultracold atoms

systems.

1.2.3 A universal approach to noise measurements - Synopsis

and outline

Measurements of an observable A in a system at thermal equilibrium fluctuate around

their expectation value 〈A〉. These fluctuations ΔA are a fundamental property of

the system and can be linked via the fluctuation-dissipation theorem to correspond-

ing thermodynamic susceptibilities. Applying a small external force to a system and
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observing its response in the conjugate quantity is equivalent to measuring the fluctu-

ations of the system at equilibrium. Assuming that A stands for the volume-integral

of a density one finds that for large macroscopic subsystems of volume V the relative

fluctuations ΔA/〈A〉 are usually proportional to
√

V /V and therefore negligibly small

and hidden in the experimental noise floor.

This also applies to typical experiments in the field of cold atoms. When an-

alyzing the density distribution in clouds of cold gases the thermodynamic limit is

assumed and relevant quantities are derived from spatially resolved measurements

of 〈A〉. However, recently several experiments have demonstrated that fluctuations

and more generally correlations are experimentally directly accessible. In particu-

lar for neutral fermions observations of pair-correlations [20], Hanbury Brown and

Twiss-type anti-correlations [21] and local antibunching [22] in the noise have been

reported.

This thesis introduces a universal experimental strategy to measure fluctuations

in ultracold gases and demonstrates several applications. First, a theoretical overview

about fluctuations in Fermi gases is given in the next chapter. A brief discussion of

the fluctuation-dissipation theorem and a comparison between bosonic and fermionic

systems is followed by a derivation of density fluctuations for non-interacting fermions.

Subsequently the effects of interactions and the relation between density fluctuations

and light scattering properties are discussed.

The third chapter focuses on the experimental demonstration of Pauli suppres-

sion of density fluctuations in a quantum degenerate ideal Fermi gas of 6Li atoms.

This well-understood ideal gas makes it possible to directly observe the dramatic

unobstructed consequences of Fermi statistics at low temperature and it serves at

the same time as a clean test system for the noise measurements performed on an

expanded gas cloud. A detailed account of the experimental methods is provided and

the measurement results are quantitatively analyzed.

Chapter four presents a modified and extended version of the fluctuation measure-

ments called speckle imaging, adapted to trapped samples of interacting gases and

allowing balanced detection in a two-component mixture, i.e. accessing Δ(n1 − n2)
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directly without measuring the densities n1 and n2 of the two components individu-

ally. The underlying principles of this new method, in particular aspects of dispersive

imaging and the role of laser speckle, are discussed extensively. Speckle imaging is

applied to a strongly interacting Fermi gas in the BEC-BCS crossover and resulting

measurements of spin Δ(n1 − n2) and density fluctuations Δ(n1 + n2) are reported.

By means of the fluctuation-dissipation theorem these quantities are mapped to the

magnetic susceptibility and the compressibility of the gas. A short review of Landau’s

Fermi liquid theory contributes to a further interpretation of the results.

As another application of speckle imaging chapter five reports on the measurement

of correlations and pair formation in a repulsively interacting Fermi gas. Starting from

a previous publication [25] that had found evidence for itinerant ferromagnetism in

a Fermi gas with repulsive interactions but could not determine the size of the ferro-

magnetic domains, speckle imaging was utilized to clarify the previous measurements

and look for domain growth. After an introduction to the concept of itinerant fer-

romagnetism and a discussion about the special features of a metastable Fermi gas

with repulsive interactions, the connection between domain size and spin noise en-

hancement is exemplified and the experimental constraints are described, particularly

emphasizing the fast switching of interaction strengths. Given the surprising result

that no significant domain growth was found, a detailed discussion of the competition

between domain formation and pairing instability follows.

Finally conclusions and an outlook for future noise experiments are presented.

Three appendices containing printouts of relevant publications conclude the thesis.
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Chapter 2

Theory of fluctuations in Fermi

gases

2.1 The fluctuation-response relation

In view of its universal character it is appropriate to begin the theoretical overview

of fluctuations in Fermi gases with a short review of the fluctuation-dissipation theo-

rem. Rather than discussing it in a more general form assuming frequency-dependent

dynamic susceptibilities, its static precursor, the fluctuation-response relation, is in-

troduced emphasizing the aspects particularly relevant for the purpose of this thesis.

A general derivation at full length can be found in [26].

Consider a thermodynamic system with Hamiltonian H and an external force f

with corresponding conjugate operator Â and [Â,H] = 0. Examples for such forces are

a magnetic field or a tension, corresponding to magnetic moment or length operators

for Â. The density matrix of such a system can be written as

ρ =
e−β(H−fÂ)

Tr e−β(H−fÂ)
= e−β(H−fÂ−K) (2.1)

with the generalized potential K defined via eβK = 1/Tr e−β(H−fÂ) = 1/Z and

β = 1/kBT , where Z denotes the partition function, kB the Boltzmann constant and
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T the absolute temperature. Under the influence of the external force the value of a

variable B is then calculated as

B = 〈B̂〉 = Tr [ρB̂] = Tr [B̂ e−β(H−fÂ) eβK ] . (2.2)

The differential change of B with f is therefore

∂B

∂f
= β Tr [B̂Âρ] +

∂ eβK

∂f
Tr [B̂ e−β(H−fÂ)] = β Tr [B̂Âρ] + β

∂K

∂f
Tr [B̂ρ] , (2.3)

which turns with

∂K

∂f
= − 1

β

∂ lnZ
∂f

= − 1

βZ β Tr [Â e−β(H−fÂ)] = −Tr [Âρ] = −〈Â〉 (2.4)

into

∂B

∂f
=

1

kBT
[〈B̂Â〉 − 〈B̂〉〈Â〉] =

1

kBT
〈B̂Â〉C . (2.5)

The last equation - often called fluctuation-response theorem - relates in a thermo-

dynamic system the correlation 〈B̂Â〉C to the differential susceptibility χ = ∂B/∂f

that characterizes the system’s response to the external force.

Assuming that the operators represent extensive quantities of order O(N1), e.g.

the particle number N itself, and the derivative is taken with respect to an intensive

quantity of order O(N0), e.g. the chemical potential μ, one typically expects corre-

lations of order O(N1). In other words, for macroscopic systems with microscopic

interactions density-density correlations are expected to be of order O(N1) and there-

fore ΔN = O(N1/2). Systems undergoing a phase transition or developing long-range

order by other means can exhibit very different behaviors [27, 28].
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To continue with the above example suppose Â = B̂ = N̂ in an open system,

where N is the number of particles. As mentioned the grand-canonical ensemble

identifies the corresponding force as the chemical potential μ and (2.5) reads

∂N

∂μ
=

1

kBT
〈N̂2〉C =

1

kBT
(ΔN)2 . (2.6)

Employing the Maxwell relations shows ∂N/∂μ = V n ∂n/∂p = κT N2/V with volume

V , density n = N/V , pressure p and isothermal compressibility κT , leading to

1

nkBT

(ΔN)2

N
= κT . (2.7)

Equation (2.7) represents a well-known result from the grand-canonical ensemble,

connecting the relative number fluctuations (ΔN)2/N with the corresponding sus-

ceptibility, i.e. the isothermal compressibility κT . This makes it possible to deter-

mine the compressibility by measuring the fluctuations. For a classical ideal gas the

fluctuations are directly obtained from1

(ΔN)2 =
∫

d3r1 d3r2 〈 ρ(r1) ρ(r2) 〉C = V
∫

d3r 〈 ρ(r) ρ(0) 〉C = V n , (2.8)

which recovers together with (2.6) the ideal gas law pV = NkBT .

1For a homogeneous system 〈 ρ(r1) ρ(r2) 〉C only depends on the relative distance r = r1 − r2.
Furthermore, for the ideal gas the conditional probability to find an atom at r given that there is an
atom at the origin is δ(r)+n. Therefore 〈ρ(r) ρ(0)〉 = n (δ(r)+n), where ρ(r) denotes the probability
to find an atom at position r. For more details about the explicit calculation of correlations confer
[29, 30].

16



2.2 Bosons vs. Fermions - Different noise proper-

ties

Despite focusing on Fermi gases, it is often insightful to compare the different con-

sequences of Bose and Fermi statistics. Along the lines of the previous paragraph

the fluctuations for an ideal quantum gas can be obtained by differentiating the

corresponding thermodynamic potentials. More explicitly, keeping the notation and

assuming Â = B̂, equations (2.4) and (2.5) lead to

−∂2K

∂f 2
=

∂〈Â〉
∂f

=
1

kBT
〈Â2〉C (2.9)

with the potential K = −kBT lnZ. In the framework of the occupation number

formalism, the partition function Z of an ideal quantum gas is given by

lnZ =
1

a

∞∑
k=1

ln[1 + a e−β(εk−μ)] . (2.10)

Here k is indexing the single-particle states with eigenenergies εk and the constant

a specifies the particular distribution, i.e. a = 1 for the Fermi-Dirac distribution,

a = −1 for the Bose-Einstein distribution and a = 0 (interpreted as lima→0) for the

classical Maxwell-Boltzmann distribution.

By identifying f with the energy εk and the corresponding Â with the occupation

number operator −n̂k, equation (2.9) can be applied to these distributions yielding

for the occupation number fluctuations

σ2
nk

= 〈n̂2
k〉 − 〈n̂k〉2 = −kBT

∂2K

∂f 2
= kBT

∂〈Â〉
∂f

= −kBT
∂

∂εk

〈n̂k〉 . (2.11)

Together with the well-known expectation values for the occupation numbers
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〈n̂k〉 = nk =
1

eβ(εk−μ) + a
, (2.12)

equation (2.11) results in

σ2
nk

=
eβ(εk−μ)

[eβ(εk−μ) + a]2
= 〈n̂k〉 − a 〈n̂k〉2 , (2.13)

i.e. compared to a classical Maxwell-Boltzmann gas (a = 0) the fluctuations are

enhanced for a Bose gas (a = −1) and suppressed for a Fermi gas (a = 1).

By examining an individual single-particle state k, the last result becomes very

intuitive for Fermions: The probability p to find the state occupied with exactly one

Fermion is p = 〈n̂k〉, no Fermion is found with probability 1 − p. This binomial

distribution has obviously a variance σ2 = p (1 − p), in agreement with equation

(2.13). For small probabilities, i.e. high temperatures eβμ � 1, one finds σ2 ≈ 〈n̂k〉,
resembling the classical result.

So far this introduction to noise properties focused on occupation number fluctu-

ations, but a typical in situ experiment would rather measure density fluctuations.

In the language of the discussion above one has to integrate the binomial variance

〈n̂k〉(1 − 〈n̂k〉) over all momentum states k in the local Fermi sea.

2.3 Density fluctuations in a non-interacting Fermi

gas

2.3.1 Large probe volume limit

Following the above proposal the number variance in a large2 subvolume V of a

homogeneous non-interacting Fermi gas is

2large compared to the inverse momentum width of the Fermi surface, i.e. δk V 1/3 � 1 with δk
defined via h̄2kF δk/m = kBT and Fermi wave vector kF
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σ2
N =

∑
k

nk(1 − nk) ≈ V

(2π)3

∫
d3k nk(1 − nk) (2.14)

and the integral can be evaluated by substituting εk = h̄
k2/(2m). This leads to

σ2
N =

2πV

h3
(2m)3/2

∫
ε1/2dε nk(1 − nk) (2.15)

with particle mass m and Planck’s constant h.

To obtain the same result one can alternatively start from equation (2.6) and

straightforwardly calculate ∂N/∂μ in the grand-canonical ensemble. N as a function

of temperature, volume and fugacity z = eβμ is readily given by

N =
∑
k

〈nk〉 ≈ 2πV

h3
(2m)3/2

∫ ∞

0
dε

ε1/2

z−1 eβε + 1
(2.16)

and to streamline subsequent calculations it is useful to rewrite the last equation as

N = V/λ3 f3/2(z) (2.17)

with the thermal wavelength λ = h/
√

2πmkBT and the integral expression

fn(z) = −Lin(−z) =
1

Γ(n)

∫ ∞

0
dx

xn−1

z−1ex + 1
, (2.18)

where Lin stands for the polylogarithm and Γ denotes the gamma function3. From a

series expansion of fn(z) one can verify the recursion relation ∂fn(z)/∂z = fn−1(z)/z

and therefore equation (2.6) evaluates to

3The polylogarithm is implemented in Mathematica as Lin(t) = PolyLog[n, t] and the gamma
function as Γ(t) = Gamma[t].
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Figure 2-1: Suppression of density fluctuations in a quantum degenerate ideal Fermi
gas. The relative fluctuations (ΔN)2/N = f1/2(z)/f3/2(z) are shown as a function
of the fugacity z = eβμ. For non-degenerate temperatures with z → 0 one retrieves
classical Poissonian statistics (ΔN)2 = N .

σ2
N =

1

β
βz

∂N

∂z
= V/λ3 f1/2(z) . (2.19)

Fig. 2-1 illustrates this result by plotting the ratio σ2
N/N versus the fugacity z.

Following equation (2.7) the calculated density fluctuations of the ideal Fermi gas

correspond to an isothermal compressibility κT = (nkBT )−1 f1/2(z)/f3/2(z). At tem-

peratures low compared to the Fermi temperature TF = εF /kB this compressibility

becomes κ = 3/(2nεF ) to first order in T/TF . Vice versa the relative fluctuations

then scale linearly like

σ2
N

N
=

3

2

kBT

εF

for T → 0 . (2.20)

In contrast, the classical ideal gas with its compressibility κT = 1/(nkBT ) as obtained

from equation (2.8) always maintains σ2
N/N = 1.

2.3.2 Small probe volume limit

In the foregoing discussion it was assumed that the volume V = 4/3 πR3 was suffi-

ciently large such that probe volume surface effects would be negligible and σ2
N ∝ R3.

However, for δk R � 1 (with δk as defined in the previous section) zero tempera-
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ture quantum fluctuations following the law σ2
N ∝ R2 ln R for R → ∞ become the

dominant noise source.

To calculate σ2
N in analogy to (2.8) for a polarized zero temperature non-interacting

Fermi gas one has to evaluate the density-density static correlation function

C(r) = 〈ρ(r1) ρ(r2)〉C with r = r1 − r2 . (2.21)

The calculation is simplified by first considering the problem in momentum space.

The corresponding quantity Sq =
∫

d3r e−ıq·r C(r) is known in scattering theory as

static structure factor [26, 31] and quantifies the scattering rate of a probe particle

as a function of the momentum transfer q. For a Fermi sea one can directly write

Sq =
1

V

∑
k

nk(1 − nk+q) , (2.22)

i.e. the probability to scatter a Fermion from momentum state k into momentum

state k + q is proportional to the product of the occupation number nk of the initial

state and the probability 1 − nk+q, that the final momentum state k + q is empty.

With the explicit knowledge of Sq, the correlation function is now obtained by

Fourier transforming (2.22) back to coordinate space which gives

C(r) =
∫ d3q

(2π)3
Sq eıq·r = n δ(r) − | 1

V

∑
k

nk eık·r| 2 . (2.23)

The summation over all momentum states can be rewritten as a known integral and

eventually one finds for T → 0

C(r) = n δ(r) − 9n2

(kF r)4
(
sin kF r

kF r
− cos kF r)2 (2.24)

with the Fermi wave vector kF = (6π2n)1/3. It is worth noting that this correlation
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Figure 2-2: Density-density correlation function for a zero temperature non-
interacting Fermi gas. C(r) is measured in arbitrary units and plotted as a function
of kF r. Due to Pauli exclusion one finds a correlation hole of approximate width k−1

F

near the origin.

function - depicted in Fig. 2-2 - follows a power-law decay, i.e. as expected for a

gapless system there is no characteristic correlation length.

From (2.24) the zero temperature number fluctuations inside a spherical probe

volume of radius R are obtained as (ΔN)2 =
∫
V

∫
V d3r1 d3r2 C(|r1 − r2|) and since

C depends only on r = |r1 − r2|, the double integration can be replaced with a

one-dimensional integral leading to

(ΔN)2 =
∫

V

∫
V

∫
V

d3r1 d3r2 δ(r1 − r2 − r) C(r) dr =
∫ 2R

0
dr 4πr2 Ω(r) C(r) (2.25)

with the geometrical overlap function Ω(r) = π/12 (4R+r) (2R−r)2. The integration

can be performed exactly in terms of complex integral functions [32, 31] and for

kF R > 1 one asymptotically finds

(ΔN)2 =
(kF R)2

2π2
ln(AkF R) − 1

24π2
ln(B kF R) + O(

1

kF R
) (2.26)

with the constants A = 4 eγ−1/2 and B = 4 eγ−5/12 and γ = 0.577... being Euler’s

constant. This confirms that zero temperature quantum fluctuations in an ideal
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Fermi gas scale with N2/3 ln (const · N1/3); they can be interpreted as a surface term

∝ R2 representing particle projection noise on the probe volume surface and their

contribution compared to Pauli suppressed thermal fluctuations proportional to N

becomes particularly relevant for small probe volumes.

2.4 Fluctuations in an interacting Fermi gas

The discussion so far focused on density fluctuations in a cold spin-polarized ideal

Fermi gas. A two-component system of interacting Fermions gives rise to new phe-

nomena and exhibits qualitatively different noise properties. By measuring fluctu-

ations in linear combinations of the two pseudospin component densities n1 and n2

one can access quantities like Δ(n1 +n2) or Δ(n1 −n2) that are directly linked to the

compressibility or spin susceptibility of the gas.

First consider the case of weak interactions with |kF a| < 1. The parameter kF a,

where a denotes the s-wave scattering length, characterizes the ultra-low energy atom-

atom interaction between the two spin states. In the 1950s L. D. Landau developed

a theoretical approach that connects the ideal Fermi gas via the concept of quasi-

particles to an interacting Fermi liquid. Landau’s Fermi liquid theory [33] makes it

possible to derive perturbative expressions that relate the isothermal compressibility

κ and spin susceptibility χ of a weakly interacting Fermi gas to those of an ideal

zero temperature Fermi gas, i.e. κ0 = 3/2nεF and χ0 = 3n/2εF . At this point no

derivation is presented but for later reference the results are provided. Following

[33, 34, 35] one finds

κ0/κ = (1 + F s
0 )m/m∗ and χ0/χ = (1 + F a

0 )m/m∗ (2.27)

with the effective mass m∗ = m(1+F s
1 /3) and the lth angular momentum symmetric

and antisymmetric Landau parameters (to second order in kF a)
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F s
0 =

2

π
kF a +

8

3π2
(2 + ln 2)(kF a)2 and F s

1 =
8

5π2
(7 ln 2 − 1)(kF a)2 (2.28)

and

F a
0 = − 2

π
kF a − 8

3π2
(1 − ln 2)(kF a)2 and F a

1 = − 8

5π2
(2 + ln 2)(kF a)2 . (2.29)

Employing the Landau parameters one can in analogy find an extended version of

equation (2.26) describing how quantum fluctuations are affected by interactions be-

tween the two spin components of the gas [35].

Explicitly calculating the previous expressions for κ and χ confirms the intuitive

expectation that the compressibility increases for attractive interactions and decreases

for repulsive interactions, whereas the spin susceptibility becomes smaller with attrac-

tive interactions and increases for repulsive interactions.

In addition to the effects of weak interactions discussed so far, an ultracold in-

teracting Fermi gas will demonstrate BEC-BCS crossover physics [36] when tuning

the interactions (via a Feshbach resonance) through the strongly interacting region

with |kF a| > 1. This implies a very different behavior of the gas on the BCS and on

the BEC side. While the many-body BCS state is characterized by pair associations

in momentum space, the BEC side corresponds to the Bose-Einstein condensation

of bound dimers. Being composed of two atoms of opposite spins, these dimers

(molecules) strongly affect the noise properties of the gas and lead, for instance, to a

suppression of Δ(n1 − n2) fluctuations on length scales larger than the molecule size.
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2.5 Density fluctuations and light scattering

To measure number fluctuations all experiments presented in this thesis employ light

scattering for the localization and counting of atoms within a certain probe volume.

Therefore it is appropriate to further emphasize some of the underlying physical

principles that describe the probing of a cloud of atoms with a coherent light field.

Consider first the very general scenario of a scattering experiment, where a colli-

mated beam of probe particles (e.g. electrons, neutrons, photons...) is directed onto

a target system (e.g. a crystal, a cloud of atoms...) and the interaction-induced de-

flection of the probe particles is measured. In such a case the interaction potential

can be written as4

Vint =
∑

i

V (ri − R) , (2.30)

where R denotes the position of the probe particle and the ri are the positions of the

target system particles. By Fourier transforming this potential one obtains

Vint =
∑

i

∑
q

Vq eıq·(ri−R) =
∑
q

Vq ρ∗
q e−ıq·R (2.31)

with ρq =
∑

i

∫
d3r δ(r− ri) e−ıq·r being the Fourier transform of the particle density.

Assuming weak coupling the probe beam is described as a plane wave with initial

wave vector P and final wave vector P−q, the target system is initially in its ground

state |i〉 and after the scattering event in the excited state |f〉 with momentum q.

Therefore the transition matrix element becomes

〈f,P − q |Vint| i,P〉 = Vq 〈f |ρ∗
q| i〉 , (2.32)

4The interaction potential is assumed to not depend on the relative velocity of the particles. For
a more detailed discussion see [34].
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i.e. a scattering act with momentum transfer q requires a density modulation at that

wave vector.

This connection, which is just rephrasing the basic concept of Fourier optics, can

be illustrated by a simple example: Consider a confined gas of N atoms irradiated

by a coherent light source. Each atom will act as an externally driven oscillator and

contribute to the far field distribution at a given observation point R0. One can

now divide the atoms into two groups, those that contribute a field of positive phase

factor and those that contribute a field of negative phase factor. With Npos atoms

in the first group and Nneg = N − Npos belonging to the second group, the scattered

intensity into the direction of R0 becomes I = I0 (Npos − Nneg)
2 with I0 being the

scattered intensity for a single atom. Assuming a random distribution of the atoms

among the two groups (binomial with equal probability) one expects (ΔNpos)
2 = N/4

and therefore

〈I〉 = I0 〈(Npos − Nneg)
2〉 = I0 〈(2Npos − N)2〉 = I0 N , (2.33)

i.e. the scattering intensity is simply proportional to N . Furthermore, equation (2.33)

confirms that no scattering can occur for a uniform distribution of atoms: Destructive

interference cancels the scattered field everywhere except in the forward direction.

Overall this discussion of light scattering completes the main purpose of this theory

overview, the presentation of the triad of scattering properties, fluctuations and linear

response of a thermodynamic system. The results obtained for the case of a degenerate

Fermi gas are the foundation for the analysis of the experimental findings described

in the following chapters.
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Chapter 3

Measuring fluctuations in an ideal

Fermi gas

This chapter focuses on the experiment reported in the following publication: C. San-

ner, E. J. Su, A. Keshet, R. Gommers, Y. Shin, W. Huang, and W. Ketterle, “Sup-

pression of Density Fluctuations in a Quantum Degenerate Fermi Gas”. Included in

Appendix A.

Precisely measuring fluctuations in the density distribution of a cloud of ultracold

atoms poses several experimental challenges. When introducing a new measurement

method it is therefore advisable to first demonstrate it with a well-understood physical

system. The experiment described in this chapter follows this strategy by repeatedly

producing expanded clouds of a non-interacting Fermi gas and then counting the

number of atoms in a small probe volume within the extended cloud. Subsequent

statistical analysis of the counting results is expected to reveal Pauli suppression of

fluctuations.
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3.1 Measurements in trap and after ballistic ex-

pansion

With the theoretical infrastructure developed in the previous chapter it is straightfor-

ward to adapt the results obtained for homogeneous systems to the case of harmoni-

cally confined1 gas clouds by employing the local density approximation (LDA) [32].

For sufficiently smooth confinement potentials U(r) that vary only weakly over the

correlation length of the homogeneous gas, the gas cloud is decomposed into smaller

subpieces with the same properties as the homogeneous gas of identical temperature

and with local chemical potential μlocal = μ − U(r).

In the case of ballistic expansion, the adaption is not as readily obtained. Consider

for instance an ideal Fermi gas confined by a box potential to a cube of volume

L3. Upon release from this trap the gas will expand isotropically (reflecting the

isotropic momentum distribution of the Fermi gas even if the trapping potential is

deformed) and after long2 times of flight t the density distribution represents the initial

momentum distribution. More quantitatively, the via LDA obtained semiclassical [37]

Fermi distribution function

f0(r,p) =
1

eβ(p2/2m+U(r)−μ) + 1
(3.1)

is mapped to the expanded cloud following the ballistic law

f(r,p, t) = f0(r − p t/m,p) . (3.2)

For the homogeneous Fermi gas expanding out of the box potential this corresponds to

an effective truncation of the original momentum distribution when observing the gas

(for simplicity) around the former center of the trap at r = 0; the atom noise is mostly

1To a good approximation, an optical dipole trap provides harmonic confinement around its trap
center.

2such that the size of the expanded cloud is large compared to L
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Figure 3-1: One-dimensional phase space diagram of ballistic expansion of a har-
monically trapped ideal Fermi gas. Ballistic expansion shears the initially occupied
spherical area into an ellipse. In the center of the cloud, the local Fermi momentum
and the sharpness of the Fermi distribution are scaled by the same factor, keeping the
ratio of local temperature to Fermi energy constant. The same is true for all points
in the expanded cloud relative to their corresponding unscaled in-trap points.

”localized” at the higher momentum states close to the Fermi surface and during time

of flight the corresponding particles will fly further apart. In other words, while no

information is lost when globally analyzing the gas, the expansion will generally alter

the local noise properties leading to noise distributions that cannot simply be mapped

point to point between the initial and expanded gas cloud.

However, for the special case of an harmonic confinement with U(x) = m
2

ω2x2

and equivalent momentum and coordinate space wave functions, a simple mapping is

possible. Figure 3-1 tries to illustrate this by comparing schematic 1D plots of the

distribution function f(r,p, t) for times before and after some expansion. Still con-

sidering the distributions at r = 0 equations (3.1) and (3.2) show that the expansion

converts

f(0, p, 0) =
1

e
1

kBT
( p2

2m
−μ)

+ 1
into f(0, p, t) =

1

e
1

kBγT
( p2

2m
−γμ)

+ 1
(3.3)

with rescaling3 factor γ = (1 + ω2t2)−1 and trap frequency ω. Apparently, expansion

out of an harmonic confinement is equivalent to a local rescaling of temperature T and

3Reference [38] provides a more rigorous treatment of the scaling formalism.
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chemical potential μ such that the fugacity z = eμ/(kBT ) stays constant. Therefore, it

follows via equations (2.17) and (2.19) that in this case the relative noise properties

of the gas are preserved.

3.2 The experimental procedure

To realize the laid out experimental agenda of repeatedly producing cold non-interacting

Fermi gas clouds and then letting them expand to perform spatially resolved atom

counting, it is necessary to employ a reliable Fermi gas apparatus and develop an

appropriate sample preparation scheme. For details about the experimental infras-

tructure confer [39, 40]. Here the basic setup is only quickly sketched, detailed expla-

nations and extensive discussions can be found in the aforementioned references and

references therein.

3.2.1 Fermi gas apparatus

All experiments described in this thesis were carried out on MIT’s second generation

BEC2 cold neutral atom machine. The apparatus was originally devised to produce

degenerate bosonic gases of 23Na but was later upgraded to a double-species machine

also producing fermionic 6Li samples. Being designed around a Ioffe-Pritchard type

magnetic trap with slightly modified coil geometry to facilitate improved optical ac-

cess, the system is comprised of a hot atoms source (vapor pressure oven with separate

alkali reservoirs), a Zeeman slower and a central UHV glass cell. Laser setups for the

sodium (1178 nm Yb fiber laser with Raman amplifier and frequency doubler) and

lithium (671 nm diode laser) wavelengths generate the light necessary to magneto-

optically trap (MOT) and cool the atoms. An additional 1064 nm 20 W fiber laser

makes it possible to create far-off-resonance optical dipole traps (ODTs) to further

manipulate the atom samples. All laser light is delivered to the main optical table

via single-mode fiber cables. The various components of the apparatus are controlled

and synchronized by a computer system with intuitive software user interface. A typ-

ical experimental run cycle from starting the MOT loading to releasing a quantum
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degenerate Fermi gas out of the ODT takes between 30 to 40 seconds.

3.2.2 Sample preparation

In the following a short overview in table form of the Fermi gas sample preparation

steps is provided. References [41, 40] contain further details.

1. Double-species effusive ovens create a hot collimated atomic beam.

2. A Zeeman slower decelerates the atoms.

3. Overlapping MOTs for Na and Li are being loaded from the slowed atomic

beam.

4. The MOTs are switched off and the Na and Li atoms are optically pumped into

the magnetically trappable stretched states |F = 2,mF = 2〉, and |3/2, 3/2〉
respectively.

5. The atoms are loaded into a magnetic trap with high bias field such that the

different states can be resolved in microwave spectroscopy.

6. Appropriate microwave sweeps are applied to recycle and clean up sodium atoms

in the wrong states.

7. Sodium is evaporatively cooled employing the |2, 2〉 → |1, 1〉 microwave transi-

tion near 1.77 GHz.

8. Towards the end of the evaporation the magnetic trap is adiabatically decom-

pressed to lower the sodium density and avoid three-body losses.

9. After the sodium is completely evaporated, the sympathetically cooled lithium

is transferred into a tightly focused ODT.

10. A RF Landau-Zener sweep around 228 MHz transfers the lithium atoms to the

lowest lying |1/2, 1/2〉 state.
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11. The sample is exposed to a high magnetic field of about 300 G where the

different mi states within the mj = −1/2 triplet develop an almost B field

independent split of ≈ 100 MHz.

12. Repeated RF sweeps are applied to create an equal spin mixture of the two

lowest ground states |1〉 = |mj = −1/2,mi = 1〉 and |2〉 = |mj = −1/2,mi = 0〉,
corresponding to the low field states |F = 1/2,mF = 1/2〉 and |F = 1/2,mF =

−1/2〉.

13. The atoms are adiabatically transferred from the tight single ODT into a crossed

dipole trap created by two orthogonally overlapped single ODTs.

14. Forced evaporation induced by lowering the ODT trap depth cools the sample

further down. Subsequently the gas cloud is recompressed.

15. The magnetic bias field is adjusted to around 527 G, where a magnetically

tunable Feshbach resonance causes a zero crossing of the scattering length,

creating a two-component ideal Fermi gas.

16. Finally the ODTs are extinguished and after 7 ms of ballistic expansion an

absorption image resonant with state |2〉 is acquired.

By changing the evaporation trap depth this procedure is adjusted to produce

cold 6Li gas clouds containing N = 2.5 × 106 atoms per spin state with T = 0.2 TF .

The final round crossed dipole trap has radial and axial trap frequencies of ωr =

2π × 160 s−1 and ωz = 2π × 230 s−1 corresponding to an in-trap Fermi energy of

EF = (6N)1/3 h̄ωho = kB × 2.15 μK, with ωho = (ω2
rωz)

1/3 being the geometrical

average of the three trapping frequencies.
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3.3 How to count atoms in a box - Experimental

challenges and constraints

The above experimental procedure facilitates the reliable production of non-interacting

Fermi gas clouds that can now become subject to a spatially resolved atom counting.

Taking a quantitative photographic image of the cloud is the standard way to realize

this goal.

3.3.1 Different imaging methods

Various imaging methods have been adapted to the case of cold atoms. They can

typically be divided into three classes, i.e. absorption imaging, fluorescence imag-

ing and dispersive4 imaging, and they all rely on the interaction of the atoms with

resonant or near-resonant light. While absorption and dispersive imaging detect the

light transmitted through the sample (small angle scattering assuming that the atoms

are illuminated with a collimated laser beam), fluorescence imaging collects the light

scattered off axis, often observing orthogonally to the probe laser beam. The un-

derlying atom - light interaction process is quantum mechanically well understood

[42] and the selection of a particular method for a certain experimental scenario is

based on achieving an optimum signal-to-noise ratio. For expanded quantum gas

clouds resonant absorption imaging is normally the method of choice. This is due to

its technical simplicity and the fact that appropriate densities can be conveniently

adjusted by changing the time of flight.

In a semiclassical picture [43] the atoms exposed to near-resonant light are de-

scribed as charged oscillators under the influence of an incident electric drive field.

The corresponding equation of motion relates the induced polarization P = ε0(ε−1)E

to the external drive field E so that one finds for the relative5 dielectric constant

4Dispersive imaging measures the phase shift light is experiencing when passing through an
optically thicker or thinner medium. The imaging system is set up so that the phase shift is converted
into an intensity variation. Confer chapter 4 for a detailed analysis of dispersive imaging.

5relative to the vacuum permittivity ε0 = 8.85 × 10−12 Fm−1
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ε = n2
ref with nref = 1 +

σ0nλ

4π
(

ı

1 + δ2
− δ

1 + δ2
) (3.4)

being the complex index of refraction. σ0 = 3λ2/(2π) denotes the resonant light

scattering cross section [42], λ the wavelength, n the atom density and δ = ω−ω0

Γ/2
is

the detuning in half linewidths. When traveling through the atom sample the probe

light wave vector k0 is accordingly modified to k = k0 nref , which means for a plane

wave E
ı(k0z−ωt)
0 an intensity attenuation (imaginary part of nref) by a factor

T = exp(−σ0 n2D
1

1 + δ2
) (3.5)

and a phase shift (real part of nref) of

Δφ = −σ0 n2D

2

δ

1 + δ2
, (3.6)

where n2D =
∫

n dz denotes the density integrated along the propagation direction

(column density). It is important to note that the last equations rely on several

assumptions (two-level system, intensities well below the saturation intensity, thin

lens approximation etc.) implying various constraints that will be discussed later on.

All the above mentioned imaging methods try to reconstruct n2D from direct or

indirect measurements of transmission T or phase shift Δφ. Absorption imaging

straightforwardly measures T (therefore it is also called transmission imaging) by

comparing on a linear CCD detector the probe light intensity distribution with and

without atoms present. The quantity observed in fluorescence imaging can be mapped

to 1 − T since the ”missing” light that was removed from the probe beam is now

detected and dispersive imaging obtains a signal that relates to Δφ.

The typical column density of an expanded gas cloud prepared according to the

aforementioned procedure is n2D ≈ 5 × 1012 m−2 leading to an on-resonance (δ = 0)

optical density of ODe = − ln T ≈ 1. This amount of transmission is ideally suited
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for direct CCD camera measurements since it delivers a large signal without exceed-

ing the dynamic range of the measurement, i.e. each atom contributes with its full

scattering cross section and the images are not blacked out. In principle one can more

systematically calculate and compare the obtainable S/N values for the various imag-

ing configurations but particularly in the context of atom noise measurements such

an approach can potentially be misleading given that imperfections and a multitude

of other noise sources and systematic nonlinear effects dominate when defining the

useful parameter space for a certain imaging method.

3.3.2 Atom noise and other noise sources

Every measurement process is accompanied by noise. When a certain type of noise

itself is in the focus of the measurement, one has to distinguish between wanted and

unwanted noise. Clearly, in the case of atom noise detection via resonant absorption

imaging, photon shot noise can be a significant noise competitor.

Image acquisition with a CCD camera

Consider the typical experimental scenario of a CCD detector that measures via a

two-dimensional array of small6 light sensitive pixels the spatial intensity distribution

of an incoming light beam. An optical imaging system between the illuminated atoms

and the detector maps the intensity distribution directly behind the atoms to an often

magnified image on the CCD. The digital image signal read out from the camera after

the exposure is the basis for a subsequent noise analysis. Each pixel of a n-bit camera

produces an integer output reading S between 0 and 2n−1 ADU (analog-digital units),

linearly scaling with the amount of accumulated electrons7 in that pixel. Depending

on the internal conversion gain c of the detector, x accumulated electrons lead to an

output signal S = cx. Scientific CCD camera systems offer adjustable readout gains

with high gain settings up to one ADU per electron.

6The typical square pixel size of modern CCD cameras ranges between 5 and 20 μm.
7A photon hitting a CCD pixel causes on average the release of η electrons. η is the quantum

efficiency of the detector.
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Figure 3-2: Transmission images of an expanded Fermi gas cloud. Image (A) was
acquired employing a low intensity probe beam, while image (B) was obtained using
a probe beam of higher intensity. Both images contain the same (vertically truncated)
envelop density profile information, but the low intensity image (A) is visibly more
noisy in the regions away from the atom cloud due to increased relative photon shot
noise. The numbers on the horizontal and vertical axes are pixel counting coordinates.

Photon shot noise

If a photon counting detector is exposed to a classical light source like coherent

laser light and receives on average 〈P 〉 photons (e.g. for a certain exposure time at

constant intensity), the probability p (P ) to detect P photons in another run of the

same experiment has to follow a Poisson distribution [43]

p (P ) =
〈P 〉P e−〈P 〉

P !
. (3.7)

This distribution with its standard deviation ΔP =
√
〈P 〉 leads to considerable

amounts of relative noise ΔP/〈P 〉 = 1/
√
〈P 〉 for small 〈P 〉. Figure 3-2 illustrates

this by comparing two transmission images of a similar atom cloud, one obtained

with low intensity probe light and the other one obtained with higher intensity illu-

mination. Noise measurements are normally performed in a ”vertical” fashion, i.e.

by analyzing the fluctuations of the same pixel along many repeated images, but for

the purpose of demonstrating the role of photon shot noise it is equivalent to do a

”horizontal” analysis within one image and obtain a visual impression by comparing

many neighboring pixels. It is important to realize that photon shot noise is observed

in the spatial domain and in the time domain.
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Figure 3-3: A transmission image of an expanded 6Li Fermi gas cloud is obtained by
normalizing the intensity distribution of an offset-corrected PWA − DF image (A)
with respect to an PWOA − DF image (B). Even though the illumination is very
non-uniform and full of fringes, the resulting transmission image (C) is clean and
does not exhibit any visible fringe structure. To ensure a linear response, the atoms
were exposed to low-intensity (low compared to the saturation intensity) probe light
for a very short interval, so that on average every atom scattered only one photon.
From the transmission, the corresponding atom number per pixel column is derived
via equation (3.5) and displayed in image (D). Elliptical contour lines help to localize
corresponding points in the images. The field of view is 2 mm × 2 mm.

The transmission image

As discussed earlier in this chapter a transmission image is generated by acquiring

several raw images, i.e. 2D integer arrays, from the camera. The first image, the

picture with atoms (PWA), is taken by exposing the atoms to a short (few microsec-

onds to tens of microseconds exposure time) well defined resonant probe light pulse

and looking with the camera on-axis through an appropriate imaging system onto

the atom sample. The image records the probe light intensity distribution as locally
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modified by absorbing atoms. A second image, the picture without atoms (PWOA),

is taken for normalization purposes under identical conditions but without atoms.

Ideally the wait time between the two exposures is rather short so that unavoidable

drifts in the experimental setup are common-mode to these two images. Finally a

third image, the dark frame (DF ), is obtained by triggering an exposure sequence

without probe light present. This makes it possible to correct the other two images for

shot-to-shot reproducible background offsets. Overall the transmission image (TI) is

now derived as TI = (PWA−DF )/(PWOA−DF ). It is the natural starting point

for all further image analysis; interpreting the transmission image is significantly eas-

ier compared to directly observing the PWA image because all residual structures

and imperfections in the coherent illumination beam (as long as they are unchanged

between PWA and PWOA like fringes from back reflections, dust particles etc.) are

canceled out by the normalization process. Figure 3-3 demonstrates this impressively.

Photon shot noise propagation

For a proper noise analysis it is necessary to decompose the noise observed in the

processed images back into the basic noise components found in the raw images. The

offset-corrected average signal read from a single pixel can be written as 〈S〉 = η 〈P 〉 c

with the already introduced average photon number 〈P 〉, the detection quantum

efficiency η and the conversion gain c. Applying Poisson statistics for a classical light

source one therefore expects ΔS = c
√

η 〈P 〉 with the deterministic scaling gain c

before the square root and the stochastic attenuation factor η under the square root.

This leads to

ΔS =
√
〈S〉 c (3.8)

and makes it possible to calculate via error propagation the photon shot noise observed

in a transmission image. Starting from an offset-corrected image pair S1 = PWA −
DF and S2 = PWOA − DF with transmission image TI = S1/S2 in a region with
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average transmission t = 〈S1〉 / 〈S2〉 yields for the variance

(ΔphTI)2 = (
1

〈S2〉 ΔS1 )2 + (− 〈S1〉
〈S2〉2 ΔS2 )2 (3.9)

= (
1

〈S2〉
√

t ΔS2 )2 + (
t

〈S2〉 ΔS2 )2 (3.10)

=
t c

〈S2〉 +
t2 c

〈S2〉 . (3.11)

For t = 1 (i.e. no absorption) the last result simplifies to ΔphTI =
√

2c/〈S2〉, which

quantitatively confirms the observations from Figure 3-2.

While the transmission image is the first step in the image processing chain, it has

the shortcoming of providing a multiplicative signal that is not proportionally scaling

with the atom count in the corresponding pixel column. This is easily fixed by taking

the logarithm (Lambert-Beer law) and obtaining the additive optical density image

OD = − ln(TI). For resonant absorption imaging, the optical density equals the

product of resonant scattering cross section σ0 and column density n2D, in accordance

with equation (3.5). Analogously to (3.9) one finds for the photon shot noise variance

in OD = − ln(S1/S2) images

(ΔphOD)2 = (− 1

〈S1〉 ΔS1 )2 + (
1

〈S2〉 ΔS2 )2 (3.12)

= (
1

〈S2〉 e−d
{ΔS2

√
e−d} )2 + (

1

〈S2〉 {ΔS2} )2 (3.13)

=
c

〈S2〉 (1 + ed) (3.14)

in regions with average8 optical density d = − ln t.

The calculations following equations (3.9) and (3.12) indirectly assumed that the

8Note that − ln(〈S1〉 / 〈S2〉) �= 〈− ln(S1/S2)〉 even for 〈S1〉 / 〈S2〉 = 1. The exponential scaling
skews the probability distribution.
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PWA image and the PWOA image were acquired with the same exposure parameters

(probe light intensity and duration), but it is worth noting that noise-wise this is not

necessarily the optimum configuration. Obviously, increasing S1 and S2 reduces the

photon shot noise induced uncertainty ΔphOD, however, the discussion later on will

show that to maintain a linear atomic response there are stringent limits for the max-

imum intensity and photon number interacting with the atoms. In order to reduce

ΔphOD it is therefore experimentally not viable to simply increase the PWA and

PWOA probe signals in parallel. Nevertheless, while keeping a sufficiently low light

level for PWA one can still increase the PWOA normalization probe and obtain a

scaled image S02 with very low relative photon shot noise ΔS02/S02. Mathematically

rescaling S02 back to an S1-equivalent S2 = S02/q results in an appropriate normaliza-

tion image S2 with the low noise properties ΔS2/S2 = (ΔS02/q) / (S02/q) of the S02

image9. Effectively this pre-scaling procedure eliminates the second term in equation

(3.12) and can therefore significantly improve the signal-to-noise ratio in standard

absorption imaging. In practice however, the scaling factor q is not arbitrarily large

but rather limited by detection linearity requirements and sometimes even a small q

can introduce systematic artifacts, e.g. from enhanced indirect diffuse light leakage

into the detector.

Atom shot noise

The atom cloud does not only homogeneously attenuate the resonant probe light as

assumed in the previous section; in addition the localization of atoms into the different

pixel columns of geometrical cross section A reveals the actual quantity of interest,

the atom shot noise. Considering a classical ideal gas one expects Poissonian atom

number fluctuations, i.e. a pixel column with average optical density d and containing

on average N = dA/σ0 atoms will exhibit fluctuations ΔN =
√

N , corresponding to

additional optical density noise

9In short, ”mathematical” attenuation is noise-wise superior to physically adjusting the photon
flux.
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(ΔatomOD)2 = d
σ0

A
. (3.15)

For the experimental detection of atom noise it is beneficial to optimize the ratio

(ΔatomOD)2 / (ΔphOD)2 of wanted to unwanted noise. The relevant expression d/(1+

ed) has a maximum around d = 1.3, suggesting to preferably perform noise analysis

with absorption images in regions with an average optical density of 1.3, corresponding

to a transmission of about 30 percent.

Technical noise

In addition to the noise sources discussed so far the image acquisition process is

accompanied by technical noise generated in the CCD detector. Of the two major

contributions, dark current noise10 and readout noise, only the readout noise is rele-

vant in the context of this thesis. Reading out the charge from the individual pixels of

the CCD is a multi-step process. By applying appropriate gate voltages the charges

are sequentially transported over the whole pixel array and arrive eventually at the

readout register and amplifier. Every electronic amplification process is noisy and

depending on input impedance and bandwidth (reciprocally scaling with the readout

time) of the amplifier one expects a certain noise floor. The readout noise r in high

quality CCD detectors is typically on the order of 5 electrons rms at low readout

speeds and therefore rather small compared to the expected photon and atom shot

noises.

The effects of the readout noise on the overall noise budget are readily modeled

by adding (in quadrature) an uncorrelated offset noise per image to the photon shot

noise expression as obtained in equation (3.12) et seq., which means that the terms

in the curly brackets are augmented by Δread = rc
√

2, so that {...} is replaced by√
{...}2 + 2r2c2. The factor 2 comes from the fact that the contributing images S1 and

10Even in complete darkness, a CCD detector slowly accumulates thermally generated electrons
in its pixels. Cooling the CCD chip in modern camera systems reduces the dark current down to
less than 0.02 electrons per pixel per second, causing negligible offsets and noise for short exposure
times.
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S2 were obtained by subtracting a dark frame from the PWA and PWOA images.

The DF image contributes an equal amount of readout noise.

3.3.3 Nonlinear effects and other limitations

So far the atom - light interaction was assumed to be a linear process. The mea-

surement and noise analysis procedures discussed in the previous section heavily rely

on this assumption. On the other hand, the obtained equations like (3.9) and (3.12)

motivate higher light levels for better atom-noise to photon-noise ratios, potentially

rendering linear approximations invalid.

Saturation of the atomic transition

Reconsidering the elementary light scattering process [44] where an atom absorbs a

photon and re-emits it after an excited state lifetime τ , corresponding to a natural

spectral linewidth Γ = τ−1 of the transition, it is clear that the scattering rate γ is

linearly scaling with the incoming photon flux only if γ � 1/τ . In terms of light

intensity I one therefore finds the requirement I � Is with the saturation intensity

Is = h̄ωΓ/(2σ0) and beyond this the scattering rate is given by

γ =
(I/Is) (Γ/2)

1 + I/Is + δ2
(3.16)

with frequency ω and detuning δ as defined at the beginning of this chapter. Typical

values for the saturation intensity of alkali atoms are on the order of few mW/cm2,

e.g. Is = 2.5 mW/cm2 for 6Li atoms on the D2 line. The full equation (3.16) must

lead to an intensity dependent index of refraction; only in the limit I � Is the

denominator in the scattering rate expression approximately equals 1 so that the

differential intensity decrement dI of a weak probe beam traveling through the atom

gas becomes simply proportional to I. In this case one recovers equations (3.5) and

(3.6) such that the atomic column density can be obtained without knowledge of the

absolute illumination intensity.
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With nonlinear behavior due to saturation effects it becomes more troublesome

to quantitatively interpret a transmission or optical density image. In principle it is

straightforward to apply a saturation correction based on the intensity distribution

as measured in the PWOA image, but unavoidable errors (e.g. from additional in-

tensity variations and interference patterns caused by optical components after the

atom cloud) can easily falsify the results. For a non-uniform probe beam this would

lead to an effective ”imprint” of probe beam intensity inhomogeneities into the atom

distribution. Given that a free-space coherent laser beam passing through various

optical elements will almost always accumulate fringes and other intensity textures

on all length scales (see Figure 3-3 (A) and (B)), this imprint mechanism could

severely affect the outcome of noise measurements, leading to an overestimation of

atom noise. Furthermore, bleaching (i.e. oversaturating) the atomic transition is

effectively equivalent to reducing the scattering cross section, which counterproduc-

tively reduces ΔatomOD as seen in equation (3.15).

Displacement blurring and recoil induced detuning

From the discussion in the previous paragraph it might appear tempting to increase

the detected photon number (and therefore reduce the photon shot noise) by in-

creasing the duration instead of the intensity of the probe light pulse. However, this

approach comes with two negative side effects.

First, every photon that is scattered by an atom transfers recoil momentum to

it. Along the direction of the probe beam, an atom of mass m acquires a velocity

vfwd = vrecN after having scattered N photons with wave vector k, each adding a

recoil velocity of vrec = h̄k/m in the forward direction. The isotropic reemission

of the photons causes another random walk velocity vrnd = vrec

√
N that leads to a

transversal displacement of the atoms. For light 6Li atoms that scatter a few photons

with vrec = 0.1 m/s one finds negligible displacements for short exposure times of a few

microseconds, but many photons scattered over a longer time interval will eventually

cause significant displacements affecting the noise analysis.

The second effect imposing a (more severe) limit onto the total number of scattered
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photons is the recoil induced Doppler detuning. For resonant absorption imaging the

probe light frequency is adjusted to be on resonance with atoms at rest. Being

accelerated away from the light source, the light frequency ν appears red-shifted by

Δν in the atom’s reference frame. Each on-axis recoil causes an additional Doppler

shift Δν/ν = vrec/c, where c stands for the speed of light. For each scattered photon

a 6Li atom accumulates a detuning of Δν = 150 kHz, i.e. after scattering only ten

photons per atom, a 6Li (Γ6Li = 2π × 5.9 MHz) sample’s apparent optical density

will be reduced to 80 percent of its on-resonance value. The implications for noise

measurements are similar to those described in the paragraph about approaching the

saturation intensity (e.g. imprinting of intensity irregularities), but for the detuning

effect only the total number of scattered photons counts, regardless of the intensity.

One possible remedy for this effect is to intentionally blue-shift the imaging light

frequency so that the effective detuning is symmetrically scanned over the resonance

and not just sampling one wing of the Lorentzian resonance profile; similar to a

synchronized frequency sweep during the imaging pulse one can thereby achieve a

smaller pulse-averaged detuning. Practically one finds that while these methods do

reduce the detuning-induced bleaching, they introduce additional experimental com-

plications; overall it turns out that in the interest of a straight-forward image analysis

and reproducible conditions it is more beneficial to employ low to moderate intensi-

ties and reduced photon numbers than to obtain better photon noise statistics at the

price of nonlinear complications.

Optical pumping into dark states

Another important aspect leading to nonlinear behavior is the multilevel structure of

real atoms. Even when performing imaging via a nominal cycling transition (a res-

onance that is in terms of selection rules the only transition drivable by the applied

light) there is a small probability to depump atoms into a dark state. Subsequently

these atoms cannot scatter additional photons causing falsified transmission measure-

ments at higher imaging intensities or longer exposure times (i.e. when each atom is

expected to scatter on average several photons). To quantify this effect it is necessary
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to carefully consider all external admixtures to the ”ideal” two-level states. For ex-

ample, in the case of the 6Li atom one can analytically derive [45] the composition of

the six hyperfine ground states (see Figure 3-8) of the internal Hamiltonian in terms

of the appropriate |msmi〉 basis with the projection of the electron and nuclear spin,

e.g.

|1〉 = sin θ+|1/2, 0〉 − cos θ+| − 1/2, 1〉 , (3.17)

where θ+ is a magnetic field dependent parameter causing a cycling probability

cos2 θ+ ≈ 0.995 for typical imaging fields around 500 G. While such theoretical es-

timates can provide initial insight, one typically finds that other experimental un-

certainties (light polarization deviations etc.) do significantly affect the anticipated

numerical values.

Eventually the optimum imaging pulse parameters were experimentally deter-

mined by preparing similar Fermi gas clouds and systematically varying intensities

and exposure durations. Given that in the subsequent noise measurements pixel bin

sizes down to a few microns were employed, the exposure time was conservatively set

to 4 μs in order to avoid any displacement blurring issues. Scanning the intensity

while keeping this exposure duration revealed a dependence as depicted in Figure 3-

4. Picking an intensity of about 10 percent of the saturation intensity turned out to

be a good compromise between the onset of nonlinear effects and increasing levels

of photon shot noise. The section on image data analysis will provide more details

about the management of residual nonlinear effects.

Image normalization imperfections

As previously discussed in the context of Figure 3-3, normalizing the S1 = PWA−DF

image by a S2 = PWOA − DF image, i.e. pixel-wise dividing S1 by S2, ensures the

cancelation of illumination non-uniformities as long as detector response and atomic

response are linear and as long as the non-uniform structures are static, i.e. unchanged
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Figure 3-4: Apparent optical density of an expanded Fermi gas cloud as a function of
probe light intensity for a fixed exposure time of 4 μs. The observed optical density
decreases with increasing probe light intensity. The line is a quadratic fit to the
data. The reduction of the effective scattering cross section is mainly due to the
Doppler effect caused by acceleration of the atoms by radiation pressure; a smaller
reduction results from the partial saturation of the optical transition. At the probe
light intensity chosen in this study (shaded bar), the number of photons absorbed
per atoms is about 6. The decrease of the cross section is slightly larger than that
predicted by simple models.

between the acquisition of S1 and S2. The last requirement is not necessarily easy

to meet; fringes and other structures responsible for the illumination inhomogeneities

are typically the result of residual interferences and therefore extremely sensitive to

vibrations and other disturbances in the imaging setup. Various strategies can help to

minimize normalization imperfections - among them are passive means of stabilizing

the imaging system, post-selection of images, dynamically smoothing the illumination

profile and minimizing the time interval between the PWA and PWOA images. All

of these methods will be discussed below in more detail.

3.4 The imaging system for noise measurements

With all the specific requirements for quantitative atom noise measurements the care-

ful design of the imaging system is of particular importance. Relevant design aspects
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Figure 3-5: Imaging setup for noise measurements in expanded gas clouds. The atom
cloud (black dot in the vacuum glass cell) is illuminated by appropriately polarized
(circular polarization obtained with the 1/2 and 1/4 waveplates for magnetic bias
fields along the propagation axis) imaging light projected through a narrow iris di-
aphragm. An intermediate image of the atoms is formed on an adjustable slit mask
and via a second 1:2 magnification stage the final image of the atom cloud is focused
onto the CCD camera.

and various improvement attempts to achieve appropriate performance are described

in this section.

3.4.1 Overview of the imaging system

Optical imaging is a very universal scientific tool, widely used in many fields, and

with advanced lens designs engineers have been able to fulfill the most demanding

requirements. In many aspects, the criteria for an optimized noise measurement imag-

ing system are different from standard optical performance benchmarks. Therefore,

instead of providing an introduction to imaging theory11, the following discussion will

mostly focus on noise-specific considerations.

Figure 3-5 provides a schematic of the imaging setup employed for noise measure-

ments in expanded Fermi gases. The imaging light originates from an external cavity

diode laser system that is frequency locked to an atomic reference. Before being sent

via a polarization maintaining optical fiber to the main optical table, the light is

11For textbooks on optical imaging theory, see [46, 47] and references therein.
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passed through an acousto-optic modulator and a mechanical shutter enabling fast

intensity control and high extinction-ratio switching. On the other end of the optical

fiber the light is recollimated to a beam with about 5 mm 1/e2-diameter by means

of an integrated fiber collimation package. Next, the polarization is cleaned up with

a polarizing beam splitter cube and subsequently adjusted to any desired state via

a quarter- and a half-waveplate. By illuminating a small 2 mm aperture iris with

this beam and imaging it 1:1 via a cemented achromat onto the atom cloud it is

possible to obtain a relatively flat and sharply confined illumination background for

the atoms. Spatially reducing the illumination to the actual region of interest helps

minimizing potential back reflections and interference fringes. For the same reason

it is also advisable to use as few as possible optics components, all with high quality

narrow antireflection coatings.

In the next step a real 1:2 magnified image of the atom cloud is formed through

a two-component lens telescope, comprised of a f = 150 mm front achromat and a

f = 300 mm lens in the back. Positioned in the image plane is an adjustable slit

aperture, such that the relay image with vertical black borders can eventually be

re-imaged (again with 1:2 magnification) onto the camera, producing a final image on

the CCD sensor, format-wise similar to those shown in Figure 3-2. The slit aperture in

the intermediate image plane makes it possible to operate the CCD detector in ”Fast

Kinetics” mode, a special high-speed acquisition mode where only a small vertical

subregion of the CCD chip can be exposed to light. The CCD’s square pixels are 13

μm wide and the chip surface is antireflection (AR) coated.

The last 1:2 imaging step is performed with a commercial Mitutoyo infinite con-

jugate microscope objective plus corresponding tube lens. While the microscope

objective is built from several individual lenses, the elements are AR coated and the

assembled package is sealed from contamination and dust. The optical performance

(in terms of flatness, field of view, aberrations etc.) is far superior to simple two-lens

setups.

In total the optical system achieves a fourfold magnification and with its numerical
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aperture of NA = 0.14 provides a theoretical resolving power12 of about 2.5 microns.

Design priority is given to the suppression of fringes and other interference effects;

elements with plane surfaces (e.g. waveplates) are therefore slightly tilted away from

normal incidence to further reduce back reflections.

One-way imaging - suppression of back reflections

Interference fringes are particularly prone to jitter and other non-stationary behavior

when the contributing reflections travel over long distances. This is for instance the

case for parasitic reflections bouncing between the (uncoated) glass cell surface and

the (broadband AR coated) CCD chip window. Given that high contrast interference

fringes form already with relatively weak stray beams (the intensity scales quadrati-

cally with the electric field superposition, i.e. two overlapped beams with an intensity

ratio of 100:1 can generate a fringe pattern with 20 percent contrast), AR coatings

cannot completely eliminate the fringe issues.

Another way of suppressing back reflections is the implementation of an ”opti-

cal diode” within the imaging setup; being placed in front of the CCD camera it

could extinguish back reflected light from the CCD, preventing the above mentioned

long-distance fringes. In the case of incoming light with linear polarization this imag-

ing diode is easily set up by combining an appropriately aligned linear polarizer and

quarter waveplate: in the forward direction the incoming linearly polarized light is

transmitted through the polarizer and becomes circularly polarized after the wave-

plate. Once reflected from the CCD chip surface, the handedness of the circularly

polarized beam is changed, so that in the reverse direction the waveplate turns the

inverted circular polarization into orthogonal linear polarization that is then blocked

by the polarizer. Achievement of optical isolation using this scheme requires that the

reflection be specular and that no other polarization modifications occur - require-

ments mostly fulfilled by the CCD surface. Furthermore, given that orthogonally

polarized beams cannot interfere, employing a polarizer is not mandatory; simply

12The actual resolving power of a diffraction limited imaging system depends on details of the
illumination but is roughly given by λ/(2 NA) with λ = 0.671 nm being the illumination light
wavelength.
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adding a quarter waveplate in front of the camera can already significantly reduce

interference fringes. It should be emphasized that unlike the atomic response the

CCD camera output does not depend on the polarization state of the detected light.

In practice the effectiveness of this interference reduction scheme varies from setup

to setup, depending on the origin of the fringes. Adding more optical elements can

always introduce new interferences and particularly a polarizer will always cause

unwanted attenuation.

3.4.2 Detector optimization for noise measurements

Choosing an appropriate camera system and operating it with optimized settings plays

a key role for obtaining high quality noise measurements. From the earlier discussion

of the various noise contributions and constraints it is clear that the system has to

comply with the following criteria:

- Reliable mechanical construction with rigid mounting options

- Quiet fan or water cooling to minimize intrinsic vibrations

- Complete shielding from stray light (recessed position of the sensor, easy inter-

facing with lens tubing, built-in mechanical shutter etc.)

- Adjustable conversion gain with low read noise

- Clean dark frames free from technical artifacts

- Good linearity over a wide dynamic range

- High quantum efficiency in the red / near-IR region

- Minimum number of optical surfaces between entrance window and sensor (all

surfaces AR coated)

- Hardware pixel binning (the charge from neighboring pixels can be combined

and read out as a superpixel)
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- Precise external cleaning, trigger, exposure and readout control

- Ability to take two or more images in very fast succession (acquisition intervals

of a few hundred microseconds or less)

While many of these requirements are met by most of the commercially avail-

able scientific camera systems, it is important to realize that most systems are not

specifically designed for applications with coherent illumination. Very often cameras

are equipped with pre-assembled sensor packages where the actual sensor chip is pro-

tected with an additional cover glass window causing unwanted reflections. Ideally

a single wedged window (AR coated on both sides) is the only element between the

chip surface and the camera aperture. The sensor itself is preferably an AR coated

back-illuminated CCD13 offering a quantum efficiency exceeding 90 percent in the

red wavelength region. Unlike a normal front-illuminated device where the electrode

wiring partially obscures the photocathodes, the back-illuminated sensor is manufac-

tured such that the light-sensitive photocathode layer is directly facing the incoming

light through a thinned substrate layer.

Fast Kinetics acquisition

Regarding the fast acquisition criterion in the above list, several technologies have

been developed to accomplish exposure repetition rates of 10 kHz and faster. With

back-illuminated CCD sensors the method of choice is to operate the device in a

special readout mode often called ”Fast Kinetics Acquisition”. In Fast Kinetics (FK)

operation mode only a small fraction of the pixel array is exposed to light and the

dark region acts as a temporary storage area into which the FK-subimages are shifted

row by row. Depending on the number of subimages and the total vertical height of

the particular CCD chip, each subimage can only have a proportionally reduced pixel

height compared to a normally acquired image. The row-wise vertical charge transfer

across the pixel array is very fast with shift times of a few μs per row. For an array

13Recently scientific CMOS sensors have been introduced. Their different parallel-readout sensor
architecture makes it possible to achieve high-speed operation with very low read noise.
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Figure 3-6: Unprocessed Fast Kinetics frame containing the image of an expanded
atom gas cloud. The frame is vertically divided into eight subsections with the PWA
image in subframe 3 and the PWOA image in subframe 4. Due to technical con-
straints subframe 1 is contaminated with parasitic charges and needs to be discarded.
An electronic readout offset of about 500 ADU ensures positive integer output values
for all pixels including those not exposed to light. By subtracting an analogous dark
frame (DF ) this offset is later removed. The time interval between the PWA and
PWOA images amounts to 450 μs.

with a total of 1024 rows one could therefore obtain 8 subimages each 128 pixels high

with a wait time between the individual exposures of about 400 μs. Figure 3-6 shows

an example FK frame acquired with these parameters and read out using a 2 × 2

hardware binning so that all pixel dimensions are scaled by a factor of two. While

the row-wise vertical charge transport in FK mode is particularly fast, the completely

filled CCD is eventually read out in the same fashion as a normally operated CCD

device, i.e. via a slow (10 μs per pixel for low read noise) pixel by pixel readout

process. CCD readout between the closely spaced subimages is therefore not a feasible

experimental option.

Unless the image sensor is a specialized frame-transfer CCD with built-in opaque

mask to cover the dark storage region it is important to ensure sufficient shielding of

the storage pixels from any (stray)light, e.g. by attaching an external mask to the

CCD chip and by employing relay imaging as shown in Figure 3-5 to generate sharp
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black borders around the exposure region.

Several manufacturers offer suitable camera systems meeting the discussed criteria.

The experiments reported in this thesis were performed with Princeton Instruments’

PIXIS: 1024BR back-illuminated CCD camera. At 671 nm this thermoelectrically

cooled detector provides about 90 percent quantum efficiency, its 1024 × 1024 pixels

measure 13×13 μm, the fastest vertical shift time is 3.2 μs per row and the read noise

is specified to be 3.6 electrons rms at 100 kHz readout speed / 16-bit ADU resolution

with a conversion gain of one ADU per electron.

Detector noise calibration

For quantitative atom noise measurements it is very important to independently verify

the relevant detector parameters, in particular the values for the conversion gain c

and the readout noise r. This is accomplished by acquiring a series of images under

typical atom noise measurement timing conditions but without atoms present, i.e.

the S1 = PWA − DF and S2 = PWOA − DF images will look alike. Subsequently

a difference image Sdiff = S1 − S2 is generated14 and within a central subregion of

pixels with mean signal S = S1 = S2 the statistical variance Var(Sdiff) is measured.

From the previous discussion of the various noise components and by the law of total

variance one expects

Var(Sdiff) = 2 S c + 4 (rc)2 , (3.18)

which suggests that c and r can be determined from a linear fit to a plot of Var(Sdiff)

vs. S that samples different mean signal levels S. Figure 3-7 presents such a plot

derived from 274 atom-free image pairs yielding values of c = 1.07 ± 0.005 ADU/e−

and r = 3.45 ± 0.3 e− in good agreement with the quoted data sheet specifications.

Note that the above camera noise calibration is carried out in a ”horizontal”

fashion, i.e. the variance is determined from many pixels within one difference image

14Typically a slight scaling correction is applied to S2 in order to compensate for residual intensity
fluctuations between the two exposures.
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Figure 3-7: Detector noise calibration fit. The measured dependence of detector
difference-signal variance on average signal level makes it possible to determine via
equation (3.18) the camera conversion gain c and the read noise r. Each difference
image Sdiff delivers one variance data point and the 274 contributing images were
either obtained with low, medium or high illumination intensity.

and not ”vertically” for one pixel across many images. Subtracting instead of dividing

S1 and S2 ensures correct statistics even if the pixels in the analysis subregion are

not uniformly illuminated.

Fast atom depumping

With the very short time span between the exposures for the PWA and PWOA

images (to minimize normalization imperfections) the removal of atoms from the de-

tector field of view after the first exposure becomes a nontrivial problem. In standard

imaging setups hundreds of milliseconds between the two exposures mean that with

traps being switched off the atoms can simply disappear by falling down in gravity.

Oppositely, within the short FK interval of just 450 μs any ”mechanical” displacement

will not suffice to timely remove the atoms.

There are various other possibilities to clear the field of view - all of them rely

on the concept of making the atoms invisible by shifting the atom - light interaction

far away from resonance. This can for instance be achieved by quickly adjusting
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Figure 3-8: Zeeman splitting diagram of the 6Li D2 line illustrating the optical
depumping scheme employed in combination with FK imaging. The spin mixture
of state |1〉 and |2〉 atoms is optically pumped (thin arrow) into the excited state
mJ = 1/2 manifold. From there the atoms can decay (thick arrow) down to states |6〉
and |5〉. To achieve a symmetric pumping of the spin mixture components the pump-
ing light frequency is tuned halfway between states |1〉 and |2〉. A higher pump beam
intensity compensates for the reduction in scattering rate. For typical experimental
parameters all atoms are depumped within 100 μs.

the imaging light frequency after the first exposure so that the PWOA image is

obtained with light tuned hundreds of megahertz away from the atomic transition.

At this detuning the absorption by the expanded gas cloud is negligible and the

acquired image appears atom-free. Practically this approach finds its limit in the

fact that parasitic interference fringes themselves are by their very nature sensitive to

frequency changes; depending on the effective ”interferometer length” even very small

detunings of tens of megahertz cause sufficient fringe shifts rendering the resulting

PWOA image useless for normalization purposes. Other methods like a sudden

change of the magnetic bias field (to induce Zeeman shifts of the involved atomic

energy levels) or switching the handedness of the circularly polarized imaging light

(with the opposite σ-transition being far away) do avoid the laser light detuning
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complications but suffer from other shortcomings, e.g. mechanical vibrations induced

by sudden current changes in the bias field coils or residual polarization asymmetries

in the imaging setup leading to normalization imperfections.

Instead of modifying various imaging parameters between the PWA and PWOA

acquisitions it is more advantageous to manipulate the atoms themselves by changing

their internal state via optical pumping. Figure 3-8 illustrates a possible depumping

scenario. At magnetic fields of a few hundred Gauss the excited 2P3/2 state in 6Li is

split into four mJ manifolds, each containing three spectroscopically not resolved mI

states15. The standard cycling imaging transition at these fields along the magnetic

field lines connects the |1〉 and |2〉 ground states to the mJ = −3/2 excited state

manifold. Alternatively one could also drive transitions to the mJ = −1/2 and

mJ = 1/2 manifolds but these transitions are not closed and will eventually pump

all atoms into the mJ = 1/2 ground state manifold, i.e. to states |6〉 and |5〉 as

depicted in Figure 3-8 for the mJ = 1/2 excited state case. By driving these pumping

transitions via an off-axis beam directly after the acquisition of the PWA image one

can therefore shuffle the state |1〉 and |2〉 atoms completely into states |6〉 and |5〉
where they are invisible (at 527G detuned by almost 2 GHz) with the original imaging

light. The subsequently under identical imaging conditions obtained PWOA image

will be atom-free but illuminated exactly like the PWA image guaranteeing a perfect

background normalization.

3.4.3 Further improvement strategies - Coherent vs. inco-

herent illumination

While the above described Fast Kinetics acquisition in combination with the optical

depumping scheme is able to reliably deliver clean photon shot noise limited density

images, various other measurement approaches and improvement strategies are worth

considering. Among them are the application of a counter propagating slowing beam

overlapped with the normal imaging beam to address the recoil induced Doppler

15At high magnetic fields the I = 1 nuclear spin of the 6Li atom is decoupled from the electron
and cannot be flipped in an electric dipole transition.
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detuning or attempts to actively flatten the imaging beam profile by scrambling the

spatial coherence of the illumination light.

Experimentally implemented the concept of a recoil balancing counter propagating

imaging beam proved successful when trying to partially recover lost optical density

(cf. Figure 3-4), but corresponding improvements regarding the nonlinear fringe

imprint were eventually outweighed by stray light and back reflection issues that

are hardly avoidable when operating a counter propagating beam. Despite eventually

also not being implemented the coherence scrambling approach is worthy of discussion

because it is conceptually insightful and touches on the topic of laser speckle which

is of particular relevance for the next chapter.

Scrambling the spatial coherence of laser light with rotating diffusers

All the previously analyzed fringe issues would be absent if incoherent illumination

were used. Narrow-linewidth lasers achieve coherence lengths16 easily exceeding hun-

dreds of meters making it difficult to spatially decohere the light, but it is never-

theless possible to generate pseudo-incoherent illumination with a narrow-linewidth

laser source by rapidly time-averaging over many random interference patterns dur-

ing a single exposure. A laser speckle pattern17, being the prototype of a random

fragmented interference pattern, is the ideal starting point for such a procedure. In

a coherent imaging system full contrast laser speckle is encountered every time when

large scale phase ripples18 on a length scale smaller than the spatial resolution of the

system get imprinted on the imaging light wavefront [48]. Accordingly, in the con-

text of the imaging setup depicted in Figure 3-5 a speckle field illuminating the atom

cloud can be created by placing a ground glass diffuser or another phase scrambling

element at the position of the iris diaphragm. Typical diffusers exhibit submicron

phase graininess well below the resolving power of the projection and imaging lenses

leading to a speckle pattern in the illumination light with a distribution of scale sizes

16Depending on the particular definition of spectral width, coherence length Lc and laser linewidth
Δλ are in vacuum related via Lc = (2 ln 2/π) (λ2/Δλ) for a Gaussian frequency spectrum with Δλ
measured as FWHM width.

17Chapter 4 will discuss laser speckle in more detail.
18phase excursions by more than 2π
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Figure 3-9: Atom cloud imaging with incoherent illumination. Placing a static ground
glass diffuser into the coherent illumination beam generates a speckle pattern in the
observation plane (A). Setting the diffuser disk into motion causes the speckle pattern
to move during the exposure interval and the camera records a time-averaged image
(B). Further flattening is achieved by employing a two-diffuser configuration with one
static and one rotating diffuser (C). Example absorption images of a trapped cloud
of sodium atoms illustrate the differences between coherent (D) and incoherent (E)
illumination.

ranging from large-scale-size fluctuations down to a small-size cutoff given by the re-

solving power of the projection/imaging system. Figure 3-9 shows with picture (A) a

raw PWOA image acquired with such a diffuser in place. The irradiance of different

pixels covers the full range from maximum intensity down to zero and is expected to

obey negative exponential statistics [48].

In order to randomize and flatten this illumination field one can now dynamically

change the imprinted phase ripple (and with it the resulting intensity speckle pattern)
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by constantly rotating the diffuser disk during the exposure interval. This procedure

delivers raw images similar to picture (B). While the full scale contrast of picture

(A) is greatly reduced through the averaging process, the image is still not photon

shot noise limited and shows residual streak patterns from the diffuser rotation. More

quantitatively, the attainable speckle contrast reduction ratio [49] for a single rotating

diffuser is given by ΔJ/〈J〉 =
√

L0/X, where 〈J〉 denotes the mean of the observed

illuminance and X is the total displacement of the diffuser during the exposure in-

terval. L0 quantifies the image speckle autocorrelation radius, i.e. the typical size of

a speckle grain in the image plane, which approximately equals the resolving power

of the imaging system, so that L0 = λ/(2 NA) with illumination light wavelength λ

and imaging setup numerical aperture NA. In short, the ratio N = X/L0 measures

the number of independent speckle patterns contributing to the averaging within a

single exposure and consequently one finds ΔJ/〈J〉 = 1/
√

N .

To further improve the illuminance flatness one could increase N by simply ro-

tating the diffuser at a higher speed, but more efficiently N is increased by adding a

second stationary diffuser directly before the moving diffuser. In this configuration

the diffuser displacement necessary to regenerate an independent speckle pattern is

not anymore set by L0 but rather given by the diffuser’s phase graininess correla-

tion length19 L which is for ground glass typically on the order of a few hundred

nm and therefore by about an order of magnitude smaller than L0. Furthermore, for

the two diffuser configuration ΔJ/〈J〉 =
√

L/X does not anymore depend on optical

parameters of the imaging system, but only on the diffuser’s microscopic properties.

Raw image (C) in Figure 3-9 illustrates the significant improvement in illuminance

flatness compared to image (B); the diffuser rotation speed and exposure time was

unchanged between both images, only a second stationary diffuser was added. Picture

(E) of the same figure shows an absorption image of a trapped sodium gas cloud ob-

tained with the two-diffuser setup; the comparison with a standard absorption image

(D) of a similar cloud reveals the fringe suppression qualities of incoherent illumi-

19This is a sensible result: The compound diffuser establishes a new random phase pattern once
the individual diffusers are displaced by more than L relative to each other.
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nation. Additionally there are other more subtle differences between coherent and

(pseudo)incoherent illumination (regarding theoretical resolving power, phase object

response, spectral broadening etc.) that are discussed in detail in reference [48]. Some

of these side effects, the reliability and cleanliness of the Fast Kinetics acquisition, me-

chanical complications accompanying high-speed diffuser rotation and the enormous

intensity loss due to two diffusers led eventually to the continued use of coherent

illumination for the experiments discussed in this thesis.

3.4.4 Depth of field considerations

Microscopic imaging is usually idealized as a 2D to 2D mapping process with an object

plane and a correspondingly chosen in-focus image plane. Typically the assumption

of a flat thin object is experimentally not met and the axial (along the optical axis)

resolving power, i.e. the depth of field (DOF ) of the imaging system becomes a

concern. Analogously to the lateral resolution the axial resolution is determined by

the numerical aperture (NA) of the imaging objective lens. This is most easily seen

by revisiting the concepts of Gaussian beam optics20. Starting from a beam with a

waist radius W0 equivalent to the intended lateral in-focus resolution one finds [47]

for the axial range over which the beam does not diverge by more then a factor of
√

2 the expression

2z0 =
2πW 2

0

λ
, (3.19)

where z0 is the so-called Rayleigh range of the Gaussian beam and λ denotes the

illumination light wavelength. To resolve a beam waist W0 it is necessary to employ

a focusing lens with a numerical aperture satisfying W0 ≈ λ/(π NA) and therefore

a laterally fully utilized numerical aperture is associated with a maximum depth of

field (ignoring prefactors of order 1) of

20For a detailed understanding of the 3D resolving power one could alternatively analyze the out-
of-focus size of an Airy diffraction disk but for the purpose of obtaining insightful scaling relations
it is sufficient to refer to the properties of Gaussian beams.
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DOF ≈ 2z0 ≈ λ

NA2
. (3.20)

In contrast the aforementioned lateral resolution for the given NA scales like

2W0 ≈ λ

NA
. (3.21)

Since the diffraction-limited depth of field shrinks inversely with the square of the

numerical aperture it is obvious that the lateral noise analysis resolution (i.e. the lat-

eral column bin size) must be chosen carefully such that the corresponding depth of

field is compatible with the axial atom sample thickness; otherwise one atom would

signal-wise contribute to several neighboring bins falsifying the counting statistics.

For instance, from the above relations a 1 mm thick sample roughly requires a lat-

eral resolution of not better than 25 μm to avoid significant counting bin crosstalk.

A systematic experimental study reported in the following sections confirmed these

estimates.

It is worth noting that an in-depth three-dimensional diffraction analysis [46] of

the imaging system would reveal that lateral resolution and depth of field are also

affected by the numerical aperture of the illumination and the degree of coherence.

These more subtle effects cause typically small corrections up to a factor of 2 and are

therefore not considered in detail.

3.5 Data acquisition and analysis

Under ideal conditions it is possible to distinguish by eye an image with increased

atom noise from an image containing very little noise, but normally the noise ex-

traction from a series of images is a rather involved process that is carried out via

computer following a specifically programmed procedure. The next paragraphs will

discuss this procedure and related aspects.
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3.5.1 Horizontal statistics vs. vertical stack analysis

Having iteratively acquired many images of Fermi gas clouds prepared under identical

conditions there are naturally two options to perform a noise analysis. As mentioned

before one can either compare pixels of the same average optical density within a

single image (horizontal analysis) or do counting statistics along different images for

the same pixel or super-pixel bin (vertical analysis). While both approaches have

specific advantages and disadvantages, it turns out that the vertical stack procedure

is more versatile and delivers more consistent results.

The most severe shortcoming of the horizontal approach is the mixed analysis

of spatially separated pixel regions. Even with a careful grouping of equivalent OD

pixels it is notoriously difficult to minimize systematic OD variations that lead to a

broadening in the OD distributions. Furthermore, the number of contributing pixels

for each OD group is very limited (depending on total cloud size and pixel binning)

and one loses the ability to directly generate a full 2D noise profile of the atom cloud.

Nevertheless, this comparison leads to a more general interpretation of the noise

extraction process along the lines of of a spatial frequency Fourier image analysis.

Fourier noise analysis

Any two-dimensional number array can be Fourier decomposed into contributions

from periodic functions of various spatial frequencies. Given the standard expression

for the Fourier transform F of the input function f

F (νx, νy) =
∫ ∫

f(x, y) exp[2πı (νxx + νyy)] dxdy , (3.22)

the Fourier decomposition reads

f(x, y) =
∫ ∫

F (νx, νy) exp[−2πı (νxx + νyy)] dνxdνy (3.23)

and can be adapted to a discrete array by replacing the integrals with appropriate
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Figure 3-10: Radially averaged power spectra of optical density images for hot (solid
line) and cold (dashed line) samples (a). Power spectrum of cold sample (b). Power
spectrum of hot sample (c). A constant offset is added to the power spectrum for the
hot sample to equalize the levels of photon shot noise. Each spectrum is obtained by
averaging over 50 raw images.

sums. Special algorithms of the FFT (Fast Fourier Transform) type make it possible

to efficiently compute the discrete Fourier transform. The so obtained power spec-

trum |F (νx, νy)| 2 contains all relevant atom noise information - to some extent it is

the physically most insightful representation of the atom noise because the spatial

frequency can be plotted in units of the Fermi wave vector21.

In practice however, the raw spectrum of a single absorption image is not very

clean due to a limited signal-to-noise ratio and low frequency contributions from the

gas cloud envelope profile. Averaging the noise spectra of many individual images

and high-passing can alleviate these effects. Figure 3-10 shows typical results of such

a procedure for cold (T = 0.2 TF ) and hot (T = 0.6 TF ) Fermi gas clouds.

21For spatial frequencies well above the Fermi wave vector kF one would not expect to observe
noise suppression due to Fermi statistics since the corresponding resolution element becomes smaller
than the Fermi wavelength. In other words a momentum transfer above 2h̄kF to any particle will
not be Pauli suppressed by occupation of the final state. For this limit one would expect to measure
the full Poissonian localization noise.
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Because the Fourier transform of uncorrelated fluctuations is flat, the deviation

from flatness of the density noise corresponds to blurring induced by the imaging

system, barring the central peak corresponding to the shape of the cloud. For wave

vectors k much larger than the resolution limit of the detection scheme, the atom

number fluctuations are no longer imaged, and the power spectrum is the photon

shot noise. For this experiment this happens for k < kF . Comparison of the power

spectra for the cold and the hot cloud shows, at small values of k, a 50 percent

suppression, consistent with the later results obtained using spatial bins in vertical

stacks. If the imaging system still had contrast at k > 2kF , one would expect the

ratio of the power spectra to approach unity, since momentum transfer h̄k > 2h̄kF to

a Fermi cloud has negligible Pauli suppression.

In the language of this frequency-resolved horizontal analysis, the vertical stack

approach appears as a localized band-passed version of the full noise spectroscopy

with the high frequency cutoff set by the axial bin size and the low frequency roll-off

defined by the cloud envelope profile subtraction process. The next paragraph will

provide a systematic outline of the vertical noise extraction procedure.

3.5.2 The vertical noise measurement procedure

The noise extraction process is comprised of several steps:

1. Acquisition of 50 - 100 high-quality resonant optical density (OD) images of

expanded Fermi gas clouds under identical conditions.

2. Automatic and manual preselection of images to eliminate outliers regarding

imaging light intensity, total atom number and background flatness.

3. Optional software binning to create super-pixels (2x2, 3x3 etc.) from the

hardware-wise defined elementary pixels.

4. Generation of an average 〈S2〉 = 〈PWOA − DF 〉 image and an average 〈OD〉
image for photon shot noise subtraction purposes.

5. Fitting a two-dimensional Gaussian envelope to each atom cloud image.
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Figure 3-11: Comparison of density images to variance images. For Poissonian fluc-
tuations, the two images at a given temperature should be identical. The variance
images were obtained by determining the local density fluctuations from a set of 85
images taken under identical conditions. (a) Two dimensional image of the optical
density of an ideal Fermi gas after 7 ms of ballistic expansion. The noise data were
taken by limiting the field of view to the dashed region of interest, allowing for faster
image acquisition. (b) For the heated sample with T = 0.6 TF , variance and density
pictures are almost identical, implying only modest deviation from Poissonian statis-
tics. (c) Fermi suppression of density fluctuations deep in the quantum degenerate
regime at T = 0.2 TF manifests itself through the difference between density and
variance picture. Especially in the center of the cloud, there is a large suppression of
density fluctuations. The variance images were smoothed over 6 × 6 bins. The width
of images (b) and (c) is 2 mm.

6. Further high-pass filtering of the fit residual by applying a square matrix aver-

aging filter. The matrix size is appropriately chosen so that only long-range low-

frequency features are removed; the pixel-to-pixel fluctuations are preserved.

7. Computing the vertical variance (Δ OD)2 for each (super-)pixel along all pres-

elected images.

8. Via the knowledge of 〈S2〉 and 〈OD〉 computation (cf. equation (3.12)) of

the expected amount of optical density photon shot noise (ΔphOD)2 that is

contained in the measured (Δ OD)2 matrix.

9. Subtraction of the detector readout noise augmented (ΔphOD)2 from (Δ OD)2

to obtain the final atom noise variance image (ΔatomOD)2.
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As already mentioned due to its local character this scheme turned out to deliver

the most reliable and consistent measurements. Results obtained for a cold vs. hot

Fermi gas cloud are displayed in Figure 3-11. Cold and hot samples were prepared

with similar cloud sizes and central optical densities to ensure that they were imaged

with the same effective absorption cross section and resolution. The cold cloud shows

a distinct suppression of the atom number variance, especially in the center of the

cloud where the local T/TF is smallest. In the given example the individual probe

volumes (super-pixel columns), in which the numbers of atoms are counted, are chosen

to be 26 μm in the transverse directions, and extend through the entire cloud in the

direction of the line of sight (cf. above depth of field discussion).

3.5.3 Scattering cross section calibration

While Figure 3-11 seamlessly seemed to make the transition from optical densities

to actual atom numbers per counting bin, this conversion is a crucial step towards

obtaining quantitative results. From the context of equations (3.5) and (3.15) it is

clear that for an absorption cross section σ0 the atom content of a pixel column of

transverse area A and optical density OD is given by

N =
A

σ0

OD with fluctuations ΔN =
A

σ0

ΔOD . (3.24)

For the employed cycling transition at imaging wavelength λ the theoretical low-

intensity resonant absorption cross section [42] is

σ0 =
3

2π
λ2 , (3.25)

but even when taking higher-intensity nonlinear corrections into account this value is

experimentally rarely achieved. From the measurements reported in Figure 3-4 one

can empirically infer at the chosen probe light intensity a 20 % reduction of the cross

section compared to its low-probe-intensity limit. For λ = 671 nm this leads to a
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Figure 3-12: Atom number variance vs. average atom number. For each spatial
position, the average atom number per bin and its variance were determined using 85
images. The filled and open circles in the figure are averages of different spatial bin
positions with similar average atom number. For a hot cloud at T/TF = 0.6 (filled
circles), the atom number variance is equal to the average atom number (dotted
line, full Poissonian noise) in the spatial wings where the atom number is low. The
deviation from the linear slope for a cold cloud at T/TF = 0.21 (open circles) is due
to Pauli suppression of density fluctuations. There is also some suppression at the
center of the hot cloud, where the atom number is high. The solid and dashed lines
are quadratic fits for the hot and cold clouds to guide the eye.

value of σ0 = 1.71 × 10−13 m2. This is an upper limit to the cross section due to

imperfections in polarization and residual line broadening.

An independent estimate of the effective cross section of 1.48 × 10−13 m2 was

obtained by comparing the over the whole cloud integrated optical density to the

number of fermions necessary to fill up the trap to the chemical potential. With

known trap parameters the value of the chemical potential was obtained from fits

to the ballistic expansion pictures that allowed independent determination of the

absolute temperature and the fugacity of the gas [50]. The effects of a not fully

characterized weak residual magnetic field curvature on trapping and on the ballistic

expansion made it difficult to precisely assess the accuracy of this value of the cross

section.

The most accurate value for the effective cross section was determined from the

observed atom shot noise itself. Instead of displaying the noise measurement results

in a spatially resolved fashion one can alternatively re-sort data points such that the

number variance of each vertical bin stack is plotted against its mean atom number.
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Figure 3-13: Determination of profiles of the atom number variance for a cold Fermi
gas cloud. For each bin, the total photon count is determined, and its contribution
(red) to the total variance of the optical density (blue) is subtracted. The obtained
atom number variance (green) is compared to the average atom number (black).
The displayed trace reveals 50 % noise suppression in the center of the cloud. The
apparently high suppression of atom variation in the wings is a statistical fluctuation.
Figure 3-12 shows that the suppression is monotonic in atomic density.

Figure 3-12 shows the processed outcome of such a strategy. The atom shot noise in

the wings of the hottest cloud must be Poissonian, i.e. (ΔN)2 = N , and this condition

together with equation (3.24) determines the absorption cross section. Requiring that

the slope of variance of the atom number (ΔN)2 vs. atom number N is unity results

in a value of (1.50±0.12)×10−13 m2 for the effective cross section in good agreement

with the two above estimates.

3.6 Measurement results and interpretation

3.6.1 Comparison of theory and experiment

Given the theoretical insight developed in chapter 2 one can compare the experimental

findings with the theoretical predictions for a noninteracting Fermi gas. The com-
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Figure 3-14: Comparison of observed variances (black dots) with a theoretical model
(black line) and the observed atom number (gray), at three different temperatures (a,
b, and c), showing 50, 40, and 15 % suppression. Noise thermometry is implemented
by fitting the observed fluctuations, resulting in temperatures T/TF of 0.23 ± 0.01,
0.33±0.02, and 0.60±0.02. This is in good agreement with temperatures 0.21±0.01,
0.31±0.01, and 0.6±0.1 obtained by fitting the shape of the expanded cloud [50]. The
quoted uncertainties correspond to one standard deviation and are purely statistical.

parison is simplified by first averaging the measured two-dimensional noise profiles

(see Figure 3-11) along the short axis of the images. Using one-dimensional profiles

obtained by such averaging Figure 3-13 further illustrates the previously delineated

noise extraction process by explicitly showing the contributions of photon and atom

number variance to the overall noise in optical density.

Noise thermometry

With known trap parameters and employing the results from chapter 2, in particular

equation (2.19) together with the local density approximation, it is straightforward

to numerically generate theoretical 1D profiles of the noise variance for a gas cloud of

known temperature. Figure 3-14 presents the comparison of theory and experiment

for three different temperatures. Given that the observation of density fluctuations

determines the product of temperature and compressibility (see equation (2.7)), it pro-

vides an absolute thermometer as demonstrated in Figure 3-14, if the compressibility

is known or is experimentally otherwise determined. Because variance is proportional

to temperature for T � TF as seen in equation (2.20), noise thermometry maintains

its sensitivity at very low temperature, in contrast to the standard technique of fit-
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Figure 3-15: Observed atom number variance versus bin size for heated (dashed line)
and cold (solid line) Fermi gas samples, normalized to 1 for Poissonian statistics. A
plateau is reached when the blurring of the bins due to finite optical resolution is
negligible.

ting spatial profiles. The good agreement between theory and experiment as found

in Figure 3-14 underlines the practical relevance of this thermometry method.

3.6.2 Atom counting contrast saturation

One very essential aspect of the imaging system that has already been touched upon

in the context of depth of field considerations (cf. equation (3.20)) is to choose

appropriate lateral and axial resolutions. Without matching these to the sample size,

the blurring of adjacent pixel columns (probe bins) due to finite optical resolution

could effectively decrease the measured atom number variance. This effect is avoided

by binning the noise data using a sufficiently large bin size. Experimentally this

minimum size is determined by varying the probe bin size (software binning) and

verifying that the measured relative atom noise becomes independent from the probe

bin dimensions, i.e. saturates from a certain bin size on. Figure 3-15 presents the
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Figure 3-16: Atom number variance vs. atom number. (a) Data for all of the reso-
lution elements is plotted. Red points are from the hot cloud at T/TF = 0.6, blue
points from the cold cloud at T/TF = 0.21. There is significant scatter in the vari-
ance data, and there are many ”cold” pixels which actually have higher variance
than their corresponding ”hot” pixel. (b) The red and blue shaded regions indicate
the expected 2σ scatter in sample variance that is expected due to atom and pho-
ton counting statistics. The large circles are variance data averaged over pixels with
similar atom number for the hot (red) and cold (blue) cloud. The bars show the
measured 2σ scatter of the data points. The measured scatter agrees very well with
the expected scatter, indicating that the scatter of the data is fully accounted for
by counting statistics. Negative values of the observed atom number variance result
from the subtraction of photon shot noise.

outcome of such a measurement and confirms that the saturation plateau is roughly

reached for probe bins larger than 25 μm.

3.6.3 Noise in the noise

Noise measurements are subject to error bars. Besides the discussed systematic effects

like nonlinear bleaching these errors are associated with finite statistical sampling of

the quantity of interest, i.e. determining the variance of a variable via a finite number

of data points leads to a statistical measurement uncertainty for the variance itself.

Figure 3-16 is the raw version of Figure 3-12 and further illustrates the scatter of

the measured atom number variance. This scatter is not primarily due to technical

noise, but instead a statistical property of the sampling distribution of the variance.

The shaded areas are derived from theoretical values for the variance of the sample
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variance. This is given by

Var(Var(N)) =
(m − 1)2

m3
μ4 − (m − 1)(m − 3)

m3
μ2

2 , (3.26)

where m is the number of observations in each sample [51]. The moments μ2 and μ4

are the central moments of the population distribution. For a Poisson distribution,

μ2 = 〈N〉 and μ4 = 〈N〉(1 + 3〈N〉), and for m, 〈N〉 � 1, this expression reduces to

2〈N〉2/m. Figure 3-16 (b) shows the comparison between the expected and measured

variance in the sample variance. While other minor effects might contribute to the

error budget it is clear from these results that counting statistics is mostly responsible

for the scatter of the variance data points.

In conclusion, this chapter reported on the successful observation of suppressed

density fluctuations in a quantum degenerate Fermi gas. A sensitive technique for

determining atomic shot noise has been established. Parallel research performed by

the ETH group in Zurich led to similar results as presented in [52, 53].

The next chapter describes further progress towards the adaption of the noise

measurement technique to the in situ study of strongly interacting Fermi gases along

the BEC-BCS crossover.
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Chapter 4

Measuring fluctuations in a

strongly interacting Fermi gas

This chapter focuses on the experiment reported in the following publication: C. San-

ner, E. J. Su, A. Keshet, W. Huang, J. Gillen, R. Gommers, and W. Ketterle,

“Speckle Imaging of Spin Fluctuations in a Strongly Interacting Fermi Gas”. In-

cluded in Appendix B.

Given the previous chapter’s results on quantitative noise measurements in noninter-

acting Fermi gases it is promising to generalize this approach and apply it to a broader

range of quantum gases. This chapter introduces the technique of speckle imaging

as a simple and highly sensitive in situ method to characterize fluctuations. Us-

ing speckle imaging the susceptibility and compressibility of a two-component Fermi

gas are studied across the BEC-BCS crossover. Fluctuations in the magnetization,

i.e., the difference of the densities in the two different spin components, are directly

measured, bypassing the need to measure the individual densities separately.
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4.1 Properties of an interacting two component

Fermi gas

With the onset of interactions a rich set of new phenomena can be observed in an

ultracold Fermi gas. The underlying physics of Feshbach resonances and the BEC-

BCS crossover have been discussed extensively in numerous publications [36, 54].

Therefore, instead of detailing the relevant derivations, only the main conceptual

steps that lead to a theoretical understanding of the interacting gas are sketched in

table form and then an oversimplified but very intuitive physical picture of a Fermi

gas in the unitary limit [55] is presented.

4.1.1 From elastic collisions to Feshbach resonances

The natural starting point to understand the interacting gas is the corresponding

two-body problem:

1) At large enough distances the interaction between the two particles of mass

m is approximately described by a position-dependent van der Waals potential

V (r) ≈ −C6 /r6. The quantum mechanical range b of this potential is defined

with the corresponding wave vector via h̄2/(mb2) = C6 /b6. Only low-energy

scattering with relative momentum k � b−1 is considered.

2) The scattering amplitude fk for elastic collisions in the center-of-mass frame of

the two atoms is obtained by solving the Schrödinger equation

Eφ = [−h̄2/m Δr + V (r)] φ . (4.1)

Scattering eigenstates with positive energies E = h̄2k2
0/m are written as φ =

φ0 + φs with the incoming plane wave φ0 = exp(ık0 · r) and the outgoing

spherical wave φs ≈ fk0(r/r) exp(ık0r)/r. Assuming that the potential scatters

only in the s-wave the scattering amplitude is isotropic, i.e. fk0(r/r) = fk0 .
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3) With the optical theorem [56] it follows that |fk0| 2 = k−1
0 Imfk0 and therefore1

fk0 = − 1

s(k0) + ık0

(4.2)

with s(k0) being a real and even function of k0.

4) Via the low-k expansion

fk0 = − 1

a−1 + ık0 − k2
0 re/2 + ...

(4.3)

the scattering amplitude is parametrized by the scattering length a and the

effective range re. In the zero-range limit, i.e. for k2|re| � |a−1 + ık| the scat-

tering amplitude is solely characterized by the scattering length2. Furthermore,

for re � 1/k and k|a| � 1 the gas enters the unitary limit with fk0 = ı/k.

5) To further explain Feshbach-type resonance effects the atom-atom interaction is

more specifically modeled as an interaction via two potential curves, a so-called

open channel potential Vopen(r) and a closed channel potential Vclosed(r). For

alkali atoms with one valence electron, Vopen(r) corresponds to the electronic

triplet configuration and Vclosed(r) to the spin singlet. A weak coupling between

the two channels makes it possible that ”incoming” atoms in the open channel

are resonantly affected by closed channel bound states if the energy difference is

sufficiently small. Due to the different magnetic moments of singlet and triplet

states this energy difference can be tuned over a wide range, i.e. the scattering

length can simply be adjusted by an external magnetic bias field.

4.1.2 A Fermi gas in the unitary limit

With the continuous tunability of the scattering length via a Feshbach resonance it

is straightforward to prepare a Fermi gas in the unitary limit and study its behavior

1Note that −Im(z)/|z|2 = Im(1/z) for any complex number z.
2Typical experiments with cold atoms in the vicinity of broad Feshbach resonances fulfill re ≈ b

and are therefore in the zero-range limit.
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on both sides of the resonance. Despite all difficulties arising from the lack of an

appropriate small parameter for kF |a| → ∞ many theoretical studies3 have developed

a detailed quantitative understanding of the relevant many-body physics, but in this

context it is more insightful to follow a qualitative model as described by Pricoupenko

and Castin in [55].

Consider a homogeneous ultracold gas of N fermions of mass m, half of them

in the spin-up ↑ state, the other half in spin-down ↓ configuration. Heuristically

this many-body system is modeled by constructing a pseudo-equivalent two-body

problem for each ↑ atom such that the nearest ↓ neighbor interaction is described via

the standard4 Fermi δ pseudopotential

V (r) =
4πh̄2a

m
δ(r) ∂r(r·) . (4.4)

In a center-of-mass frame this scenario translates into a fictitious ↑ particle of reduced

mass m/2 interacting with a fixed δ scatterer at the origin. To mimic the Fermi

statistical effect of the other ↑ atoms a boundary condition is imposed so that the

wave function φ(r) of the fictitious particle vanishes on the surface of a sphere of radius

R. The appropriate value for R can be obtained by comparing the total energy of

the noninteracting gas E = (3/5) NεF to the zero point energy ε0 = (h̄2π2)/(mR2)

of the ↑ atoms confined in spheres of radius R, i.e. E = ε0 N/2. This leads to

kF R = π
√

5/3 , (4.5)

which is a sensible calibration for R given that kF R should be of order 1 if R is the

characteristic extent of a single atom volume.

3see [54] and references therein
4As discussed in the previous paragraph, the scattering problem is within certain limits sufficiently

described by a scattering amplitude of form (4.3), i.e. any interaction potential leading to this
scattering amplitude can be deployed to characterize the atom-atom scattering. The particular form
of the regularized delta pseudopotential ensures mathematical ease. References [57, 58, 59] provide
an in-depth discussion of various analogous model potentials.
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Figure 4-1: Energy spectrum of an interacting Fermi gas as derived from a simple two-
body model. Only the two lowest-lying branches are shown. Three-body collisions
depopulate the upper branch and lead to the formation of bound atom pairs. Adapted
from [55].

To solve the so defined simple Fermi gas model it is advantageous to not directly

insert the potential (4.4) into the Schrödinger equation. Instead, as shown in [59, 60]

one can equivalently introduce the contact condition

lim
r→0

∂r(rφ)

rφ
= −1/a (4.6)

and start from the s-wave restricted free Schrödinger equation which is solved by

the first spherical Bessel function so that its positive energy ε = h̄2k2/m solutions

scale like r φ(r) ∝ sin k(r −R) and its negative energy ε = −h̄2κ2/m solutions follow

r φ(r) ∝ sinh κ(r − R). Imposing condition (4.6) on these solutions leads to

tan kR = ka and tanh κR = κa , (4.7)

respectively. Together with equation (4.5) this determines the energy spectrum of

the gas as depicted in Figure 4-1 for the two lowest-energy branches. In the limit
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of weak interactions, i.e. for |1/(kF a)| � 1, the total energy approaches the value

E/N = (3/5) εF as expected for the noninteracting gas. Concentrating on the ground

state branch the model predicts two different regimes: Below the Feshbach resonance

(for a > 0) a two-body bound state emerges with binding energy −h̄2/(ma2). The

atom pair extent is typically on the order of the scattering length a, and at low enough

temperatures these bosonic dimers can form a Bose-Einstein condensate (BEC). In

the opposite regime for a < 0 the system becomes an attractive Fermi gas and a

more detailed analysis expects for sufficiently low temperatures the transition to a

superfluid BCS state [36, 61].

Right on the Feshbach resonance, i.e. for 1/(kF a) = 0, the model predicts no

dramatic changes - a smooth transition connects the BCS side to the BEC limit and

on resonance the total energy of the gas is smaller than for the noninteracting system

indicating an effective attraction due to the atomic interactions. In the unitary limit

of diverging scattering length and saturated scattering amplitude all relevant scales

are set by the Fermi energy and derived quantities.

The second lowest branch in the energy spectrum plotted in Figure 4-1 corresponds

for 1/(kF a) → ∞ to a weakly interacting repulsive Fermi gas. Not being in the

ground-state the gas can decay via a three-body collision to the lowest branch by

forming a dimer and ejecting a third atom carrying away the binding energy. This

dimer production by decay from the metastable upper branch, the condensation of

atom pairs to a Bose-Einstein condensate, the superfluidity of the unitary gas and

the smooth crossover from a BCS state to the BEC limit have all been observed

experimentally [62, 63, 64] and confirm the qualitative insight obtained from the

simple toy model.
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4.2 In-situ noise measurements - Advantages and

challenges

Noise measurements in interacting quantum gases are complicated by the non-ballistic

expansion of the gas when released from trap. Depending on the specific sample prop-

erties it is still possible to reconstruct insightful information from such measurements,

but in general it is desirable to adapt the previous chapter’s method to in-trap mea-

surement scenarios. While an in-trap measurement has the obvious advantage of not

requiring any further potentially destructive manipulation of the atom sample, it is

accompanied by impractically high optical densities and various other resolution and

depth of field constraints.

To address the problem of saturated high OD ”blacked out” absorption images one

can detune the imaging light frequency away from the atomic resonance so that the

the effective scattering cross section is reduced according to equation (3.5). However,

such a detuning does not only reduce the optical attenuation, it gives simultaneously

rise to dispersive effects as described by equation (3.6), i.e. the trapped atom cloud

starts to act like an optical lens bending light rays away from the direction of in-

cidence. For clouds significantly thinner than the imaging system’s depth of field

this effect can be tolerated, but if the cloud thickness becomes comparable to the

axial resolution the additional ”residual lens” in the imaging system will noticeably

degrade the background normalization.

Instead of treating the dispersive response of the atoms as an unwanted side effect

one can set up the imaging system such that dispersive phase shifts are turned into

intensity contrast signals on the detector. Popular methods to achieve this contrast

conversion are polarization contrast and phase contrast imaging as described below

in more detail.
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4.2.1 A short review of Fourier optics

To further understand the various contrast enhancement methods and related aspects

of image formation it is instructive to review the basic concepts of Fourier optics.

Fourier optics is a continuation of the standard scalar wave theory of light5. In a

given ”input” plane z = z0 on the optical axis the complex amplitude U(x, y, z0) of

the light field of wavelength λ is Fourier decomposed into its plane wave superposition

components

U(x, y, z0) =
∫ ∫

F (νx, νy) exp[−2πı (νxx + νyy)] exp[−ıkzz0] dνxdνy , (4.8)

where kz =
√

k2 − k2
x − k2

y = 2π
√

λ−2 − ν2
x − ν2

y is the z-component of the wavevector

k with the corresponding spatial frequencies νx and νy. The key concept of Fourier op-

tics is now to predict the complex amplitude at a later ”output” plane z = z1 by indi-

vidually propagating the plane waves through the optical system and then superposing

them to the new complex amplitude field U(x, y, z1). Because wave equations are lin-

ear and the optical system is shift-invariant6 one can apply all principles known from

the general theory of linear systems. In particular it is advantageous to characterize

the system by its transfer function H(νx, νy); since an harmonic input function fν(x, y)

is expected to lead to an harmonic output function gν(x, y) = H(νx, νy) fν(x, y) only

modified by a frequency-dependent complex prefactor, the system is fully described

by the explicit knowledge of H(νx, νy).

For instance, for the case of free space propagation from z = 0 to z = d and

assuming an harmonic input function f(x, y) = exp[−ı2π(νxx+νyy)] = exp[−ı(kxx+

kyy + kz0)] one finds with kz from above g(x, y) = exp[−ı(kxx + kyy + kzd)] for the

output function. Therefore the transfer function for free space propagation over a

5Many optical phenomena do not require the full vector formulation of the electromagnetic the-
ory of light. It is often sufficient to introduce a complex scalar wavefunction whose modulus is
proportional to the optical power density .

6Free space is invariant to displacement of the coordinate system.
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distance d becomes

H(νx, νy) = g/f = exp[−ı2πd (1/λ2 − ν2
x − ν2

y)
1/2] . (4.9)

From this expression it is clear that for spatial frequencies fulfilling ν2
x + ν2

y ≤ 1/λ2

the incoming plane wave continues along its travel direction simply accumulating the

corresponding phase shift. However, for ν2
x +ν2

y > 1/λ2 the exponent in equation (4.9)

is real7 so that the traveling wave is attenuated during free space propagation thus

becoming an evanescent wave. This quantitatively confirms the well-known conclusion

that structure information finer than the wavelength λ cannot be transmitted beyond

the near field.

Following the above example all components in an optical system can be assigned

to a specific transfer function making it possible to propagate an incoming beam step

by step through the system, not only providing a convenient procedure to analyze

wave optics problems, but often delivering additional physical insight from aspects

clearer seen in the frequency domain. An analysis of dispersive phase contrast imaging

- to some extent a precursor of the later relevant speckle imaging - illustrates these

benefits very well.

4.2.2 Dispersive imaging

For simplicity first consider a two-dimensional phase object8 in the input plane of

a 4-f imaging system as depicted in Figure 4-2. The system forms a real inverted

1:1 image of the object in the output plane, however, a typical detector like a CCD

camera or the naked eye will only be sensitive to intensity variations so that a pure

phase object will stay invisible.

7In this context the negative square root (−|x|)1/2 = −ı|√|x|| is chosen.
8An ideal phase object does not absorb any light, i.e. the imaginary part of its complex index

of refraction is zero, it only disperses and refracts the light as discussed in the context of equation
(3.4).
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Figure 4-2: Layout of a 4-f imaging system. Two imaging lenses of focal length f in
infinite conjugate configuration spaced two focal lengths apart generate a 1:1 image
of the input object in the output plane. Dotted lines represent rays of unscattered
light modeling object illumination by a large diameter collimated beam. The solid
blue lines trace rays of light scattered by the object. To obtain phase contrast images
a λ/4 phase plate is positioned in the Fourier plane so that shifted and not shifted
light components interfere in the image plane with a relative phase shift of π/2.

Phase contrast imaging

One possibility to enable intensity contrast for a phase object in the above imaging

system is the introduction of a selective λ/4 phase shift for the DC component in

the spatial frequency spectrum of the light after passing through the atom sample.

Experimentally this can be achieved with a so-called phase plate placed in the Fourier

plane of the system. In a 4-f imaging configuration the Fourier plane (2f away from

the input plane) represents the optical Fourier transform9 of the input plane’s complex

amplitude distribution. The phase plate behaves essentially like a flat piece of optical

glass, only that a small round region of typically a few hundred microns diameter

in its center is slightly modified so that the optical path length there is reduced or

advanced by λ/4. Downstream in the image plane this leads to a situation where

recombined rays of phase shifted and unshifted light interfere with a corresponding

9This can be seen by systematically propagating the incoming light through free space and the
first lens, but it is also made clear by considering how ray angles (i.e. wave vectors) are mapped to
points on the Fourier plane by the first lens.
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Figure 4-3: Complex amplitude phasor diagram for phase contrast imaging. (a)
The illuminating light field is represented by an upright phasor E0 in the output
plane. (b) A pure phase object rotates the complex amplitude by an angle ϕ. (c)
Insertion of a λ/4 phase plate in the Fourier plane causes a selective π/2 phase shift
for the spatial DC components of the light. This effectively changes the length of the
resulting output phasor Epc, turning the phase modulation in the object plane into an
intensity modulation in the image plane. Since phase contrast imaging is achieved via
a selective manipulation in the Fourier spectrum it critically relies on the separation of
spatial frequency scales for illumination and object structure. Different colors group
arrows of the same lengths.

phase difference of π/2. Figure 4-3 further illustrates this with a phasor diagram

showing the complex amplitude (mappable to electric field components) on the optical

axis in the image plane for three different configurations. In case (a) the input plane

is empty and no phase plate is in the system so that the upright input phasor E0 is

simply reproduced at the output plane10.

Adding a pure phase object (i.e. no intensity attenuation) in the input plane causes

a relative rotation of the output phasor by an angle ϕ as depicted in (b). To later

anticipate the effect of a phase plate it is helpful to decompose the rotated phasor into

10This corresponds to the very definition of an imaging system: Rays from a point source in the
input plane are overlapped on a corresponding point in the output plane all having traveled the
same optical path length.
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an unaltered E0 and an additional ΔE component (green arrow in Figure 4-3). ΔE is

then further decomposed into a DC / low spatial frequency component (ΔE)DC and a

high frequency component (ΔE)AC. This distinction is important because the phase

plate in the Fourier plane will affect these two components differently. Accordingly

a critical spatial frequency νDCAC exists that marks the transition between the two

intervals. Higher spatial frequencies are in the Fourier plane located further away

from the optical axis (on which the phase spot is centered) and therefore the size of

the phase spot determines νDCAC for a given lens system.

In practice the phase spot size is chosen such that it fully covers the (in the Fourier

plane refocused) unscattered illumination light, which means that upon insertion of

the phase plate the E0 and (ΔE)DC phasor components are being rotated by π/2,

whereas (ΔE)AC stays unaffected, as shown in Figure 4-3 (c). Overall the total phase

contrast complex amplitude in the output plane is then given by the phasor sum

Epc = E0 e−ıπ/2 + (ΔE)DC e−ıπ/2 + (ΔE)AC , (4.10)

i.e. the ”invisible” phase shift ϕ has been turned into a phasor length change meaning

an intensity signal in the image plane.

By introducing an appropriate absorption prefactor the discussion so far can easily

be extended to include objects with a mixed dispersive and absorptive response. This

applies in particular to the case of two-level atom gas clouds as described in the

context of equation (3.4).

4.2.3 Initial experimental strategy

Given the above considerations it appeared promising to realize noise measurements

for trapped quantum gases via the experimental implementation of phase contrast

imaging. The state |1〉 & |2〉 balanced spin mixture of 6Li is for this method es-

pecially well suited because the optical absorption resonance for the two states is
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Figure 4-4: Real (red curve) and imaginary part (blue curve) of the index of refrac-
tion nref of a noninteracting balanced 6Li state |1〉 & |2〉 Fermi gas mixture as a
function of the probe laser detuning (with respect to the state |2〉 cycling resonance).
Linewidths and relative detuning of the two transitions match favorably so that laser
light centered between the resonances experiences no mean dispersion but becomes
sensitive to the relative number deviation of the two spin states. The plotted curves
are derived from equation (3.4) and assume typical shallow trap spin state densities
of n = 5 × 1017 m−3 corresponding to a Fermi energy EF = h × 8.2 kHz.

roughly separated by 76 MHz at higher magnetic fields so that laser light11 parked at

the center frequency between the two resonances will not experience a mean disper-

sion (red and blue phase shift effects from the two states cancel each other) and only

weak absorption (equal amounts from both states) as illustrated in Figure 4-4. Neu-

tral average dispersion is a significant advantage in several regards: First, offset-free

measurements are typically cleaner and more precise compared to fluctuation mea-

surements on top of large mean values. Second, since state |1〉 and |2〉 atoms cause

opposite phase shifts not only the mean phase shift is zero, but the phase contrast

signal will also be differential, i.e. directly access Δ(n1 − n2) with n1 and n2 being

the implicit individual spin component densities. Third, even a thicker (i.e. partially

out of focus) gas cloud will not introduce the earlier mentioned ”residual lens” effect,

which could otherwise cause severe background normalization issues. Furthermore, all

types of dispersive imaging have the detuning-dependent advantage that they allow

11The D2 transition of 6Li has a width of Γ = 2π × 5.9 MHz, i.e. the symmetric 38 MHz intervals
correspond to a detuning of about 6 natural linewidths. Also see Figure 3-8.
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for higher illumination intensities (at constant Rayleigh scattering rates, cf. equation

(3.16)) compared to resonant absorption imaging.

However, experimental testing of the above considerations led to rather surprising

results with the main finding that symmetrically detuned noise measurements on

trapped balanced noninteracting Fermi gas mixtures resulted in very similar noise

values, whether performed as simple off-resonant absorption measurements (without

a phase plate) or as phase contrast measurements (with a phase plate). Following

the previous chapter’s procedure it turned out that the measured amount of noise

exceeded the expectation for absorption images (even when assuming full Poisson

noise) by more than a factor of ten. On the other hand the measured noise values

roughly corresponded to the anticipated phase contrast signal and hence it seemed as

if there was a hidden contrast enhancement mechanism contributing to the nominally

pure absorption signal. Further investigation eventually revealed that a phenomenon

conceptually similar to laser speckle plays a key role when trying to understand the

experimental observations. The next paragraph will therefore provide a short review

of speckle phenomena in optics before explaining concrete details of ”speckle imaging”.

4.3 From laser speckle to speckle imaging

4.3.1 Laser speckle

With the advent of coherent laser light speckle phenomena became ubiquitous side

effects in optical experiments. As such, speckle is often considered a hindrance and

not a feature. The well-known prototype laser speckle manifestation, the granular

appearance of a laser beam when observed on an index card (see Figure 3-9 (A)),

illustrates the most important properties of laser speckle very well. First of all,

speckle formation appears to require the illumination of a microscopically chaotic

and unordered optically rough object (paper, ground glass etc. are rough on the

scale of an optical wavelength) with a highly coherent light source. Accordingly, a

statistical description is necessary in order to properly model and explain speckle
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patterns.

Assuming an imaging geometry as depicted in Figure 4-2 (without phase plate),

consider a coherently illuminated optically rough object in the input plane. One

can qualitatively understand speckle formation in the image plane as a result of the

random superposition of many individual point spread functions (PSFs) with different

phases [48, 65]. More precisely, the light irradiance at a given point P ′ in the image

plane is geometrically mapped to the appropriate point P in the object plane, but due

to the finite aperture and resolution of the imaging system (with a correspondingly

sized PSF), light of different phases from points close to P will partially also contribute

to the irradiance at P ′. This overlap of randomly phased PSFs around P ′ gives rise

to irregular interference patterns also known as speckle patterns.

From this explanation it is clear that for the case of a focused imaging geometry

the object needs to exhibit phase ripples (with phase excursions exceeding 2π for full

contrast) on length scales well beyond the resolution limit in order to cause speckled

intensity fluctuations in the image plane - larger size phase fluctuations do not lead to

intensity contrast because they do not generate overlapping PSFs of different phases.

Furthermore this also implies that the scale size of the granularity in the speckle

pattern is cut off at a length scale corresponding to the numerical aperture of the

imaging system.

4.3.2 Out-of-focus speckle

Instead of relying on the overlap of out-of-phase PSFs by means of their finite widths

as explained in the previous paragraph it is alternatively possible to achieve an analo-

gous overlap by intentionally defocusing the imaging system as illustrated in the car-

toon drawing in Figure 4-5. Assuming a thin homogeneously illuminated pure phase

object with low-frequency phase fluctuations (i.e. only on resolved length scales) one

expects that an in-focus imaging setup will produce a flat output image without vis-

ible intensity ripple (upper illustration in Figure 4-5). However, once the system is

defocused the imaging condition is not fulfilled anymore, i.e. light rays of different

optical path lengths are combined on the image plane so that the phase fluctuations
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Figure 4-5: Simulation of propagation effects after light has passed through a Pois-
sonian phase noise object. Shown are the variance measured in the amplitude (black
line) and the phase (gray line) as a function of defocus distance, for an imaging system
with a numerical aperture of 0.14. Within a distance less than 5% of the cloud size,
noise becomes equally distributed between the two quantities and the variances in ab-
sorption and phase-contrast images become the same. (Top inset) For low-frequency
phase fluctuations, an in-focus phase noise object gives no amplitude contrast, but
when moved out of focus it does. (Bottom inset) Sample intensity patterns for a
defocused phase object.

are turned into intensity fluctuations (lower illustration).

This out-of-focus speckle generation is the key mechanism to understand the above

mentioned surprisingly high noise values found for the detuned absorption images.

Unlike for the time-of-flight measurements in the noninteracting gas, the depth of

field at the necessary lateral resolution does typically not cover the axial extent of

the trapped atom cloud. For instance, the measurements reported on later in this

chapter were carried out with a depth of field Rayleigh range of 8 μm while the extent

of the cloud along the imaging direction was 135 μm. This means that the sample

thickness ensured contrast conversion, or in other words, sufficient defocusing acts like

a phase plate, mapping phase fluctuations to intensity fluctuations. Quantitatively

it turns out that this defocus-induced redistribution of phase and amplitude noise
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happens over distances on the order of the imaging depth of field as illustrated by the

simulations in Figure 4-5. Reference [66] provides further details about these Fourier

optics based computer simulations and reference [48] contains extensive discussions

about other aspects of speckle physics.

Among the many relevant features and properties of out-of-focus speckle the fol-

lowing three are most important for a later image analysis:

1. Phase and amplitude noise equilibrate 1:1 after a short propagation distance

corresponding to the depth of field of the imaging system.

2. Small phase-excursion speckle OD noise is additive; assuming a balanced spin

mixture and symmetric detuning the speckle OD variance signal is proportional

to Δ(N1 − N2) in the corresponding pixel column region.

3. Non-symmetric imaging light detunings can be used to probe a correspondingly

different linear combination of N1 and N2 fluctuations. However, this is typically

accompanied by more pronounced background normalization imperfections.

Since the numerically exact relation between imaging signal and atom number

fluctuations is for speckle images not as straightforwardly derived as in the previous

chapter for standard absorption images, it is helpful to experimentally calibrate the

speckle noise data by first performing measurements on an noninteracting gas with

known outcome.

4.4 Data acquisition and analysis

4.4.1 Experimental setup and sample preparation

The above discussion made clear that speckle imaging does not require any specialized

optics infrastructure. Hence the employed imaging setup is very similar to the one

described in Figure 3-5 with the only difference that the second stage magnification

is chosen to be 1:5 instead of 1:2 leading to an overall magnification by a factor 10
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which is a necessary adaption to the higher densities and smaller dimensions of the

trapped atom samples.

The experiments were performed with typically 106 6Li atoms in each of the two

lowest hyperfine states |1〉 and |2〉 confined in an optical dipole trap oriented at 45

degrees to the imaging axis with radial and axial trap frequencies ωr = 2π× 108.9(6)

s−1 and ωz = 2π×7.75(3) s−1, corresponding to spin state densities of n = 5×1017 m−3

and a Fermi energy EF = h × 8.2 kHz. This particular geometry made it possible

to easily check and confirm that the speckle noise technique delivers robust results

insensitive against variations of the defocus distance: The left and right wings of the

elongated cloud are further out of focus but constraining the analysis to these regions

delivers similar amounts of noise compared to the central part of the atom cloud.

For the samples imaged at 527 G, the sample preparation was analogous to that

described in chapter 3, with a temperature of 0.14(1) TF . The samples imaged at

other magnetic fields were prepared in a similar fashion, except that evaporation

was performed at 1000 G (BCS side of the crossover) to a final temperature of T =

0.13(1) TF before ramping the magnetic field over 1.5 s to its final value (adiabatically

following the lowest branch). The temperature at 1000 G was determined by fitting

a noninteracting Thomas-Fermi distribution in time of flight. The temperatures at

other points in the crossover were related to that value assuming an isentropic ramp,

using thermodynamic calculations presented in [67]. Using this method temperatures

were found to be 0.13(1) TF at 915 G, 0.19(1) TF at 830 G, and 0.19(3) TF at 790

G where additional evaporation was performed to achieve a central optical density

similar to that at the other magnetic fields. The extent of the cloud along the imaging

direction was 135 μm, much larger than the Rayleigh range of 8 μm for the imaging

system with a NA of 0.14 and quadratic resolution elements measuring 2.6 μm.

4.4.2 Noise extraction and mapping procedure

The goal of the noise measurements in interacting Fermi gases12 is to determine at

various interaction strengths the normalized susceptibility χ̃ = χ/χ0 and compress-

12See chapter 2 for a short theoretical introduction.
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Figure 4-6: Two different imaging light detunings are used to access fluctuations in
(n1 − n2) and (n1/3 + n2). The excited state |e〉 corresponds to the mJ = −3/2
manifold as depicted in Figure 3-8.

ibility κ̃ = κ/κ0, where χ0 = 3n/(2EF ) and κ0 = 3/(2nEF ) are the susceptibility and

compressibility of a zero-temperature non interacting Fermi gas with the same total

density n and Fermi energy EF .

As previously described, for different choices of the probe light frequency, the two

atomic spin states will have different real polarizabilities and the local refractive index

will be a different linear combination of the (line-of-sight integrated) column densities

n1 and n2. To measure the susceptibility a probe light frequency exactly between the

resonances for states |1〉 and |2〉 was chosen, so that the real polarizabilities are

opposite and the refractive index is proportional to the magnetization (n1 −n2). The

intensity fluctuations on the detector after propagation are consequently proportional

to the fluctuations in magnetization. Since a refractive index proportional to (n1+n2)

occurs only in the limit of infinite detuning, fluctuations in the total density are

measured by exploiting the fact that these fluctuations can be inferred from the

fluctuations in two different linear combinations of n1 and n2. For convenience, the

second linear combination is obtained using a detuning that has the same value, but

opposite sign for state |2〉, and therefore three times the value for state |1〉 as shown in

Figure 4-6. Because the dispersive signal scales inversely proportional to the detuning,

images of the fluctuations in (n1/3 + n2) are recorded with this imaging frequency.

91



 

5 10 15 20 25 30
0

2

4

6

8

 

5 10 15 20 25 30
0

1

2

3

4

5
x 10

−4
x 10

−4

 

 

0
0.2
0.4
0.6

Pixels (1 pixel = 2.6 μm)

ecnairaV 
D

O

Optical Density

100 μm

Pixels (1 pixel = 2.6 μm)

ecnairaV 
D

O

1/(kFa) = 01/(kFa) = ∞

Figure 4-7: (Top) Example speckle noise image, with white box indicating analysis re-
gion. (Bottom) Noise data for noninteracting (left) and resonantly interacting (right)
cold clouds, showing Δ2

− (black dots) and Δ2
+ (gray dots). Solid lines are Gaussian

fits to the data, and dotted lines illustrate the expected full Poissonian noise for the
corresponding quantities based on density determined from off-resonant absorption.

The noise analysis procedure was nearly identical to that performed for the ex-

panded gas (see chapter 3). A high-pass filter with a cutoff wavelength of 13 μm was

applied to each image of the cloud to minimize the effect of fluctuations in total atom

number. Then, for each pixel position, the variance of the optical densities at that

position in the different images was computed. After the subtraction of the contribu-

tion of photon shot noise, the resulting variance image reflects the noise contribution

from the atoms.

To calibrate the speckle method, fluctuation measurements were performed in a

noninteracting mixture, realized at a magnetic field of 527 G where the scattering

length between the two states vanishes. Figure 4-7 shows raw profiles of the OD

variances Δ2
− and Δ2

+ measured at the two detunings. These fluctuations in the

speckle pattern are proportional to number fluctuations in the probe volume V :

Δ2
− = (c Δ(N1 − N2))

2 and Δ2
+ = (c′ Δ(N1/3 + N2))

2 . (4.11)
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In these relations c and c′ are the factors which have to be calibrated. Without

interactions, N1 and N2 are uncorrelated, and one predicts

(Δ(N1 − N2))
2

(Δ(N1/3 + N2))2
= 1.8 (4.12)

The observed ratio of Δ2
−/Δ2

+ = 1.56(14) reflects excess noise contributing to Δ2
+

due to residual systematic dispersive effects and is accounted for by setting c′/c =√
1.8/1.56. For high temperatures, the atomic noise of the non-interacting gas ap-

proaches shot noise, for lower temperatures a reduction in noise due to Pauli blocking

in analogy to the findings of chapter 3 is observed.

The fluctuation-response theorem connects the two variances (Δ(N1 − N2))
2 and

(Δ(N1 + N2))
2 to the normalized susceptibility χ̃ and compressibility κ̃ via

(Δ(N1 − N2))
2 =

3N

2
(T/TF ) χ̃ and (Δ(N1 + N2))

2 =
3N

2
(T/TF ) κ̃ (4.13)

with N = N1+N2. Recomposing the variances from the two experimentally accessible

linear combinations these relations become

Δ2
−

Nc2
= 3/2 (T/TF ) χ̃ and 9/4

Δ2
+

Nc′2
− 1/4

Δ2
−

Nc2
= 3/2 (T/TF ) κ̃ . (4.14)

The constants c and c′ are determined using the noise measurements at 527 G for a

noninteracting Fermi gas for which χ̃ = κ̃ = 1 + O
(
(T/TF )2

)
. Line-of-sight integra-

tion corrections are ignored in this analysis.
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Figure 4-8: Measured condensate fraction as a function of dimensionless interaction
strength 1/(kF a). Insets show typical images from which the condensate fraction was
extracted by fitting a bimodal distribution. The dashed line is a sigmoidal fit to guide
the eye.

4.4.3 Determination of the superfluid to normal phase bound-

ary

As discussed earlier a quantum gas in the BEC-BCS crossover is expected to un-

dergo at sufficiently low temperatures a phase transition between a normal and a

superfluid state. For the later interpretation of the noise measurement results it is

helpful to know where exactly this transition occurs. Therefore the phase boundary

was experimentally determined via the standard technique of molecular condensate

fraction measurements [63, 68] using magnetic field sweeps. For this, the magnetic

field was rapidly switched to 570 G to transfer atom pairs to more deeply bound pairs

(molecules) which survive ballistic expansion. For resonant imaging of the molecules,

the field was ramped back to 790 G over 10 ms. The condensate fraction was de-

termined by fitting the one-dimensional density profiles with a bimodal distribution

yielding the results presented in Figure 4-8. For the given experimental conditions

a significant superfluid fraction is found in direct vicinity of the Feshbach resonance

and further down on the BEC side as expected for the temperatures reported above

[36].
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Figure 4-9: (a) The ratio χ/κ, (b) the normalized susceptibility χ/χ0, and (c) the
normalized compressibility κ/κ0 in the BEC-BCS crossover. The variances derived
from sequences of images are converted into thermodynamic variables using the mea-
sured temperatures and a calibration factor determined from the noninteracting gas.
The vertical line indicates the onset region of superfluidity, as determined via conden-
sate fraction measurements. The curves show theoretical zero temperature estimates
based on 1st (dotted) and 2nd order (solid) perturbative formulas obtained from Lan-
dau’s Fermi-liquid theory integrated along the line of sight, and results from a Monte
Carlo calculation (dashed) for the compressibility in a homogeneous system [69].

4.5 Results and interpretation

Applying the above noise analysis procedure to the data series taken at various inter-

action strengths along the BEC-BCS crossover leads to the susceptibility and com-

pressibility results displayed in Figure 4-9. The measurements reproduce the expected

qualitative behavior: For the sample at unitarity (834 G), where the transition tem-

perature is sufficiently high that a sizable portion of the sample is superfluid, and for

the sample on the BEC side, the spin susceptibility is strongly suppressed relative

to the compressibility. This reflects the fact that the atoms form bound molecules

or generalized Cooper pairs; the spin susceptibility should be exponentially small in

the binding energy, while the enhanced compressibility reflects the bosonic character

of the molecular condensate. At 915G and 1000G, where the sample is above the

superfluid critical temperature, the susceptibility is larger but still below its value
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for the noninteracting gas, reflecting the persistence of pair correlations even in the

normal phase of the gas.

Above the Feshbach resonance, for attractive interactions, the results are com-

pared to first and second order perturbation theory in the small parameter kF a. This

ignores the instability to the superfluid BCS state at exponentially small tempera-

tures. The perturbation theory is formulated for the Landau parameters for a Fermi

liquid [35, 33] as theoretically discussed in the context of equation (2.27). Although

the experimental data are taken for relatively strong interactions outside the range

of validity for a perturbative description, the predictions still capture the trends ob-

served in the normal phase above the Feshbach resonance. This shows that more

accurate measurements of the susceptibility, and a careful study of its temperature

dependence, are required to reveal the presence of a possible pseudogap phase as

proposed in [67].

This analysis neglects the small probe volume quantum fluctuations derived in

equation (2.26) which are present even at zero temperature. For fluctuations of the

total density, their relative contribution is roughly N−1/3/(T/TF ). Attractive inter-

actions and pairing suppress both the thermal and quantum spin fluctuations, but it

remains to be further investigated at what temperature quantum fluctuations become

essential.

Spin susceptibilities could be alternatively obtained from the equation of state

which can be determined by analyzing the average density profiles of imbalanced

mixtures [5]. The speckle method has the advantage of being applicable without

imbalance, and requires only local thermal equilibrium. Moreover, fluctuations can

be compared with susceptibilities determined from the equation of state to perform

absolute, model-independent thermometry for strongly interacting systems [70].

In conclusion, this chapter has demonstrated speckle imaging as a new tech-

nique to determine spin susceptibilities of ultracold atomic gases. The technique

has been validated and calibrated using an ideal Fermi gas and was then applied to

a strongly interacting Fermi gas in the BEC-BCS crossover. Being an in-situ method

speckle imaging is directly applicable to studying pairing and magnetic ordering of
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two-component gases in optical lattices. Even without quantitative refinements it is

well suited to diagnose the onset of phase transitions that are accompanied by the

development of spatial correlations as demonstrated in the next chapter.
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Chapter 5

Exploring correlations in a

repulsively interacting Fermi gas

This chapter focuses on the experiment reported in the following publication: C. San-

ner, E. J. Su, W. Huang, A. Keshet, J. Gillen, and W. Ketterle, “Correlations and

Pair Formation in a Repulsively Interacting Fermi Gas”. Included in Appendix C.

While the previous two chapters were mainly concerned with the development and

proof-of-principle demonstration of new noise measurement techniques, this chapter

reports on an application of these techniques to diagnose a ferromagnetic phase tran-

sition in a repulsively interacting Fermi gas. Accordingly, special emphasis is given to

the relevant features and advantages of noise measurements in this context, whereas

theoretical background information and other experimental aspects are just briefly

touched upon or referenced to.

5.1 Ferromagnetic instability of a repulsive Fermi

gas

Consider a repulsively interacting balanced Fermi gas mixture as already introduced

in the discussion of Figure 4-1. Neglecting the decay from the repulsive branch to the
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Figure 5-1: Schematic diagram illustrating the hypothetical repulsion-induced ferro-
magnetic transition from two overlapped noninteracting Fermi seas each with Fermi
energy EF to two fully developed macroscopic spin domains. For the case of a
noninteracting homogeneous gas in a given volume V the Fermi energy scales as
EF ∝ (N/V )2/3 and accordingly the two domains correspond to separate Fermi seas
with Fermi energies 22/3EF .

lowest-lying energy branch, it is interesting to speculate about the system’s behavior

under increasing interaction strengths. Two intuitive scenarios seem possible: Due

to the increasing repulsion the system builds up strong local anticorrelations between

the two spin components but no long range order is established. Or alternatively,

spin domains are formed so that the increase in repulsion energy is limited to small

regions at the domain boundaries, but at the same time the Fermi pressure within the

domains is higher, i.e. the total kinetic energy is increased as sketched in Figure 5-1.

Not surprisingly, this problem or rather an analogous solid state model considering

electron bands has been extensively studied in the theoretical literature, where it is

known as the Stoner model of ferromagnetism [71]. While the exact application of

this model to typical magnetic materials with their complex electronic structure is

challenging [72], it turns out that the Stoner Hamiltonian with its assumption of a

zero-range repulsion between fermions of opposite spin is very well reproduced in

the case of repulsively interacting ultracold neutral fermions. This motivated Jo

et al. [25] to experimentally investigate the system and search for a ferromagnetic

phase as predicted by the Stoner model. Although they found certain hints and

indications supporting the assumption of a ferromagnetic state, it was not possible to

obtain direct evidence for ferromagnetic domains. The reported findings of suppressed
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inelastic three-body collisions1 and of a minimum of the kinetic energy immediately

followed by a steep rise (above a critical interaction value, cf. Figure 5-1) were

rather unspecific signatures - in particular when dealing with metastable and not

fully equilibrated samples. Given this situation speckle imaging appeared as the ideal

experimental method to reliably identify and quantify spatial domains: As explained

below in more detail the formation of spin domains of m atoms must be accompanied

by an increase of the spin density variance by the same factor, which could be easily

diagnosed via speckle imaging.

A lot of theoretical effort [73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85] has

been invested to further understand Stoner-type ferromagnetism, and in particular

the experimental results from reference [25] triggered many additional studies and

numerical Monte Carlo simulations [86, 87].

5.1.1 The critical interaction strength

One key question for the experimental observation of the phase transition is the ap-

proximate localization of the critical interaction strength (kF a)c for domain formation.

Most of the above referenced theoretical approaches find with some scatter a critical

interaction parameter around (kF a)c = 1 and simple zero temperature mean-field

models arrive at similar results. For instance, with the ansatz [25]

E = 2V nEF
3

10
[(1 + η)5/3 + (1 − η)5/3] + 2V nEF

2

3π
kF a(1 + η)(1 − η) (5.1)

for the total energy E of a two-component Fermi gas of average spin component

density n and magnetization η = (n1 − n2)/(n1 + n2) it is clear that it becomes at

larger scattering lengths a preferable to avoid interaction energy (second term) at

the cost of increased kinetic energy (first term). In other words, the phase transition

1In order to form molecules, three fermions with opposite pseudospin would need to be close
together which is increasingly unlikely when the system is arranged in polarized spin clusters.
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should occur when the minimum in total energy is found at nonzero magnetization

which happens for this model at kF a > π/2. Alternatively, the same result is ob-

tained when extending Landau’s Fermi liquid theory [33] beyond the perturbative

limit by examining the large kF a behavior of the from equation (2.27) derived inverse

susceptibility

χ0

χ
= 1 − 2

π
kF a − 16(2 + ln 2)

15π2
(kF a)2 . (5.2)

To first order χ diverges at (kF a)c = π/2 = 1.57 and the second-order expansion

suggests (kF a)c = 1.05.

5.1.2 Pairing instability vs. ferromagnetic instability

The Stoner model assumes a two-component Fermi gas with a repulsive short-range

interaction described by a single parameter, the scattering length. The predicted

phase transition to a ferromagnetic state requires large repulsive positive scattering

lengths on the order of the interatomic spacing, but strong repulsive short-range

interactions cannot be realized by purely repulsive forces. For instance, a repulsive

square well potential is characterized by a positive scattering length a smaller than or

equal to the barrier radius. Strong interactions with kF a ≥ 1 require this radius to be

comparable to the Fermi wavelength λF = 2π/kF and are no longer short range2. On

the other hand arbitrarily large repulsive positive scattering lengths can be realized

by short-range attractive potentials with a loosely bound state with binding energy

h̄2/(ma2), m being the atomic mass.

However, the repulsive gas is then by necessity only metastable with respect to

decay into the bound state, as shown schematically in Figure 4-1. Most theoretical

studies of a Fermi gas with strong short-range repulsive interactions assume that the

2More generally, potentials with a positive scattering length a are bound state free only if the
effective range re is larger than a/2. Otherwise, the in equation (4.3) introduced s-wave scattering
amplitude f(k) = −1/(a−1 + ık−k2re/2) has a pole on the imaginary axis corresponding to a bound
state.
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Figure 5-2: Timing diagram of the experiment. A rapid magnetic field change is
employed to quickly jump from a weakly interacting Fermi gas (A) to a strongly
interacting one (B). The evolution of correlations and domains and the molecule
formation (population of the lower branch) are studied as a function of hold time t.

metastable state is sufficiently long-lived, and in recent Monte-Carlo simulations, the

paired state is projected out in the time evolution of the system [86, 87]. In contrast,

reference [85] explicitly considered the competition between pairing and ferromag-

netic instability and concluded that the pairing instability is typically faster than the

ferromagnetic instability. From the above discussion it is clear that experimentally

investigating ferromagnetism in a Fermi gas must go hand in hand with a study of

the pair formation dynamics [88].

5.2 Experimental strategy

Sample preparation

The experiments were carried out with typically 4.2×105 6Li atoms in each of the two

lower spin states |1〉 and |2〉 confined in an optical dipole trap with radial and axial

trap frequencies ωr = 2π × 100(1) s−1 and ωz = 2π × 9.06(25) s−1. The sample was

evaporatively cooled at a magnetic bias field B = 320 G, identical to the procedure

described in chapter 3 (far away from the Feshbach resonance the sample is stable

and decay into the bound state is negligible). Then the magnetic field was slowly

ramped (adiabatically following the upper branch) to 730 G (kF a = 0.35) in 500

ms (see Figure 5-2). The fraction of atoms being converted to molecules during the

ramp was measured (see below for method) to be below 5 %. The temperature of
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Figure 5-3: (A) Single speckle images and (B) vertically processed OD noise variance
profiles for samples prepared at a magnetic field of 790 G (kF a = 1.1) on the attractive
and repulsive interaction branches. While the samples exhibit very similar temper-
atures and density distributions, the measured amounts of spin noise (Δ(n1 − n2))

2

are dramatically different, reflecting the very different microscopic nature of the two
Fermi gases, i.e. Bose-Einstein condensed molecule-like bound atom pairs in one case
vs. increasingly anticorrelated fermionic atoms in the other case. A careful inspec-
tion reveals that even a single ”repulsive” speckle image appears already visibly more
granular than its smooth attractive counterpart. The particular trap geometry of a
cigar shaped cloud elongated along the imaging axis makes it possible to efficiently
measure spin fluctuations accumulated along the long axis. Compared with a non-
interacting Fermi gas cloud, the noise variance is suppressed by a factor of 0.2 in
the attractive case and enhanced by a factor of 1.4 in the repulsive case. One pixel
corresponds to a 2.6 μm square in the object plane.

the cloud was typically 0.23(3) TF at 527 G with a Fermi energy of EF = kBTF =

h× 6.1 kHz. After rapidly switching the magnetic field from 730 G to the final value

in less than 350 μs, spin fluctuations Δ(n1 − n2) were measured by speckle imaging3

following the procedures described in chapter 4. Due to the use of 20 cm diameter coils

outside the vacuum chamber, the inductance of the magnet coils was 330 μH and the

fast switching was accomplished by a servo-controlled rapid discharge of capacitors

charged to 500 V [66].

For the experiments reported in chapter 4 samples were prepared on the lower

branch of the Feshbach resonance, where positive values of kF a correspond to a gas

of weakly bound molecules. Accordingly, a suppression of spin fluctuations and an

3Optionally an appropriate RF pulse was applied directly before imaging to rotate the spin
orientation along the measurement axis, i.e. rotate a possible superposition state |1〉 + |2〉 into |1〉
or |2〉.
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enhancement of density fluctuations were observed. In this study, on the metastable

upper branch of the Feshbach resonance, the situation is reversed, which becomes

directly visible when comparing single raw speckle images as shown in Figure 5-3.

For unbound atoms, as the interaction strength increases, the two spin components

should develop stronger and stronger anticorrelations and enhanced spin fluctuations,

eventually reaching a phase transition to a ferromagnetic state where the magnetic

susceptibility and therefore the spin fluctuations diverge. Recent Monte Carlo sim-

ulations [86] predicted such a divergence around kF a = 0.83, not far away from the

estimates derived above.

Domain size and spin fluctuations

When spin domains of m atoms form, the spin density variance will increase by a factor

of m, which is illustrated by a simplified model assuming Poissonian fluctuations

in a given probe volume within the atom sample: With on average N atoms in

this volume one would measure a standard deviation in the atom number of
√

N .

However, if the atoms formed clusters each made of m atoms the standard deviation

of the number of clusters would be
√

N/m, leading to a variance in atom number

of (m
√

N/m)2 = mN . Consequently, for the above described samples in the critical

interaction region a dramatic increase of spin fluctuations by one or several orders of

magnitude was expected, depending on the size of the magnetic domains.

5.3 Experimental results - Discussion and inter-

pretation

5.3.1 Spin fluctuation measurements

Figure 5-4 shows the observed spin fluctuations enhancement compared to the non-

interacting cloud at 527 G. The variance enhancement factor reaches its maximum

value of 1.6 immediately after the quench, decreasing during the 2 ms afterward.

The absence of a dramatic increase shows that no domains form and that the sample
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Figure 5-4: Spin fluctuations (a) after 350 μs as a function of magnetic field and (b)
on resonance as a function of hold time scaled to the value measured at 527 G. Even
at strong repulsive interactions, the measured spin fluctuations are just moderately
enhanced, indicating only short-range correlations and no domain formation. The spin
fluctuations were determined for square bins of 2.6 μm, each containing on average
1000 atoms per spin state.

remains in the paramagnetic phase throughout. Similar observations were made for a

wide range of interaction strengths and wait times. Note that first-order perturbation

theory [35] predicts an increase of the susceptibility by a factor of 1.5 at kF a = 0.5 and

by a factor of 2 at kF a = 0.8 (i.e. no dramatic increase for kF a < 1). Therefore, the

measurements show no evidence for the Fermi gas approaching the Stoner instability.

5.3.2 Pair formation measurements

To fully interpret the spin fluctuation measurements, one has to take into account

the decay of the atomic sample on the upper branch of the Feshbach resonance into

bound pairs. The pair formation is characterized by comparing the total number of

atoms and molecules Na + 2Nmol (determined by taking an absorption image after

ballistic expansion at high magnetic field where molecules and atoms have the same

absorption resonance) to the number of free atoms (determined by rapidly sweeping

the magnetic field to 5G before releasing the atoms and imaging the cloud, converting
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Figure 5-5: Characterization of molecule formation at short and long hold times, and
at different values of the interaction strength. The closed symbols, circles (black) at
790G with kF a = 1.14, squares (blue) at 810G with kF a = 2.27 and diamonds (red) at
818G with kF a = 3.5 represent the normalized number of free atoms, the open symbols
the total number of atoms including those bound in Feshbach molecules (open circles
at 790G with kF a = 1.14). The crosses (green) show the molecule fraction. The
characteristic time scale is set by the Fermi time h̄/EF = 43μs, calculated with a
cloud averaged Fermi energy.

pairs into deeply bound molecules that are completely shifted out of resonance) [62].

The time evolution of the molecule production (Figure 5-5) shows two regimes of

distinct behavior. Already for times less than 1 ms, a considerable number of atoms

is converted into molecules, while the total number Na+2Nmol remains constant. The

initial drop in atom number becomes larger as the final magnetic field is increased,

and saturates at around 50 % near the Feshbach resonance.
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This fast initial decay in atom number can be attributed to recombination [89, 90]

into the weakly bound molecular state. One obtains an atom loss rate Ṅa/Na =

250 s−1 at 790 G in the first 1 ms after the magnetic field switch. Assuming a three-

body process the rate coefficient L3 at this field is estimated to be 3.9×10−22 cm6 s−1,

though the interaction is already sufficiently strong for many-body effects to be sig-

nificant. For stronger interactions, about 30% of atom loss occurs already during the

relevant 100 μs of ramping through the strongly interacting region, indicating a lower

bound of around 3 × 103 s−1 for the loss rate which is 13% of the inverse Fermi time

EF /h̄, calculated with a cloud averaged Fermi energy.

After the first millisecond, the molecule formation rate slows down, by an order of

magnitude at a magnetic field of 790 G (and even more dramatically at higher fields)

when it reaches about 50 %. It seems likely that the molecule fraction has reached a

quasi-equilibrium value at the local temperature, which is larger than the initial tem-

perature due to local heating accompanying the molecule formation. Reference [91]

presents a simple model for the equilibrium between atoms and molecules (ignoring

strong interactions). For phase space densities around unity and close to resonance,

the predicted molecule fraction is 0.5, in good agreement with the measurements.

For longer time scales (hundred milliseconds) a steady increase of the molecule

fraction to 90 % for the longest hold time is observed. This occurs due to continuous

evaporation which cools down the system and shifts the atom-molecule equilibrium

towards high molecule fractions. During the same time scale, a slow loss in both

atom number and total number is observed caused by inelastic collisions (vibrational

relaxation of molecules) and evaporation loss.

5.3.3 Rate comparison

These results suggest that the conversion into molecules is necessarily comparable

to or even faster than the evolution of ferromagnetic domains. First, for strong

interactions with kF a around 1, one expects both instabilities (pair formation and

Stoner instability) to have rates which scale with the Fermi energy EF and therefore

with n2/3. Accordingly, one cannot change the competition between the instabilities
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by working at higher or lower densities. Following reference [85] the fastest unstable

modes for domain formation have a wavevector q ≈ kF /2 and grow at a rate of up to

EF /(4h̄) when the cloud is quenched sufficiently far beyond the critical interaction

strength. Unstable modes with such wavevectors will develop “domains” of half a

wavelength or size ξ = π/q = 2π/kF containing 5 atoms per spin state in a volume

ξ3. This rate is comparable to the observed conversion rates into pairs of 0.13 EF .

Therefore, at best, “domains” of a few particles could form, but before they can grow

further and prevent the formation of pairs (in a fully polarized state), rapid pair

formation takes over and populates the lower branch of the Feshbach resonance.

5.3.4 Temperature considerations

An important question regarding the phase transition is the existence of a tempera-

ture threshold for domain formation. Available theoretical treatments do not predict

an exact maximum transition temperature to the ferromagnetic state. Since the only

energy scale is the Fermi temperature, it is reasonable to expect a transition tem-

perature which is a fraction of the Fermi temperature [92], higher or around the

temperature scale probed in the experiment. However, even above the transition

temperature, the susceptibility should not abruptly fall off.

Temperatures are notoriously difficult to measure in a transient way for a dynamic

system which may not be in full equilibrium. For example, standard cloud shape

thermometry [50] requires full equilibration and lifetimes much longer than the longest

trap period. Noise thermometry (see chapter 3) on the other hand does not rely on

a global cloud equilibrium and is therefore an ideal tool to estimate temperatures of

such samples. Temperatures were measured after the hold time near the Feshbach

resonance by quickly switching the magnetic field to weak interactions at 527 G and

then performing noise thermometry using speckle imaging as described in chapter

4. The measurements found column-integrated fluctuations that are 0.61(8) of the

Poisson value which implies an effective temperature well below TF , around 0.33(7)

TF , not much higher than the initial temperature of 0.23 TF .

Alternatively, the temperature increase can be estimated from the heat released
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by pair formation. Molecule formation heats the sample by transferring the binding

energy and excess kinetic energy of the molecules to the remaining atoms, and also by

creating holes in the Fermi sea. For small values of kF a, the total energy release per

molecule is therefore h̄2/(ma2) + 2EF . From the energy per particle [29] for an ideal

homogeneous degenerate Fermi gas E = 0.6 EF [1 + (5π2/12)(T/TF )2] one obtains

T

TF

=

√√√√4η

π2

(
1 +

1

(kF a)2

)
(5.3)

for the final temperature with a small molecule fraction η (assuming initially η = 0

and T = 0). Evaluating this result at kF a = 1, where the two-body binding energy is

2EF , one finds that molecule fractions of higher than 20 % result in a final temperature

above 0.4TF , an estimate which is somewhat higher than the measurement reported

above.

5.3.5 Kinetic energy and release energy

Jo et al. reported in [25] evidence for ferromagnetic domains also based on the obser-

vation of a non-monotonic behavior of the kinetic energy when measured at increasing

interaction strengths. Given the negative results obtained via noise measurements it

is appropriate to reexamine the kinetic energy findings employing an experimental

setup with better time resolution.

The energy of a trapped interacting gas is the sum of three contributions: the

kinetic energy, the interaction energy, and the potential energy in the trapping po-

tential.

E = T + Uint + Utrap (5.4)

By suddenly releasing the atoms from the trap and measuring the radius of the cloud,

it is possible to measure either the release energy (T + Uint) or the kinetic energy T,

depending on whether the interactions are left on or are switched off, respectively,
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Figure 5-6: Measured transverse mean square cloud size after time-of-flight expansion
as a function of the interaction strength before the release in units of the value of
the noninteracting cloud. The interactions are switched off (black squares) or left on
(red circles) at the time of release. For sufficiently long time-of-flight the transverse
2D release energy is directly proportional to the measured mean square width of the
cloud. The expansion is either isotropic (in the case of switched off interactions) or
mostly transverse (in case of strong interactions leading to hydrodynamic expansion)
[93, 94]. Uncertainties as indicated by the error bars are purely statistical.

at the time of release, by leaving the external magnetic field constant or rapidly

switching it to a value away from the Feshbach resonance.

As described before the system is prepared with variable interaction strength by

switching the magnetic field to a value near the Feshbach resonance. For the kinetic

energy measurement, the field is again rapidly switched to 5 G, after which the atoms

are released from the trap. After 8 ms of free expansion, the size of the cloud re-

flects the width of the in-trap momentum distribution and the average in-trap kinetic

energy. The in Figure 5-6 documented increase in kinetic energy with increasing in-

teraction strength reflects the onset of pair anti-correlations of opposite-spin atoms -

those anti-correlations reduce the repulsive potential energy at the price of increased

kinetic energy. This increase in kinetic energy is consistent with the observations in
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reference [25]. However, no minimum in kinetic energy as in [25] is observed, since the

interactions are suddenly increased and the cloud cannot adiabatically expand during

the ramp as was the case in the earlier work. For fully spin-polarized domains, the

kinetic energy would increase by a factor of 22/3 which provides an upper bound (since

the true ground state must have an energy lower than or equal to the fully phase-

separated state). The smaller observed energy increase (factor of 1.3) implies that

fully spin polarized domains have not formed. It should be noted that the kinetic

energy increase is insensitive to the correlation length or size of domains and can-

not clearly distinguish between ferromagnetic domains and strong anti-correlations

[78, 95].

In-trap kinetic plus interaction energies are measured when the magnetic field is

left at its value near the Feshbach resonance while the trap is switched off. After 4

ms of the 8 ms free expansion the field is switched to 5 G for imaging. The resulting

cloud size is directly related to the release energy of the cloud, the sum of the in-trap

kinetic and interaction energies. Starting around kF a = 0.5, a strong increase of the

transverse release energy by a factor of about 2 is observed4. The comparison of

kinetic energy and release energy at 790G and 810G shows that the extra energy due

to repulsive interactions is clearly dominated by repulsive potential energy and not

by kinetic energy. The latter would occur for ferromagnetic domains. In case of fully

spin-polarized domains, the repulsive interaction energy would vanish, and kinetic

energy and release energy should be the same. Therefore, these energy measurements

support the conclusions derived from the noise measurements and help to rule out a

ferromagnetic phase.

The interaction-strength dependence of the release energy shows a maximum at

790 G, but the ground state energy should vary monotonically with the strength of

the repulsive interactions. Therefore, the observed maximum is most likely related

to non-equilibrium excitations caused by the sudden jump in the scattering length,

indicating that these energy measurements are possibly affected by systematic errors

4This implies that the total energy has increased by a factor of 5/3 compared to the non-
interacting case since the interactions modify the expansion from ballistic to hydrodynamic.
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and need to be interpreted with caution.

5.3.6 Time scales for domain growth vs. experimental reso-

lution

When investigating the molecule production dynamics two separate time scales were

found - a sub-ms timescale for rapid pair formation, followed by a slower time scale

of tens of milliseconds where further cooling led to a full conversion of the atomic

into a molecular gas. For comparison it is important to discuss in more detail over

what time scale one could have observed ferromagnetic domain formation if it had

happened.

As mentioned before, Pekker et al. [85] predicted in uniform systems fast growth

rates for small domains. Unstable modes with wavevector q ≈ kF /2 grow at a rate of

up to EF /4h̄ when the cloud is quenched sufficiently far beyond the critical interaction

strength. This corresponds to a growth time of around 100μs. For a wide range of

interactions and wavevectors, the predicted growth time is faster than 10h̄/EF or

250μs. During this time one would expect the thermal fluctuations to increase by a

factor of e.

Wavevectors q ≈ kF /2 will develop “domains” of half a wavelength or size ξ =

π/q = 2π/kF , which is 2.3 μm at the experimental density of 3 × 1011 cm−3 corre-

sponding to kF = 2.7 × 104 cm−1. For speckle imaging the smallest effective probe

volume is given by the nominal optical resolution of the lens system which is ap-

proximately equal to the bin size of 2.6 μm in this experiment. For a bin size d, the

measured fluctuations are an integral over fluctuations at all wavevectors q with an

effective cutoff around 1/d. Due to a mode density factor q2 the largest contribution

comes from wavevectors around π/d which is equal to 0.4 kF for the given experimen-

tal parameters, fortuitously close to the wavevector of the fastest growing unstable

modes. Therefore, for a quench across a ferromagnetic phase transition, one would

have expected a sub-millisecond growth time for the spin fluctuations, which was not

observed.
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Since the experiment starts with a balanced two-state mixture with zero spin

density, formation of random (i.e. uncorrelated) domains requires spin diffusion. Full

sensitivity to domains requires spin transport over a distance equal to the effective

measurement bin size. Assuming diffusive motion at resonant interactions with a spin

diffusivity Ds ≈ h/m as observed in [96] results in a corresponding minimum wait

time of about 300μs. This means that after crossing a ferromagnetic phase transition,

formation of domains of a few to tens of particles should have occurred on ms scales

and should have resulted in an observable increase of spin fluctuations.

5.4 Conclusions

The experiment has not shown any evidence for a possible ferromagnetic phase in an

atomic gas in “chemical” equilibrium with dimers. This implies one of the following

possibilities.

(i) The system can be described by a simple Hamiltonian with strong short range

repulsion; however, this Hamiltonian does not lead to ferromagnetism. This

would be in conflict with the results of recent quantum Monte-Carlo simula-

tions [86, 87] and second order perturbation theory [77], and in agreement with

conclusions based on Tan relations [97].

(ii) The temperature of the gas was too high to observe ferromagnetism. This

would then imply a critical temperature around or below 0.2 T/TF , lower than

generally assumed.

(iii) The presence of a small molecule fraction alters the system sufficiently so that

it cannot be described anymore by the simple model of an atomic gas with

short-range repulsive interactions.

A previous experiment [25] reported evidence for ferromagnetism by presenting

non-monotonic behavior of atom loss rate, kinetic energy and cloud size when ap-

proaching the Feshbach resonance, in agreement with predictions based on the Stoner
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model. The new measurements confirm that the properties of the gas change near

kF a = 1. Similar to [25], features in kinetic and release energy measurements are

observed near the resonance. However, the behavior is more complex than that cap-

tured by simple models. Furthermore, the atomic fraction decays non-exponentially

(see Figure 5-5), and therefore an extracted decay time will depend on the details of

the measurement such as time resolution. Reference [25] found a maximum of the

loss rate of 200 s−1 for a Fermi energy of 28 kHz. The now measured lower bound of

the decay rate of 3×103 s−1 is 15 times faster at a five times smaller Fermi energy. In

view of all this it appears very unlikely that reference [25] has observed ferromagnetic

behavior.

Overall one can conclude that an ultracold gas with strong short range repulsive

interactions near a Feshbach resonance remains in the paramagnetic phase. The fast

formation of molecules and the accompanying heating makes it impossible to study

such a gas in equilibrium, confirming predictions of a rapid conversion of the atomic

gas to pairs [85, 98]. Therefore, the Stoner criterion cannot be applied to ultracold

Fermi gases with short-range repulsive interactions since the neglected competition

with pairing is crucial.

Interesting topics for future research on ferromagnetism and pair formation include

the effects of dimensionality [99, 100], spin imbalance [101, 102], mass imbalance [103],

and lattice and band structure [104, 105].
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Chapter 6

Conclusions and outlook

In summary this thesis reported on the successful realization of universal noise mea-

surements in quantum degenerate Fermi gases. Starting from theoretical consid-

erations about the fluctuation properties of noninteracting and interacting quantum

gases, a noise measurement and analysis concept based on finely resolved atom count-

ing was developed and experimentally implemented for an expanded noninteracting

Fermi gas. The new technique was carefully characterized and the measurement re-

sults were found to quantitatively reproduce the theoretical expectations.

In a second step the introduction of speckle imaging made it possible to adapt

the previous strategies to the requirements of in-situ measurements in interacting

gases. Speckle imaging, relying on the conversion of density fluctuations into imaging

light wavefront phase ripple that is then converted into intensity noise on the light

detector, turned out to be a simple and versatile tool for the study of atom-atom

correlations in two-component mixtures. The obtained results allowed conclusions

about microscopic properties of the interacting gas along the BEC-BCS crossover.

Finally a third experiment explored via speckle imaging the correlation proper-

ties of a repulsively interacting metastable Fermi gas. Following the Stoner model of

ferromagnetism several theories suggested for this system a phase transition to a fer-

romagnetic state accompanied by the formation of macroscopic pseudospin domains.

A recent experimental study reported further evidence for such a phase transition,

but against all expectations the noise measurements could not confirm these findings.
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Instead, a detailed analysis of competing atom pair formation processes led to the

conclusion that the fast decay dynamics into molecules inhibits any proper domain

growth.

While it might be interesting to pursue additional research along one of these di-

rections, it will be most rewarding in the future to take the fluctuation measurements

one step further by applying them to the study of a variety of systems in optical

lattices and other new quantum phases yet to explore. In this sense the work pre-

sented in this thesis contributed towards the implementation of a universal quantum

simulator.
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Appendix A

Suppression of Density

Fluctuations in a Quantum

Degenerate Fermi Gas

This appendix contains a printout of Phys. Rev. Lett. 105, 040402 (2010): Christian

Sanner, Edward J. Su, Aviv Keshet, Ralf Gommers, Yong-il Shin, Wujie Huang, and

Wolfgang Ketterle, Suppression of Density Fluctuations in a Quantum Degenerate

Fermi Gas.
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Suppression of Density Fluctuations in a Quantum Degenerate Fermi Gas

Christian Sanner, Edward J. Su, Aviv Keshet, Ralf Gommers, Yong-il Shin, Wujie Huang, and Wolfgang Ketterle

MIT-Harvard Center for Ultracold Atoms, Research Laboratory of Electronics, and Department of Physics,
Massachusetts Institute of Technology, Cambridge Massachusetts 02139, USA

(Received 7 May 2010; published 19 July 2010)

We study density profiles of an ideal Fermi gas and observe Pauli suppression of density fluctuations

(atom shot noise) for cold clouds deep in the quantum degenerate regime. Strong suppression is observed

for probe volumes containing more than 10 000 atoms. Measuring the level of suppression provides

sensitive thermometry at low temperatures. After this method of sensitive noise measurements has been

validated with an ideal Fermi gas, it can now be applied to characterize phase transitions in strongly

correlated many-body systems.

DOI: 10.1103/PhysRevLett.105.040402 PACS numbers: 03.75.Ss, 05.30.Fk, 67.85.Lm

Systems of fermions obey the Pauli exclusion principle.
Processes that would require two fermions to occupy the
same quantum state are suppressed. In recent years, sev-
eral classic experiments have directly observed manifesta-
tions of Pauli suppression in Fermi gases. Antibunching
and the suppression of noise correlations are a direct con-
sequence of the forbidden double occupancy of a quan-
tum state. Such experiments were carried out for elec-
trons [1–3], neutral atoms [4,5], and neutrons [6]. In
principle, such experiments can be done with fermions
at any temperature, but in practice low temperatures in-
crease the signal. A second class of (two-body) Pauli
suppression effects, the suppression of collisions, requires
a temperature low enough such that the de Broglie wave-
length of the fermions becomes larger than the range of the
interatomic potential and p-wave collisions freeze-out.
Experiments observed the suppression of elastic collisions
[7] and of clock shifts in radio frequency spectroscopy
[8,9].

Here we report on the observation of Pauli suppression
of density fluctuations. This is, like the suppression of
collisions between different kinds of fermions [10], a
many-body phenomenon which occurs only at even lower
temperatures in the quantum degenerate regime, where the
Fermi gas is cooled below the Fermi temperature and the
low lying quantum states are occupied with probabilities
close to 1. In contrast, an ideal Bose gas close to quantum
degeneracy shows enhanced fluctuations [11].

The development of a technique to sensitively measure
density fluctuations was motivated by the connection be-
tween density fluctuations and compressibility through the
fluctuation-dissipation theorem. In this Letter, we validate
our technique for determining the compressibility by ap-
plying it to the ideal Fermi gas. In future work, it could be
extended to interesting many-body phases in optical latti-
ces which are distinguished by their incompressibility [12].
These include the band insulator, Mott insulator, and also
the antiferromagnet for which spin fluctuations, i.e., fluc-
tuations of the difference in density between the two spin
states are suppressed.

Until now, sub-Poissonian number fluctuations of ultra-
cold atoms have been observed only for small clouds of
bosons with typically a few hundred atoms [13–16] and
directly [17,18] or indirectly [19] for the bosonic Mott
insulator in optical lattices. For fermions in optical lattices,
the crossover to an incompressible Mott insulator phase
was inferred from the fraction of double occupations [20]
or the cloud size [21]. Here we report the observation of
density fluctuations in a large cloud of fermions, showing
sub-Poissonian statistics for atom numbers in excess of
10 000 per probe volume.
The basic concept of the experiment is to repeatedly

produce cold gas clouds and then count the number of
atoms in a small probe volume within the extended cloud.
Many iterations allow us to determine the average atom
number N in the probe volume and its variance ð�NÞ2. For
independent particles, one expects Poisson statistics, i.e.,
ð�NÞ2=hNi ¼ 1. This is directly obtained from the
fluctuation-dissipation theorem ð�NÞ2=hNi ¼ nkBT�T ,
where n is the density of the gas, and �T the isothermal
compressibility. For an ideal classical gas �T ¼ 1=ðnkBTÞ,
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FIG. 1. Phase space diagram of ballistic expansion of a har-
monically trapped Fermi gas. Ballistic expansion conserves
phase space density and shears the initially occupied spherical
area into an ellipse. In the center of the cloud, the local Fermi
momentum and the sharpness of the Fermi distribution are scaled
by the same factor, keeping the ratio of local temperature to
Fermi energy constant. The same is true for all points in the
expanded cloud relative to their corresponding unscaled in-trap
points.
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and one retrieves Poissonian statistics. For an ideal Fermi
gas close to zero temperature with Fermi energy EF, �T ¼
3=ð2nEFÞ, and the variance ð�NÞ2 is suppressed below
Poissonian fluctuations by the Pauli suppression factor
3kBT=ð2EFÞ. All number fluctuations are thermal, as in-
dicated by the proportionality of ð�NÞ2 to the temperature
in the fluctuation-dissipation theorem. Only for the ideal
classical gas, where the compressibility diverges as 1=T,
one obtains Poissonian fluctuations even at zero
temperature.

The counting of atoms in a probe volume can be done
with trapped atoms, or after ballistic expansion. Ballistic
expansion maintains the phase space density and therefore
the occupation statistics. Consequently, density fluctua-
tions are exactly rescaled in space by the ballistic expan-
sion factors as shown in Fig. 1 [22,23]. Note that this
rescaling is a unique property of the harmonic oscillator
potential, so future work on density fluctuations in optical
lattices must employ in-trap imaging. For the present work,
we chose ballistic expansion. This choice increases the
number of fully resolved bins due to optical resolution
and depth of field, it allows adjusting the optimum optical
density by choosing an appropriate expansion time, and it
avoids image artifacts at high magnification.

We first present our main results, and then discuss
important aspects of sample preparation, calibration of
absorption cross section, data analysis and corrections for
photon shot noise. Figure 2(a) shows an absorption image
of an expanding cloud of fermionic atoms. The probe
volume, in which the number of atoms is counted, is

chosen to be 26 �m in the transverse directions, and ex-
tends through the entire cloud in the direction of the line of
sight. The large transverse size avoids averaging of fluctu-
ations due to finite optical resolution. From 85 such im-
ages, after careful normalization [24], the variance in the
measured atom number is determined as a function of
position. After subtracting the photon shot noise contribu-
tion, a 2D image of the atom number variance ð�NÞ2 is
obtained. For a Poissonian sample (with no suppression of
fluctuations), this image would be identical to an absorp-
tion image showing the number of atoms per probe vol-
ume. This is close to the situation for the hottest cloud (the
temperature was limited by the trap depth), whereas the
colder clouds show a distinct suppression of the atom
number variance, especially in the center of the cloud
where the local T=TF is smallest.
In Fig. 3, profiles of the variance are compared to

theoretical predictions [25,26]. Density fluctuations at
wave vector q are proportional to the structure factor
Sðq; TÞ. Since our probe volume (transverse size 26 �m)
is much larger than the inverse Fermi wave vector of the
expanded cloud (1=qF ¼ 1:1 �m), Sðq ¼ 0; TÞ has been
integrated along the line of sight for comparison with the
experimental profiles. Within the local density approxima-
tion, Sðq ¼ 0; TÞ at a given position in the trap is the
binomial variance nkð1� nkÞ integrated over all momenta,
where the occupation probability nkðk;�; TÞ is obtained
from the Fermi-Dirac distribution with a local chemical
potential � determined by the shape of the trap. Figure 4
shows the dependence of the atom number variance on
atom number for the hot and cold clouds. A statistical
analysis of the data used in the figure is in [24].
The experiments were carried out with typically 2:5�

106 6Li atoms per spin state confined in a round crossed
dipole trap with radial and axial trap frequencies !r ¼
2�� 160 s�1 and !z ¼ 2�� 230 s�1 corresponding to
an in-trap Fermi energy of EF ¼ kB � 2:15 �K. The sam-

FIG. 2 (color online). Comparison of density images to vari-
ance images. For Poissonian fluctuations, the two images at a
given temperature should be identical. The variance images were
obtained by determining the local density fluctuations from a set
of 85 images taken under identical conditions. (a) Two dimen-
sional image of the optical density of an ideal Fermi gas after
7 ms of ballistic expansion. The noise data were taken by
limiting the field of view to the dashed region of interest,
allowing for faster image acquisition. (b) For the heated sample,
variance and density pictures are almost identical, implying only
modest deviation from Poissonian statistics. (c) Fermi suppres-
sion of density fluctuations deep in the quantum degenerate
regime manifests itself through the difference between density
and variance picture. Especially in the center of the cloud, there
is a large suppression of density fluctuations. The variance
images were smoothed over 6� 6 bins. The width of images
(b) and (c) is 2 mm.
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FIG. 3. Comparison of observed variances (black dots) with a
theoretical model (black line) and the observed atom number
(gray), at three different temperatures (a, b, and c), showing 50,
40, and 15% suppression. Noise thermometry is implemented by
fitting the observed fluctuations, resulting in temperatures T=TF

of 0:23� :01, 0:33� :02, and 0:60� :02. This is in good
agreement with temperatures 0:21� :01, 0:31� :01, and 0:6�
:1 obtained by fitting the shape of the expanded cloud [32]. The
quoted uncertainties correspond to 1 standard deviation and are
purely statistical.
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ple was prepared by laser cooling followed by sympathetic
cooling with 23Na in a magnetic trap. 6Li atoms in the
highest hyperfine state were transferred into the optical
trap, and an equal mixture of atoms in the lowest two hy-
perfine states was produced. The sample was then evapo-
ratively cooled by lowering the optical trapping potential at
a magnetic bias field B ¼ 320� 5 G where a scattering
length of �300 Bohr radii ensured efficient evaporation.
Finally, the magnetic field was increased to B¼520�5G,
near the zero crossing of the scattering length. Absorption
images were taken after 7 ms of ballistic expansion.

We were careful to prepare all samples with similar
cloud sizes and central optical densities to ensure that
they were imaged with the same effective cross section
and resolution. Hotter clouds were prepared by heating the
colder cloud using parametric modulation of the trapping
potential. For the hottest cloud this was done near 520 G to
avoid excessive evaporation losses.

Atomic shot noise dominates over photon shot noise
only if each atom absorbs several photons. As a result,
the absorption images were taken using the cycling tran-
sition to the lowest lying branch of the 2P3=2 manifold.

However, the number of absorbed photons that could be
tolerated was severely limited by the acceleration of the
atoms by the photon recoil, which Doppler shifts the atoms
out of resonance. Consequently, the effective absorption
cross section depends on the probe laser intensity and
duration. To remove the need for nonlinear normalization
procedures, we chose a probe laser intensity corresponding
to an average of only 6 absorbed photons per atom during a
4 �s exposure. At this intensity, about 12% of the 6Li
saturation intensity, the measured optical density was
20% lower than its low-intensity value [24]. For each

bin, the atom number variance ð�NÞ2 is obtained by sub-
tracting the known photon shot noise from the variance in
the optical density ð�ODÞ2 [24]:

�2

A2
ð�NÞ2 ¼ ð�ODÞ2 � 1

hN1i �
1

hN2i (1)

Here, hN1iðhN2iÞ are the average photon numbers per bin of
area A in the image with (without) atoms and � is the
absorption cross section.
The absorption cross section is a crucial quantity in the

conversion factor between the optical density and the
number of detected atoms. For the cycling transition, the
resonant absorption cross section is 2:14� 10�13 m2.
Applying the measured 20% reduction mentioned above
leads to a value of 1:71� 10�13 m2. This is an upper limit
to the cross section due to imperfections in polarization and
residual line broadening. An independent estimate of the
effective cross section of 1:48� 10�13 m2 was obtained by
comparing the integrated optical density to the number of
fermions necessary to fill up the trap to the chemical
potential. The value of the chemical potential was obtained
from fits to the ballistic expansion pictures that allowed
independent determination of the absolute temperature and
the fugacity of the gas. We could not precisely assess the
accuracy of this value of the cross section, since we did not
fully characterize the effect of a weak residual magnetic
field curvature on trapping and on the ballistic expansion.
The most accurate value for the effective cross section was
determined from the observed atom shot noise itself. The
atom shot noise in the wings of the hottest cloud is
Poissonian, and this condition determines the absorption
cross section. Requiring that the slope of variance of the
atom number ð�NÞ2 vs atom numberN is unity (see Fig. 4)
results in a value of ð1:50� 0:12Þ � 10�13 m2 for the
effective cross section in good agreement with the two
above estimates.
The spatial volume for the atom counting needs to be

larger than the optical resolution. For smaller bin sizes (i.e.,
small counting volumes), the noise is reduced since the
finite spatial resolution and depth of field blur the absorp-
tion signal. In our setup, the smallest bin size without
blurring was determined by the depth of field, since the
size of the expanded cloud was larger than the depth of
field associated with the diffraction limit of our optical
system. We determined the effective optical resolution by
binning the absorption data over more and more pixels of
the CCD camera, and determining the normalized central
variance ð�NÞ2=N vs bin size [24]. The normalized vari-
ance increased and saturated for bin sizes larger than
26 �m (in the object plane), and this bin size was used
in the data analysis. We observe the same suppression
ratios for bin sizes as large as 40 �m, corresponding to
more than 10 000 atoms per bin.
For a cold fermion cloud, the zero temperature structure

factor SðqÞ becomes unity for q > 2qF. This reflects the
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FIG. 4. Atom number variance vs average atom number. For
each spatial position, the average atom number per bin and its
variance were determined using 85 images. The filled and open
circles in the figure are averages of different spatial bin positions
with similar average atom number. For a hot cloud at T=TF ¼
0:6 (filled circles), the atom number variance is equal to the
average atom number (dotted line, full Poissonian noise) in the
spatial wings where the atom number is low. The deviation from
the linear slope for a cold cloud at T=TF ¼ 0:21 (open circles) is
due to Pauli suppression of density fluctuations. There is also
some suppression at the center of the hot cloud, where the atom
number is high. The solid and dashed lines are quadratic fits for
the hot and cold clouds to guide the eye.
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fact that momentum transfer above 2qF to any particle will
not be Pauli suppressed by occupation of the final state. In
principle, this can be observed by using bin sizes smaller
than the Fermi wavelength, or by Fourier transforming the
spatial noise images. For large values of q, Pauli suppres-
sion of density fluctuations should disappear, and the noise
should be Poissonian. However, our imaging system loses
its contrast before q � 2qF [24].

Observation of density fluctuations, through the
fluctuation-dissipation theorem, determines the product
of temperature and compressibility. It provides an absolute
thermometer, as demonstrated in Fig. 3 if the compressi-
bility is known or is experimentally determined from the
shape of the density profile of the trapped cloud [17,27].
Because variance is proportional to temperature for T �
TF, noise thermometry maintains its sensitivity at very low
temperature, in contrast to the standard technique of fitting
spatial profiles.

Density fluctuations lead to Rayleigh scattering of light.
The differential cross section for scattering light of wave
vector k by an angle � is proportional to the structure factor
SðqÞ, where q ¼ 2k sinð�=2Þ [26]. In this work, we have
directly observed the Pauli suppression of density fluctua-
tions and therefore SðqÞ< 1, implying suppression of light
scattering at small angles (corresponding to values of q
inversely proportional to our bin size). How are the ab-
sorption images affected by this suppression? Since the
photon recoil was larger than the Fermi momentum of the
expanded cloud, large-angle light scattering is not sup-
pressed. For the parameters of our experiment, we estimate
that the absorption cross section at the center of a T ¼ 0
Fermi cloud is reduced by only 0.3% due to Pauli blocking
[28]. Although we have not directly observed Pauli sup-
pression of light scattering, which has been discussed for
over 20 years [28–30], by observing reduced density fluc-
tuations we have seen the underlying mechanism for sup-
pression of light scattering.

In conclusion, we have established a sensitive technique
for determining atomic shot noise and observed the sup-
pression of density fluctuations in a quantum degenerate
ideal Fermi gas. This technique is promising for thermom-
etry of strongly correlated many-body systems and for
observing phase-transitions or cross-overs to incompress-
ible quantum phases.
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for useful discussions. This work was supported by NSF
and the Office of Naval Research, AFOSR (through the
MURI program), and under Army Research Office grant
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Note added in proof.—Results similar to ours are re-
ported in Ref. [31].
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(London) 419, 51 (2002).
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fermions along the Bose-Einstein condensate-BCS crossover. This is done by in situ imaging of dispersive
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noise due to pairing, and can be applied to novel magnetic phases in optical lattices.
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One frontier in the field of ultracold atoms is the real-
ization of quantum systems with strong interactions and
strong correlations. Many properties of strongly correlated
systems cannot be deduced from mean density distribu-
tions. This has drawn interest toward novel ways of prob-
ing cold atoms, e.g., via rf spectroscopy [1,2], Bragg and
Raman scattering [3], interferometric methods [4,5], and
by recording density correlations [6–8]. Further insight
into quantum systems is obtained by looking not only at
expectation values, but also at fluctuations. Several recent
studies looked at density fluctuations, either of bosons
around the Mott insulator transition [9–11], or of a gas of
noninteracting fermions [12,13].

In this Letter, we extend the study of fluctuations of
ultracold gases in several ways. First, we introduce the
technique of speckle imaging as a simple and highly
sensitive method to characterize fluctuations. Second, we
apply it to a two-component Fermi gas across the Bose-
Einstein condensate (BEC)-BCS crossover. Third, we di-
rectly measure fluctuations in the magnetization, i.e., the
difference of the densities in the two different spin com-
ponents, bypassing the need to measure the individual
densities separately.

Our work is motivated by the prospect of realizing wide
classes of spin Hamiltonians using a two-component gas of
ultracold atoms in an optical lattice [14,15]. An important
thermodynamic quantity to characterize two-component
systems is the spin susceptibility, which provides a clear
signature of phase transitions or crossovers involving the
onset of pairing or magnetic order [16–19]. At a ferromag-
netic phase transition the susceptibility diverges, whereas
in a transition to a paired or antiferromagnetic phase the
susceptibility becomes exponentially small in the ratio of
the pair binding energy (or antiferromagnetic gap) to the
temperature. The fluctuation-dissipation theorem relates
response functions to fluctuations, consequently the spin
susceptibility can be determined by measuring the fluctua-
tions in the relative density of the two spin components.

In our experiment, we image the atom clouds using light
detuned from resonance so that each atom’s real

polarizability, which contributes to the refractive index, is
much larger than its imaginary polarizability, which con-
tributes to absorption. Since the detunings for the two spin
states are different, spin fluctuations lead to fluctuations in
the local refractive index, resulting in phase shifts of the
imaging light that vary randomly in space. We measure
these phase shifts by imaging the resulting speckle
patterns.
These speckle patterns are created by propagation,

which converts the spatially varying phase shifts of the
imaging light into an intensity pattern on our detector
without the use of a phase plate. Spin and density fluctua-
tions occur on all spatial scales down to the interatomic
separation; the smallest observable fluctuations have a
wavelength equal to the imaging system’s maximum reso-
lution. In our system that length has a Rayleigh range, and
hence a depth of field, smaller than the cloud size, so the
recorded image is necessarily modified by propagation
effects. Propagation mixes up amplitude and phase signals
[Fig. 1]. This can be easily seen in the case of a phase
grating, which creates an interference pattern further
downstream; after propagating for a distance equal to the
Rayleigh range of the grating spacing, the imprinted phase
is converted into an amplitude pattern. This feature of
speckle makes our imaging technique both simple and
robust. It is insensitive against defocusing, and allows us
to image fluctuations of the real part of the refractive index
(i.e., a phase signal) without a phase plate or other Fourier
optics.
Similar physics is responsible for laser speckle when a

rough surface scatters light with random phases [20], and
occurs when a Bose-Einstein condensate with phase fluc-
tuations develops density fluctuations during expansion
[21], or when a phase-contrast signal is turned into an
amplitude signal by deliberate defocusing [22].
The experiments were performed with typically 106 6Li

atoms in each of the two lowest hyperfine states j1i and j2i
confined in an optical dipole trap oriented at 45� to the
imaging axis with radial and axial trap frequencies !r ¼
2�� 108:9ð6Þ s�1 and !z ¼ 2�� 7:75ð3Þ s�1. For the
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samples imaged at 527 G, the sample preparation was
similar to that described in [13], with a temperature of
0:14ð1ÞTF. The samples imaged at other magnetic fields
were prepared in a similar fashion, except that evaporation
was performed at 1000 G to a final temperature of T ¼
0:13ð1ÞTF before ramping the magnetic field over 1.5 s to
its final value. The temperature at 1000 G was determined
by fitting a noninteracting Thomas-Fermi distribution in
time of flight. The temperatures at other points in the
crossover were related to that value assuming an isentropic
ramp, using calculations presented in [23]. Using this
method we obtain temperatures of 0:13ð1ÞTF at 915 G,
0:19ð1ÞTF at 830 G, and 0:19ð3ÞTF at 790 G where addi-
tional evaporation was performed to achieve a central
optical density similar to that at the other magnetic fields.
The extent of the cloud along the imaging direction was
135 �m, much larger than the Rayleigh range of 8 �m for
our imaging system with a NA of 0.14.

The superfluid to normal phase boundary was deter-
mined by measuring condensate fraction [Fig. 2] using
the standard magnetic field sweep technique [24,25]. For
this, the magnetic field was rapidly switched to 570 G to
transfer atom pairs to more deeply bound pairs (molecules)
which survive ballistic expansion. For resonant imaging of
the molecules, the field was ramped back to 790 G over
10 ms. The condensate fraction was determined by fitting
the one-dimensional density profiles with a bimodal
distribution.

As previously described, propagation converts spatial
fluctuations in the refractive index into amplitude fluctua-
tions on the detector. For different choices of the probe
light frequency, the two atomic spin states will have differ-
ent real polarizabilities and the local refractive index will
be a different linear combination of the (line-of-sight inte-
grated) column densities n1 and n2. To measure the sus-
ceptibility we choose a probe light frequency exactly
between the resonances for states j1i and j2i, so that the
real polarizabilities are opposite and the refractive index is
proportional to the magnetization (n1 � n2). The intensity
fluctuations on the detector after propagation are conse-
quently proportional to the fluctuations in magnetization.
Since a refractive index proportional to (n1 þ n2) occurs
only in the limit of infinite detuning, we measure the
fluctuations in the total density by exploiting the fact that
the fluctuations in total density can be inferred from the
fluctuations in two different linear combinations of n1 and
n2. For convenience, we obtain the second linear combi-
nation using a detuning that has the same value, but oppo-
site sign for state j2i, and therefore three times the value for
state j1i. With this detuning, we record images of the
fluctuations in (n1=3þ n2).
In principle, this information can be obtained by taking

separate absorption images on resonance for states j1i and
j2i. However, the images would have to be taken on a time
scale much faster than that of atomic motion and there
would be increased technical noise from the subtraction of
large numbers. The use of dispersive imaging has the
additional advantage over absorption in that the number
of scattered photons in the forward direction is enhanced
by superradiance. As a result, for the same amount of
heating, a larger number of signal photons can be collected
[26]. This is crucial for measuring atomic noise, which
requires the collection of several signal photons per atom.
The choice of detuning between the transitions of the two
states has the important feature that the index of refraction
for an equal mixture fluctuates around zero, avoiding any
lensing and other distortions of the probe beam. This is not

FIG. 2. Measured condensate fraction as a function of dimen-
sionless interaction strength 1=ðkFaÞ. Insets show typical images
from which the condensate fraction was extracted by fitting a
bimodal distribution. The dashed line is a sigmoidal fit to guide
the eye.
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FIG. 1. Simulation of propagation effects after light has passed
through a Poissonian phase noise object. Shown are the variance
measured in the amplitude or in-phase quadrature (black line)
and the out-of-phase quadrature (gray line) as a function of
defocus distance, for an imaging system with a numerical
aperture of 0.14. Within a distance less than 5% of our cloud
size, noise becomes equally distributed between the two quad-
ratures and the variances in transmission and phase-contrast
images become the same. (Top inset) For small phase fluctua-
tions, an in-focus phase noise object gives no amplitude contrast,
but when it is out of focus it does. (Bottom inset) Sample
intensity patterns for a defocused phase object.
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the case for other choices of detuning, and indeed, we
observe some excess noise in those images (see below).
At the detunings chosen, 10% residual attenuation is ob-
served, some due to off-resonant absorption, some due to
dispersive scattering of light out of the imaging system by
small scale density fluctuations. The contribution to the
variance of the absorption signal relative to the dispersive
signal scales as ð2�Þ2=�2 � 0:006 and can be neglected in
the interpretation of the data.

The noise analysis procedure was nearly identical to that
performed in [13]. A high-pass filter with a cutoff wave-
length of 13 �m was applied to each image of the cloud to
minimize the effect of fluctuations in total atom number.
Then, for each pixel position, the variance of the optical
densities at that position in the different images was com-
puted. After the subtraction of the contribution of photon
shot noise, the resulting variance image reflects the noise
contribution from the atoms.

The goal of our noise measurements is to determine at
various interaction strengths the normalized susceptibility
~� ¼ �=�0 and compressibility ~� ¼ �=�0, where �0 ¼
3n=2EF and �0 ¼ 3=2nEF are the susceptibility and com-
pressibility of a zero-temperature noninteracting Fermi gas
with the same total density n and Fermi energy EF. Before
studying spin fluctuations through the BEC-BCS crossover,
we therefore calibrate our measurement by measuring the
spin fluctuations in a noninteracting mixture, realized at
527 G where the scattering length between the two states
vanishes. Figure 3 shows raw profiles of the variances �2�
and �2þ measured at the two detunings. These fluctuations
in the speckle pattern are proportional to number fluctua-
tions in the specified probe volume V: �2� ¼ ½c�ðN1 �
N2Þ�2 and �2þ ¼ ½c0�ðN1=3þ N2Þ�2. In these relations c
and c0 are factors which have to be calibrated. Without
interactions, N1 and N2 are uncorrelated, and one predicts
½�ðN1 �N2Þ�2=½�ðN1=3þN2Þ�2 ¼ 2=½1þ ð1=3Þ2� ¼ 1:8.

The observed ratio of �2�=�2þ ¼ 1:56ð14Þ reflects excess
noise contributing to �2þ due to residual systematic disper-

sive effects and is accounted for by setting c0=c ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:8=1:56

p
. For high temperatures, the atomic noise of the

noninteracting gas approaches shot noise; for lower tem-
peratures we observe a reduction in noise due to Pauli
blocking as in our previous work [13]. With our new
method, we easily discern spin fluctuations with a variance
of less than 10% of atom shot noise.
The fluctuation-dissipation theorem connects the varian-

ces ½�ðN1 � N2Þ�2 and ½�ðN1 þ N2Þ�2 to the susceptibility
~� and the compressibility ~� via ½�ðN1 � N2Þ�2 ¼
3N=2ðT=TFÞ~� and ½�ðN1 þ N2Þ�2 ¼ 3N=2ðT=TFÞ~� with
N ¼ N1 þ N2 and T=TF being the temperature measured
in units of the Fermi temperature TF. Recomposing the
variances from the two experimentally accessible
linear combinations these relations become �2�=Nc2 ¼
3=2ðT=TFÞ~� and 9=4�2þ=Nc02 � 1=4�2�=Nc2 ¼
3=2ðT=TFÞ~�. The constants c and c0 are determined using
the noise measurements at 527 G for a noninteracting
Fermi gas for which ~� ¼ ~� ¼ 1þOððT=TFÞ2Þ. This
analysis ignores line-of-sight integration corrections.
Figure 4 shows the spin susceptibility, the compressibil-

ity, and the ratio between the two quantities for the inter-
acting mixtures as the interaction strength is varied through
the BEC-BCS crossover. The susceptibility and compressi-
bility reproduce the expected qualitative behavior: for the
sample at unitarity, where the transition temperature is
sufficiently high that a sizable portion of the sample is
superfluid, and for the sample on the BEC side, the spin
susceptibility is strongly suppressed relative to the com-
pressibility. This reflects the fact that the atoms form bound
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FIG. 3 (color online). (Top panel) Example speckle noise
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superfluidity, as determined via condensate fraction measure-
ments. The curves show theoretical zero temperature estimates
based on 1st (dotted) and 2nd order (solid) perturbative formulas
obtained from Landau’s Fermi-liquid theory integrated along the
line of sight, and results from a Monte Carlo calculation (dashed)
for the compressibility in a homogeneous system [32].
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molecules or generalized Cooper pairs; the spin suscepti-
bility should be exponentially small in the binding energy,
while the enhanced compressibility reflects the bosonic
character of the molecular condensate. At 915 G and
1000 G, where the sample is above the superfluid critical
temperature, the susceptibility is larger but still below its
value for the noninteracting gas, reflecting the persistence
of pair correlations even in the normal phase of the gas.

Above the Feshbach resonance, for attractive interac-
tions, we compare our results to first and second order
perturbation theory in the small parameter kFa. This
ignores the instability to the superfluid BCS state at ex-
ponentially small temperatures. The perturbation theory is
formulated for the Landau parameters for a Fermi liquid
[16,27]. The susceptibility and compressibility are given
by �0=� ¼ ð1þ Fa

0 Þm=m	, �0=� ¼ ð1þ Fs
0Þm=m	,

where m	 ¼ mð1þ Fs
1=3Þ is the effective mass, and Fs

l ,

Fa
l are the lth angular momentum symmetric and antisym-

metric Landau parameters, respectively. Although the ex-
perimental data are taken for relatively strong interactions
outside the range of validity for a perturbative description,
the predictions still capture the trends observed in the
normal phase above the Feshbach resonance. This shows
that more accurate measurements of the susceptibility, and
a careful study of its temperature dependence, are required
to reveal the presence of a possible pseudogap phase.

In our analysis we have neglected quantum fluctuations
which are present even at zero temperature [16,28]. They
are related to the large-q static structure factor SðqÞ mea-
sured in [29] and proportional to the surface of the probe

volume, scaling with N2=3 logðNÞ. For fluctuations of the
total density, their relative contribution is roughly

N�1=3=ðT=TFÞ, and at most 40% for our experimental
parameters. Attractive interactions and pairing suppress
both the thermal and quantum spin fluctuations, but it is
not known at what temperature quantum fluctuations be-
come essential.

Spin susceptibilities can also be obtained from the equa-
tion of state which can be determined by analyzing the
average density profiles of imbalanced mixtures [30]. Our
method has the advantage of being applicable without
imbalance, and requires only local thermal equilibrium.
Moreover fluctuations can be compared with susceptibili-
ties determined from the equation of state to perform
absolute, model-independent thermometry for strongly in-
teracting systems [31].

In conclusion, we have demonstrated a new technique to
determine spin susceptibilities of ultracold atomic gases
using speckle imaging. We have validated and calibrated
this technique using an ideal Fermi gas and applied it to a
strongly interacting Fermi gas in the BEC-BCS crossover.
This technique is directly applicable to studying pairing
and magnetic ordering of two-component gases in optical
lattices.
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A degenerate Fermi gas is rapidly quenched into the regime of strong effective repulsion near a

Feshbach resonance. The spin fluctuations are monitored using speckle imaging and, contrary to several

theoretical predictions, the samples remain in the paramagnetic phase for an arbitrarily large scattering

length. Over a wide range of interaction strengths a rapid decay into bound pairs is observed over times on

the order of 10@=EF, preventing the study of equilibrium phases of strongly repulsive fermions. Our work

suggests that a Fermi gas with strong short-range repulsive interactions does not undergo a ferromagnetic

phase transition.
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Many-body systems can often be modeled using contact
interactions, greatly simplifying the analysis while main-
taining the essence of the phenomenon to be studied. Such
models are almost exactly realized with ultracold gases due
to the large ratio of the de Broglie wavelength to the range
of the interatomic forces [1]. For itinerant fermions with
strong short-range repulsion, textbook calculations predict
a ferromagnetic phase transition—the so-called Stoner in-
stability [2].

Here we investigate this system using an ultracold gas of
fermionic lithium atoms, and observe that the ferromag-
netic phase transition does not occur. A previous experi-
mental study [3] employing a different apparatus found
indirect evidence for a ferromagnetic phase, but did not
observe the expected domain structure, possibly due to the
lack of imaging resolution. Here we address this short-
coming by analyzing density and spin density fluctuations
via speckle imaging [4]. When spin domains of m atoms
form, the spin density variance will increase by a factor of
m [5], even if individual domains are not resolved. One
main result of this paper is the absence of such a significant
increase which seems to exclude the possibility of a ferro-
magnetic state in the studied system.

The Stoner model assumes a two-component Fermi gas
with a repulsive short-range interaction described by a
single parameter, the scattering length. The predicted
phase transition to a ferromagnetic state requires large
repulsive scattering lengths on the order of the interatomic
spacing. They can be realized only by short-range attrac-
tive potentials with a loosely bound state with binding
energy @

2=ðma2Þ, with m being the atomic mass and a
being the scattering length [6]. However, as shown sche-
matically in Fig. 1, the repulsive gas is then by necessity
only metastable with respect to decay into the bound state.
Many theoretical studies of a Fermi gas with strong short-
range repulsive interactions assume that the metastable
state is sufficiently long-lived [7–18]. In recent Monte
Carlo simulations, the paired state is projected out in the

time evolution of the system [19,20]. Theoretical studies
concluded that the pairing instability is somewhat faster
than the ferromagnetic instability [21]. The second major
result of this paper is to show that pair formation occurs
indeed on a very short time scale. The measured time
constant of 10@=EF (where EF is the Fermi energy) in-
dicates that the metastable repulsive state will never reach
equilibrium and that, even in a metastable sense, a Fermi
gas with strong short-range repulsive interactions does not
exist. The fast pair formation could not be observed pre-
viously due to limited time resolution [3]. Instead, a much
slower second phase in the conversion of atoms to pairs
was observed leading to the wrong conclusion that the
unpaired atoms have a much longer lifetime.
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FIG. 1. Diagram showing energy levels and timing of the
experiment. The upper (repulsive) and lower (attractive) branch
energies, near a Feshbach resonance, are connected by three-
body collisions. In our experiment, we quickly jump from a
weakly interacting Fermi gas (A) to a strongly interacting one
(B) with a rapid magnetic field change. The evolution of corre-
lations and domains and the molecule formation (population of
the lower branch) are studied as a function of hold time t.
Adapted from [42].
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The experiments were carried out with typically
4:2� 105 6Li atoms in each of the two lower spin states
j1i and j2i confined in an optical dipole trap with radial and
axial trap frequencies !r ¼ 2�� 100ð1Þ s�1 and !z ¼
2�� 9:06ð25Þ s�1. The sample was evaporatively cooled
at a magnetic bias field B ¼ 320 G, identical to the proce-
dure described in [22]. Then the magnetic field was slowly
ramped to 730 G (kFa ¼ 0:35) in 500 ms. The fraction of
atoms being converted to molecules during the ramp was
measured (see below for method) to be below 5%. The
temperature of the cloud was typically 0:23ð3ÞTF at 527 G
with a Fermi energy of EF ¼ kBTF ¼ h� 6:1 kHz. After
rapidly switching the magnetic field from 730 G to the final
value in less than 350 �s, spin fluctuations were measured
by speckle imaging. Optionally an appropriate rf pulse was
applied directly before imaging to rotate the spin orienta-
tion along the measurement axis. Due to the use of 20 cm
diameter coils outside the vacuum chamber, the inductance
of the magnet coils was 330 �H and the fast switching
was accomplished by rapidly discharging capacitors
charged to 500 V.

Experimentally, spin fluctuations are measured using the
technique of speckle imaging described in Ref. [4]. For an
appropriate choice of detuning, an incident laser beam
experiences a shift of the refractive index proportional to
the difference between the local populations of the two
spin states N1 and N2. Spin fluctuations create spatial
fluctuations in the local refractive index and imprint a
phase pattern into the incoming light, which is then con-
verted into an amplitude pattern during propagation. The
resulting spatial fluctuations in the probe laser intensity are
used to determine the spin fluctuations in the sample.

In Ref. [4] we prepared samples on the lower branch of
the Feshbach resonance, where positive values of kFa
correspond to a gas of weakly bound molecules. At
kFa ¼ 1:2, we observed a sixfold suppression of spin
fluctuations and a fourfold enhancement of density fluctu-
ations. Typical fluctuations in the speckle images of a non-
interacting Fermi gas at T ¼ 0:23TF amount to 5% of the
average optical signal per pixel, corresponding to about
50% of Poissonian fluctuations. Those fluctuations are
modified by factors between 0.2 and 1.6 due to pairing
and interactions.

In this study, on the upper branch of the Feshbach reso-
nance, the situation is reversed. For unbound atoms, as the
interaction strength increases, the two spin components
should develop stronger and stronger anticorrelations and
enhanced spin fluctuations. Previous experimental work [3]
and several theoretical studies [10,11,13–15,18,23] predicted
a phase transition to a ferromagnetic statewhere themagnetic
susceptibility and therefore the spin fluctuations diverge.
Recent Monte Carlo simulations [19] predict such a diver-
gence around kFa ¼ 0:83. We therefore expected an in-
crease of spin fluctuations by one or several orders of
magnitude, related to the size of magnetic domains.

Figure 2 shows the observed spin fluctuations enhance-
ment compared to the non-interacting cloud at 527 G. The
variance enhancement factor reaches its maximum value of
1.6 immediately after the quench, decreasing during the
2 ms afterward. The absence of a dramatic increase shows
that no domains form and that the sample remains in the
paramagnetic phase throughout. Similar observations were
made for a wide range of interaction strengths and wait
times. Note that first-order perturbation theory [24] pre-
dicts an increase of the susceptibility by a factor of 1.5 at
kFa ¼ 0:5 and by a factor of 2 at kFa ¼ 0:8 (i.e., no
dramatic increase for kFa < 1). Therefore, our data show
no evidence for the Fermi gas approaching the Stoner
instability.
Before we can fully interpret these findings, we have to

take into account the decay of the atomic sample on the
upper branch of the Feshbach resonance into bound pairs.
We characterize the pair formation by comparing the total
number of atoms and molecules Na þ 2Nmol (determined
by taking an absorption image after ballistic expansion at
high magnetic field where molecules and atoms have the
same absorption resonance) to the number of free atoms
(determined by rapidly sweeping the magnetic field to 5 G
before releasing the atoms and imaging the cloud, convert-
ing pairs into deeply bound molecules that are completely
shifted out of resonance) [25].
The time evolution of the molecule production (Fig. 3)

shows two regimes of distinct behavior. For times less than
1 ms, we observe a considerable number of atoms con-
verted into molecules, while the total number Na þ 2Nmol

remains constant. The initial drop in atom number becomes
larger as we increase the final magnetic field, and saturates
at around 50% near the Feshbach resonance.
We attribute this fast initial decay in atom number to

recombination [26,27] into the weakly bound molecular
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state. We obtain an atom loss rate _Na=Na ¼ 250 s�1

at 790 G in the first 1 ms after the magnetic field switch.
Assuming a three-body process we estimate the rate
coefficient L3 at this field to be 3:9� 10�22 cm6 s�1,
though the interaction is already sufficiently strong for
many-body effects to be significant. For stronger interac-
tions, about 30% of atom loss occurs already during the
relevant 100 �s of ramping through the strongly interact-
ing region, indicating a lower bound of around 3� 103 s�1

for the loss rate which is 13% of the inverse Fermi time
EF=@, calculated with a cloud averaged Fermi energy.

After the first millisecond, the molecule formation rate
slows down, by an order of magnitude at a magnetic
field of 790 G (and even more dramatically at higher
fields) when it reaches about 50%. It seems likely that
the molecule fraction has reached a quasi-equilibrium
value at the local temperature, which is larger than the
initial temperature due to local heating accompanying
the molecule formation. Reference [28] presents a simple
model for the equilibrium between atoms and molecules
(ignoring strong interactions). For phase space densities
around unity and close to resonance, the predicted
molecule fraction is 0.5, in good agreement with our
observations [29].

For longer time scales (hundred milliseconds) we ob-
serve a steady increase of the molecule fraction to 90% for
the longest hold time. This occurs due to continuous
evaporation which cools down the system and shifts the
atom-molecule equilibrium towards high molecule frac-
tions. During the same time scale, a slow loss in both
atom number and total number is observed caused by
inelastic collisions (vibrational relaxation of molecules)
and evaporation loss.
Is the rapid conversion into molecules necessarily faster

than the evolution of ferromagnetic domains? Our answer
is tentatively yes. First, for strong interactions with kFa
around 1, one expects both instabilities (pair formation and
Stoner instability) to have rates which scale with the Fermi

energy EF and therefore with n2=3. Therefore, one cannot
change the competition between the instabilities by work-
ing at higher or lower densities. According to Ref. [21] the
fastest unstable modes for domain formation have a wave
vector q � kF=2 and grow at a rate of up to EF=4@ when
the cloud is quenched sufficiently far beyond the critical
interaction strength. Unstable modes with such wave vec-
tors will develop ‘‘domains’’ of half a wavelength or size
	 ¼ �=q ¼ 2�=kF containing 5 atoms per spin state in a
volume 	3. This rate is comparable to the observed con-
version rates into pairs of 0:13EF. Therefore, at best,
‘‘domains’’ of a few particles could form, but before they
can grow further and prevent the formation of pairs (in a
fully polarized state), rapid pair formation takes over and
populates the lower branch of the Feshbach resonance.
Based on our observations and these arguments, it seems
that it is not possible to realize ferromagnetism with strong
short range interaction, and therefore the basic Stoner
model cannot be realized in nature.
One possibility to suppress pair formation is provided by

narrow Feshbach resonances. Here the pairs have domi-
nantly closed channel character and therefore a much
smaller overlap matrix element with the free atoms.
However, narrow Feshbach resonances are characterized
by a long effective range and do not realize the Stoner
model which assumes short-range interactions. Other in-
teresting topics for future research on ferromagnetism and
pair formation include the effects of dimensionality
[30,31], spin imbalance [32,33], mass imbalance [34],
lattice and band structure [35,36].
We now discuss whether ferromagnetism is possible

after atoms and molecules have rapidly established local
equilibrium. In other words, starting at T ¼ 0, one could
heat up the fully paired and superfluid system and create a
gas of atomic quasiparticles which are similar to free atoms
with repulsive interactions. Density and temperature of the
atoms are now coupled. It is likely that such a state is
realized in our experiments after a few ms following the
quench, until evaporative cooling converts the system into
a molecular condensate over � 100 ms. The possibility
that such a quasiparticle gas could become ferromagnetic
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FIG. 3 (color online). Characterization of molecule formation
at short and long hold times, and at different values of the
interaction strength. The closed symbols, circles (black) at
790 G with kFa ¼ 1:14, squares (blue) at 810 G with kFa ¼
2:27 and diamonds (red) at 818 G with kFa ¼ 3:5 represent the
normalized number of free atoms, the open symbols the total
number of atoms including those bound in Feshbach molecules
(open circles at 790 G with kFa ¼ 1:14). The crosses (green)
show the molecule fraction. The characteristic time scale is set
by the Fermi time @=EF ¼ 43 �s, calculated with a cloud
averaged Fermi energy.
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has not been discussed in the literature. Our experiments do
not reveal any major increase in spin fluctuations which
seems to exclude a ferromagnetic state. In the simplest
picture, we could regard the atomic quasiparticles as free
atoms, and then apply the Stoner model to them.
Ferromagnetic domain formation is analogous to phase
separation between the two spin components [3]. Since
dimers interact equally with the two spin components, one
might expect that even a noticeable dimer fraction should
not suppress the tendency of the atomic gas to form do-
mains. Therefore, in a simple model, one may neglect
dimer-atom interactions.

If the Stoner model applies to this quasiparticle gas, the
next question is whether the temperature is low enough
for the ferromagnetic phase transition. Available theoreti-
cal treatments do not predict an exact maximum transition
temperature to the ferromagnetic state and obtain an
unphysical divergence for large scattering lengths. Since
the only energy scale is the Fermi temperature, one would
expect a transition temperature which is a fraction of
the Fermi temperature [37], higher or around the
temperature scale probed in our experiments. However,
even above the transition temperature, the susceptibility
is enhanced. A simple Weiss mean field or Stoner
model leads to the generic form of the susceptibility
�ðTÞ ¼ �0ðTÞ=ð1� w�0ðTÞÞ, where �0ðTÞ is the Pauli
susceptibility of the non-interacting gas and w the interac-
tion parameter. This formula predicts a twofold increase
in the susceptibility even 50% above the transition tem-
perature, which is well within the sensitivity of our
measurements.

Therefore, our experiment can rule out ferromagnetism
for temperatures even slightly lower than the experimental
temperatures. Temperatures are very difficult to measure
in a transient way for a dynamic system which may not be
in full equilibrium. For example, cloud thermometry
requires full equilibration and lifetimes much longer than
the longest trap period. We attempted to measure the
temperature after the hold time near the Feshbach reso-
nance by quickly switching the magnetic field to weak
interactions at 527 G and then performing noise thermom-
etry using speckle imaging [4]. We measure column-
integrated fluctuations that are 0.61(8) of the Poisson value
which implies an effective temperature well below TF,
around 0.33(7) TF, not much higher than our initial
temperature of 0.23 TF. Although the cloud is not in full
equilibrium, an effective local temperature can still be
obtained from noise thermometry.

Alternatively, we can estimate the temperature increase
from the heat released by pair formation. A simple model
[38] accounting for the relevant energy contributions
predicts for kFa ¼ 1 that molecule fractions of higher
than 20% result in a final temperature above 0:4TF, an
estimate which is higher than the measurement reported
above. One may hope that closer to resonance many-body

effects lower the released energy; however, as we show
in the Supplemental Material (Fig. 1 of [38]) this is
not necessarily the case due to the repulsive interaction
energy.
Our experiment has not shown any evidence for a pos-

sible ferromagnetic phase in an atomic gas in ‘‘chemical’’
equilibrium with dimers. This implies one of the following
possibilities. (i) This gas can be described by a simple
Hamiltoninan with strong short range repulsion.
However, this Hamiltonian does not lead to ferromagne-
tism. This would be in conflict with the results of recent
quantum Monte Carlo simulations [19,20] and second
order perturbation theory [11], and in agreement with
conclusions based on Tan relations [39]. (ii) The tempera-
ture of the gas was too high to observe ferromagnetism.
This would then imply a critical temperature around or
below 0:2T=TF, lower than generally assumed. (iii) The
quasiparticles cannot be described by the simple model of
an atomic gas with short-range repulsive interactions due
to their interactions with the paired fraction.
A previous experiment [3] reported evidence for ferro-

magnetism by presenting non-monotonic behavior of atom
loss rate, kinetic energy and cloud size when approaching
the Feshbach resonance, in agreement with predictions
based on the Stoner model. Our measurements confirm
that the properties of the gas strongly change near
kFa ¼ 1. Similar to [3], we observe features in kinetic
and release energy measurements near the resonance (see
Supplemental Material [38]). However, the behavior is
more complex than that captured by simple models. The
atomic fraction decays non-exponentially (see Fig. 3), and
therefore an extracted decay timewill depend on the details
of the measurement such as time resolution. Reference [3]
found a maximum of the loss rate of 200 s�1 for a Fermi
energy of 28 kHz. Our lower bound of the decay rate of
3� 103 s�1 is 15 times faster at a five times smaller Fermi
energy. Our more detailed study rules out that Ref. [3] has
observed ferromagnetic behavior.
Our conclusion is that an ultracold gas with strong short

range repulsive interactions near a Feshbach resonance
remains in the paramagnetic phase. The fast formation of
molecules and the accompanying heating makes it impos-
sible to study such a gas in equilibrium, confirming pre-
dictions of a rapid conversion of the atomic gas to pairs
[21,40]. The Stoner criterion for ferromagnetism obtains
when the effective interaction strength times the density of
states is larger than one. This is a at least an approximately
valid criterion for multi-band lattice models [41]. We have
shown here that this criterion cannot be applied to Fermi
gases with short-range repulsive interactions (the basic
Stoner model) since the neglected competition with pairing
is crucial.
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