Jeong Yun Kim,† Joo-Hyoung Lee,‡ and Jeffrey C. Grossman†,*
†

Department of Materials Science and Engineering, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, United States and ‡School of Materials
Science and Engineering, Gwangju Institute of Science and Technology, Gwangju, Republic of Korea

G

raphene has attracted intense attention for both its superior carrier mobility at room temperature and its
unique zero-gap band structure, which leads
to massless charge carriers.1,2 In addition to
these remarkable electronic properties, there
have been recent attempts to use graphene
for thermoelectric (TE) applications3,4 due
to its low-dimensional structure and ambipolar nature, controlling the sign of the
Seebeck coeﬃcient (S) by changing the
gate bias instead of doping. The eﬃciency
of a TE material is determined by its ﬁgure of
merit, ZT = S2σT/κ, where S is the Seebeck
coeﬃcient, σ the electrical conductivity, κ
the thermal conductivity, and T the temperature. For a pristine graphene monolayer,
the TE properties have been studied both
theoretically57 and experimentally,810 with
reported values for S as high as 100 μV/K,
suggesting the potential of graphene as a
candidate material for TE applications. However, because of its extremely high κ,1113
bare graphene is overall a highly ineﬃcient
TE material.8 Thus, in order to create an
eﬃcient ZT material based on graphene, a
signiﬁcant reduction in the thermal conductivity is required.
One way to suppress the thermal conductivity of graphene, or nearly any material,
would be to introduce point defects such as
interstitials, vacancies, or by alloying. However, if the goal is to explore thermoelectric
applications, one must balance reduced
thermal conductivity against the need
for a large power factor (S2σ). Unlike a
range of other promising classes of thermoelectric materials that utilize controlled defects (phonon glass) as phonon scattering
sites by taking advantage of inherent “electron
crystal” properties in the materials, including
skutterudites14 and clathrates,15 the introduction of controlled “rattling structures”
into a graphene sheet would pose an enormous synthesis challenge. The use of less
controlled defects such as vacancies16 or
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ABSTRACT

We investigate the eﬀects of two-dimensional (2D) periodic patterns of functional groups on
the thermal transport in a graphene monolayer by employing molecular and lattice dynamics
simulations. Our calculations show that the use of patterned 2D shapes on graphene reduces
the room temperature thermal conductivity, by as much as 40 times lower than that of the
pristine monolayer, due to a combination of boundary and clamping eﬀects. Lattice dynamics
calculations elucidate the correlation between this large reduction in thermal conductivity and
two dynamical properties of the main heat carrying phonon modes: (1) decreased phonon
lifetimes by an order of magnitude due to scattering, and (2) direction-dependent group
velocities arising from phonon conﬁnement. Taken together, these results suggest that
patterned graphene nanoroads provide a method for tuning the thermal conductivity of
graphene without the introduction of defects in the lattice, opening an important possibility
for thermoelectric applications.
KEYWORDS: thermal conductivity . graphene . chemical functionalization .
thermoelectrics . molecular dynamics . lattice dynamics

substitutional impurities17 would of course
lower the thermal conductivity, but they
would also lower the power factor by so
much that such an approach is unlikely to
be relevant to the case of graphene-based
thermoelectrics. Introduction of isotope disorder and isotope patterns would be a
method of reducing thermal conductivity
of graphene without degrading electron
transport; however, because of the relatively
marginal thermal conductivity reduction,
by only a factor of 2,18 such approaches also
have not led to signiﬁcant increases in ZT.
Another way to suppress the thermal
conductivity of a material is to reduce its
dimensionality, for example, by using quantum
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electronic properties of the pristine monolayer. Here,
we study the inﬂuence of 2D periodic patterns on the
thermal transport of partially functionalized graphene
with diﬀerent functional groups, employing a combination of classical molecular dynamics and lattice
dynamics simulations. The thermal conductivity is
computed as a function of a range of pattern widths
and functional groups (H and hydrocarbon chains). Our
calculations demonstrate that the presence of hydrogenated regions leads to thermal conductivities up to
7 times smaller than that of pristine graphene in the
direction perpendicular to the pattern boundary, due
to a combination of scattering at the interface and
phonon conﬁnement eﬀects. Such a reduction alone
would not be suﬃcient to make graphene-based TE
practical. However, we ﬁnd that an additional reduction by a factor of more than 20 is obtained in
patterned graphene with hydrocarbon chains, due to
a “clamping” eﬀect of the chains arising from their
steric repulsion, as well as scattering between sp2 and
sp3 carbon. We show that combining both types of
functional groups further reduces the thermal conductivity in both perpendicular and parallel directions to
the pattern boundary (by as much as 40 in our
calculations for the perpendicular direction), implying
that chemical functionalization could be an eﬃcient
route to engineering the thermal transport in graphene
monolayers.
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wires or superlattices.1921 Recent theoretical studies
have shown that the thermal conductivity of a graphene nanoribbon (GNR) can be suppressed by several
orders of magnitude compared to graphene due to
its edge disorder,3,2224 which is introduced during
fabrication. However, owing to several obstacles to
producing GNR-based devices, including the challenge
of reliable production of GNRs with controlled width
distributions and the manipulation required for assembling as-produced GNRs into devices,25 it would be
advantageous to develop approaches that reduce the
thermal conductivity of graphene that do not rely on
physical cutting or etching. Toward this end, graphene
superlattices made with chemical functionalization
are of great interest and have been explored recently
due to the possibility of nanostructuring graphene
into complex patterns.2529 Functionalization also
leads to tunable electronic properties by opening the
energy gap of graphene, originating from the induced
changes in the hybridization of carbon atoms from sp2
to sp3.25,2729 It is therefore of great interest to further
explore the potential of graphene superlattices made
with chemical functionalization for TE applications, in
particular, the role of such functionalization on thermal
transport properties.
Among various kinds of pattern shapes, we focus
in this work on 2D periodic line patterns to produce
graphene “nanoroads”,25 which are in a sense a mixture of pristine GNRs and GNRs with full functionalization within the same sheet. Such partial functionalization generates patterned sp3-hybridized carbon regions with well-deﬁned boundaries between the sp2
(pristine GNR) and sp3 (functionalized GNR) domains.
The key question for such materials regarding TE applications is whether their thermal conductivity can be
eﬃciently suppressed due to the phonon scattering
at these boundaries without severely degrading the

RESULTS AND DISCUSSION
In our simulations, patterned graphene nanoroads
are formed via partial functionalization of graphene
sheets with the armchair-type of interface, which has a
geometry that remains completely ﬂat upon structural
relaxation (see Figure 1a).25 Graphene is functionalized
with H atoms and hydrocarbon chains (pentane C5H12,
referred to as C5) on both sides of the sheet in an

Figure 1. (a) Schematic representation of a patterned graphene sample with an armchair-type boundary along with structural
variables used in the calculations. Blue shaded area indicates the patterned region, and the black dotted square represents
the MD simulation unit cell. (b) Unit cell of H-functionalized graphene with graphane structure (inset). (c) C5-functionalized
graphene. The inset shows the C sites of graphene where C5 chains are attached, arranged in a two-dimensional hexagonal
close-packed lattice, as well as the structure of C5 (pentane: C5H12).
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Figure 2. Thermal conductivities of HG samples both perpendicular (red) and parallel (blue) to the pattern as a
function of H pattern coverage. Black dotted line corresponds to the predicted κy from the rule of mixtures.
KIM ET AL.

the pattern coverage. This reduction is due to the
presence of a well-defined boundary between pristine
graphene (sp2) and graphane (sp3), where the acoustic
mismatch at the interface gives rise to incoherent
scattering, particularly for high-frequency modes,37
and scattered phonons reduce κy below the predictions
from the rule of mixtures. However, for partial coverage
values, κx is essentially constant and substantially further
reduced compared to κy. In addition to the effects of
boundary scattering, the acoustic mismatch between
pristine graphene and graphane also gives rise to a
phonon confinement effect, which partially localizes
low-frequency phonon modes37 within the graphene
or graphane domains, further reducing the thermal
conductivity in the perpendicular direction by a factor
of 3 compared to the parallel direction. This phenomenon has been observed in previous studies of in-plane
thermal transport in superlattices, where it has been
shown that phonon confinement arises from the acoustic mismatch at the boundary resulting in a modified
dispersion with lower group velocity.38,39 Interestingly,
in contrast to these other materials systems, in the case
of hydrogenated graphene, it is the structural difference
(i.e., sp2 vs sp3) that causes the acoustic mismatch, not a
large mass difference between the two domains. Note
that for partial coverage values κx is nearly independent
of the pattern coverage due to the fact that the boundary region per unit area is a constant (0.4/nm), which
leads to near-constant boundary scattering and phonon
confinement effects. Therefore, in HG cases, the large κ
reduction in both directions mainly arises from the
presence of the sharp boundary between graphene
and graphane domains.
When graphene is functionalized with patterns of
C5 chains (C5G), both κx and κy are further reduced
from those of HG (see Figure 3a), with the lowest κ
value 22 times smaller than that of pristine graphene at
full coverage. It is interesting to note that the behavior
of κ with pattern coverage is considerably diﬀerent
compared to the HG case. This can be explained from
the diﬀerent type of functionalization that results in
unfunctionalized carbon atoms in the patterned region
around the C5 chains due to the steric repulsion
between chains (see Figure 1c). This functionalization
can generate two thermal conductivity reduction mechanisms, each of which can lead to a strong decrease:
a clamping eﬀect and scattering between sp2 and sp3
carbon in the patterned region. The C5 chains give rise
to cuboid-shaped regions on both sides of graphene,
which eﬀectively clamp the graphene sheet from both
sides due to a combination of the heavy mass (71 times
larger than H) and large steric volume of the C5 chains.
In order to investigate this clamping eﬀect, we calculate the atomic ﬂuctuation of carbon atoms along
the z direction in each system. As shown in Figure 3b,
the ﬂuctuation in the fully functionalized C5G
system shows damped behavior compared to the bare
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alternating manner.30 While H atoms can be attached
to each C site of graphene to make graphane (see
Figure 1b),29 it is not possible to functionalize graphene with C5 chains in the same fashion as for H
atoms due to the steric repulsion between the chains
(see Figure 1c).31 Thus, we model the densest packing
of C5 chains on graphene possible, given the possible
bonding conﬁgurations available in the graphene
lattice, namely, a close-packed array of C5 chains
separated by 4.2 Å, as shown in Figure 1c.
Molecular Dynamics Simulations. Molecular dynamics
(MD) simulations are employed within the LAMMPS
package32 to compute thermal conductivities for all
of the systems considered in this work. We first compute the thermal conductivity of approximately square
graphene sheets ranging in size from 20 to 500 Å
(corresponding to 20092 000 atoms in the simulation cell) and find that κ converges to the value of
350 W/mK for sizes larger than 50 Å (see Supporting
Information), in good agreement with previous simulation results using the REBO potential.3335 On the basis
of these convergence tests, we choose the size of
graphene superlattices to be 50 Å for all subsequent
simulations. We define the pattern coverage as Wp/Wg,
where Wp and Wg are the functionalized and pristine
graphene widths, respectively. Figure 2 shows our
computed values of κx and κy (perpendicular and
parallel to the pattern boundary, respectively) for
hydrogen-functionalized graphene as a function of
pattern coverage. In the case of H functionalization
(HG), κx shows a more than 7-fold reduction from that
of bare graphene over a wide range of coverage except
for the fully hydrogenated graphane, which is lower
than that of graphene due to the full conversion from
sp2 to sp3 bonding,36 although substantially higher
than intermediate coverage values since there are no
longer boundary scattering effects. For thermal transport parallel to the boundary, one might expect a simple
rule of mixtures to apply, although our computed values
for κy are 2 lower than what would be expected and
even lower than κ of graphane, slightly decreasing with
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Figure 3. (a) Thermal conductivities of C5G samples as a function of C5 pattern coverage. Black dotted line is for the predicted
κy from the rule of mixtures; (b) z position vs time of carbon atoms in pristine graphene (left), partially functionalized C5G
(middle), and fully functionalized C5G (right) with schematic ﬁgures of our graphene samples (black arrows). The black (pink)
solid lines indicate the ﬂuctuation of unpatterned (patterned) regions. The blue line in the plot on the right is for the graphene
functionalized with “fake” (heavy) hydrogen atoms.

graphene system, and this damped phonon wave
indicates considerably suppressed out-of-plane (ZA)
phonon modes in graphene; it has been shown theoretically that as much as 77% of the total thermal
conductivity in graphene at room temperature is due
to the ZA mode.8,40 The importance of the ZA mode
is supported by the fact that the clamping eﬀect
accounts for roughly 50% of the reduction of κ for
the fully functionalized C5G system (see Supporting
Information). Within this clamping eﬀect, we can separate the two contributions;steric and mass;by
carrying out simulations with “fake” hydrogen atoms
that have the same mass as a C5 chain but do not
have any steric eﬀects. Our results show that roughly
70% of the clamping eﬀect arises from the heavier
mass of C5 chains, and 30% arises from steric volume
of the C5 chains. It is also interesting to note that outof-plane ﬂuctuations in graphene with fake hydrogen atoms (mass eﬀect) are larger than those in the
C5G system (which contains both mass þ steric
eﬀects), although smaller than the ﬂuctuations in
bare graphene, as expected given our results for κ.
In addition to the clamping eﬀect, the other 50%
reduction in thermal conductivity arises from the
scattering between sp2 and sp3 carbon (see Supporting Information). Note that there is no sharp boundary
between these regions in the C5G case, although
unlike in the HG case, the scattering between sp2 and
sp3 carbon occurs both between the patterned and
unpatterned regions as well as within the patterned
region itself.
KIM ET AL.

For partially functionalized C5G samples, κy is approximately 3.5 times lower than what would be
expected from a simple rule of mixtures, due to spatial
conﬁnement of the phonons in the unpatterned region
(see Figure 4), which arises from the clamped boundary
between the patterned and unpatterned regions. This
can be explained by the damped ﬂuctuation in unpatterned regions compared to that in the pristine
graphene sample (see Figure 3b). With increasing C5
pattern coverage, κy reduces further due to the increased spatial conﬁnement with decreased unpatterned region width, and this behavior is in good
agreement with previous work on the eﬀects of quantum wells, where thermal conductivities signiﬁcantly
decrease with well width due to spatial conﬁnement of
acoustic phonons.41 In the C5G system, the anisotropy
of thermal conductivity is still present (κx/κy ∼ 1/2),
although substantially weaker than HG cases. Damped
atomic ﬂuctuations in the clamped region produce a
partially damped wave as shown schematically in
Figure 4 (lower right) along the perpendicular direction to the pattern in partially functionalized C5G
samples. Due to this damped wave propagation, thermal transport along the perpendicular direction is
suppressed by a factor of 2 compared to the parallel
direction. Thus, in contrast to the case of HG, for C5G,
suppressed thermal transport is due to a combination
of scattering and clamping eﬀects of the C5 pattern,
and these eﬀects can further suppress thermal conductivity not only perpendicular but also parallel to the
boundary.
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Figure 4. Schematic of phonon conﬁnement eﬀects in graphene with the two diﬀerent functionalizations considered in this
work: hydrogen (top) and C5 chain (bottom). H functionalization induces partial conﬁnement of phonon modes in both
graphene and graphane domains and suppresses thermal transport perpendicular to the boundary in HG samples. Modes
with no conﬁnement can propagate in all domains and have no eﬀect on thermal transport. C5 functionalization induces
spatial conﬁnement due to a clamping eﬀect in the functionalized domain, which suppresses thermal transport parallel to the
pattern. The lower right image indicates phonon waves along the AA0 line in the C5G sample; waves in the patterned region
(pink arrows) are damped due to the clamping eﬀect, and this partially damped wave suppresses thermal transport in the
perpendicular direction. Blue (red) arrows indicate heat transport along parallel (perpendicular) direction to the pattern
boundary.

Figure 5. Thermal conductivities of patterned graphene as a
function of functional groups are shown for (a) 0.5 and (b)
0.75 pattern coverage. Each functional group introduces
diﬀerent thermal conductivity reduction eﬀects as indicated.

By combining HG and C5G functionalization into
the same sample, a further reduction in thermal conductivity can be achieved. In this case, all carbon atoms
in the patterned region of graphene can have sp3
bonding, and a well-deﬁned boundary between graphene (sp2) and graphane (sp3) is formed. Combining
both boundary and clamping eﬀects in this manner is
found to reduce κ to 9.7 W/mK, which is 40 times
smaller than that of pristine graphene within our calculations (see Figure 5).
Lattice Dynamics Calculations. In order to analyze the
properties of the main heat carriers in functionalized
graphene and understand how they differ from those
of pristine graphene, we carried out a series of lattice
dynamics calculations. We compute the group velocities and lifetimes of each phonon mode in order to
quantify their contributions to the thermal conductivity.
In pristine graphene, our calculations show that
there are ﬁve main heat carrying phonon modes
KIM ET AL.

(see Figure 6), each of whose contribution to κ is larger
than 4% of the total thermal conductivity. As expected,
the low-frequency phonon modes account for most of
the thermal conductivity. For the case of hydrogen
functionalization, we examine a system with 0.5 pattern coverage. Our calculations show that, due to the
presence of a well-deﬁned boundary, the lifetimes of
phonon modes below 20 THz are greatly decreased
with respect to those in pristine graphene, which
makes a large contribution to the decrease of thermal
conductivity in the direction both perpendicular and
parallel to the pattern, as found in our MD simulations.
It is also observed that the group velocities (vg)
of the main heat carrying modes in HG samples are
diﬀerent in the two directions: vg in the direction
perpendicular to the pattern (vg,x) is much lower than
in the parallel direction (vg,y). As mentioned, this is
because of an acoustic mismatch at the boundary,
which leads to a modiﬁcation of the phonon dispersion
and group velocities. For instance, in phonon modes 2,
4, and 5, whose total contributions to κy are roughly
20%, we ﬁnd that vg,x is more than 20 smaller than
vg,y, resulting in a 400 smaller κx than κy. The fact that
these phonon modes cannot carry heat in the direction
perpendicular to the pattern while carrying heat in the
parallel direction is due to partial conﬁnement in either
domain. Note that the shape of these modes (see
Figure 6) is nearly consistent with the previous expectation for partial conﬁnement in HG samples (see
Figure 4), where phonon modes in either domain exist
separately. However, phonon modes 1, 3, and 6, which
are consistent with waves with no conﬁnement, contribute to heat conduction in both directions. From
lattice dynamics calculations, we ﬁnd that about 20%
of phonon modes in κy in our HG sample is frozen out in
VOL. 6

’

NO. 10

’

9050–9057

’

9054

2012
www.acsnano.org

ARTICLE
Figure 6. Main heat carrying phonon modes, whose κ contribution is larger than 4% of total κ, for pristine graphene and HG
and C5G samples with 50% coverage. Corresponding lifetimes and group velocity ratios for these particular modes are listed,
and lifetimes for all frequencies in each sample are also shown (bottom graphs).

the perpendicular direction due to partial phonon conﬁnement, and the other 80% contributes to perpendicular thermal transport in HG samples with reduced
group velocities. This thermal transport phenomenon
leads to the thermal conductivity diﬀerence in directions, consistent with the fact that κx/κy is 0.346 in this
HG sample.
For the C5G case, our calculations show a further
reduction of the phonon lifetimes, especially for the
low-frequency modes, which is consistent with the
large decrease of both κx and κy. As discussed above,
the large reduction in lifetime can be understood by
scattering between sp2 and sp3 carbon induced from
the particular kind of functionalization pattern of C5
chains on graphene.
In C5G samples, vg,x/vg,y values can be larger than
1 (e.g., mode 2) due to the spatial phonon conﬁnement
in unpatterned graphene regions, resulting in a strong
modiﬁcation of the phonon dispersion and reduction of group velocities in the parallel direction to the
pattern.41 Moreover, partially damped waves in C5G
samples further reduce group velocities in the perpendicular direction, as can be seen from modes 1 and 3.
Although all of the main heat carrying phonon modes
of the C5G sample contribute to heat conduction in
both directions with diﬀerent contributions, thermal
conduction in the perpendicular direction is roughly
KIM ET AL.

2 lower than in the parallel direction, consistent with
the larger value of κx/κy, 0.469, than that of HG samples.
CONCLUSIONS
Chemical functionalization plays a signiﬁcant role in
the thermal transport of 2D materials since all atoms in
the system can be functionalized, and phonon modes
can be widely modiﬁed, suggesting many possibilities
for tuning thermal transport, in contrast to the case of
3D where only surface atoms can be functionalized,
leading to a minor inﬂuence on thermal transport.
In this work, we performed molecular and lattice
dynamics calculations to study the eﬀect of chemical
functionalization on thermal transport of graphene
monolayers. Our simulations demonstrate that the
presence of 2D periodic patterns on a graphene sheet
suppresses thermal conductivity due to two main effects: (1) boundary eﬀects induced from the sharp
interface between sp2 and sp3 carbon domains and
(2) clamping eﬀects induced from both the additional
mass as well as steric packing of hydrocarbon chains.
Introducing boundaries in materials by nanostructuring
has been widely used to reduce thermal conductivity.1921
In the present work, we propose an approach for
reducing the thermal conductivity in graphene based
on steric hindrance, which could be applied to other
ﬂuctuating materials, such as 1D carbon nanotubes and
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packed functionalization providing a stronger clamping
eﬀect, the thermal conductivity reduction could be even
further enhanced. Further, the presence of a second
layer of graphene together with chemical functionalization can have a similar eﬀect; our calculations on C5þH
samples with half-coverage show a reduction from
18 W/mK in the single-layer case to 11 W/mK for a
bilayer. These results suggest that the tunable thermal
conductivity of functionalized graphene could lead to its
use as an eﬃcient thermoelectric material.24,42,43

METHODS

equation48

Molecular Dynamics Simulations. The thermal conductivity is
computed from the fluctuations of the heat current, using the
Einstein relation.44,45
KR ¼

1
1
Æ[RR (t)  RR (0)]2 æ
lim
kB VT 2 t f ¥ 2t

where kB is the Boltzmann constant, V the system volume,
and T the temperature. Æ[RR(t)  RR(0)]2æ is the mean square
displacement of the integrated microscopic heat flux along
the R direction, given by RR = ∑iεiRriR, where εi is the energy of
atom i at position ri. The volume is calculated as the product of
the unit cell planar area times the interplanar distance (3.35 Å).
To describe the covalent bonding interactions in the carbon
and hydrocarbon systems, we used the second-generation
reactive empirical bond order (REBO)46 potential, which has
been successfully used in many carbon-based systems, such
as carbon nanotubes and graphene, for thermal transport
studies.3335 All simulations are carried out at 300 K with a time
step of 0.2 fs. To obtain converged results, 10 separate simulations are averaged for each system, each with different initial
conditions. In each run, after a 100 ps equilibration period,
the microscopic heat flux in the directions perpendicular and
parallel to the functionalization pattern are recorded for 107 MD
steps (2 ns) in order to obtain a converged thermal conductivity
value.
Lattice Dynamics Calculations. The group velocities can be
determined from the phonon dispersion around the Γ point
of the Brillouin zone in a large supercell. We consider 0 e |q
B| e
0.002 Å1, where q
B is a phonon wavevector and is spaced by
0.0001 Å1. Approximating the dispersion curves by a quadratic
function, the group velocity is obtained from the slope at
q
B = 0.002 Å1. The phonon lifetime (τi) is computed from the
integral of the normalized autocorrelation function of the
kinetic energy fluctuation of the eigenmodes47
Z
τi ¼

¥

0

ÆδEi, k (qB, t)δEi, k (qB, 0)æ
dt
ÆδEi, k (qB, 0)δEi, k (qB, 0)æ

where
0

Ei, k (qB, t) ¼
Ai (qB, t) ¼

Ai A0i
2

pﬃﬃﬃﬃﬃ (i Bq Br ) 
3 j, 0 ε (q
Mj e
i B) 3 uj (t)

∑j

By projecting the atomic trajectories generated by MD simulations on the normal mode coordinates, we obtain a time history
B, t), which gives the mode
of the normal mode amplitudes Ai(q
kinetic energy, Ei,k. Here, Mj is the mass of j-th atom, rj,0
the equilibrium position, and uj the relative displacement from
its equilibrium position in our MD trajectories; εi is an eigenvector obtained from lattice dynamics calculation. The contribution to κ from i-th phonon mode (κi) is expressed in terms
of group velocities vi and lifetimes τi, using the single mode
relaxation time approximation of the Boltzmann transport
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2D boron nitride sheets. By combining steric hindrance
with boundary scattering, we predict a reduction of
the thermal conductivity by as much as a factor of 40
compared to pristine graphene. Our results suggest that
chemical functionalization could broadly tailor thermal
transport in a low-dimensional system with diﬀerent
chemistries that change mass, charge, and shape of
functional groups as well as functionalized conﬁguration. For example, using planar molecules such as benzene or azobenzene, which would induce more closely

Ki (qB) ¼ Ci (qB)vi2 (qB)τi (qB)
Here Ci is the specific heat per unit volume of i-th phonon mode
from the Bose-Einstein statistics
Ci (qB) ¼

1
ex
kB x 2 x
V
(e  1)2

where x = pωi(q
B)/kBT and ωi(q
B) is the phonon frequency.
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