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Stochastic Processes and

Systems

In preceding chapters we have focussed on random variables and random vectors,
and their manipulation in problems of detection and estimation. We now want
to broaden our development of detection and estimation theory to accomodate
sequences and waveforms that are random as well. Sequences and waveforms of
this type are referred to as random or stochastic processes—the two terms are used
interchangeably.

We typically refer to random sequences as discrete-time stochastic processes,
and random waveforms as continuous-time stochastic processes. Note that this im-
plies we are restricting our attention to functions of a single variable which we
view for convenience as “time.” However, it is important to appreciate that in
many applications of interest the function is of one of multiple variables. Exam-
ples include the intensity values of an image, which are functions of the two spatial
variables; a video signal, which is a function of three variables—two spatial and
one temporal; and the temperature distribution of the ocean, which is a function
of three spatial variables.

We also restrict our attention to scalar-valued functions, though there are
again many applications where vector-valued functions (of, say, time) arise rather
naturally. Examples include the received acoustic signals at an underwater multi-
sensor array, or the imagery corresponding to distinct spectral bands from a satel-
lite performing passive remote-sensing of the earth.

It is also worth remarking that although we don’t consider them in our treat-
ment, many of the techniques and concepts we develop do have natural extensions
to these multi-dimensional and multi-valued processes.
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192 Stochastic Processes and Systems Chap. 4

In this chapter we introduce and develop the concept of stochastic processes
in both discrete and continuous time. For example, we’ll develop convenient ways
of viewing and analyzing such processes based on their probabilistic descriptions,
and we’ll explore how probabilistic descriptions of such processes are transformed
when applied as inputs to various classes of systems.

4.1 STOCHASTIC PROCESSES AND SAMPLE SPACE

There are a several ways to view a stochastic process, each of which affords its own
insight. From one perspective, for example, we may view a stochastic process as
a collection of random variables indexed in time. For a discrete-time stochastic
process, x [n0] is the random variable associated with the time n = n0. Since time
is integer-valued in the discrete-time case, there are a countably infinite number
of such random variables. For a continuous-time stochastic process, x(t0) is the
random variable associated with the time t = t0, and since time is real-valued, a
continuum of (i.e., uncountably many) random variables is involved.

To develop a more general perspective, recall that a random variable x can
be viewed as a function on a probability space (Ω, Pr [·]), where for any ω ∈ Ω,
the value x(ω) is a realization of the random variable, i.e., the result of a particular
experiment corresponding to the generation of the random variable x . In a similar
manner, a stochastic process can be expressed as a function x(t, ω) of the time
index t, and the event index ω jointly. From this perspective, with t = t0 fixed we
have our earlier insight—that x(t0, ω) corresponds to a function of ω, i.e., a random
variable at the corresponding instant in time. However, if we fix ω = ω0 and
view x(t, ω0) as a function of t, we obtain a particular realization of the stochastic
process, which we generally refer to as a sample path of the process. Hence, we can
think of the event space Ω as describing experiments, the outcomes of which yield
entire, observed sample paths.

Of course, in a similar manner we can view a discrete-time stochastic process
as a function of both n and ω, i.e., x [n, ω), for ω fixed is a realization of the process,
namely a sequence of values for n = 0,±1,±2, . . . , which collectively form a sam-
ple path of the process.

In general we will suppress in our notation the explicit dependency on the
underlying random mechanism that generates a stochastic process. For example,
just as we have denoted random variables as x rather than x(ω), we will gener-
ally write x(t) rather than x(t, ω). Nevertheless the sample path perspective will
frequently prove important to us in much of our development of this topic. For
example, this perspective highlights the structure of temporal evolution of the pro-
cess and the relationships among values of the process corresponding to different
times. In many situations, for instance, the continuous-time random phenomena
that we encounter evolve smoothly, and as a result the stochastic processes corre-
sponding to these phenomena have continuous sample paths. On the other hand,
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we will also encounter important stochastic processes whose sample paths are not
continuous, but which are, for example, piecewise-constant. In such cases the sam-
ple path perspective is particularly valuable. Finally, the sample path perspective
is useful in understanding the effects of filtering and other forms of processing on
such signals.

4.2 CHARACTERIZATIONS OF STOCHASTIC PROCESSES

In general, probabilistic characterizations of a stochastic process involve specify-
ing the joint probabilistic description of the process at different points in time. A
remarkably broad class of stochastic processes are, in fact, completely character-
ized by the joint probability density functions for arbitrary collections of samples
of the process. In particular, separable stochastic processes are completely charac-
terized by the collection of Nth-order probability densities of the form

px(t1),x(t2),...,x(tN )(x1, x2, . . . , xN) (4.1)

for every possible choice of N and the time instants t1, t2, . . . , tN . We refer to the
densities (4.1) as the finite-dimensional densities of the process. We also note that
the obvious counterparts to this characterization apply to discrete-time stochastic
processes x [n].

It is relatively easy to see that the finite-dimensional distributions constitute a
complete probabilitistic description for discrete-time processes defined over finite
time intervals, since the complete probabilistic descriptions of a such a process x [n]
where n = 0, 1, . . . , M − 1 is obviously given by

px [0],x [1],...,x [M−1](x0, x1, . . . , xM−1)

where M is the size of the time interval. However, to show that finite-dimensional
distributions can completely characterize stochastic processes defined on infinite
time intervals—not only in discrete-time but also in continuous-time—is compara-
tively much more difficult. In fact, this represents a rather deep result in the theory
of stochastic processes; we’ll discuss some aspects of this issue later in the chapter.

The various finite-dimensional distributions of a random process are in gen-
eral strongly interrelated. In particular, dependencies result from consistency con-
straints, i.e., from the fact that lower-order densities can be obtained from higher-
order ones via integration; for example, from a third-order density we can obtain
second-order densities as marginals, e.g.,

px(t1),x(t2)(x1, x2) =

∫ +∞

−∞

px(t1),x(t2),x(t3)(x1, x2, x3) dx3. (4.2)

Nevertheless, despite the constraints imposed by relationships such as (4.2),
the explicit characterization of a stochastic process in terms of its finite-dimensional
distributions is in general a rather unwieldy description. Consequently, in prac-
tice the development of stochastic processes follows one of two approaches: either
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only partial statistical descriptions of the processes are pursued, or the focus is re-
stricted to processes with special structure or properties that substantially simplify
their description. We will consider both of these strategies in subsequent sections
of this chapter. Let us begin, however, with some preliminary examples.

One of the simplest stochastic processes is discrete-time white noise. A discrete-
time white noise is defined to be a process whose samples are uncorrelated but
otherwise have arbitrary (and possibly time-varying) means and variances. The
motivation for this terminology is in fact not obvious at this point, but will become
more apparent as we more fully develop the concept of white noise in the chapter.

Example 4.1

A particularly simple discrete-time white noise corresponds to the case in which
the samples x [n] are zero-mean and have identical variances, i.e.,

E [x [n]] = 0 (4.3a)

E [x [n]x [m]] = σ2δ[n−m] (4.3b)

where δ[n] is the discrete-time unit impulse.
It is important to emphasize that the characterization of x [n] given by (4.3) is

not complete. In fact, it doesn’t even specify the complete probability density for x [n]
at any point in time. Nevertheless this type of partial characterization, which is re-
ferred to as a second-order characterization, is of considerable practical importance,
and in fact is a significant focus in this and subsequent chapters.

An example of a particular process satisfying (4.3) with an extremely compact
complete characterization corresponds to the case in which the x [n] are independent
Gaussian random variables, i.e., x [n] ∼ N(0, σ2), and in this case the resulting pro-
cess is referred to as a Gaussian white noise. A typical sample path of this process
is depicted in Fig. 4.1. In this case the finite-dimensional distributions of x [n] can be
readily constructed via

px [n1],x [n2],...,x [nN ](x1, x2, . . . , xN ) =

N
∏

i=1

N(xi; 0;σ
2), (4.4)

which verifies that the characterization is complete. Later within this chapter we
will fully develop the concept of a Gaussian random process, and as we will see the
complete description of such processes is always conveniently compact.

Example 4.2

A powerful mechanism for constructing or describing random processes is to define
them in terms of simpler processes. For example, suppose that x [n] is a discrete-time
white noise process satisfying (4.3), and consider a second stochastic process y [n]
which is the output of a linear system driven by x [n]; specifically,

y [n] =
1

2
y [n− 1] + x [n] n = 1, 2, . . . , (4.5)

where y [0] has zero-mean and variance σ2
0 , and is uncorrelated with x [n] for all n.
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Figure 4.1. A typical sample function
of a particular discrete-time Gaussian
white noise process with var x [n] =
σ2 = 1.

Since the system (4.5) is linear, we may always express a vector of arbitrary
samples of the output as a linear transformation of an appropriate set of input sam-
ples together with the initial condition. In particular, for an arbitrary set of time
instants 0 ≤ n1 < n2 < · · · < nN we can write











y [n1]
y [n2]

...
y [nN ]











= A











y [0]
x [1]

...
x [nN ]











, (4.6)

where the matrix A is derived from (4.5). As we will develop in this chapter, for
such linear systems the second-order description of y [n] is relatively easy to obtain
from the second-order description of the input x [n]. Furthermore, as we’ll see, when
the processes involved are Gaussian, such second-order characterizations provide
complete characterizations.

The stochastic processes introduced in the preceding examples have a sig-
nificant amount of randomness in their evolution over time. In contrast, there are
also important classes of stochastic processes with far more constrained behavior,
as the following example illustrates.

Example 4.3

Consider the continuous-time sinusoidal signal

x(t) = A cos(2πf0t + Θ), (4.7)

where one or more of the constants A, f0, and Θ might be random. For example
sinusoidal signals subject to uncertain amplitude modulation might be modeled as
in (4.7) with A taken as a random variable A. Similarly frequency modulation effects
can be captured through the probabilistic description of f0, and random phase effects
through Θ. In any of these cases, however the nature of the sample paths of the
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process—i.e., realizations x(t) of x(t), corresponding to particular values A, f0, and
Θ of A, f0, and Θ, respectively—are quite regular in form.

For example, consider the particular case in which A and f0 are known con-
stants but Θ is uniformly distributed between 0 and 2π. In this case using the
method of derived distributions we find that the first-order density for x(t) is given
by

px(t)(x) =

{

1/
(

π
√

A2 − x2
)

|x| < A

0 otherwise
. (4.8)

Next, to obtain the joint probability density for x(t) at two times t1 and t2, we
first express the density as

px(t1),x(t2)(x1, x2) = px(t1)(x1) px(t2)|x(t1)(x2|x1) (4.9)

and then recognize that it remains only to obtain the conditional density in (4.9).
In this case the constrained nature of the sample path plays a very significant role,
since both of the values x(t1) and x(t2) must lie on the same sinusoid with known
amplitude and frequency and with only the phase being random. Thus given the
value of x(t1), it is straightforward to verify that there are only two possible values
for x(t2). Specifically, using some basic trigonometric identities we obtain

x(t2) = A cos(2πf0t2 + Θ)

= A cos[(2πf0(t2 − t1)) + (2πf0t1 + Θ)]

= A cos(2πf0t1 + Θ) cos(2πf0(t2 − t1))

−A sin(2πf0t1 + Θ) sin(2πf0(t2 − t1))

= x(t1) cos(2πf0(t2 − t1))±
√

A2 − x2(t1) sin(2πf0(t2 − t1)). (4.10)

In turn, from (4.10) we can conclude that the conditional density in (4.9) con-
sists of two impulses at the two possible values for x(t2).

Finally, it is equally straightforward to verify that the third-order densities are
even more highly constrained. In particular, provided the three sample times t1,
t2, and t3 are not separated from each other by a multiple of the Nyquist sampling
period for this sinusoid, i.e., 1/(2f0), then the values of x(t1) and x(t2) uniquely de-
termine x(t3). As a result, the density px(t3)|x(t1),x(t2)(x3|x1, x2) generally consists of a
single impulse.

Example 4.4

There are also important classes of stochastic processes that take on only a discrete
set of values. A well-studied example of such a process is the (homogeneous) Poisson
counting process N(t). As a counting process, the sample paths of a Poisson counting
process have the property that they are nondecreasing and take on only nonnegative
integer values. Each “count” corresponds to a jump in the value of the process to the
next larger integer. A typical sample path of a Poisson counting process is depicted
in Fig. 4.2.

The Poisson counting process in particular has the additional property that
the number of counts over any interval in time—i.e., the increment to be added to
N(t) over that interval—is independent of the behavior of N(t) prior to that interval.
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Figure 4.2. A typical sample function
of a Poisson counting process.

Formally, the homogeneous Poisson Counting Process is defined as follows. The
process starts at 0, i.e., N(0) = 0, and for any times t and s such that t > s ≥ 0,
the increment N(t) − N(s) is independent of N(τ) for all τ ≤ s. Furthermore, this
increment has the following Poisson distribution

Pr [N(t)− N(s) = k | N(τ), τ ≤ s] = Pr [N(t) − N(s) = k] (4.11)

=
[λ(t− s)]ke−λ(t−s)

k!
. (4.12)

Several properties of N(t) follow from this definition. For example, since
N(0) = 0, (4.12) immediately implies that

Pr [N(t) = k] =
(λt)ke−λt

k!
. (4.13)

The parameter λ is referred to as the rate of the Poisson process.1 To see that this
is rather natural, observe that when t− s = δt is sufficiently small, then expanding
e−λ δt in (4.12) via a Taylor series yields2

Pr [N(t + δt)− N(t) = k] =











1− λδt + o(δt) k = 0

λδt + o(δt) k = 1

o(δt) k ≥ 2

(4.14)

1There are also classes of Poisson counting processes where the rate parameter is time vary-
ing, i.e., λ = λ(t). These are referred to as inhomogeneous Poisson counting processes, and they
will be explored in some detail in Section 4.7.5.

2The order notation o(·) denotes terms of higher than first order, so that

lim
δt→0

o(δt)

δt
= 0.
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Thus, for sufficiently small δt, (4.14) implies

Pr [N(t + δt) −N(t) = k] ≈
{

1− λδt k = 0

λδt k = 1
(4.15)

Exploiting (4.11), we can readily obtain a complete statistical characterization
of the process N(t). In particular, it is straightforward to determine arbitrary finite-
dimensional distributions of N(t). For example, if 0 = t0 ≤ t1 ≤ t2 ≤ · · · ≤ tN and
k0 = 0, then

Pr [N(t1) = k1,N(t2) = k2, . . . ,N(tN ) = kN ]

= Pr [N(t1) = k1,N(t2)− N(t1) = k2 − k1, . . . ,N(tN )− N(tN−1) = kN − kN−1]

=

N
∏

i=1

Pr [N(ti)− N(ti−1) = ki − ki−1] = e−λtN

N
∏

i=1

[λ(ti − ti−1)]
ki−ki−1

(ki − ki−1)!
. (4.16)

However, as we will see, because of the special structure of the sample paths of
the counting process, some other equivalent but more powerful statistic character-
izations can be developed for these particular processes based on descriptions of
complete sample paths rather than finite sets of sample times.

Example 4.5

Another important discrete-valued process is the random telegraph wave x(t), which
is defined directly in terms of the Poisson process. Specifically x(t) takes on only the
values of ±1, and each of these two values is equally likely at the initial time t = 0.
Furthermore x(t) switches values whenever an underlying Poisson process N(t) of
the type described in Example 4.4 changes value. More precisely,

x(t) = x(0)(−1)N(t) =

{

+x(0) if N(t) is even

−x(0) if N(t) is odd
. (4.17)

where N(t) and x(0) are independent. Once again our characterization of this pro-
cess is complete since we can construct arbitrary finite-dimensional distributions
from the specifications given. For example, for t2 ≥ t1 ≥ 0

Pr [x(0) = 1, x(t1) = 1, x(t2) = −1]

= Pr [x(0) = 1]Pr [N(t1) is even] Pr [N(t2)− N(t1) is odd]

=
1

2
cosh(λt1) sinh[λ(t2 − t1)]e

−λt2 , (4.18)

where we have used

Pr [N(t)− N(s) is even] =
∑

k:even

[λ(t− s)]ke−λ(t−s)

k!

= e−λ(t−s) cosh[λ(t− s)] (4.19)

Pr [N(t)− N(s) is odd] =
∑

k:odd

[λ(t− s)]ke−λ(t−s)

k!

= e−λ(t−s) sinh[λ(t− s)]. (4.20)

A typical sample path of a random telegraph wave is depicted in Fig. 4.3.
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Figure 4.3. A typical sample function
of a random telegraph wave.

4.3 SECOND-ORDER CHARACTERIZATIONS

The second-order characterization for a continuous-time stochastic process x(t)
consists of two deterministic functions: the mean function

mx(t) = E [x(t)] (4.21)

and the (auto)covariance function

Kxx(t, s) = cov (x(t), x(s)) . (4.22)

An equivalent characterization is in terms of the mean function (4.21) and the au-
tocorrelation function

Rxx(t, s) = E [x(t)x(s)] . (4.23)

That the two characterizations are equivalent follows immediately from the read-
ily verified relation

Rxx(t, s) = Kxx(t, s) + mx(t)mx(s). (4.24)

Similarly the second-order characterization of a discrete-time stochastic pro-
cess x [n] consists of the mean sequence

mx [n] = E [x [n]] (4.25)

and (auto)covariance sequence

Kxx [n, m] = cov (x [n], x [m]) (4.26)

or autocorrelation sequence

Rxx [n, m] = E [x [n]x [m]] = Kxx [n, m] + mx [n]mx [m] (4.27)

The second-order description of a stochastic process is analogous to a second-
order description of a random vector, i.e., one in terms of its mean vector and
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covariance matrix. From this perspective, it is clear that second-order character-
izations consitute only partial specifications of the process. Nevertheless, as was
the case for random vectors, these partial characterizations are both convenient
and useful. For example, we saw that for random vectors, second-order character-
izations were sufficient to solve Bayesian least-squares estimation problems when
linear constraints were imposed on the estimator. As we will see, second-order
characterizations play an analogous role for stochastic processes. In particular,
when we develop LLS estimators for stochastic processes in a later chapter, we
will see that only second-order characterizations of the processes are required. As
a simple example, if we use x̂LLS(t|s) to denote the LLS estimate of x(t) based on
x(s), where t and s are two distinct time instants, then using LLS estimation theory
we developed in Chapter 3 we obtain

x̂LLS(t|s) = mx(t) +
Kxx(t, s)

Kxx(s, s)
[x(s)−mx(s)]. (4.28)

Furthermore, the corresponding error variance, which we denote using λLLS(t|s),
takes the form

λLLS(t|s) = Kxx(t, t)−
K2

xx(t, s)

Kxx(s, s)
. (4.29)

Example 4.6

Referring back to Example 4.1, we now see that what we specified was the second-
order characterization for what we referred to as a discrete-time white noise process.
Rewriting (4.3) using our new notation we have for this process x [n] that

mx [n] = 0 (4.30)

Kxx [n,m] = σ2δ[n −m]. (4.31)

4.3.1 Uncorrelated Increments Processes

One class of stochastic processes whose second-order description has some special
structure are referred to as uncorrelated increments processes. As we’ll develop in this
section, it is this class of processes that give rise to the concept of white noise. For
the moment, we restrict our attention to continuous-time processes; the discrete-
time case will be summarized later.

To begin, we refer to quantities of the form x(t1) − x(t2) for any t1 > t2 as
an increment of the process x(t). Formally, we define an uncorrelated increments
process as follows: a continuous-time stochastic process x(t) is said to have uncor-
related increments if for every choice of t, s, and τ such that t > s ≥ τ we have that
the increment x(t)− x(s) is uncorrelated with x(τ), i.e.,

cov (x(t)− x(s), x(τ)) = 0 for all t > s ≥ τ . (4.32)
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Uncorrelated increments processes have a number of special properties. For
example, as one immediate consequence of their definition we have that incre-
ments defined on non-overlapping time intervals are uncorrelated with one another—
a property which motivates their name. Specifically, let t1, s1, t2, s2 be arbitrary
time instants such that [s2, t2) ∩ [s1, t1) = ∅, i.e., t1 > s1 ≥ t2 > s2. Then exploiting
both the linearity of the covariance operator and (4.32) we have

cov (x(t1)− x(s1), x(t2)− x(s2))

= cov (x(t1)− x(s1), x(t2))− cov (x(t1)− x(s1), x(s2)) = 0

as claimed.

The covariance function for such a process has the particularly simple form

Kxx(t, s) = var [x(min(t, s))] = Kxx(min(t, s), min(t, s)). (4.33)

To verify (4.33), we begin by considering the case for which t > s. Then

Kxx(t, s) = cov (x(t), x(s)) = cov (x(s) + [x(t)− x(s)], x(s))

= cov (x(s), x(s)) + cov (x(t)− x(s), x(s))

= cov (x(s), x(s)) = var x(s) (4.34)

where we have again used (4.32) with τ = s. An analogous derivation establishes
that if t < s, then

Kxx(t, s) = var x(t). (4.35)

Finally, combining (4.34) and (4.35) we obtain (4.33).

The definition of an uncorrelated increments process in discrete-time closely
parallels that for continuous-time. In particular, we have the following definition:
a discrete-time stochastic process x [n] is said to have uncorrelated increments if for
every choice of n, m, and k such that n > m ≥ k we have that the increment
x [n]− x [m] is uncorrelated with x [k], i.e.,

cov (x [n]− x [m], x [k]) = 0 for n > m ≥ k. (4.36)

With this definition, the covariance function of a discrete-time uncorrelated
increments process x [n] takes the correspondingly simple form

Kxx [n, m] = var [x [min(n, m)]] = Kxx [min(n, m), min(n, m)]. (4.37)

Eq. (4.37) can be readily derived in a manner analogous to that for the continuous-
time case above.

Let’s now consider some examples. We begin with the discrete-time case.

Example 4.7

A simple example of an uncorrelated increments process is the discrete-time random
walk, which is defined via the recursion

x [n] = x [n− 1] + w [n] (4.38)
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where w [n] is the discrete-time white noise of Example 4.1, i.e., w [n] satisfies

E [w [n]] = 0 (4.39a)

E [w [n]w [m]] = σ2δ[n −m], (4.39b)

and the initial condition x [0] is uncorrelated with w [n]. Let us assume that x [0] has
zero mean and variance σ2

0.3

The random walk x [n], which via (4.38) we can view as the output of a par-
ticular linear system (an accumulator) driven by the white noise w [n], can be re-
expressed in the form

x [k] = x [0] +

k
∑

i=1

w [i]. (4.40)

Similarly, an increment of the process x [n]− x [m] for n > m can be expressed in the
form

x [n]− x [m] =
n
∑

i=m+1

w [i]. (4.41)

Since the samples w [n] are uncorrelated random variables we can then readily es-
tablish that x [n] is indeed an uncorrelated increments process: for any n > m ≥ k
we have, using (4.41) and (4.40),

E [(x [n]− x [m])x [k]] =
n
∑

i=m+1

E [w [i]x [0]] +
n
∑

i=m+1

k
∑

j=1

E [w [i]w [j]] = 0.

In addition, from (4.41) and the fact that the samples w [n] have zero mean and
identical variances, we have that the increments of x [n] also have zero mean and
have a variance proportional to the length of the increment interval, i.e., again for
n > m,

E [x [n]− x [m]] = 0 (4.42a)

E
[

(x [n]− x [m])2
]

= σ2(n−m). (4.42b)

In turn, using (4.42) and the fact that x [n]−x [0] is uncorrelated with x [0] we can
verify that the variance of the random walk grows linearly with time n; specifically,
for n ≥ 0,

var x [n] = var [x [0] + (x [n]− x [0])] = var x [0] + var [x [n]− x [0]] = σ2
0 + σ2n. (4.43)

Hence, using (4.37) we have that for the discrete-time random walk

Kxx [n,m] = σ2
0 + σ2 min(n,m). (4.44)

Finally, we comment that when the white noise w [n] consists of independent
Gaussian random variables, the corresponding random walk x [n] is referred to as
a discrete-time Wiener process or discrete-time Brownian motion. A typical sample
path of this discrete-time Wiener process is depicted in Fig. 4.4. In this case the
random walk will have other important properties as will become apparent later in
the chapter.

3Sometimes it is convenient to take x [0] = 0, in which case σ2

0
= 0.
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Figure 4.4. A typical sample function
of a discrete-time Wiener process with
σ2 = 1 and x [0] = 0.

Before we proceed to a continuous-time example, it is worth pointing out
that in fact all uncorrelated increments processes can be described in the form
developed in Example 4.7. In particular, it is relatively straightforward to verify
that every process x [n] that satisfies (4.36) can be expressed in the form (4.38) where
the samples w [n] are all uncorrelated, and uncorrelated with x [0]. However, it is
important to emphasize that the samples w [n] need not be zero-mean nor have
identical variances for (4.38) to hold.

Since we refer to any random process w [n] consisting of uncorrelated random
variables as discrete-time white noise, it is clear that in discrete time the concept of
white noise is intimately connected to the concept of an uncorrelated increments
process. In fact, the first difference of a discrete-time uncorrelated increments pro-
cess is a discrete-time white noise process, i.e.,

w [n] = x [n]− x [n− 1]

In fact, a similar relationship holds in continuous-time, but the development
involves some important subtleties that didn’t arise in the discrete-time case. To
develop the key ideas, we consider our next example.

Example 4.8

The continuous-time counterpart x(t) of the process considered in Example 4.7 is
referred to as a continuous-time random walk, and is a process whose increments have
zero-mean and have variance proportional to the length of the increment interval,
i.e., for t > s

E
[

(x(t)− x(s))2
]

= σ2(t− s). (4.45)

With x(0) a zero-mean random variable with variance σ2
0 , we then obtain in a man-

ner analogous to the discrete-time case, that the variance of a continuous-time ran-
dom walk also grows linearly with time; specifically,

var x(t) = σ2
0 + σ2t (4.46)
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Using (4.46) in (4.33) we also get immediately that this process has covariance func-
tion

Kxx(t, s) = σ2
0 + σ2 min(t, s). (4.47)

In a manner analogous to the discrete-time case, we can view the evolution
of the continuous-time random walk as the accumulation over time of uncorrelated
increments. If we attempt to carry this perspective to a limit, letting the increment
sizes get increasingly small, then we can interpret what we obtain as trying to rep-
resent the process x(t) by the running integral of its derivative, which we denote
using w(t), i.e.,

x(t) = x(0) +

∫ t

0
w(τ) dτ.

However, while this will be conceptually useful to us, it is important to realize
that for uncorrelated increments processes this limit does not in fact exist in the
usual sense. To see this, let us define

w∆(t) =
x(t)− x(t−∆)

∆
(4.48)

and note that if the derivative of x(t) exists, then

w(t) = lim
∆→0

w∆(t).

Now w∆(t) as defined in (4.48) is zero-mean and, because increments are uncorre-
lated,

E [w∆(t)w∆(τ)] = 0, for |t− τ | > ∆. (4.49)

so that as ∆→ 0, arbitrary closely spaced but distinct samples of w∆(t) are uncorre-
lated. However, from (4.45), we see that w∆(t) has variance

E
[

w2
∆(t)

]

=
σ2∆

∆2
=

σ2

∆
, (4.50)

which diverges as ∆ → 0, and thus the derivative of x(t) cannot exist in any usual
sense. Nevertheless, uncorrelated increments processes do have a derivative

w(t) =
dx(t)

dt
(4.51)

in a generalized sense, and it is this derivative that is continuous-time white noise.
Consistent with (4.49) and (4.50) w(t) does indeed have infinite variance and the
property that w(t) and w(τ) are uncorrelated for any distinct values of t and τ . We
will develop useful ways of characterizing this process in the next section, but we
stress that the concept of white noise will prove extremely useful and frequently
represents a useful idealization of physical processes. Indeed, white noise plays
as important a role in the analysis of stochastic processes and systems as the unit
impulse does for the analysis of deterministic signals and systems.

An important example of a random walk corresponds to the case in which the
increments are specifically independent Gaussian random variables. Analogous to
the discrete-time case, this particular random walk is referred to as continuous-time
Brownian motion or the continuous-time Wiener process. A typical sample path of a
continuous-time Wiener process is depicted in Fig. 4.5. Note that the highly irregular
nature of the sample path. In fact, Wiener processes have the special property that
their sample paths are continuous everywhere but nowhere differentiable!
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Figure 4.5. A typical sample function
of a continuous-time Wiener process
with x [0] = 0.

Example 4.9

Another example of a discrete-time random walk as described in Example 4.7 cor-
responds to the case in which x [0] = 0 and the underlying white noise w [n] is a
Bernoulli process, i.e., the samples w [n] are independent and identically distributed
with, for some parameter p,

Pr [w [n] = i] =

{

p i = 1

1− p i = 0
. (4.52)

In this case, the random walk x [n] is a counting process—each sample path is non-
decreasing and takes on only non-negative integer values. Furthermore, since

E [w [n]] = p (4.53a)

var w [n] = p(1− p) (4.53b)

the random walk x [n] has a variance and mean that grows linearly with time, i.e.,

E [x [n]] = np (4.54a)

var x [n] = np(1− p). (4.54b)

A typical sample function of this Bernoulli counting process, which is more
naturally denoted using N[n] rather than x [n], is depicted in Fig. 4.6.

Example 4.10

The continuous-time counterpart to the Bernoulli counting process N[n] is the Pois-
son counting process N(t), which we began to explore in Example 4.4. Since we
defined N(t) as a process with independent increments, it is also an uncorrelated
increments process. Let’s now explore some additional properties of this process as
an uncorrelated increments process.

First, since N(t) at any fixed time t is Poisson-distributed as given in (4.13), we
obtain via straightforward computations

mN(t) = E [N(t)] = λt (4.55)
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Figure 4.6. A typical sample function
of a Bernoulli counting process with
p = 0.2.

and

var N(t) = λt. (4.56)

Then, since N(t) is an uncorrelated increments process, we immediately obtain its
covariance function via (4.33) as

KNN(t, s) = λmin(t, s). (4.57)

We again note that although the continuous-time Wiener process and the Pois-
son counting process have identical covariance functions (to within a scale factor),
their sample paths are strikingly different. This reemphasizes the fact that sec-
ond order descriptions provide only a partial characterization of a process, and
that second-order statistics alone often tell us surprisingly little about the sample
paths of a process. For example, as we commented earlier, the sample paths of a
continuous-time Wiener process are continuous functions, while the sample paths
of the Poisson counting process have many discontinuities.

Finally, note that many issues associated with defining a derivative for uncor-
related increments process are readily apparent in the case of the Poisson process.
In particular, since the sample paths of the Poisson counting process have discon-
tinuities, a usual derivative is not defined. However, when we admit generalized
functions in our treatment, we see that since the sample paths are piecewise con-
stant with unit height jumps at the locations of the count times, the corresponding
generalized derivative is a process consisting of a train of unit-area impulses at the
count times. This “random impulse train” is in fact a conceptually very important
continuous-time white noise model for many physical problems. These arise, for
example, in modeling optical communication systems and electronic noises.

4.3.2 Continuous-Time White Noise

As the discussion and examples in the last section has suggested, continuous-time
uncorrelated increments processes have sufficiently irregular sample paths that
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they are not differentiable in the usual sense. Nevertheless, these processes in-
variably have a generalized derivative, and this derivative is referred to as a white
noise process. In this section we develop the covariance properties of this general-
ized derivative.

We begin by first noting that if x ′(t) denotes the derivative of a random pro-
cess x(t), then

Kx ′x ′(t, s) = E [x ′(t)x ′(s)] = E

[

dx(t)

dt

dx(s)

ds

]

=
∂2

∂t∂s
Kxx(t, s). (4.58)

where we have interchanged the order of differentiation and expectation. Next,
using λx(t) to denote the variance of x(t) we have that when x(t) has uncorrelated
increments,

Kxx(t, s) = λx(min(t, s)) =

{

λx(s) s < t

λx(t) otherwise
. (4.59)

Substituting (4.59) into (4.58) and using w(t) to denote the derivative of x(t) we
obtain

Kww(t, s) =
∂

∂t

[

∂

∂s
λx(min(t, s))

]

=
∂

∂t
[λ′

x(s) u(t− s)]

= λ′
x(s) δ(t− s) (4.60)

where λ′
x(t) = dλx(t)/dt, where u(t) is the unit-step function, i.e.,

u(t) =

{

1 t > 0

0 otherwise
,

and where δ(t) = du(t)/dt is the unit-impulse.

From (4.60) we see that as one would expect from a process for which in-
crements corresponding to arbitrarily short intervals are uncorrelated, arbitrarily
closely spaced samples of the derivative process are uncorrelated, i.e., for every
t and s such that t 6= s we have that w(t) and w(s) are uncorrelated. That the
derivative doesn’t exist in the usual sense is readily apparent from the fact that
(4.60) implies that λw (t), the variance of w(t), is unbounded. These results are,
of course, all consistent with our observations about derivatives of uncorrelated
increments processes in the examples of the last section.

As a final remark, note that when the variance of x(t) is a linear (affine) func-
tion of t the covariance function of corresponding white noise, i.e., (4.60) is a func-
tion only of t− s. As we’ll discuss, w(t) in this case is referred to as a “wide-sense
stationary” white noise process, and the corresponding x(t) is said to have wide-
sense stationary and uncorrelated increments.
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4.3.3 Properties of Covariance Functions

As is the case with covariance matrices, covariance functions of both continuous-
time and discrete-time stochastic processes are not arbitrary functions.

We begin with the continuous-time case, and define the notion of a positive
definite function. These are a special class of symmetric functions: a function of
two variables F (t, s) is symmetric if for all t and s we have

F (t, s) = F (s, t).

Specifically, a symmetric function of two variables F (t, s) is a positive semidefinite
function if for all choices of deterministic functions a(t) we have

∫ +∞

−∞

∫ +∞

−∞

a(t) F (t, s) a(s) dt ds ≥ 0. (4.61)

In addition, we say that F (t, s) is a positive definite function if for all choices of
deterministic functions a(t) such that a(t) 6≡ 0 we have

∫ +∞

−∞

∫ +∞

−∞

a(t) F (t, s) a(s) dt ds > 0. (4.62)

With these definitions, we then have the following main result: a bivari-
ate function F (t, s) is a valid covariance function if and only if F (t, s) is positive
semidefinite.

To verify the “if” part of this statement will require some properties of posi-
tive definite functions we develop in the next chapter of these notes. However, to
establish the “only if” part of this statement, it suffices to note that if we define a
random variable z in terms of a random process x(t) via

z =

∫ +∞

−∞

a(t) x(t) dt,

where a(t) is an arbitrary deterministic function, then

0 ≤ var z =

∫ +∞

−∞

∫ +∞

−∞

a(t) Kxx(t, s) a(s) dt ds.

Note that when we choose a(t) to be of the form

a(t) =

N
∑

i=1

aiδ(t− ti) (4.63)

where N , the constants ai, and the time instants ti are all arbitrary, we see that an
immediate consequence of the fact that Kxx(t, s) is a positive semidefinite function
is that all matrices of the form











Kxx(t1, t1) Kxx(t1, t2) · · · Kxx(t1, tN)
Kxx(t2, t1) Kxx(t2, t2) · · · Kxx(t2, tN)

...
...

. . .
...

Kxx(tN , t1) Kxx(tN , t2) · · · Kxx(tN , tN)











(4.64)
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must be positive semidefinite. We would of course expect this to be a necessary
condition—indeed (4.64) is the covariance matrix Λz of the random vector com-
posed of the corresponding samples of the process, i.e.,

z =
[

x(t1) x(t2) · · · x(tN)
]T

.

Furthermore, an obvious special case of this result is that for all t we have Kxx(t, t) =
var x(t) ≥ 0.

Note too that from the Cauchy-Schwarz inequality we have for any t and s,

K2
xx(t, s) ≤ Kxx(t, t)Kxx(s, s) (4.65)

with equality if and only if x(t) = ax(s) + b for some constants a and b.

In addition to the second-order statistics of an individual process, it is fre-
quently important to consider the joint second-order characterization of a pair of
processes x(t) and y(t). This characterization consists of the individual second-
order characterizations of the processes, i.e., their means mx(t) and my (t), covari-
ance functions Kxx(t, s) and Kyy(t, s), and their cross-covariance function, which is
defined as

Kxy(t, s) = cov (x(t), y(s)) . (4.66)

As an alternative to (4.66) we may equivalently use the cross-correlation function for
x(t) and y(t), which is defined as

Rxy (t, s) = E [x(t)y(s)] = Kxy (t, s) + mx(t)my (s). (4.67)

Like a cross-covariance matrix, a cross-covariance function has no constraints
on its form—it is an arbitrary bivariate function. However, there are relationships
between different cross-covariance functions. In particular,

Kxy (t, s) = Kyx(s, t) (4.68)

The correlation function Rxy (t, s) obeys an analogous relationship.

Finally, it is straightforward to verify via the Cauchy-Schwarz inequality that
the cross-covariance function, in the continuous-time case, satisfies the bound

K2
xy(t, s) ≤ Kxx(t, t) Kyy(s, s), (4.69)

with equality if and only if x(t) = ay(s) + b for some constants a and b.

We have an analogous set of results in the discrete-time case. In particular,
a bivariate sequence F [n, m] is said to be symmetric if for all n and m we have
F [n, m] = F [m, n]. A symmetric bivariate sequence F [n, m] is a positive semidefi-
nite sequence if for all choices of a[n] we have

+∞
∑

n=−∞

+∞
∑

m=−∞

a[n] F [n, m] a[m] ≥ 0.
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Furthermore, F [n, m] is a positive definite sequence if for all choices of a[n] such
that a[n] 6≡ 0 we have

+∞
∑

n=−∞

+∞
∑

m=−∞

a[n] F [n, m] a[m] > 0.

With these definitions we have that F [n, m] is a valid covariance function for a
discrete-time stochastic process if and only if F [n, m] is a positive semidefinite
sequence.

For discrete-time processes, the cross-covariance function takes the corre-
sponding form

Kxy [n, m] = cov (x [n], y [m]) , (4.70)

as does the cross-correlation function,

Rxy [n, m] = E [x [n]y [m]] = Kxy [n, m] + mx [n]my [m], (4.71)

and the following relationship exists among cross-covariance functions:

Kxy [n, m] = Kyx [m, n]. (4.72)

We conclude this section by exploring the properties of a particular example
of a covariance function.

Example 4.11

An important class of discrete-time stochastic processes that will arise frequently in
our examples has a covariance function of the form

Kxx [n,m] = σ2α|n−m| (4.73)

where α is a parameter that satisfies |α| < 1. For future convenience, we will refer
to (4.73) as a first-order covariance function, where motivation for this terminology
will become clearer in subsequent sections of the chapter.

As is apparent from (4.73), processes with first-order covariance functions
have the property that the magnitude of their correlation between samples of the
process decays exponentially with their separation. The magnitude of the param-
eter α controls the rate of this exponential decay, and to be precise the constant
1/ ln |α| is the associated time constant of this decay. When α ≃ +1, samples of the
process far apart in time remain highly correlated. For α ≃ 0, samples of the process
comparatively close in time exhibit little correlation, and in fact we see from (4.73)
that for α = 0 the process specializes to white noise. Note that when α < 0, sam-
ples of the process separated in time by an odd number of samples are negatively
correlated, and for α ≃ −1 this negative correlation is strong.

The continuous-time counterpart of the covariance function (4.73) takes the
form

Kxx(t, s) = σ2e−λ|t−s| (4.74)

where λ is a parameter satisfying λ > 0. By analogy we refer to (4.74) as a continuous-
time first-order covariance function. In this case, the correlation between samples of
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the process also decays exponentially with their separation, and this time 1/λ is the
time constant of the decay. Hence, larger values of λ correspond to more rapid decay.
The time constant 1/λ is a popular measure of the what is called correlation time for
the process, and in this case corresponds to the temporal separation by which the
correlation coefficient has decreased to e−1.

An example of a process we have already encountered that has a covariance
function of the form (4.74) is the random telegraph wave of Example 4.5. To show
this, we first obtain using the properties of the process that

mx(t) = 1 · Pr [x(t) = +1]− 1 · Pr [x(t) = −1] = 0.

In turn, when t > s, we find that

Kxx(t, s) = 1 · Pr [N(t) − N(s) is even]− 1 · Pr [N(t)− N(s) is odd]

= e−2λ(t−s). (4.75)

After performing an analogous calculation for t < s, we can then conclude that

Kxx(t, s) = e−2λ|t−s|. (4.76)

which is precisely of the form (4.74) with σ2 = 1 and λ replaced by 2λ.
However, it is important to again emphasize that since (4.73) and (4.74) are

only partial characterizations of a process, one can construct a variety of very differ-
ent processes with covariance functions of this type. For example, as Fig. 4.3 indi-
cates, the random telegraph wave has piecewise-constant sample paths. However,
later in the chapter it will be apparent that other processes with first-order covari-
ance functions have, for example, continuous sample paths and Gaussian samples.

4.4 STATIONARITY

The first-order covariance function in Example 4.11 had a rather special property—
that the covariance between two samples of the process x(t) and x(s) depended
only on the temporal separation of these samples. In other words, only the rel-
ative temporal location and not the absolute temporal location of these samples
impacted their correlation. In particular, any other pair of samples of the process
with the same temporal separation, i.e., x(t + ∆) and x(s + ∆) for any ∆, have the
same correlation. This kind of “statistical time-invariance,” which is termed sta-
tionarity, is in fact a rather natural property of many physical stochastic processes.
In this section, we explore this concept and its implications.

Before we proceed, it is worth noting that many of the processes we have
encountered already do not have this statistical time-invariance property. For ex-
ample, the continuous-time random walk of Example 4.8 has variance that grows
linearly with time, i.e., (cf. (4.46))

var x(t) = σ2
0 + σ2t.

For a process of this type, given statistics of even a single sample x(t0) we can infer
information about the value of the time instant t0 and, in turn, the location of the
time origin of the process.
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For some physical processes, the notion of an absolute time origin is rather
natural—for example, the weakening atmospheric forces and fluctuations affect-
ing a rocket from launch through orbital insertion. However, there are also many
physical processes that do not have such absolute time references. For example,
the statistics of noise in a communications receiver typically remain the same from
day to day.

The strongest notion of stationarity is referred to as strict-sense stationarity,
and is defined in terms of the complete statistical characterization of the process.
Specifically, a stochastic process x(t) is said to be strict-sense stationary (SSS) if all
its finite-dimensional distributions are time-invariant, i.e., if for all choices of N
and time instants t1, t2, . . . , tN we have, for any τ ,

px(t1),x(t2),...,x(tN )(x1, x2, . . . , xN) = px(t1+τ),x(t2+τ),...,x(tN+τ)(x1, x2, . . . , xN). (4.77)

A weaker notion of stationarity is referred to as Nth-order stationarity, and is
defined in terms of a partial statistical characterization of the process. Specifically,
a stochastic process x(t) is said to be N th-order stationary if all N-dimensional
distributions of the process are time-invariant. For example, a process x(t) is first-
order stationary if the distribution for a particular sample x(t0) does not depend
on t0:

px(t0)(x0) = px(0)(x0).

Likewise, a process x(t) is second-order stationary if the joint distribution for a
pair of samples x(t) and x(s) depends only on t− s:

px(s),x(t)(x0, x1) = px(0),x(t−s)(x0, x1).

Note that if a process is N th-order stationary, it must also be kth-order stationary
for all k < N . To verify this it suffices to integrate out N − k of the variables in
(4.77).

A still weaker notion of stationarity—but one that is typically simpler to
verify in practice—is the concept of wide-sense stationarity. Specifically, we say
a process x(t) is wide-sense stationary (WSS) if its second-order characterization
is time-invariant, i.e., if its mean does not vary with time

mx(t) = mx (4.78)

and if its covariance function Kxx(t, s) depends only on t− s, the temporal separa-
tion of the corresponding samples. As a result of this property, for WSS processes
we will find it convenient to slightly abuse notation and express Kxx as a function
of only a single variable, viz.,

Kxx(t, s) , Kxx(t− s). (4.79)

Hence for a WSS process x(t), we will adopt the notation

mx = E [x(t)] (4.80a)

Kxx(τ) = cov (x(t), x(t− τ)) = cov (x(t + τ), x(t)) , (4.80b)
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which emphasizes the fact that these statistics don’t depend on t.

Some important relationships between these notions of stationarity are worth
emphasizing. For example, strict-sense stationarity clearly implies second-order
stationarity, which in turn implies wide-sense stationarity—since mx(t) and Kxx(t, s)
are moments of second-order densities for x(t). However, these implications do
not generally hold in reverse. In fact, there are many WSS processes that are not
even first-order stationary, i.e., WSS processes for which the density of x(t) varies
with time. Indeed, the WSS property only ensures that the densities of x(t) for
different values of t all have the same mean and variance. These observations are
of course consistent with the fact that second-order characterizations of stochastic
processes are only partial characterizations.

Corresponding notions of stationarity and their interrelationships apply in
discrete-time. For example, a discrete-time process is N th-order stationary if for
all choices of n1, n2, . . . , nN we have, for any k,

px [n1],x [n2],...,x [nN ](x1, x2, . . . , xN) = px [n1+k],x [n2+k],...,x [nN+k](x1, x2, . . . , xN). (4.81)

Likewise, a discrete-time process is WSS if we can express its second-order char-
acterization in the form

mx = E [x [n]] (4.82a)

Kxx [k] = cov (x [n], x [n− k]) = cov (x [n + k], x [n]) (4.82b)

where in particular there is no dependence on n.

Example 4.12

Consider a white noise process x [n] that is a sequence of independent random vari-
ables where for n odd, x [n] is uniformly distributed on [−

√
3,
√

3], i.e., for n odd,

px [n](x) =

{

1/(2
√

3) |x| <
√

3

0 otherwise
.

For n even, the x [n] are zero-mean, unit-variance Gaussian random variables, i.e.,

px [n](x) =
1√
2π

e−x2/2.

This process is WSS, since

mx [n] = 0

Kxx [n,m] = δ[n −m]

However, it clearly is not even first-order stationary; e.g.,

px [0](x) 6= px [1](x).

There are many examples of SSS random processes. A simple example is
the discrete-time white noise process consisting of independent, identically dis-
tributed Gaussian random variables. A second example is the random sinusoid
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(4.7) in Example 4.3, where A and f0 are known constants, and Θ is a random
phase uniformly distributed between 0 and 2π. To see this, it suffices to note that
from (4.7) we have

x(t− t0) = A cos(2πf0(t− t0) + Θ) = A cos(2πf0t + Φ) (4.83)

where
Φ = (Θ− 2πf0t0) mod 2π. (4.84)

Since Θ is uniformly distributed, so is Φ, and thus we conclude that x(t) in (4.7) is
SSS. Similarly the random telegraph wave of Example 4.5 is also SSS.

4.4.1 Properties of Wide-Sense Stationary Processes

In Section 4.3.3, we showed that covariance functions of stochastic processes were
not arbitrary functions, but were specifically positive semidefinite functions. Simi-
lar constraints therefore apply to the covariance functions of specifically WSS pro-
cesses. In particular, for a continuous-time WSS process x(t) we have that its co-
variance function must be symmetric, i.e.,

Kxx(τ) = Kxx(−τ), (4.85)

and positive semidefinite, i.e., for all choices of a(t) 6≡ 0,
∫ +∞

−∞

∫ +∞

−∞

a(t) Kxx(t− s) a(s) dt ds ≥ 0. (4.86)

Moreover, choosing a(t) to be of the form (4.63), we get as a special case of (4.86),
for all N and ai not all zero,

N
∑

i=1

N
∑

j=1

aiKxx(ti − tj)aj ≥ 0. (4.87)

For N = 1 in particular we have the obvious special case Kxx(0) = var x(t) ≥
0. Note too, that specializing (4.65) for WSS processes we get the following addi-
tional bound on the values of a covariance function:

|Kxx(τ)| ≤ Kxx(0) (4.88)

with equality for all τ if and only if x(t) is the same random variable for all t,
i.e., the random process x(t) is a random constant. Other processes satisfy (4.88)
with equality only for certain values of τ—an example is the periodic process of
Example 4.3. For a large class of processes, however, Kxx(τ) decays to zero as
|τ | → ∞, indicating that x(t) and x(s) become increasingly decorrelated as their
temporal separation increases. An example of a process with this behavior is one
with the first-order covariance function (4.74).

As a final comment on WSS processes, it is worth remarking that the constant
mean condition (4.78) is not of primary interest. In particular, since the mean of a
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process x(t) represents the known, deterministic component of x(t), at least con-
ceptually it can always be removed from the process to yield a zero-mean process

x̃(t) = x(t)−mx(t) (4.89)

with the same covariance structure. Hence, even if (4.78) is not satisfied by the
process, as long as the covariance function satisfies (4.79) then the equivalent zero-
mean process (4.89) is WSS. Consequently, the essential quantity of interest in an-
alyzing a WSS process is its covariance function.

Again, we emphasize that all the quantities and properties we developed
in this section for continuous-time processes have counterparts for discrete-time
processes. In particular, the covariance function of a discrete-time WSS process is
symmetric, i.e.,

Kxx [k] = Kxx [−k], (4.90)

and positive semidefinite, i.e., for all a[n] 6≡ 0,

+∞
∑

n=−∞

+∞
∑

m=−∞

a[n] Kxx [n−m] a[m] ≥ 0. (4.91)

Likewise, the covariance function for such processes satisfies the bound

|Kxx [k]| ≤ Kxx [0]. (4.92)

4.4.2 Jointly Stationary Stochastic Processes

A broader concept of stationarity involves the statistical properties of a collection
of stochastic processes. For simplicity of exposition, we’ll restrict our attention
in this section to a pair of stochastic processes. In particular, a pair of processes
x(t) and y(t) are said to be jointly strict-sense stationary if their joint statistics are
time-invariant , i.e., if for all N and M , and times t1, t2, . . . , tN and s1, s2, . . . , sM ,
we have, for any τ ,

px(t1),x(t2),...,x(tN ),y(s1),y(s2),...,y(sM)(x1, x2, . . . , xN , y1, y2, . . . , yM) =

px(t1+τ),x(t2+τ),...,x(tN+τ),y(s1+τ),y(s2+τ),...,y(sM+τ)(x1, x2, . . . , xN , y1, y2, . . . , yM).

Analogously, there is a weaker notion of joint stationarity that involves only
the joint second-order characterization of a pair of processes. In particular, x(t)
and y(t) are said to be jointly wide-sense stationary if they are individually WSS and
if their cross-covariance function can be expressed in the form

Kxy(t, s) = Kxy (t− s) (4.93)

where we have again adopted a slight modification in notation.

Specializing (4.68), the cross-covariance functions of jointly WSS processes
are related according to

Kxy (τ) = cov (x(t), y(t− τ)) = Kyx(−τ). (4.94)
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Similarly, specializing (4.69), we see that Kxy (τ) also satisfies the bound

K2
xy (τ) ≤ Kxx(0) Kyy(0). (4.95)

It is important to emphasize that there are many processes that are individu-
ally WSS but not jointly WSS. For example, suppose that x(t) is an arbitrary WSS
process, and define

y(t) = x(−t). (4.96)

Then it is straightforward to verify that y(t) is WSS as well. However, x(t) and y(t)
are not jointly WSS. To see this, it suffices to note that

Kxy(t, s) = cov (x(t), y(s)) = cov (x(t), x(−s)) = Kxx(t + s), (4.97)

i.e., Kxy (t, s) is not a function of t − s alone. Note too, that it is similarly straight-
forward to construct processes that are individually SSS but not jointly SSS. In
particular, it suffices to let x(t) in the preceding example be SSS.

Once again, analogous definitions and properties apply in the case of discrete-
time stochastic processes. For example, a pair of processes x [n] and y [n] are jointly
SSS if for all N and M , and times n1, n2, . . . , nN and m1, m2, . . . , mM , we have, for
any k,

px [n1],x [n2],...,x [nN ],y [m1],y [m2],...,y [mM ](x1, x2, . . . , xN , y1, y2, . . . , yM) =

px [n1+k],x [n2+k],...,x [nN+k],y [m1+k],y [m2+k],...,y [mM+k](x1, x2, . . . , xN , y1, y2, . . . , yM).

Similarly, x [n] and y [n] are jointly WSS if they are individually WSS and if

Kxy [n, m] = Kxy [n−m], (4.98)

in which case we have

Kxy [k] = cov (x [n], y [n− k]) = Kyx [−k] (4.99)

and
K2

xy [k] ≤ Kxx [0] Kyy [0]. (4.100)

4.5 STOCHASTIC PROCESSES THROUGH LINEAR SYSTEMS

In many applications, the stochastic processes of interest are the inputs or outputs
of various kinds of linear and nonlinear systems—either natural or engineered.
When a stochastic process is the input to a system, the output is also a stochastic
process. In general, while a complete characterization of the output process can
be determined from a complete characterization of the system and input process,
this can be very difficult in practice in many cases.

In this section, we begin to explore the effects of specifically linear systems on
stochastic processes. As we will now see, for linear systems the second-order char-
acterizations of output processes can always be obtained in a relatively straight-
forward manner from the corresponding second-order characterizations of input
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processes. In our treatment of this topic, we assume familiarity with basic tech-
niques for representing and analyzing linear systems in both continuous-time and
discrete-time. A very brief summary of the some key definitions, methods, and
results is provided in Appendix 4.A.

We begin by considering a general continuous-time linear system of the form

y(t) =

∫ +∞

−∞

h(t, τ) x(τ) dτ, (4.101)

where x(t) is a stochastic process with mean function mx (t) and covariance func-
tion Kxx(t, s). It is straightforward to calculate the second-order statistics of the
output y(t) and the cross-covariance between the input and output.

In particular, taking expected values of both sides of (4.101), we first see that

my (t) =

∫ +∞

−∞

h(t, τ)mx (τ) dτ (4.102)

If we then define the zero-mean processes

x̃(t) = x(t)−mx(t) (4.103a)

ỹ(t) = y(t)−my (t). (4.103b)

we see that x̃(t) and ỹ(t) are related via

ỹ(t) =

∫ +∞

−∞

h(t, τ) x̃(τ) dτ. (4.104)

Next, let z(t) be a third and arbitrary stochastic process and define

z̃(t) = z(t)−mz(t).

Then using (4.104) we have that

Kyz(t, s) = E [ỹ(t)z̃(s)] =

∫ +∞

−∞

h(t, τ) Kxz(τ, s) dτ. (4.105)

Similarly, using the cross-covariance property (4.68), we find that

Kzy(t, s) = Kyz(s, t) =

∫ +∞

−∞

h(s, τ) Kxz(τ, t) dτ =

∫ +∞

−∞

h(s, τ) Kzx(t, τ) dτ (4.106)

As a special case, when z(t) = x(t) we have that (4.105) and (4.106) become,
respectively,

Kyx(t, s) =

∫ +∞

−∞

h(t, τ) Kxx(τ, s) dτ (4.107)

and

Kxy(t, s) =

∫ +∞

−∞

h(s, τ) Kxx(t, τ) dτ. (4.108)
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As a second special case, when z(t) = y(t) we have that (4.105) becomes

Kyy(t, s) =

∫ +∞

−∞

h(t, τ) Kxy(τ, s) dτ, (4.109)

and when we substitute (4.108) into (4.109) we obtain

Kyy (t, s) =

∫ +∞

−∞

∫ +∞

−∞

h(t, τ) h(s, σ) Kxx(τ, σ) dτ dσ. (4.110)

More generally, suppose that z(t) is the output of a linear system with arbi-
trary kernel g(t, τ) and arbitrary input w(t) so

z(t) =

∫ +∞

−∞

g(t, τ) w(τ) dτ. (4.111)

Then the cross-covariance of outputs of the systems (4.101) and (4.111) are related
to the cross-covariance of their inputs via

Kyz(t, s) =

∫ +∞

−∞

∫ +∞

−∞

h(t, τ) g(s, σ) Kxw(τ, σ) dτ dσ (4.112)

For discrete-time processes and systems, we have analogous results. In par-
ticular, for a linear system with kernel h[n, k] whose response to an input process
x [n] is

y [n] =
+∞
∑

k=−∞

h[n, k] x [k], (4.113)

we have

my [n] =
+∞
∑

k=−∞

h[n, k] mx [k] (4.114)

Kyz [n, m] =

+∞
∑

k=−∞

h[n, k] Kxz [k, m] (4.115)

Kzy [n, m] =

+∞
∑

k=−∞

h[m, k] Kzx [n, k] (4.116)

Kyx [n, m] =
+∞
∑

k=−∞

h[n, k] Kxx [k, m] (4.117)

Kxy [n, m] =

+∞
∑

k=−∞

h[m, k] Kxx [n, k] (4.118)

Kyy [n, m] =
+∞
∑

j=−∞

+∞
∑

k=−∞

h[n, k] h[m, j] Kxx [k, j] (4.119)
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Similarly, if z [n] is the response of a linear system with kernel g[n, k] to input
w [n], i.e.,

z [n] =

+∞
∑

k=−∞

g[n, k] w [k], (4.120)

then the cross-covariance of outputs of the systems (4.113) and (4.120) are related
to the cross-variance of their inputs via

Kyz [n, m] =

+∞
∑

j=−∞

+∞
∑

k=−∞

h[n, k] g[m, j] Kxw [k, j]. (4.121)

4.5.1 Jointly WSS Processes and LTI Systems

The preceding relations in both continuous-time and discrete-time simplify sub-
stantially when the linear systems are also time-invariant and the processes are
jointly WSS, as we now develop. We begin with the continuous-time case.

Suppose the system in (4.101) is time-invariant, so that the modified notation

h(t, τ) = h(t− τ)

may be used and hence

y(t) =

∫ +∞

−∞

h(t− τ) x(τ) dτ. (4.122)

Furthermore, suppose that the input process is WSS. Then since the input has con-
stant mean, i.e.,

mx(t) = mx ,

so does the output, i.e.,

my (t) =

∫ +∞

−∞

h(t− τ) mx dτ = H(0) mx , (4.123)

where

H(s) =

∫ +∞

−∞

h(t) e−st dt (4.124)

so that

H(0) = H(s)|s=0 =

∫ +∞

−∞

h(t) dt

is the DC gain of the system. Note that for the mean (4.123) to be well-defined our
system must be stable in the BIBO sense, i.e.,

∫ +∞

−∞

|h(t)| dt <∞. (4.125)
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Otherwise, s = 0 would not be in the domain of convergence of H(s) and thus the
DC gain would not be defined.

Next, we note that if x(t) and z(t) are jointly WSS, so are y(t) and z(t). In
particular, since Kxz(t, s) = Kxz(t− s), we have

Kyz(t, s) =

∫ +∞

−∞

h(t− τ) Kxz(τ − s) dτ

=

∫ +∞

−∞

h(σ) Kxz(t− s− σ) dσ (4.126)

where the change of variables σ = t− τ was used to obtain the second equality in
(4.126). That y(t) and z(t) are jointly WSS follows from the fact that the right-hand
side of (4.126) is a function only of t− s. Thus we may rewrite (4.126) in the more
convenient form

Kyz(τ) =

∫ +∞

−∞

h(t) Kxz(τ − t) dt = h(τ) ∗Kxz(τ) (4.127)

where ∗ denotes convolution. Similarly, we obtain that

Kzy (τ) = Kyz(−τ) =

∫ +∞

−∞

h(t) Kxz(−τ − t) dt

=

∫ +∞

−∞

h(−t) Kzx(τ − t) dt

= h(−τ) ∗Kzx(τ). (4.128)

Via the preceding results, we can establish that when y(t) and x(t) are related
via (4.122) and x(t) is WSS, then x(t) and y(t) are also jointly WSS. To see this, we
first note that via the special case of (4.127) with z(t) = x(t), the cross-covariance
between x(t) and y(t) satisfies

Kyx(τ) =

∫ +∞

−∞

h(t) Kxx(τ − t) dt = h(τ) ∗Kxx(τ) (4.129)

Kxy(τ) =

∫ +∞

−∞

h(t) Kxx(τ + t) dt = h(−τ) ∗Kxx(τ). (4.130)

Next, when we let z(t) = y(t) in (4.127) and then use (4.130), we find that

Kyy(τ) =

∫ +∞

−∞

h(t) Kxy(τ − t) dt

=

∫ +∞

−∞

∫ +∞

−∞

h(t) h(s) Kxx(τ − t + s) dt ds.

= h(τ) ∗ h(−τ) ∗Kxx(τ) (4.131)

Thus, (4.129) and (4.131) collectively verify that x(t) and y(t) must be jointly WSS.
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Again, we emphasize that for the joint second-order characterization of x(t)
and y(t) to be well-defined, the system must be stable, i.e., satisfy (4.125). In fact,
more generally we also require that an additional notion of stability be satified. To
see this, suppose that x(t) is WSS unit-intensity white noise, so that Kxx(τ) = δ(τ).
Then from (4.131) we see that

var y(t) = Kyy(0) =

∫ +∞

−∞

∫ +∞

−∞

h(t) h(s) δ(s− t) dt ds =

∫ +∞

−∞

h2(t) dt. (4.132)

Thus, for this variance to be well-defined, the stability condition
∫ +∞

−∞

h2(t) dt <∞ (4.133)

must be satisfied. However, it is worth noting that for systems with, for example,
rational system functions, the two notions of stability, i.e., (4.125) and (4.133) are
equivalent, and corresponds to the condition that the domain of convergence of
H(s) include the jω-axis.

It is also worth remarking that (4.125) is a necessary and sufficient condition
for the output to have well-defined second-order statistics. In particular, if the sys-
tem is not stable then for at least some (and typically most) WSS inputs, y(t) will
not have well-defined second-order statistics. To verify that (4.125) is sufficient
to guarantee that the output has well-defined second-order statistics for any WSS
input, we simply note, using (4.131) and (4.88), that

|Kyy(τ)| ≤ Kyy(0) =

∫ +∞

−∞

∫ +∞

−∞

h(t) h(s) Kxx(s− t) ds dt

≤
∫ +∞

−∞

∫ +∞

−∞

|h(t)||h(s)||Kxx(s− t)| ds dt

≤ Kxx(0)

(∫ +∞

−∞

|h(t)| dt

)2

<∞. (4.134)

As a final result, suppose z(t) is the output of an LTI system with impulse
response g(t) and arbitrary input w(t) so (4.111) specializes to

z(t) =

∫ +∞

−∞

g(t− τ) w(τ) dτ. (4.135)

Then if input processes w(t) and x(t) are jointly WSS, so are the output processes
z(t) and y(t), and, specializing (4.112), their cross-covariance functions are related
via

Kyz(τ) =

∫ +∞

−∞

∫ +∞

−∞

h(t) g(s) Kxw(τ − t + s) dt ds = h(τ) ∗ g(−τ) ∗Kxw(τ). (4.136)

Again, analogous results apply in the discrete-time case. Specifically if x [n]
and z [n] are jointly WSS and x [n] is the input to a stable LTI system with impulse
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response h[n], then the output

y [n] =

+∞
∑

k=−∞

h[n− k] x [k] (4.137)

is jointly WSS with both x [n] and z [n]. The mean of the output process is

my = H(1) mx , (4.138)

where

H(1) = H(z)|z=1 =
+∞
∑

n=−∞

h[n]

is the DC gain of the discrete-time system. Furthermore,

Kyz [k] =

+∞
∑

n=−∞

h[n] Kxz [k − n] = h[k] ∗Kxz [k] (4.139)

Kzy [k] =
+∞
∑

n=−∞

h[n] Kzx [k + n] = h[−k] ∗Kzx [k] (4.140)

Kyx [k] =

+∞
∑

n=−∞

h[n] Kxx [k − n] = h[k] ∗Kxx [k] (4.141)

Kxy [k] =
+∞
∑

n=−∞

h[n] Kxx [k + n] = h[−k] ∗Kxx [k] (4.142)

Kyy [k] =

+∞
∑

n=−∞

+∞
∑

m=−∞

h[n] h[m] Kxx [k − n + m] = h[k] ∗ h[−k] ∗Kxx [k] (4.143)

Suppose, in addition, that z [n] is the output of a discrete-time LTI system
with impulse response g[n] and arbitrary input w [n] so (4.120) specializes to

z [n] =

+∞
∑

k=−∞

g[n− k] w [k]. (4.144)

Then if input processes w [n] and x [n] are jointly WSS, so are the output processes
z [n] and y [n], and, specializing (4.121), their cross-covariance functions are related
via

Kyz [k] =
+∞
∑

n=−∞

+∞
∑

m=−∞

h[n] g[m] Kxw [k − n + m] = h[k] ∗ g[−k] ∗Kxw [k]. (4.145)

4.6 FREQUENCY-DOMAIN CHARACTERIZATIONS

Several important additional insights into the relationships developed in the pre-
vious section are obtained by exploring frequency domain characterizations of
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WSS stochastic processes, which we explore in the this section. We begin by de-
veloping the notion of the power spectrum for a WSS process.

4.6.1 Power Spectral Densities

We are often interested in how power in a random process is distributed as a func-
tion of frequency. A natural measure of this distribution is obtained via the power
spectral density (psd) of the process, which is also frequently referred to as simply
the power spectrum. Let’s first consider the continuous-time case, where we use
Sxx(jω) to denote the power spectral density of a random process x(t) at frequency
ω.

From an engineering perspective, a natural way to define the power spectral
density of a process is in terms of what a spectrum analyzer would measure, i.e.,
the power at the output of a narrow bandpass filter centered at the frequency of
interest whose input is x(t). In particular, we choose the following definition.4

Definition 4.1 (Power Spectral Density) Let hǫ(t) be the (complex-valued) impulse
response of a unit-energy, ideal bandpass filter whose frequency response is

Hǫ(jω) =

{

√

2π/ǫ |ω − ω0| < ǫ/2

0 otherwise
,

and let xǫ(t) denote the output of this filter when its input is the wide-sense stationary
random process x(t). Then the power spectral density of the process x(t) at frequency
ω = ω0 is5

Sxx(jω0) , lim
ǫ→0

var xǫ(t).

Power spectral densities have a number of important properties. For exam-
ple, we note immediately that the power spectral density is a real, nonnegative
quantity. Other properties will become apparent from two alternative interpreta-
tions of the power spectral density that are important consequences of this defini-
tion, as we now develop.

4This definition is in fact useful for a broader class of processes than the wide-sense station-
ary ones. However, for simplicity we’ll restrict our attention to this class.

5Since we are now dealing with complex-valued random variables, we need to generalize
our definition of covariance. In particular when u and v are complex-valued random variables,
their covariance takes the form

cov (u, v) = E [(u −mu)(v −mv )
∗]

where ∗ denotes complex conjugation. Note that as a consequence we also have that when u is
complex, its variance is

var u = E
[

|u −mu|2
]

.
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As the first of these interpretations of the power spectral density, we have the
following celebrated theorem, variously attributed to both Wiener and Khinchine,
which relates the physical notion of power spectrum given by Definition 4.1 to the
autocorrelation function of the process.

Theorem 4.1 (Wiener-Khinchine) Let Sxx(jω) be the power spectral density of a wide-
sense stationary random process x(t) in the sense of Definition 4.1. Then Sxx(jω) is related
to the autocovariance function Kxx(τ) of the process via

Sxx(jω) = F {Kxx(τ)} =

∫ +∞

−∞

Kxx(τ) e−jωτ dτ, (4.146)

i.e., the autocovariance function and power spectral density are Fourier transform pairs.

To prove this result, let us use Txx(jω) to denote the Fourier transform of
Kxx(τ) and proceed to show that Txx(jω) must equal the power spectral density at
frequency ω. We first note that

Kxǫxǫ
(τ) = hǫ(τ) ∗ h∗

ǫ(−τ) ∗Kxx(τ). (4.147)

Letting Txǫxǫ
(jω) denote the Fourier transform of Kxǫxǫ

(τ), we can use the convolu-
tion property of Fourier transforms to rewrite (4.147) as

Txǫxǫ
(jω) = |Hǫ(jω)|2 Txx(jω). (4.148)

Now

var xǫ(t) = Kxǫxǫ
(0) =

1

2π

∫ +∞

−∞

Txǫxǫ
(jω) dω,

which when we substitute (4.148) yields

var xǫ(t) =
1

2π

∫ +∞

−∞

|Hǫ(jω)|2 Txx(jω) dω. (4.149)

Taking limits in (4.149) and recognizing that

lim
ǫ→0
|Hǫ(jω)|2 = 2πδ(ω − ω0)

we obtain, via the sifting property of impulses,

Sxx(jω0) = lim
ǫ→0

var xǫ(t) = Txx(jω0).

Note that one immediate consequence of Theorem 4.1 comes from the inverse
Fourier transform relationship

Kxx(τ) =
1

2π

∫ +∞

−∞

Sxx(jω) ejωτ dω. (4.150)

Evaluating (4.150) at τ = 0, we have that

E
[

x̃(t)2
]

= var x(t) = Kxx(0) =
1

2π

∫ +∞

−∞

Sxx(jω) dω (4.151)
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where x̃(t) = x(t)−mx(t). Thus, viewing E [x̃(t)2] as the ensemble-average instan-
taneous power in the truly random (i.e., zero-mean) component of x(t), we have,
consistent with Definition 4.1, that this power is a normalized integral over all fre-
quencies of the power per unit frequency, i.e., the power spectral density Sxx(jω).
A useful method for evaluating (4.151) when Sxx(jω) is rational is described in
Appendix 4.B.

A second important interpretation for the power spectral density in Defini-
tion 4.1 is provided by the following theorem, which relates the power spectral
density to the Fourier transform of windowed versions of the random process.

Theorem 4.2 Let XT (jω) denote the Fourier transform of a time-limited version of a
wide-sense stationary random process x(t); specifically,

XT (jω) = F {x(t) wT (t)} ,

where

wT (t) =

{

1 −T/2 < t < T/2

0 otherwise
.

Then the power spectral density Sxx(jω) is related to the ensemble-average squared-magnitude
of XT (jω). In particular,

Sxx(jω) = lim
T→∞

1

T
varXT (jω). (4.152)

To see this result, we note that

X̃T (jω) = XT (jω)−E [XT (jω)] =

∫ +T/2

−T/2

x̃(t) e−jωt dt

where

x̃(t) = x(t)−mx(t),

so that

|X̃T (jω)|2 =

∫ +T/2

−T/2

∫ +T/2

−T/2

x̃(t) x̃(τ) e−jω(t−τ) dt dτ. (4.153)

Taking expectations in (4.153) we obtain

1

T
E
[

|X̃T (jω)|2
]

=
1

T

∫ +T/2

−T/2

∫ +T/2

−T/2

Kxx(t− τ) e−jω(t−τ) dt dτ. (4.154)

Next, we use the following change of variables with unit Jacobian

t = v + u/2

τ = v − u/2
(4.155)
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to effect a 45 degree coordinate rotation and scaling. Hence, the region of integra-
tion in (4.154) is transformed from a square to a diamond, and we obtain6

1

T
E
[

|X̃T (jω)|2
]

=
1

T

∫ T

−T

∫ (T−|u|)/2

−(T−|u|)/2

Kxx(u) e−jωu dv du

=

∫ T

−T

(

1− |u|
T

)

Kxx(u) e−jωu du

=

∫ +∞

−∞

gT (u)Kxx(u) e−jωu du, (4.156)

where

gT (t) =
1

T
wT (t) ∗ wT (t) =

{

1− |t|/T |t| ≤ T

0 otherwise
. (4.157)

Finally, using the convolution theorem we can transform (4.156) from the Fourier
transform of the product to the following convolution of Fourier transforms:

2π

T
E
[

|X̃T (jω)|2
]

=

∫ +∞

−∞

Sxx(j(ω − ν)) GT (jν) dν (4.158)

where
GT (ω) =

1

T
|WT (jω)|2 = T sinc2(Tω). (4.159)

Finally, using that GT (ω) → 2πδ(ω) as T → ∞, we obtain from (4.158) the desired
result, viz.,

1

T
E
[

|X̃T (jω)|2
]

= Sxx(jω). (4.160)

While Theorem 4.2 makes clear that the Fourier transform of a WSS ran-
dom process doesn’t exist in the usual sense, in fact it is possible to talk about the
Fourier transform X (jω) of a WSS random process x(t) in a generalized sense. In
particular, the Fourier transform of a WSS random process exists in much the same
way that the Fourier transform of a constant 1 doesn’t exist in the usual sense, but
has a generalized Fourier transform that is the unit impulse δ(ω). The random
process counterpart is given by the following theorem.

Theorem 4.3 (Spectral Representation) The Fourier transform of a wide-sense sta-
tionary random process x(t), i.e.,

X (jω) =

∫ +∞

−∞

x(t) e−jωt dt (4.161)

is a nonstationary white noise process (in frequency) with autocovariance function

KXX (jω, jν) = cov (X (jω), X (jν)) = 2πSxx(jω) δ(ω − ν). (4.162)

6...leaving the few intermediate steps as an exercise.
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Before deriving this result, we stress that X (jω) itself is now a random process, but
one that is a function of frequency now rather than time.

A derivation of Theorem 4.3 is as follows. Restricting our attention to zero-
mean x(t), we first see from (4.161) that X (jω) is also a zero-mean random process.
Next, let’s look at its correlation function. In particular we have

cov (X (jω), X (jν)) =

∫ +∞

−∞

∫ +∞

−∞

Kxx(τ − t) e−j(ωτ−νt) dτ dt

=

∫ +∞

−∞

ejνt dt

∫ +∞

−∞

Kxx(τ − t) e−jωτ dτ. (4.163)

Using the change of variables α = τ − t in (4.163) we then get

cov (X (jω), X (jν)) =

∫ +∞

−∞

ejνte−jωt dt

∫ +∞

−∞

Kxx(α) e−jωα dα

=

∫ +∞

−∞

ejνte−jωt Sxx(jω) dt

= Sxx(jω) F
{

ejνt
}

= 2πSxx(jω) δ(ω − ν), (4.164)

which completes our derivation.

Several comments are worth making. First, we emphasize that from (4.162)
we see that X (jω) is a nonstationary white noise process. An important conse-
quence of this is that for wide-sense stationary random processes, frequency com-
ponents of the process corresponding to distinct frequencies are uncorrelated! As
we’ll see, this result has a major impact on the frequency domain structure and
interpretation of many optimal estimators for WSS random processes.

Furthermore, as a white noise, it has infinite variance, i.e.,

var X (jω) = cov (X (jω), X (jω)) =∞,

which we would anticipate since we don’t expect the integral (4.161) to exist in
the usual sense. However, as you recall from our earlier discussion of white noise,
although white noise doesn’t exist in a formal mathematical sense, it is the gen-
eralized derivative of a well-defined uncorrelated increments process. There is an
analogous quantity here, which we call the integrated Fourier transform of x(t),
which we denote using Z (jω). In particular, Z (jω), which is given by

Z (jω) =
1

2π

∫ ω

−∞

X (jυ) dυ =

∫ +∞

−∞

x(t)

[

1

2π

∫ ω

−∞

e−jυt dυ

]

dt,

is a well-defined random process. It has, for example, variance

varZ (jω) =
1

(2π)2

∫ ω

−∞

∫ ω

−∞

E
[

X̃ (jα)X̃ ∗(jβ)
]

dαdβ

=
1

2π

∫ ω

−∞

Sxx(jα) dα, (4.165)
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where we have used (4.162) to obtain the last equality in (4.165). Note from (4.165)
that Z (ω) is a nonstationary random process whose variance grows monotonically
from 0 at ω = −∞ to Rxx(0), the total power in the process, at ω = +∞.

Again we emphasize that Z (jω) is an uncorrelated increments process, as we
would expect of a process having white noise as a derivative. In particular, for any
−∞ ≤ ξ ≤ ν ≤ ω ≤ +∞we have that

cov ([Z (jω)− Z (jν)], Z (jξ)) = 0,

which can be verified from

Z (jω)− Z (jν) =
1

2π

∫ ω

ν

X (jυ) dυ

Z (jξ) =
1

2π

∫ ξ

−∞

X (jυ) dυ.

since X (jω) is a white process. In turn, since Z (jω) is an uncorrelated increments
process, this means that

KZZ (jω, jν) = cov (Z (jω), Z (jν))

= var [Z (j min(ω, ν))]

=
1

2π

∫ min(ω,ν)

−∞

Sxx(jα) dα

where the last equality follows from (4.165).

Let’s now briefly summarize the corresponding results of this section for
discrete-time processes. In discrete-time, we use Sxx(e

jω) to denote the (2π-periodic)
power spectral density of a random process x [n], where ω is the (discrete-time)
frequency variable, which is defined analogously to the continuous-time case, as
follows.

Definition 4.2 (Power Spectral Density) Let hǫ[n] be the (complex-valued) impulse
response of a unit-energy, ideal bandpass filter whose frequency response is

Hǫ(e
jω) =

{

√

2π/ǫ |ω − ω0 + 2πk| < ǫ/2 for k = 0,±1,±2, . . .

0 otherwise
,

and let xǫ[n] denote the output of this filter when its input is the wide-sense stationary
random process x [n]. Then the power spectral density of the process x [n] at frequency
ω = ω0 is

Sxx(e
jω0) , lim

ǫ→0
var xǫ[n].

With this definition, we have the following interpretations.
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Theorem 4.4 (Wiener-Khinchine) Let Sxx(e
jω) be the power spectral density of a wide-

sense stationary random process x [n] in the sense of Definition 4.2. Then Sxx(e
jω) is

related to the autocovariance function Kxx [k] of the process via

Sxx(e
jω) = F {Kxx [k]} =

+∞
∑

k=−∞

Kxx [k] e−jωk (4.166)

i.e., the autocovariance function and power spectral density are (discrete-time) Fourier
transform pairs.

Again an immediate consequence of Theorem 4.4 comes from the inverse
Fourier transform relationship

Kxx [k] =
1

2π

∫ π

−π

Sxx(e
jω) ejωk dω. (4.167)

Evaluating (4.167) at k = 0, we have that the total power in the process is

E
[

x̃ [n]2
]

= var x [n] = Kxx [0] =
1

2π

∫ π

−π

Sxx(e
jω) dω (4.168)

where x̃ [n] = x [n]−mx [n].

The second interpretation for the power spectral density again relates the
power spectral density to the Fourier transform of windowed versions of the ran-
dom process.

Theorem 4.5 Let XN(ejω) denote the Fourier transform of a time-limited version of a
wide-sense stationary random process x [n]; specifically,

XN(ejω) = F {x [n] wN [n]} ,

where

wN [n] =

{

1 −N ≤ n ≤ N

0 otherwise
.

Then the power spectral density Sxx(e
jω) is related to the ensemble-average squared-magnitude

of XN (ejω). In particular,

Sxx(e
jω) = lim

N→∞

1

2N + 1
var XN(ejω) (4.169)

In turn, the generalized Fourier transform of a discrete-time WSS process is
defined as follows.

Theorem 4.6 (Spectral Representation) The discrete-time Fourier transform of a wide-
sense stationary random process x [n], i.e.,

X (ejω) =
+∞
∑

n=−∞

x [n] e−jωn (4.170)
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is a periodic process in frequency that is white over any frequency interval of length 2π,
and has autocovariance function

KXX (ejω, ejν) = cov
(

X (ejω), X (ejν)
)

= 2πSxx(e
jω)

+∞
∑

k=−∞

δ(ω − ν + 2πk). (4.171)

4.6.2 Power Spectral Densities in the Complex Plane

In many situations we will often find it more convenient to work not with the
Fourier transform (4.146) but with the corresponding bilateral Laplace transform

Sxx(s) =

∫ +∞

−∞

Kxx(τ) e−sτ dτ. (4.172)

where s is complex. While we will use the terminology power spectral density for
Sxx(s), it is worth mentioning that in some texts this term is strictly reserved for
the Fourier transform of Kxx(τ), i.e., Sxx(jω). In this case Sxx(s) is either avoided or
referred to as the “complex power spectral density.” We will use the term power
spectral density interchangeably for Sxx(s) and for Sxx(jω).

Since the covariance function is symmetric, i.e., Kxx(τ) = Kxx(−τ), one im-
portant property of power spectral densities is their (diagonal) symmetry in the
s-plane, i.e.,

Sxx(s) = Sxx(−s). (4.173)

This implies that the value of the power spectral density at a point s0 = σ0 + jω0

is identical to its value at a point corresponding to reflecting s0 first across the
imaginary axis, and then across the real axis, yielding −s0 = −σ0 − jω.

It is also straightforward to verify that the power spectrum is real on the jω-
axis, which of course was an immediate consequence of Definition 4.1. To see this
using transform analysis, we first note that since Kxx(τ) is real-valued, we must
have that

Sxx(jω) = S∗
xx(−jω). (4.174)

But when (4.173) is specialized to the the jω-axis we obtain

Sxx(jω) = Sxx(−jω). (4.175)

Thus, combining (4.174) with (4.175) we obtain

Sxx(jω) = S∗
xx(jω), (4.176)

i.e., Sxx(jω) is real-valued. It is important to note, however, that away from the
jω-axis, the spectrum Sxx(s) is in general not real valued.

More generally, the symmetry property (4.173) places strong constraints on
the pole-zero patterns of power spectral densities that are rational functions of s.
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Specifically, if s0 is a pole (zero) of Sxx(s), then so is −s0. Furthermore, since Kxx(t)
is real, if s0 is a pole (zero) of Sxx(s), then so is its complex conjugate s∗0. That is,

The poles and zeros of Sxx(s) have quadrantal symme-
try: if s0 is a pole (zero) then so are s∗0,−s0 and −s∗0

. (4.177)

Finally, we can obtain a complete characterization of the pole-zero pattern
of a rational power spectral density Sxx(s). First, since var x(t) is finite, we see
from (4.151) that Sxx(jω) must be well-behaved and in particular cannot have sin-
gularities. Thus Sxx(s) cannot have any poles on the jω-axis. Furthermore, while
Sxx(s) can have zeros on the jω-axis, these zeros must occur with even multiplicity.
This is a consequence of the fact that Sxx(s) is real and nonnegative on the jω-axis.
Specifically, if Sxx(jω0) = 0 at some frequency ω0, then a Taylor series expansion of
the power spectrum about this point takes the form

Sxx(jω) = ak(ω − ω0)
k + ak+1(ω − ω0)

k+1 + · · · (4.178)

where k ≥ 1 since Sxx(jω0) = 0. Then, since we can take ω sufficiently close to ω0

so that the first term in (4.178) dominates, we see that the only way to guarantee
that Sxx(jω) remains nonnegative in this interval is to have k even and ak > 0. In
turn, this implies that Sxx(jω) must be of the form

Sxx(jω) = (ω − ω0)
2mF (jω) (4.179)

where F (jω) has neither poles nor zeros at ω0. Thus, summarizing, we have the
following:

A rational power spectral density Sxx(s) has poles and
zeros with quadrantal symmetry. Furthermore Sxx(s)
has no poles on the jω-axis and its jω-axis zeros occur
with even multiplicity.

(4.180)

This characterization has profound implications for the modeling, analysis, and
processing of WSS processes, some of which we will explore not only in this chap-
ter but in subsequent chapters as well.

Example 4.13

Consider again the WSS process x(t) introduced in Example 4.11 with first-order
covariance function

Kxx(τ) = σ2e−λ|τ | (4.181)

Taking the Laplace transform of (4.181) we see that x(t) has a power spectral density
of the form

Sxx(s) =
σ2

λ + s
+

σ2

λ− s
=

2λσ2

λ2 − s2
, (4.182)

which we will refer to as a “first-order” power spectral density. Note that Sxx(s) has
the basic properties we have identified for power spectral densities. For example,

Sxx(jω) =
2λσ2

λ2 + ω2
≥ 0 for all ω. (4.183)
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Note, too, that the spectrum (4.183) for x(t) is effectively bandlimited, with a
3dB cut-off frequency of ω = λ and a spectral density 2σ2/λ for frequencies suffi-
ciently below the cut-off. Comparing this with (4.181) we see the familiar Fourier
transform uncertainty principle in effect: as λ increases, Kxx(τ) becomes increas-
ingly compressed in time while Sxx(jω) becomes increasingly dilated in frequency.
The compression of Kxx(τ) corresponds to a decrease in the correlation time of the
process, which leads to more rapid fluctuations in the sample paths of the process
and is reflected in the broadening of the spectrum Sxx(jω).

Example 4.14

Note that as λ → +∞, the characteristics of the process x(t) in Example 4.13 ap-
proach those of the ideal white noise process x(t), for which

Kxx(τ) = σ2δ(τ). (4.184)

Taking the Laplace transform of (4.184), we see that the associated power spectral
density is constant, i.e.,

Sxx(s) = σ2. (4.185)

It is this characteristic of white noise—that its power spectral density is flat over
all frequency—that motivates the designation “white noise,” since white light has
an analogous decomposition in terms of the electromagnetic frequency spectrum.
For future reference, we remark that the quantity σ2 is alternately referred to as the
intensity or the spectral height of the white noise process. We stress that σ2 is not the
total power or, equivalently, variance of the process. Indeed, these quantities are
infinite in the case of white noise.

Let’s again briefly summarize the discrete-time counterparts of the results
in this section. In discrete-time, we more generally work with the bilateral z-
transform

Sxx(z) =
+∞
∑

k=−∞

Kxx [k] z−k (4.186)

where z is complex, and again use the terminology power spectral density for both
Sxx(z) and its evaluation on the unit-circle Sxx(e

jω).

Since the covariance function is symmetric, i.e., Kxx [k] = Kxx [−k], the power
spectral density also has symmetry across the unit circle (|z| = 1) in the z-plane,
i.e.,

Sxx(z) = Sxx(1/z). (4.187)

In particular, the value of the power spectral density at a point z0 = r0e
jθ0 is the

same as its value at a point corresponding to first reflecting z0 across the unit-circle
to a radius of 1/r0 and then across the imaginary axis so that the phase is reversed,
yielding 1/z0 = (1/r0)e

−jθ0 .

While the power spectral density is in general complex-valued in the z-plane,
from its definition it is real-valued on the unit circle. In the case of rational power
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spectra, this implies that if z0 is a pole or zero of Sxx(z), so is its complex-conjugate
z∗0 . Together with the symmetry condition (4.187), this implies:

A rational power spectral density Sxx(z) has poles and
zeros appearing in symmetric patterns: if z0 is a pole
(zero), then so are z∗0 , 1/z0, and 1/z∗0 . Furthermore,
Sxx(z) has no poles on the unit circle and its unit cir-
cle zeros occur with even multiplicity.

(4.188)

Example 4.15

Consider the WSS process x [n] introduced in Example 4.11 with first-order covari-
ance function

Kxx [k] = σ2α|k| (4.189)

with |α| < 1. Taking the z-transform of (4.189) we obtain

Sxx(z) =
σ2

(1− αz−1)
+

σ2

1− αz
− σ2

=
σ2(1− α2)

(1− αz−1)(1− αz)
(4.190)

which we refer to as a first-order discrete-time spectrum.

Note that Sxx(z) has the basic properties we have identified for power spectral
densities: Sxx(z) = Sxx(z

−1), the poles of Sxx(z) are at α and 1/α, and Sxx(e
jω), as

given below, is nonnegative. Specifically,

Sxx(e
jω) =

σ2(1− α2)

1 + α2 − 2α cos ω
≥ 0. (4.191)

If α > 0, Sxx(e
jω) is a low-pass spectrum with peak at ω = 0 and with decreas-

ing bandwidth as α → 1. If α < 0 , Sxx(e
jω) is a high-pass spectrum with peak at

ω = ±π and with decreasing bandwidth as α→ −1. Again we have the usual time-
frequency tradeoff that is a consequence of the Fourier transform uncertainty prin-
ciple: smaller values of |α| correspond to processes with shorter correlation times
and larger bandwidths.

Example 4.16

Note that when α → 0, the process x [n] in Example 4.15 becomes a discrete-time
white noise process x [n] as introduced in Example 4.6, i.e.,

Kxx [n] = σ2δ[n] (4.192)

Recall that in contrast to its continuous-time counterpart, discrete-time white noise
is a well-defined process with no analytical subtleties. Taking the z-transform of
(4.192) we see that

Sxx(z) = σ2 (4.193)

so that x [n] has a flat power spectral density over all frequencies.
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Power spectral densities and the interpretations we’ve developed will prove
to be extremely useful to us in analyzing WSS processes and the effects of LTI
systems on them. In particular, we’ll see that as in the deterministic analysis of
LTI systems, frequency-domain techniques based on the power spectral density
are particularly well-suited to the analysis of WSS stochastic processes and their
second-order statistics through LTI systems.

4.6.3 Cross Power Spectra and LTI Systems

In the following we again first carry out our analysis for continuous-time processes
and systems and then briefly describe the corresponding discrete-time results.

If x(t) and y(t) are jointly WSS processes with cross-covariance Kxy(τ), then
the cross spectral density (or simply cross-spectrum) Sxy (s) is defined as the Laplace
transform

Sxy (s) =

∫ +∞

−∞

Kxy (τ) e−sτ dτ, (4.194)

and once again we will refer to both Sxy(s) and Sxy(jω) as cross-spectral densities.

Unlike the power spectrum Sxx(s), the cross spectrum Sxy (s) is, in general,
complex-valued both on the jω-axis and elsewhere in the s-plane. In addition, we
note that one important relationship among cross-spectra is

Syx(s) = Sxy (−s), (4.195)

which is a consequence of the symmetry property among cross-covariance func-
tions (cf. (4.94)).

The cross-spectrum has a number of interpretations analogous to those de-
veloped in Section 4.6.1. For example, we can readily express the cross-correlation
between the generalized Fourier transforms of x(t) and y(t) in terms of Sxy (jω);
specifically, analogous to (4.171) we have

KXY (jω, jν) = cov (X (jω), Y (jν)) = 2πSxy(jω) δ(ω − ν). (4.196)

As another interpretation, the cross-spectrum Sxy(ω) provides an important
frequency-domain measure of the correlation between a pair of jointly WSS ran-
dom processes x(t) and y(t). In practice, one usually works with a normalized
version of the cross-spectrum in assessing this dependence. In particular, the
(complex-valued) coherence between x(t) and y(t) is defined as

Cxy(jω) =
Sxy(jω)

√

Sxx(jω)
√

Syy(jω)
. (4.197)

The magnitude-squared coherence (MSC) between x(t) and y(t) satisfies

0 ≤ |Cxy(jω)|2 ≤ 1. (4.198)
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In the remainder of this section, we explore the use of the cross spectrum in
the analysis of WSS processes filtered by LTI systems. To begin, recall that fre-
quency domain analysis is particularly well-suited to LTI systems because com-
plex exponentials, i.e., functions of the form est where s is complex, are eigenfunc-
tions of LTI systems. The consequence of this result is the convolution property

a(t) ∗ h(t)
L←→ A(s) H(s). (4.199)

Analogous properties arise in the analysis of WSS processes with LTI systems.
Specifically, using the convolution property (4.199) and the time-reversal property

b(t) = a(−t)
L←→ B(s) = A(−s) (4.200)

we obtain the frequency domain counterparts of (4.127)–(4.131). Specifically, when
x(t) is the input to a stable LTI system with system function H(s) and output y(t),
and when x(t) and z(t) are jointly WSS, we have

Syz(s) = H(s) Sxz(s) (4.201)

Szy (s) = H(−s) Szx(s) (4.202)

Syx(s) = H(s) Sxx(s) (4.203)

Sxy (s) = H(−s) Sxx(s) (4.204)

Syy (s) = H(s) H(−s)Sxx(s). (4.205)

Furthermore, as the frequency domain counterpart to (4.136), when z(t) is
the response of a stable LTI system with system function G(s) whose input is w(t),
and when w(t) and x(t) are jointly WSS, we have that

Syz(s) = H(s) G(−s) Sxw(s). (4.206)

As a final comment, note that the results (4.201)–(4.206) can also be verified
using relations of the form (4.162) and (4.196) that involve generalized Fourier
transforms, together with the frequency domain input-output descriptions

Y (jω) = H(jω) X (jω)

Z (jω) = G(jω) W (jω).

Before concluding this section, let us briefly summarize the discrete-time
counterparts. First, if x [n] and y [n] are jointly WSS processes with cross-covariance
Kxy [k], then the cross spectral density Sxy(z) is defined as the z-transform

Sxy (z) =
+∞
∑

k=−∞

Kxy [k] z−k (4.207)

and once again we will refer to both Sxy(z) and Sxy(e
jω) as cross-spectral densities.

The cross spectrum Sxy(z) is, in general, complex-valued both on the unit
circle and elsewhere in the z-plane. In addition, we have the following important
relationship among cross-spectra

Syx(z) = Sxy(1/z) (4.208)
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which is a consequence of the symmetry property among cross-covariance func-
tions (cf. (4.99)). Similarly, we may readily express the cross-correlation between
the generalized Fourier transforms of x [n] and y [n] in terms of Sxy(e

jω):

KXY (ejω, ejν) = cov
(

X (ejω), Y (ejν)
)

= 2πSxy(e
jω)

+∞
∑

k=−∞

δ(ω − ν + 2πk). (4.209)

We also define the (complex-valued) coherence between x [n] and y [n] as

Cxy(e
jω) =

Sxy(e
jω)

√

Sxx(ejω)
√

Syy(ejω)
, (4.210)

and note that the magnitude-squared coherence (MSC) between x [n] and y [n] sat-
isfies

0 ≤ |Cxy(e
jω)|2 ≤ 1. (4.211)

As was the case for continuous-time systems, the cross spectra for discrete-
time processes is particularly useful in the analysis of discrete-time WSS processes
filtered by LTI systems. Again, frequency domain analysis is particularly well-
suited to discrete-time LTI systems because complex exponentials, i.e., functions
of the form zn where z is complex, are eigenfunctions of such systems. The conse-
quence of this result is the convolution property

a[n] ∗ h[n]
Z←→ A(z) H(z). (4.212)

Using the convolution property (4.212) and the time-reversal property

b[n] = a[−n]
Z←→ B(z) = A(1/z) (4.213)

we obtain the frequency domain counterparts of (4.139)–(4.143). Specifically, when
x [n] is the input to a stable LTI system with system function H(z) and output y [n],
and when x [n] and z [n] are jointly WSS, we have

Syz(z) = H(z) Sxz(z) (4.214)

Szy(z) = H(1/z) Szx(z) (4.215)

Syx(z) = H(z) Sxx(z) (4.216)

Sxy(z) = H(1/z) Sxx(z) (4.217)

Syy(z) = H(z) H(1/z)Sxx(z). (4.218)

Furthermore, as the frequency domain counterpart to (4.145), when z [n] is
the response of a stable LTI system with system function G(z) whose input is w [n],
and when w [n] and x [n] are jointly WSS, we have that

Syz(z) = H(z) G(1/z) Sxw(z). (4.219)

Similarly, the results (4.214)–(4.219) can also be verified using relations of the
form (4.171) and (4.209) that involve generalized Fourier transforms, together with
the frequency domain input-output descriptions

Y (ejω) = H(ejω) X (ejω)

Z (ejω) = G(ejω) W (ejω).
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4.6.4 Spectral Factorization, Shaping and Whitening Filters

As an application of the preceding results, in this section we explore how the con-
cept of white noise plays an important role in the modeling of WSS processes. To
develop this perspective, we begin with the continuous-time case and suppose
that w(t) is a white noise process with unit spectral height, so Sww (s) = 1. Fur-
thermore, suppose we let w(t) be the input to an LTI system with system function
G(s). Then the output of this system x(t) has, via (4.205), a power spectral density
of the form

Sxx(s) = G(s) G(−s), (4.220)

which, on the jω-axis, yields

Sxx(jω) = |G(jω)|2. (4.221)

Thus the power spectrum (and hence second-order characterization) of x(t) is
completely determined by the system function G(s).

By construction, we have shown that for every choice of G(s), (4.220) is a
valid power spectrum. It is also possible to show the converse—that every rational
power spectrum Sxx(s) can be expressed in the form

Sxx(s) = G(s) G(−s) (4.222)

for a suitable choice of G(s), which implies that any second-order characterization
of this type may be obtained as the output of a system with system function G(s)
whose input is unit intensity WSS white noise. The filter G(s) is referred to as a
shaping or synthesis filter for x(t).

To verify (4.222), we exploit (4.180). Specifically, we construct G(s) by assign-
ing half of the poles and zeros to G(s), and their mirror images with respect to the
jω-axis to G(−s). Likewise, the gain Sxx(0) = G2(0) is split evenly between the two
terms. We stress that with this procedure, since Sxx(s) has no poles on the jω-axis,
neither does G(s). Furthermore since any zero on the jω-axis occurs with even
multiplicity we can put half of these zeros in G(s) and the other half in G(−s).

As a final comment before we proceed to an example, the result (4.222) in fact
holds for a broader class of spectral densities than just those with rational spectra.
Moreover the following celebrated theorem that provides a concise necessary and
sufficient condition for there to exist a specifically causal G(s).

Theorem 4.7 (Paley-Wiener) The power spectral density Sxx(s) of a finite variance wide-
sense stationary process x(t) can be expressed in the form (4.222), i.e.,

Sxx(s) = G(s) G(−s),

where G(s) is the system function of a causal system, if and only if
∫ +∞

−∞

∣

∣

∣

∣

ln Sxx(jω)

1 + ω2

∣

∣

∣

∣

dω <∞. (4.223)
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Example 4.17

Consider again the first-order spectrum (4.181). In this case we can write

Sxx(s) =

(√
2λσ2

λ + s

)(√
2λσ2

λ− s

)

. (4.224)

Thus we can think of the process x(t) as the output of a first-order system driven
by unit intensity white noise, where two possible choices for the first-order system
correspond to taking as G(s) either the first or second factors on the right-hand side
of (4.224). Since we require that G(s) correspond to a stable system, taking G(s) to
be the first factor corresponds to a causal first-order system, while taking G(s) to be
the second corresponds to an anticausal system. If we want a causal shaping filter,
we can then take

G(s) =

√
2λσ2

s + λ
, (4.225)

for which

g(t) =
√

2λσ2e−λtu(t).

The process of factoring Sxx(s) in the form G(s)G(−s) is referred to as spectral
factorization. As the preceding example indicates, there is flexibility in choosing
which poles and zeros we include in the factor G(s). In fact, even if we restrict
our attention to causal systems G(s), there are many possibilities. For example,
this condition only constrains the poles we assign to G(s); zeros may be evenly
partitioned among G(s) and G(−s) in any manner and in particular G(s) need not
be assigned all left half plane zeros. More generally, and more importantly, there
are always infinitely many possible spectral factorizations. In particular, if G(s) is
a valid spectral factor, so is

G′(s) = G(s) A(s) (4.226)

where A(s) is any stable all-pass system, i.e., any system for which

|A(jω)|2 = 1. (4.227)

or equivalently

A(s) A(−s) = 1. (4.228)

To verify that G′(s) is also a valid spectral factor, it suffices to note, using (4.228),
that

G′(s) G′(−s) = G(s) A(s) A(−s) G(−s) = G(s) G(−s) = Sxx(s).

In effect, we see that all-pass terms A(s) provide a mechanism for selecting the
phase of the spectral factor. In general, specializing (4.222) to the jω-axis we see
that the spectral factorization relation

Sxx(jω) = |G(jω)|2

constrains only the magnitude of the spectral factor.
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Example 4.18

Consider a WSS process x(t) with covariance function

Kxx(τ) = 2δ(τ) + 3e−|τ |. (4.229)

The power spectral density for x(t) then is

Sxx(s) = 2 +
6

1− s2
=

2(4− s2)

1− s2
=

2(2− s)(2 + s)

(1− s)(1 + s)
(4.230)

If we want to obtain a spectral factorization of the form (4.222) where G(s) is
causal, two possible choices are

G1(s) =

√
2(2− s)

(1 + s)
or G2(s) =

√
2(2 + s)

(1 + s)
. (4.231)

However, other possibilities exist. For example, choosing

A(s) =
3− s

3 + s

we obtain (cf. (4.226)) that

G3(s) = A(s)G1(s) =

√
2(2− s)(3− s)

(1 + s)(3 + s)
(4.232)

is also a valid spectral factor.

Again we emphasize that if unit intensity white noise is applied as input to
any of the causal systems in (4.231) or (4.232), the output will have spectrum (4.230).

In addition to its role in modeling the second-order characteristics of WSS
processes, spectral factorization is also used in the construction of whitening filters.
Specifically, a whitening filter for a WSS process x(t) is an LTI system H(s) such
that when x(t) is applied as input, the resulting output w(t) is unit-intensity WSS
white noise.7

A whitening filter for x(t) can be readily constructed from a spectral factor-
ization of the process into the form (4.222). In particular, if we apply x(t) as an
input to the LTI system with system function H(s) = 1/G(s), then the resulting
output w(t) has spectrum

Sww (s) = H(s)H(−s)Sxx(s) =
1

G(s)

1

G(−s)
G(s)G(−s) = 1 (4.233)

Note that the poles of H(s) = 1/G(s) are precisely the zeros of G(s), and thus
if a causal whitening filter is desired, we must choose a spectral factor G(s) having
all its zeros in the left-half plane. Again, however, even causal whitening filters for

7The unit intensity constraint is not necessary but often convenient. More generally, a
whitening filter is any LTI system producing a flat but nonzero output spectrum when x(t) is the
input.
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a process are not uniquely defined, and in particular all-pass terms can always be
included in H(s).

Although there are in general infinitely many whitening filters for a given
power spectrum, in some problems—particularly several we will encounter in
constructing optimal estimators for stochastic processes in a subsequent chapter—
the whitening filter of interest corresponds to the spectral factor with all its poles
and all its zeros in the left-half plane. This unique8 whitening filter is causal and
stable, and has a causal and stable inverse, and is denoted by S+

xx(s), i.e.,

S+
xx(s) is the spectral factor of Sxx(s) with all its poles

and zeros in the left-half plane.
(4.234)

Similarly, S−
xx(s) is the spectral factor with all poles and zeros in the right-half

plane, and thus via the symmetry property of Sxx(s) we have

S−
xx(s) = S+

xx(−s) (4.235)

and
Sxx(s) = S+

xx(s)S
−
xx(s) = S+

xx(s)S
+
xx(−s). (4.236)

Example 4.19

For the spectrum (4.230) in Example 4.18 we have

S+
xx(s) = G2(s) =

√
2(2 + s)

1 + s
. (4.237)

As a final comment, S+
xx(s) is the system function of what is referred to as

a minimum-phase system, and for this reason it is typically referred to as the
minimum-phase spectral factor of Sxx(s). Similarly, S−

xx(s) is referred to as the maximum-
phase spectral factor. One of the attractive features of the minimum-phase whitening
filter H(s) = 1/S+

xx(s) is that not only can we construct a white noise process w(t)
from x(t) using this causal filter, but we can also subsequently recover x(t) from
w(t) by further causal processing with the corresponding inverse H−1(s) = S+

xx(s).
Thus, we say that x(t) and w(t) in this case are causally equivalent, in the sense
that we can obtain one from the other by causal operations; for any time t the
information in {x(s), s ≤ t} is identical to the information in {w(s), s ≤ t}.

Once again, we conclude this section with the discrete-time counterparts of
our results. In particular, any rational spectrum Sxx(z) can be factored into the
form

Sxx(z) = G(z) G(1/z) (4.238)

for some choice of G(z). Moreover, if we seek causal spectral factors G(z), then
the discrete-time version of the Paley-Wiener theorem provides a necessary and
sufficient condition for one to exist.

8to within a sign
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Theorem 4.8 (Paley-Wiener) The power spectral density Sxx(z) of a finite variance wide-
sense stationary process x [n] can be expressed in the form

Sxx(z) = G(z) G(1/z), (4.239)

where G(z) is the system function of a causal system, if and only if
∫ π

−π

∣

∣ln Sxx(e
jω)
∣

∣ dω <∞. (4.240)

Again in the discrete-time case, the Paley-Wiener condition (4.240) is satis-
fied by all rational power spectra, and we refer to any filter satisfying (4.238) as a
shaping or synthesis filter for Sxx(z). The inverse of G(z), i.e., H(z) = 1/G(z) is
referred to as a whitening filter for Sxx(z) since if x [n] is the input to an LTI system
with system function H(z), the output w [n] is a white process.

Again, if a spectral factor G(z) exists, it is not unique since (4.238) constrains
the magnitude of G(ejω) but not the phase, since

Sxx(e
jω) = |G(ejω)|2.

In particular,
G′(z) = A(z) G(z)

is also a valid spectral factor whenever A(z) is a stable all-pass system, i.e., when-
ever

A(z) A(1/z) = 1.

However, in the case of rational spectra, the spectral factor that results from
assigning all poles and zeros of Sxx(e

jω) that are inside the unit circle to G(z) is
unique and is given the special notation S+

xx(z) and is referred to as the minimum-
phase spectral factor, i.e.,

S+
xx(z) is the spectral factor of Sxx(z) with all poles and

zeros inside the unit circle
(4.241)

With S−
xx(z) denoting the corresponding (maximum-phase) spectral factor,

which has all the poles and zeros outside the unit circle, we then have

S−
xx(z) = S+

xx(1/z) (4.242)

and
Sxx(z) = S+

xx(z) S−
xx(z) = S+

xx(z) S+
xx(1/z). (4.243)

The minimum phase spectral factor G(z) = S+
xx(e

jω) has the special property
that it is stable and causal with a stable and causal inverse, which is the whitening
filter H(ejω) = 1/S+

xx(e
jω). With this choice, if w [n] is the output of the whitening

filter 1/G(z) when x [n] is input, then w [n] and x [n] are causally equivalent—for
any time n, {w [n], m ≤ n} and {x [n], m ≤ n} carry exactly the same information.

We conclude this section with an example.
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Example 4.20

Consider again the first-order spectrum (4.190). In this case we can immediately
calculate the minimum phase spectral factor

S+
xx(z) =

σ
√

1− α2

(1− αz−1)
(4.244)

Thus x [n] can be viewed as the output of the first-order system specified by (4.244)
driven by unit strength white noise w [n].

4.6.5 Continuous-Time White Noise Revisited

At this point, we can make some final observations about the concept of white
noise. We restrict our attention to the case of wide-sense stationary white noise for
simplicity.

First, we point out that white noise is a useful idealized model for many
phenomena. In particular, a random process can be well-modeled as a white-
noise process as long as it has a flat spectrum out to frequencies beyond the ef-
fective bandwidth of any system of interest. That is, in any application the phys-
ical system of interest “rolls off” at high enough frequencies, i.e., |H(jω)| ≈ 0 for
|w| > 2πB for some value of the bandwidth B. Then any process w(t) with a
spectrum that is flat out to at least this frequency, i.e.,

Sww (jω) = σ2 |ω| < 2πB (4.245)

acts, in effect, as a white noise process for this system and thus can be replaced
by the ideal white noise model. From a time-domain perspective, the process w(t)
behaves like white noise because it decorrelates over time intervals that are negli-
gibly small compared to the time constants of the system H(s).

It is also important to realize that even in applications where bandwidths
and correlation times are such that the noise processes are not well-modeled as
white, we can still use white noise as the basis for our noise model. In particular,
we can use spectral factorization concepts to model such noise as the output of a
linear system driven by white noise process. Thus, more generally, white noise
represents an important and extremely useful idealization.

Example 4.21

A natural example illustrating the concepts in this section is bandlimited white noise,
i.e., a WSS process w(t) with

Sww (jω) =

{

σ2 |ω| < 2πB

0 otherwise
. (4.246)

Thus w(t) acts like an idealized white noise process when applied to systems
with frequency responses that are essentially 0 for all |ω| > 2πB. The corresponding



Sec. 4.7 Special Classes of Stochastic Processes 243

covariance function of w(t) is

Rww (τ) =
σ2 sin 2πBτ

πτ
= 2Bσ2 sinc 2Bτ, (4.247)

which is zero for t = ±1/(2B),±2/(2B), . . . . Thus the set of samples, w(n/(2B))
separated in time by 1/(2B) are uncorrelated. As expected the process decorrelates
more quickly as B is increased.

4.7 SPECIAL CLASSES OF STOCHASTIC PROCESSES

At the outset of this chapter, we pointed out that complete characterizations of ar-
bitrary stochastic processes are often unwieldy in many applications. For this rea-
son, the study of stochastic processes is often limited to partial descriptions, such
as the second-order characterization we have focussed on thus far, or to classes
of stochastic processes having sufficient special structure that their complete char-
acterizations have a particularly compact form. In this section we explore some
important classes of stochastic processes in the latter category.

4.7.1 Separable Processes

At the outset of the chapter we expressed a complete characterization of a stochas-
tic process in terms of a specification of all finite-dimensional densities for the
process, i.e., the specification of the N th-order density

px(t1),x(t2),...,x(tN )(x1, x2, . . . , xN) (4.248)

for all values of N and all possible sets of times t1, t2, . . . , tN , and had an analogous
definition in discrete-time.

In our development, we pointed out that the characterization in terms of
distributions of the form (4.248) was complete for the class of so-called separable
processes. In this section, we explore the properties of this class of processes in
more detail.

In general a complete characterization of a stochastic process must provide
us with the complete probabilistic description of entire sample paths. However,
by specifying the finite-dimensional distributions (4.248) we in essence provide
a probabilistic description of sample paths only at discrete sets of points. As a re-
sult, at least in continuous-time, for such finite-dimensional characterizations to be
complete there must be in principle relatively strong constraints on the structure
of sample paths of the processes. Of course, in practice, physical observations of a
point process are typically limited to a discrete set of samples. Consequently, from
a practical point of view, it is natural to restrict our attention, as we have done, to
stochastic processes for which the finite-dimensional densities are a complete de-
scription. Nevertheless, it is worth emphasizing that such assumptions have deep
mathematical implications.
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We illustrate these ideas with an example.

Example 4.22

Let z be a uniformly distributed random variable taking values 0 ≤ z ≤ 1, and
consider the following two stochastic processes x(t) and y(t) for 0 ≤ t ≤ 1

x(t) = 0 for all t (4.249)

y(t) =

{

1 t = z

0 t 6= z
(4.250)

so that each sample path of y(t) is zero everywhere except at one random instant,
namely t = z .

In this case it is relatively straightforward to show that x(t) and y(t) have
identical finite-dimensional densities; specifically,

px(t1),x(t2),...,x(tN )(x1, x2, . . . , xN )

= py(t1),y(t2),...,y(tN )(x1, x2, . . . , xN ) = δ(x1)δ(x2) · · · δ(xN ) (4.251)

since

Pr [y(t1) = y(t2) = · · · = y(tN ) = 0] =

= Pr [z 6= t1, z 6= t2, . . . , z 6= tN ] = 1. (4.252)

However, if we consider events that involve a continuum of values of t, it is clear
these processes do not have identical statistics. For example,

Pr [x(t) ≤ 1/2 for all t] = 1 (4.253)

Pr [y(t) ≤ 1/2 for all t] = 0. (4.254)

One of the most fundamental results in the mathematical theory of stochas-
tic processes is that a separable stochastic process can be constructed for any set of
consistent finite-dimensional densities, where by consistent, we mean that lower-
order densities can be obtained consistently from higher-order densities by inte-
gration. From this perspective, we see that the process x(t) in Example 4.22 is sep-
arable, but the process y(t) is not, since its distinguishing characteristics appear
only when we consider a continuum of time points. However, as our example
also illustrates, any non-separable process such as y(t) is equivalent in the sense
of finite-dimensional densities to a separable process—in this case x(t).

4.7.2 Gaussian Processes

An important subclass of separable stochastic processes is referred to as the class
of Gaussian processes. These processes are defined in a manner analogous to the
way in which we defined Gaussian random vectors. Specifically, a continuous-
time stochastic process x(t) is defined to be a Gaussian process when for all choices
of the deterministic function a(t) the scalar

z =

∫ +∞

−∞

a(t) x(t) dt (4.255)
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is a Gaussian random variable.9

This definition has several implications. For example, consider a function
a(t) of the form

a(t) =
N
∑

i=1

aiδ(t− ti) (4.256)

where the ai are arbitrary constants, the ti are an arbitrary set of time instants, and
N is any positive integer. Substituting (4.256) with (4.255) we can conclude that
for a Gaussian stochastic process x(t), every collection of samples of the form

x(t1), x(t2), . . . , x(tN) (4.257)

are a set of jointly Gaussian random variables. Phrased differently, for Gaussian
processes, all finite-dimensional distributions are Gaussian. In fact, for regular
Gaussian processes, this constitutes an equivalent characterization. Note, how-
ever, that our definition also accommodates generalized processes, and in partic-
ular allows us to define Gaussian white noise.

The above observations have an important consequence. Specifically, since
Gaussian processes are characterized by Gaussian finite-dimensional distributions,
this means that a complete specification of a Gaussian process can be constructed
from its second-order characterization. For example, the arbitrary collection of
samples (4.257) must be distributed according to










x(t1)
x(t2)

...
x(tN)











∼ N





















mx(t1)
mx(t2)

...
mx(tN)











,











Kxx(t1, t1) Kxx(t1, t2) · · · Kxx(t1, tN)
Kxx(t2, t1) Kxx(t2, t2) · · · Kxx(t2, tN)

...
...

. . .
...

Kxx(tN , t1) Kxx(tN , t2) · · · Kxx(tN , tN)





















(4.258)

Thus knowledge of mx(t) and Kxx(t, s) is sufficient to completely and uniquely
characterize a Gaussian process.

In discrete-time, Gaussian processes are defined in an analogous manner.
In particular, a discrete-time stochastic process x [n] is defined to be a Gaussian
process when for all choices of the deterministic sequence a[n] the scalar

z =

+∞
∑

n=−∞

a[n] x [n] (4.259)

is a Gaussian random variable. Using this definition we can derive corresponding
results to those we have just developed in the continuous-time case. For example,
all finite-dimensional distributions of discrete-time Gaussian processes are Gaus-
sian, and as a result knowledge of mx [n] and Kxx [n, m] is sufficient to completely
characterize a discrete-time Gaussian process.

9More precisely, we must restrict our attention to all choices of a(t) for which E
[

z2
]

<∞.
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Example 4.23

One of the most well studied examples of a Gaussian stochastic process is the
Wiener process. This is the Gaussian random walk, i.e., the unique zero-mean Gaus-
sian process whose covariance function is given by (4.47) in Example 4.8. To verify
that the white noise w(t) that is the generalized derivative of a Wiener process x(t)
is Gaussian we simply note, using integration by parts, that

z =

∫ +∞

−∞
a(t)w(t) dt = [a(t)x(t)]

∣

∣

∣

+∞

−∞
−
∫ +∞

−∞
a′(t) x(t) dt. (4.260)

In particular, since x(t) is a Gaussian random process, the right-hand side of (4.260)
is a Gaussian random variable for every choice of a(t).

A very special, important and useful property of Gaussian random processes
relates to the effects of filtering on these processes. In particular, if a linear system
with kernel h(t, τ) has a Gaussian random process as its input x(t), then the output

y(t) =

∫ +∞

−∞

h(t, τ) x(τ) dτ (4.261)

of this system is also a Gaussian random process. Before we proceed to derive this
result, we note that a special case corresponds to linear systems that are also time
invariant.

To derive the general result, we simply note using (4.261) that for any choice
of a(t),

z =

∫ +∞

−∞

a(t) y(t) dt =

∫ +∞

−∞

b(τ) x(τ) dτ (4.262)

where

b(τ) =

∫ +∞

−∞

a(t) h(t, τ) dt. (4.263)

Since x(t) is a Gaussian process, the right-hand side of (4.262) is a Gaussian ran-
dom variable for every choice of b(τ). Thus y(t) must also be a Gaussian process.

Analogous results also apply to discrete-time Gaussian processes and discrete-
time linear systems. Collectively, these results are of course the random process
counterparts of results we had for random vectors. In particular, we showed that
linear transformations of Gaussian random vectors were also Gaussian random
vectors.

An important consequence of the definition of Gaussian processes is that
Gaussian processes that are wide-sense stationary are also strict-sense stationary—
the two notions of stationarity are equivalent in the Gaussian case. This result
follows immediately from the fact that, as we’ve indicated, a complete character-
ization for a Gaussian process in terms of its finite-dimensional distributions can
be constructed from its second-order characterization. Hence, when this second-
order characterization is time-invariant, so are all finite-dimensional distributions.
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In particular, an arbitrary collection of samples x(t1), x(t2), . . . , x(tN) of a Gaussian
process has a multivariate Gaussian density of the form (4.258), which when x(t)
is WSS becomes










x(t1)
x(t2)

...
x(tN)
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Kxx(0) Kxx(∆t2) · · · Kxx(∆tN)
Kxx(∆t2) Kxx(0) · · · Kxx(∆tN −∆t2)

...
...

. . .
...

Kxx(∆tN ) Kxx(∆tN −∆t2) · · · Kxx(0)





















(4.264)
where ∆ti = ti − t1. Thus, since (4.264) is a function only of ∆t2 = t2 − t1, ∆t3 =
t3 − t1, . . . , ∆tN = tN − t1, the process x(t) must be SSS as well. Again, analogous
results apply in the case of discrete-time Gaussian processes.

It is important to stress, however, that for non-Gaussian processes, WSS need
not imply SSS, as the following example illustrates.

Example 4.24

Consider the non-Gaussian stochastic process x [n] defined for n ≥ 0 through the
following recursion

x [n + 1] =
1

2
x [n] + (1 + x [n])w [n] (4.265)

where w [n] is a zero-mean WSS white Gaussian noise sequence with

E
[

w2[n]
]

=
5

8
(4.266)

and x [0] is a Gaussian random variable with zero mean and variance 5 that is inde-
pendent of w [n].

We begin by observing that at any instant n ≥ 0, the sample x [n] is a function
of x [0] and w [0],w [1], . . . ,w [n − 1], and thus, because w [n] is independent of all of
these quantities, we see that x [n] and w [n] are independent.

Taking expectations of both sides of (4.265) we then see that the mean function
satisfies

mx [n + 1] =
1

2
mx [n] + (1 + mx [n])E [w [n]] =

1

2
mx [n]. (4.267)

Since mx [0] = 0, (4.267) implies that x [n] is zero-mean for all n, i.e.,

mx [n] ≡ 0. (4.268)

Turn our attention next to the variance of the process

λx [n] = var x [n] = E
[

x2[n]
]

(4.269)

we have, squaring both sides of (4.265) and taking expectations,

λx [n + 1] = E
[

x2[n + 1]
]

=
1

4
E
[

x2[n]
]

+ E [x [n] (1 + x [n])w [n]]

+ E
[

(1 + x [n])2 w2[n]
]

. (4.270)
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Combining (4.270) with (4.269) and exploiting the independence of x [n] and w [n]
together with the fact that both x [n] and w [n] are zero mean, we obtain

λx [n + 1] =
1

4
λx [n] + 0 + (1 + λx [n])E

[

w2[n]
]

=
7

8
λx [n] +

5

8
(4.271)

where we have also used (4.266). Finally, since λx [0] = 5, we can conclude from
(4.271) that λx [n] = 5 for all n, i.e.,

λx [n] ≡ 5. (4.272)

Let us next compute the covariance function Kxx [n,m] for x [n] with n ≥ m.
Solving (4.265) from the initial time m to the later time n, we obtain

x [n] =

(

1

2

)n−m

x [m] +

n−1
∑

k=m

(

1

2

)n−k−1

(1 + x [k])w [k]. (4.273)

Multiplying both sides of (4.273) by x [m] and taking expectations we obtain

Kxx [n,m] = E [x [n]x [m]] =

(

1

2

)n−m

E
[

x2[m]
]

= 5

(

1

2

)n−m

(4.274)

where we have used the fact that x [m] is independent of w [k] at all future times, i.e.,
k ≥ m. A similar approach yields the corresponding result for m ≥ n, and as a result
we have, for any m and n

Kxx [n,m] = 5

(

1

2

)|n−m|

. (4.275)

Thus x [n] is WSS.
Hence, (4.268), (4.272), and (4.275) we conclude that x [n] is WSS. However,

x [n] is in fact not even first-order stationary. In particular, the third moment

ξx [n] , E
[

x3[n]
]

grows without bound. To see this, if we take the third power of both sides of (4.265)
and then take expectations, we obtain

ξx [n + 1] =

(

1

2

)3

ξx [n] + 3

(

1

2

)2

E[x2[n](1 + x [n])w [n]]

+ 3

(

1

2

)

E
[

x [n] (1 + x [n])2 w2[n]
]

+ E
[

(1 + x [n])3 w3[n]
]

. (4.276)

Since x [n] and w [n] are independent, the expectations in (4.276) can be simplified.
Furthermore, since w [n] is zero-mean and Gaussian, its odd-order moments vanish.
Thus the second and fourth terms on the right-hand side of (4.276) vanish, leaving

ξx [n + 1] =
1

8
ξx [n] +

3

2
E
[

x [n] + 2x2[n] + x3[n]
]

E
[

w2[n]
]

=
1

8
ξx [n] +

15

16
{2λx [n] + ξx [n]}

=
17

16
ξx [n] +

75

8
(4.277)
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where we have used (4.266) and the fact that λx [n] = 5. Since x [0] is zero-mean
Gaussian, ξx [0] = 0. However, from (4.276) we see that ξx [n] grows without bound
as n→∞.

Jointly Gaussian Processes

Let us now consider some important generalizations of the preceding definitions
and results. In particular, we now develop the notion of jointly Gaussian random
processes. Two continuous-time random processes x(t) and y(t) are defined to be
jointly Gaussian if for all choices of a(t) and b(t) the scalar

z =

∫ +∞

−∞

[a(t) x(t) + b(t) y(t)] dt (4.278)

is a Gaussian random variable.

Several consequences of this definition are straightforward to verify using
the results of this section. For example, if x(t) and y(t) are jointly Gaussian pro-
cesses, then they are individually Gaussian processes. Moreover, every collection
of samples of the form

x(t1), x(t2), . . . , x(tN), y(s1), y(s2), . . . , y(sM)

are a set of jointly Gaussian random variables, i.e., all joint finite-dimensional dis-
tributions are Gaussian. In turn, this implies that jointly Gaussian random pro-
cesses are completely characterized by their joint second-order characterization—
specifically their means mx (t) and my (t), their autocovariance functions Kxx(t, s)
and Kyy(t, s), and their cross-covariance function Kxy(t, s).

We also point out that the above results may be generalized to multiple ran-
dom processes. For example, we say a vector random process

x(t) =
[

x1(t) x2(t) · · · xN(t)
]T

is a Gaussian process if its constituent processes x1(t), x2(t), . . . , xN(t) are jointly
Gaussian processes, i.e., if for every choice of vector function

a(t) =
[

a1(t) a2(t) · · · aN (t)
]T

the random variable

z =

∫ +∞

−∞

a
T(t) x(t) dt

is Gaussian. Again, analogous definitions and results apply in the case of discrete-
time stochastic processes.

We also have an important stationarity result for jointly Gaussian processes
in both continuous-time and discrete-time. Specifically, if a set of jointly Gaussian
processes is jointly WSS, then it is also jointly SSS. Again, for jointly Gaussian
processes, the two notions of stationarity are equivalent. This result can be verified
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in a manner similar to the corresponding result in the previous section. Again
we stress that the converse is not true—jointly WSS processes that are not jointly
Gaussian are in general not SSS. In particular, it is possible to construct a pair of
random processes x(t) and y(t) that are jointly WSS and individually Gaussian,
but not jointly Gaussian and not jointly SSS.

4.7.3 Independent Increments Processes

An important subset of uncorrelated increments processes are those having inde-
pendent increments. In particular, x(t) is an independent increments process if for
any t and s such that t > s, the increment x(t) − x(s) is independent of the past,
i.e., of {x(τ), for all τ ≤ s}.

Discrete-time examples of independent increments processes are the Bernoulli
counting process of Example 4.9 and the discrete-time Wiener process. Continuous-
time examples of independent increments processes are the Poisson counting pro-
cess of Example 4.10 and the continuous-time Wiener process.

Note that except in degenerate cases, independent increment processes are
not SSS, nor are they even first-order stationary. Indeed, like all uncorrelated in-
crements processes they have a variance that grows linearly with time.

Although independent increment processes are not stationary, these pro-
cesses can have stationary increments, which is a very different property. In par-
ticular, x(t) is said to be a process with stationary independent increments if it is an
independent increment process and if for any t > s the probability density of the
increment x(t) − x(s) depends only on the increment length t − s, and not on the
absolute location of the increment along the time axis. An important property of
processes with stationary independent increments is that their generalized deriva-
tives are SSS white noises.

Examples of processes with stationary independent increments are the Pois-
son process of Example 4.4 (cf. (4.14)), as well as the discrete-time and continuous-
time Wiener processes, i.e., the Gaussian processes with second-order characteri-
zations that are the random walks of Examples 4.7 and 4.8, respectively.

Processes with stationary independent increments must have variances that
grow linearly with time. In fact this is more generally a property of processes with
WSS and uncorrelated increments. To verify this result, we begin by defining

q(t) = var [x(s + t)− x(s)] (4.279)

as the variance of the increment, so that q(0) = 0. Then for any ∆ we have

q(t + ∆) = var [x(s + t + ∆)− x(s)]

= var [[x(s + t + ∆)− x(s + ∆)] + [x(s + ∆)− x(s)]]

= var [x(s + t + ∆)− x(s + ∆)] + var [x(s + ∆)− x(s)]

= q(t) + q(∆). (4.280)
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In turn, (4.280) implies that

dq(t)

dt
= lim

∆→0

q(t + ∆)− q(t)

∆
= lim

∆→0

q(∆)− q(0)

∆
=

dq(t)

dt

∣

∣

∣

∣

t=0

, a, (4.281)

i.e., dq(t)/dt is a constant, from which we conclude that

var x(t) = var [[x(t)− x(0)] + x(0)] = q(t) + var x(0) = at + b. (4.282)

As a final comment, by modifying the construction of discrete-time Brown-
ian motion we can readily construct independent increment processes that do not
have stationary increments. The resulting processes are referred to as inhomoge-
neous Wiener processes or Brownian motions. In particular, if we let w [n] be a se-
quence of independent, zero-mean Gaussian random variables with time-varying
variances of the form

E
[

w 2[n]
]

= σ2
n, (4.283)

then the running sum of the w [n]’s, i.e.,

x [n] =

n
∑

k=1

w [k] (4.284)

is an independent increment process. Furthermore, since for n > m we have

E
[

(x [n]− x [m])2
]

=

n
∑

k=m+1

σ2
k (4.285)

which is not a function of n − m alone, we can conclude that the increments are
indeed not stationary. Another class of processes with nonstationary independent
increments are the inhomogeneous Poisson processes, which we explore in detail
in Section 4.7.5.

4.7.4 Markov Processes

Another important class of stochastic processes with special structure is the class
of Markov processes. A Markov process x(t) has the defining characteristic that the
current value of the process captures all of the memory in the process so that there
is no additional information in the past that can be used to predict the future. More
precisely x(t) is Markov if for any set of ordered times t1 < t2 < · · · < tN ,

px(tN )|x(t1),x(t2),...,x(tN−1)(xN |x1, x2, . . . , xN−1) = px(tN )|x(tN−1)(xN |xN−1). (4.286)

Given the values of x(t) at a number of points in the past, t1, t2, . . . , tN−1, we need
keep only the most recent value x(tN−1), as the earlier values of the process provide
no additional information useful in predicting the future values x(tN ).

Markov processes have the attractive feature that their complete characteris-
tizations are especially compact. The key quantity that arises in the probabilistic
description of these processes is the transition density, i.e., the conditional density

px(t)|x(s)(x|z) (4.287)
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for s < t. The transition density describes how probability densities transition
from one time instant to another, i.e.,

px(t)(x) =

∫ +∞

−∞

px(t),x(s)(x, z) dz

=

∫ +∞

−∞

px(t)|x(s)(x|z) px(s)(z) dz. (4.288)

To see that the transition density, in effect, fully specifies a Markov process,
we simply note that if we order the times t1 < t2 < · · · < tN in any N th-order
density, then

px(t1),x(t2),...,x(tN )(x1, x2, . . . , xN )

= px(t1)(x1)px(t2)|x(t1)(x2|x1) · · ·px(tN )|x(t1),x(t2),...,x(tN−1)(xN |x1, x2, . . . , xN−1)

= px(t1)(x1) px(t2)|x(t1)(x2|x1) · · ·px(tN )|x(tN−1)(xN |xN−1), (4.289)

where the second equality follows from the Markov property (4.286). Hence, more
precisely we see that a complete specification of a Markov process consists of the
specification of the first-order density px(t)(x) together with the transition density
(4.287).

In the case of Markov processes, the consistency condition for finite-dimensional
distributions—i.e., that lower-order distributions can be obtained from higher or-
der distributions—is equivalent to the so-called Chapman-Kolmogorov condition.
For three arbitrary ordered time instants s < t < u, the Chapman-Kolmogorov
condition takes the form

px(u)|x(s)(x|z) =

∫ +∞

−∞

px(u),x(t)|x(s)(x, y|z) dy

=

∫ +∞

−∞

px(u)|x(t)(x|y) px(t)|x(s)(y|z) dy, (4.290)

where we have used the Markov property to obtain the second equality. It is worth
mentioning that while we have stated our results for continuous-time Markov pro-
cesses, analogous definitions and results hold for discrete-time Markov processes.

There are many important examples of Markov processes. In fact, every in-
dependent increment process is a Markov process. To see this, let x(t) be an inde-
pendent increment process and take any set of times t1 < t2 < · · · < tN . Then we
can write x(tN) as

x(tN) = x(tN−1) + [x(tN)− x(tN−1)]. (4.291)

In turn, if we are given x(tN−1), the remaining uncertainty in x(tN ) is obviously
that in the increment [x(tN ) − x(tN−1)]. However, this increment is independent of
x(t1), x(t2), . . . , x(tN−1). Consequently given x(tN−1), there is no additional useful
information concerning x(tN) in the values of x(t1), x(t2), . . . , x(tN−2). Hence x(t)
is Markov.
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While every independent increments process is Markov, there are many Markov
processes that do not have independent increments.

Example 4.25

Consider the process y [n] introduced in Example 4.2, which satisfies the first-order
difference equation

y [n] =
1

2
y [n− 1] + x [n]. (4.292)

Suppose that x [n] is a zero-mean white Gaussian noise process, and suppose that the
initial condition y [0] is Gaussian and independent of x [n]. To see that this process
is Markov, note that via the recursion (4.292), y [n] is a function of y [0] and x [k] for
k ≤ n. Furthermore, for any n > m we can write y [n] as a function of y [m] and the
subsequent input values x [k] for m + 1 ≤ k ≤ n:

y [n] =

(

1

2

)n−m

y [m] +
n
∑

k=m+1

(

1

2

)n−k

x [k]. (4.293)

Thus if we are given y [m], the remaining uncertainty in y [n] is due to subsequent
values of the input noise, which are independent of the entire past. Hence, there is
no additional useful information in values of y [k] for k < m, and thus y [n] is Markov.
On the other hand, to see that it does not have independent increments, it suffices
to note from (4.292) that we have the following expression for one-step increments:

y [n]− y [n− 1] = −1

2
y [n− 1] + x [n] (4.294)

which is obviously not independent of y [n− 1].

Example 4.26

Another example of a Markov process that does not have independent increments
is the random telegraph wave introduced in Example 4.5. Recall that x(t) switches
between values of ±1 where the switches occur at points in time when a Poisson
process N(t) changes value and where the initial value x(0) is independent of N(t)
and takes on the values ±1 with equal probability. That is,

x(t) = x(0)(−1)N(t). (4.295)

If we take any values of s and t, with s < t, then from (4.295) we see that

x(t) = x(s)(−1)[N(t)−N(s)]. (4.296)

If we are then given the value of x(s), we see from (4.296) that the remaining un-
certainty in the value of x(t) is determined by N(t) − N(s). However, since N(t) is
an independent increments process independent of x(0), we see that N(t) − N(s) is
independent of the entire past through time s. Consequently if we are given x(s),
there is no additional useful information in the values of x(τ) for τ ≤ s concerning
the values of x(t). Hence x(t) is Markov. On the other hand, x(t) does not have in-
dependent increments, since the value of x(t)− x(s) is certainly not independent of
x(s). In particular, if x(s) = +1, then (since x(t) can only take on the values of ±1)
we know that x(t)− x(s) ≤ 0. Similarly if x(s) = −1, we know that x(t)− x(s) ≥ 0.
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4.7.5 Inhomogeneous Poisson Counting Processes

In this section we take a more detailed look at one particular class of processes that
is both of great practical importance and also provides an excellent example of a
process in which it is far more useful to look at sample paths directly. Specifically,
we consider a generalization of the process introduced in Example 4.4.

In particular an inhomogeneous Poisson Counting Process N(t) with rate λ(t)
is defined by the following properties:

• N(0) = 0

• N(t) is an independent increments process

• For t > s, N(t) − N(s) is a Poisson random variable with mean
∫ t

s
λ(τ) dτ so

that

Pr [N(t)− N(s) = k] =
[
∫ t

s
λ(τ) dτ ]ke−

R

t

s
λ(τ) dτ

k!
. (4.297)

Note that if λ(t) = λ is constant, then this model reduces to that of a homoge-
neous Poisson counting process introduced in Example 4.4. Also, it is important
to emphasize that there is actually something that must be checked to make sure
that the specification we have just given makes sense. Specifically, we must make
sure that the increment distribution in (4.297) is consistent (which corresponds to
checking the Chapman-Kolmogorov equation). Specifically, if s < t < u, we must
have that

Pr [N(u)− N(s) = k] =
k
∑

j=0

Pr [N(t)− N(s) = j] Pr [N(u)− N(t) = k − j] , (4.298)

a calculation we leave to the reader.

Let us make several preliminary calculations for N(t). Note first that by set-
ting s = 0 in (4.297) and using the fact that N(0) = 0, we see that

Pr [N(t) = k] =
[
∫ t

0
λ(τ) dτ ]ke−

R

t

0 λ(τ) dτ

k!
. (4.299)

Also for ∆ small, from (4.297) we see that

Pr [N(t + ∆)− N(t) = k] ≈ λ(t)k∆k

k!
e−λ(t)∆

=
λ(t)k∆k

k!
[1− λ(t)∆ +

λ2(t)∆2

2
− · · · ], (4.300)

i.e.,

Pr [N(t + ∆)− N(t) = k] =











1− λ(t)∆ + o(∆), k = 0

λ(t)∆ + o(∆), k = 1

o(∆), k > 1

(4.301)
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where

lim
∆→0

o(∆)

∆
= 0. (4.302)

If we then define mN(t) = E [N(t)], we see that

mN(t + ∆) = mN(t) + E [N(t + ∆)− N(t)]

= mN(t) + 0[1− λ(t)∆ + o(∆)] + 1 · λ(t)∆ + o(∆) (4.303)

so that

ṁN(t) = lim
∆→0

mN(t + ∆)−mN(t)

∆
= λ(t). (4.304)

Since mN(0) = 0, we see that indeed

mN(t) =

∫ t

0

λ(τ) dτ. (4.305)

Also, since N(t) is an independent increments process, we know from (4.44) that

KNN(t, τ) = var [N(min(t, s))] . (4.306)

To find var N(t) we proceed in an analogous fashion to our calculation of mN(t).
Specifically, we can write N(t+∆) as a sum of two independent random variables

N(t + ∆) = N(t) + [N(t + ∆)− N(t)] (4.307)

so that

varN(t + ∆) = varN(t) + var [N(t + ∆)− N(t)]

= varN(t) + E
[

(N(t + ∆)− N(t))2
]

− (E [N(t + ∆)− N(t)])2

= varN(t) + 0 · [1− λ(t)∆ + o(∆)] + 1 · λ(t)∆ + o(∆)

− (λ(t)∆)2 + o2(∆). (4.308)

Thus
d varN(t)

dt
= lim

∆→0

varN(t + ∆)− var N(t)

∆
= λ(t) (4.309)

and since varN(0) = 0, we see that

varN(t) =

∫ t

0

λ(τ) dτ. (4.310)

While the preceding calculations provide us with the second-order statistics
of N(t), as we have discussed, these statistics provide us with surprisingly little
information about the sample paths of N(t). On the other hand, the sample paths
of N(t) are very simply described in terms of a finite number of random variables,
namely the number of jumps N(t) experiences and when they occur. Specifically,
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let wi, i = 1, 2, . . . denote the ith occurrence time or arrival time—i.e., wi is the time
that N(t) changes value from i− 1 to i, so that

N(t) =



















0 0 ≤ t < w1

1 w1 < t < w2

2 w2 < t < w3
...

. (4.311)

Let us first determine the joint probability density for the first k occurrence times
w1, w2, . . . , wk. Specifically, note that from the definition of probability densitites,

Pr [w1 < w1 < w1 + ∆, w2 < w2 < w2 + ∆, . . . , wk < wk < wk + ∆]

= pw1,w2,...,wk
(w1, w2, . . . , wk)∆

k + o(∆k). (4.312)

On the other hand, the left hand side of (4.312) can be rewritten in terms of events
involving N(t). Specifically, the left hand side of (4.312) is the product of

Pr [(N(w1) = 0] = e−
R w1
0 λ(τ) dτ

Pr [N(w1 + ∆)− N(w1) = 1] = λ(w1)∆ + o(∆)

Pr [N(w2)− N(w1 + ∆) = 0] = e−
R w2
w1+∆ λ(τ) dτ

Pr [N(w2 + ∆)− N(w2) = 1] = λ(w2)∆ + o(∆)

...

Pr [N(wk + ∆)− N(wk) = 1] = λ(wk)∆ + o(∆).

That is, matching (4.312) and (4.313) we see that

pw1,w2,...,wk
(w1, w2, . . . , wk) =

{

[

∏k
i=1 λ(wi)

]

e−
R w

k
0 λ(τ) dτ 0 < w1 < w2 < · · · < wk

0 otherwise
.

(4.313)
Note that if λ(t) = λ, a constant, then

pw1,w2,...,wk
(w1, w2, . . . , wk) =

{

λke−λwk 0 < w1 < w2 < · · · < wk

0 otherwise
. (4.314)

Note that these densities are functions of w1, w2, . . . , wk since a nonzero value for
the density requires that 0 < w1 < w2 < · · · < wk. Also, by integrating out
w1, w2, . . . , wk−1 we can obtain the marginal density for wk. In particular for the
general inhomogeneous process

pwk
(wk) =

{

(∫ wk

0
λ(τ) dτ

)k−1
λ(wk)e

−
R w

k
0 λ(τ) dτ/(k − 1)! wk ≥ 0

0 otherwise
(4.315)

and for the homogenous case when λ(t) = λ,

pwk
(wk) =

{

λkwk−1
k

e−λwk

(k−1)!
wk ≥ 0

0 otherwise
. (4.316)
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Now let us turn to the complete probabilistic description of a sample path
of N(t) over the time interval 0 ≤ t ≤ T . In particular, as we have stated what
we need to specify in order to completely specify this sample path is the number
of jumps of N(t), over the interval, i.e., the value of N(T ) and the times at which
these jumps occur. That is for each k ≥ 0 we need to specify

pw1,w2,...,wk,N(T )(w1, w2, . . . , wk, k)

= pw1,w2,...,wk
(w1, w2, . . . , wk) Pr [N(T ) = k | w1, w2, . . . , wk]

= pw1,w2,...,wk
(w1, w2, . . . , wk) Pr [N(T )− N(wk) = 0]

=

{

[

∏k
i=1 λ(wi)

]

e−
R

T

0 λ(τ) dτ 0 < w1 < w2 < · · · < wk < T

0 otherwise
. (4.317)

where we have used the fact that N(t) is an independent increment process in the
second equality and (4.313) in the third equality. Note also that in the homoge-
neous case, when λ(t) = λ, then

pw1,w2,...,wk,N(T )(w1, w2, . . . , wk, k) =

{

λke−λT 0 < w1 < · · · < wk < T

0 otherwise
. (4.318)

Eqs. (4.317) and (4.318) provide us with a complete probabilistic descriptions
of sample paths of N(t) in the inhomogeneous and homogeneous cases. In ad-
dition, with a bit more work we can obtain additional insight into the nature of
Poisson processes. Specifically, a useful way in which to think about generating a
sample path of N(t) over the interval 0 ≤ t ≤ T is first to generate N(T ), the num-
ber of jumps in the interval and then to generate the times of the jumps w1, w2, . . .
conditioned on the number of jumps, N(T ), that occur. From (4.299) we see that
generating N(T ) corresponds to generating a Poisson random variable with mean
∫ T

0
λ(τ) dτ . To generate w1, w2, . . . , wk conditioned on knowledge of N(T ) we need

the following density:

pw1,w2,...,wk|N(T )(w1, w2, . . . , wk|k)

=
pw1,w2,...,wk,N(T )(w1, w2, . . . , wk, k)

Pr [N(T ) = k]

=







k!
∏k

i=1 λ(wi)/
[

∫ T

0
λ(τ) dτ

]k

0 ≤ w1 < w2 · · · ≤ wk ≤ T

0 otherwise
(4.319)

where we have used (4.299) and (4.317) to obtain the last line of this equation.

An explanation of (4.319) tells us that generating w1, w2, . . . , wk given N(T ) =
k is temptingly close to being a simple task. In particular, the value of this density
over the range where it is nonzero appears to be simply a product of functions
of the individual wi—i.e., the wi almost look independent. Of course they are far
from independent, since for example, if we know that w1 = w1, then we also know
for certain that w2 > w1. That is, whether the value of the density of (4.319) is 0
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or takes on the nonzero product form in (4.319) depends on whether or not the
values w1, w2, . . . , wk are ordered or not. This is made even simpler to see if we look
at the homogeneous case, when λ(t) = λ, in which case (4.319) becomes

pw1,w2,...,wk|N(T )(w1, w2, . . . , wk|k) =

{

k!/T k 0 ≤ w1 < w2 < · · · < wk ≤ T

0 otherwise
. (4.320)

That is, the joint probability density function for w1, w2, . . . , wk given that N(T ) = k
takes on a constant value, namely (k!/T k), as long as the wi are ordered and a
different constant value, namely 0, otherwise.

The fact that the densities in (4.319) and (4.320) are temptingly close to hav-
ing very simple forms except for the nuisance of requiring that the wi be ordered
suggests what may at first appear to be a curious step but in fact leads to a dra-
matic simplification of the description of a Poisson sample path. Specifically, the
idea is to randomly permute the ordered occurrence times so that order is no longer
a constraint.

To be precise, suppose that N(T ) = k and consider the set of all possible
permutations of the numbers 1 through k. Note that there are exactly k! such per-
mutation. The unordered occurrence times u1, u2, . . . , uk are then obtained by taking
the ordered occurrence time w1, w2, . . . , wk and applying a randomly chosen per-
mutation to them—i.e., we choose one of the k! possible permutations with equal
probability (= 1/k!) and apply it to w1, w2, . . . , wk. Thus there is a random permu-
tation i1, i2, . . . , ik of the numbers 1, 2, . . . , k such that

w1 = ui1

w2 = ui2

...

wk = uik .

(4.321)

Let us now look at the density for u1, u2, . . . , uk given that N(T ) = k. First of
all, note that the ui are not ordered. Consequently the only constraint on each ui

is the same, namely 0 ≤ ui ≤ T . Also note that given hypothesized values for
u1, u2, . . . , uk, we obviously can order them – i.e., we can undo the random permu-
tation as in (4.321) to determine the corresponding values of the ordered occurrence
times. Given all of this, we can then compute

pu1,u2,...,uk|N(T )(u1, u2, . . . , uk|k)

= pw1,w2,...,wk|N(T )(ui1 , ui2, . . . , uik |k)

×Pr [this particular permutation chosen]

=
1

k!
pw1,w2,...,wk|N(T )(ui1 , ui2, . . . , uik |k)

=







∏k
i=1 λ(ui)/

(

∫ T

0
λ(τ) dτ

)k

0 ≤ ui ≤ T

0 otherwise
(4.322)
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where in the last equality we have used (4.319) plus the fact that ui1 , ui2, . . . , uik

have been ordered.

Note that all we have done is to take the probability density for the ordered
occurrence times and split it evenly among all of the possible permutations of
these times. Thus for example if λ is constant and N(2) = 2, pu1,u2|N(2)(.7, 1.3|2)
and pu1,u2|N(2)(1.3, .7|2) have the same value, namely 1/4, which is 1/2 of the value
of the ordered occurrence time pw1,w2|N(2)(.7, 1.3|2) = 1/2. Similarly if N(2) = 3,
pu1,u2,u3|N(2)(u1, u2, u3|3) is 1/6 times the value of the density for the ordered oc-
currence times since there are 6 possible permutations among which to split the
probability.

The most important implication of the preceding analysis can be seen from
(4.322). Specifically, given that N(t) = k, then the unordered occurrence times
u1, u2, . . . , uk are independent and identically distributed with common density

pu|N(T )(u|k) =

{

λ(u)/
∫ T

0
λ(τ) dτ 0 ≤ u ≤ T

0 otherwise
. (4.323)

Thus to generate a sample path of a Poisson process N(t) for 0 ≤ t ≤ T ,

1. Generate a Poisson random variable N(T ) with mean
∫ T

0
λ(τ) dτ .

2. Given that N(T ) = k, we generate k independent, identically distributed
random variables u1, u2, . . . , uk with common density given by (4.323).

3. Order u1, u2, . . . , uk, yielding the ordered occurrence times so that N(t) is
completely defined.

Note that, as is reasonable, (4.323) states that jumps are more likely to occur
at times at which the rate λ(t) is large. If λ is constant, however, (4.323) reduces to

pu|N(T )(u|k) =

{

1/T 0 ≤ u ≤ T

0 otherwise
(4.324)

so that the unordered occurrence times are uniformly distributed over 0 ≤ t ≤ T .

There is one last concept that we wish to briefly introduce, namely the con-
cept of interarrival times. Specifically, we define the ith interarrival time ti as the
time between the (i− 1)st jump of N(T ) and the ith jump. That is

t1 = w1

t2 = w2 − w1

...

ti = wi − wi−1.

(4.325)
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Since wi = t1 + t2 + · · · + ti, the joint density for the first k interarrival times can
readily10 be determined from that for w1, w2, . . . , wk. In particular, we have (when
all ti ≥ 0):

pt1,t2,...,tk(t1, t2, . . . , tk)

= pw1,w2,...,wk
(t1, t1 + t2, . . . , t1 + t2 + · · ·+ tk)

= λ(t1) λ(t1 + t2) · · ·λ(t1 + t2 + · · ·+ tk) e−
R t1+t2+···+tk
0 λ(τ) dτ (4.326)

where we have used (4.313). Note that in general, (4.326) does not reduce to a
product of functions of the individual ti so that the ti are not independent. This
makes sense, since if λ(t) is time varying, the likely values for each ti will depend
on the time, i.e., it will depend on wi−1 = t1 + t2 + · · ·+ ti−1. However, if λ(t) is con-
stant, then specializing (4.326) to this case, we see that t1, t2, . . . , tk are independent
and identically distributed random variables with common exponential density

pti(t) =

{

λe−λt t ≥ 0

0 otherwise
. (4.327)

4.8 MEASUREMENT OF PROCESS CHARACTERISTICS AND ERGODICITY

An important aspect of all of the techniques developed in this course is that we
use probabilistic models of stochastic phenomena in order to develop optimal pro-
cessing algorithms, methods for analyzing processes and systems, and measures
of performance in various signal processing tasks. This, of course, raises the ques-
tion of how those models are constructed in the first place. The construction of
probabilistic models is, in fact, an enormous field encompassing much of statistics,
adaptive signal processing, and system identification. Furthermore, the formula-
tions and methods that have been developed are numerous and varied, reflecting
the many different contexts in which probabilistic models are desired. For exam-
ple, in some cases physical laws and reasoning may provide us with most of the
probabilistic description of a random process with the exception of a few parame-
ters (e.g., a first-order Gauss-Markov process with unknown mean, variance, and
correlation time or a Poisson process with unknown mean). In such situations we
may wish to use techniques such as ML estimation to estimate these parameters.
In other contexts we may know comparatively little about a phenomenon and thus
cannot use such a constrained model but rather must use more of a “black box”
approach to estimating some of the statistics of the process in question.

In this section we introduce perhaps the most basic and well-known ap-
proach to estimating process statistics which is based on the simple concept of

10Note that what we are doing here is calculating the joint density of k functions of k random
variables. In general this requires evaluating the determinant of the Jacobian of the transformation.
However, in this case a straightforward calculation shows that this determinant always equals 1.
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computing time-averaged characteristics of an observed sample function and us-
ing these as estimates of process statistics. That is, we use time-averaged quan-
tities to estimate ensemble-averaged statistics. The deep mathematical connection
between time and ensemble averages is the subject of ergodic theory, and while
we will not investigate that theory in any depth or with mathematical rigor, we
will be able to give a few important insights into the nature of the subject and to
its practical significance.

The key to our analysis is the investigation of a very simple time-averaging
process, namely the calculation of the sample mean of a process. To begin, consider
the discrete-time case in which we observe a sample path of the stochastic process
x [n], n = 0,±1,±2, . . . and suppose that for any positive, odd integer N we define
the N-point centered average

m̂x [n; N ] =
1

N

n+
(N−1)

2
∑

m=n−
(N−1)

2

x [m]. (4.328)

Intuitively we would expect m̂x [n; N ] to be a “reasonable” estimate of the mean
of x [n]. However, what do we mean by “reasonable?” Also, how do we choose
N? We might expect that choosing N large would have the beneficial effect of
smoothing or averaging out the randomness in x [n]. But is that always the case
and, more precisely, how quickly does the uncertainty in this estimate decrease
with increasing N? Such considerations may be important if there are reasons
to limit the size of N such as the expense of data collection, the time delay in
producing an estimate, or the possibility that the mean of x [n] might be changing
with time. Indeed in the latter case, we might expect that there would be a strong
desire to keep N as small as possible.

To make the preceding discussion more concrete, consider the situation in
which x [n] may have time varying mean mx [n] but it has a stationary covariance
function Kxx [n] = cov (x [m], x [n + m]). That is, we can think of x [n] as being made
up of the sum

x [n] = mx [n] + x̃ [n] (4.329)

where x̃ [n] is WSS with zero-mean and covariance Kxx [n].

With these assumptions we can proceed, as we have in the past, to evaluate
the bias and variance in the sample mean estimator (4.328). Specifically,

E [m̂x [n; N ]] =
1

N

n+ (N−1)
2

∑

m=n− (N−1)
2

mx [m], (4.330)

so that the bias in this estimate is given by

b[n] = mx [n]− E [m̂x [n; N ]] = mx [n]− 1

N

n+
(N−1)

2
∑

m=n−
(N−1)

2

mx [m]. (4.331)
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From this we can conclude the following:

1. If x [n] itself is WSS so that mx [n] = mx is constant, then E [m̂x [n; N ]] = mx , so
that m̂x [n; N ] is an unbiased estimator.

2. In the trivial case in which N = 1, i.e., when m̂x [n; 1] = x [n] so that no averag-
ing occurs, the estimate is unbiased even if mx [n] varies with time. However,
for N > 1, m̂x [n; N ] is in general a biased estimator if the mean of x [n] varies
with time.

Since the averaging operation is a low-pass filter we see that fluctuations in
mx [n] that are fast compared to the length N of the averaging window will be
averaged out, leading to a bias in the estimator. Thus, if time-varying fluctuations
in the mean are expected, there is clear motivation to keep the averaging window
small in order to be able to follow these fluctations with little or no bias. On the
other hand, as we show next, reducing the variance in the running mean generally
requires increasing N .

Specifically, as we have seen before, the mean-squared error in an estimate is
the sum of the estimate variance and the square of the estimate bias:

E
[

(mx [n]− m̂x [n; N ])2
]

= (mx [n]− E [m̂x [n; N ]])2

+ E
[

(m̂x [n; N ]− E [m̂x [n; N ]])2
]

= b2[n] + var m̂x [n; N ]. (4.332)

Since m̂x [n; N ] is simply the output of an LTI system driven by a random
input x [n], the calculation of the variance of the output m̂x [n; N ] is a simple ap-
plication of the results of Section 4.5 on the propagation of second-order statistics
through linear systems. Alternatively, we can recognize that

m̂x [n; N ]− E [m̂x [n; N ]] =
1

N

n+ (N−1)
2

∑

m=n− (N−1)
2

x̃ [m], (4.333)

so that

var m̂x [n; N ] = E













1

N

n+
(N−1)

2
∑

m=n−
(N−1)

2

x̃ [m]







2





=
1

N2

∑

m

∑

k

Kxx [m− k], (4.334)

where the limits of both sums in (4.334) are n − (N − 1)/2 and n + (N − 1)/2.
Examining this summation, we see that there are N pairs of (m, k) values with
m = k, N − 1 pairs with m = k + 1 and another N − 1 with m = k − 1, and, more
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generally, N − r pairs with m = k + r and another N − r values with m = k − r.
Thus,

var m̂x [n; N ] =
1

N2

N−1
∑

k=1−N

(N − |k|)Kxx [k]

=
1

N

N−1
∑

k=1−N

(

1− |k|
N

)

Kxx [k]. (4.335)

Thus

E
[

(mx [n]− m̂x [n; N ])2
]

= b2[n] +
1

N

N−1
∑

k=1−N

(

1− |k|
N

)

Kxx [k] (4.336)

where b[n] is given in (4.331).

Let us take a look at several specific cases.

Example 4.27

Consider the case in which x [n] is white noise (Kxx [k] = σ2δ[k]) with a constant
mean mx . In this case we know that b[n] = 0 and, from (4.336) we see that

E
[

(m̂x [n;N ]−mx)
2
]

= var m̂x [n;N ] =
σ2

N
. (4.337)

There are several points to note about this example: (1) the estimate is unbiased; (2)
if x [n] is Gaussian, then m̂x [n;N ] is precisely the ML estimate of mx based on the
observation of x [m],m = n− (N−1)/2, . . . , n+(N−1)/2; and (3) the mean-squared
estimation error in (4.337) decreases with increasing N , and, in fact,

lim
N→∞

E
[

(m̂x [n;N ]−mx)
2
]

= 0. (4.338)

Example 4.28

Consider a variation on the preceding example, where Kxx [n] = σ2δ[n] but where
mx [n] may be time-varying. In this case, from (4.336) and (4.337) we have that

E
[

(mx [n]− m̂x [n;N ])2
]

= b2[n] +
σ2

N
(4.339)

which is the prototypical example of the tradeoff involved in the choice of N . In
particular, as we have pointed out, the process of averaging is a smoothing, or low-
pass operation, and this is reflected in: (a) a reduction in the effect of “noise”, i.e.,
of the random fluctuations x̃ [n] as reflected in the variance term, σ2/N ; and (b) the
possible presence of a bias b[n] in the estimate due to the inability of the low-pass
filter to follow high-frequency fluctations in mx [n]. Stated another way, increasing N
reduces the effect of noise but also reduces the temporal resolution of our estimate—
i.e., m̂x [n;N ] provides an estimate of the average of mx [n] over intervals of length
N . Thus by adjusting N we can control the noise/resolution tradeoff inherent in
sample mean estimate.
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Example 4.29

Suppose now that x̃ [n] is not white but in fact has some temporal correlation. In
particular, suppose that

Kxx [n] = σ2α|n| (4.340)

where |α| < 1. In this case, evaluating (4.335) yields

var m̂x [n;N ] =
σ2

N

N−1
∑

k=1−N

(

1− |k|
N

)

α|k|

=
σ2

N2(1− α)

[

N(1 + α)− 2α(1 − αN )

1− α

]

. (4.341)

Note that as long as N is large enough, e.g.,

N ≫ 2α

1− α2
(4.342)

the first term in brackets in (4.341) dominates, so that

var m̂x [n;N ] ≈ σ2

N

(

1 + α

1− α

)

. (4.343)

Contrasting this with (4.337), we see that once again the variance of the estimate
decreases to 0 as N → ∞. However, the proportionality factor of (1 + α)/(1 − α)
is indicative of the fact that the temporal correlation in x [n] has an influence on the
overall variance. For example, if α = 1/2, then the variance in (4.343) equals 3σ2/N
as compared to σ2/N for the case of white noise. In the white noise case, since each
measurement is uncorrelated with the others, each provides a distinct “degree of
freedom” in the estimate m̂x [n;N ], where the variance in this estimate equals the
unaveraged variance, σ2, divided by the number of degrees of freedom. Eq. (4.341)
states that the effective number of degrees of freedom—i.e., the effective number of
uncorrelated samples—when Kxx [n] is as in (4.340) is given by N(1− α)/(1 + α).

Note also that if mx is constant, then (4.343) also represents an approximate
(and (4.341) the exact) value of the mean-squared estimation error, which still goes
to 0 as N →∞. Note, however, that unlike the white noise case, m̂x [n;N ] is not the
ML estimate of mx in this case if x [n] is Gaussian. Nevertheless, it is a consistent
estimator since it is unbiased and has vanishing variance as N → ∞. On the other
hand, if mx [n] is time-varying from (4.336) and (4.343) is given by

E
[

(mx [n]− m̂x [n;N ])2
]

≈ b2[n] +
σ2

N

(

1 + α

1− α

)

, (4.344)

and we once again have that choosing N controls the tradeoff between noise and
resolution.

Suppose that we now focus on the case in which x [n] is WSS so that mx is
constant and m̂x [n; N ] is an unbiased estimator of mx . In this case

E
[

(m̂x [n; N ]−mx)
2
]

= var m̂x [n; N ]

=
1

N

N−1
∑

k=1−N

(

1− |k|
N

)

Kxx [k], (4.345)
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and an important question to ask is if this mean-squared error goes to 0 as N →∞,
i.e., is m̂x [n; N ] a consistent estimate? For the two cases considered in Exam-
ples 4.27 and 4.29 this is the case (see(4.337) and (4.343). However, as the following
example illustrates, this is not always the case.

Example 4.30

Suppose that x [n] is a WSS stochastic process with constant sample paths, i.e., x [n] =
x [0] for all n. In this case

Kxx [n] = cov (x [n], x [0]) = var x [0] = σ2 (4.346)

so that from (4.336), or more easily 11 from (4.334), we see that

var m̂x [n;N ] = σ2, (4.347)

which is constant independent of N . This, of course, makes sense, since if x [n] is
constant, averaging accomplishes nothing, i.e., m̂x [n;N ] = x [n] independent of N .

Example 4.30 illustrates the critical assumption involved if we believe that tem-
poral averages can provide us with useful information about statistical averages.
Specifically, for temporal averaging to be effective, it must be the case that there
is a sufficient level of variability and fluctuation in each sample path so that en-
semble behavior can be inferred from temporal averaging. Loosely speaking, this
is the general concept of ergodicity. In particular, we can now define the simplest
(and weakest) notion of ergodicity: a WSS stochastic process x [n] is ergodic in the
mean if m̂x [n; N ] is a consistent estimator, i.e., if

lim
N→∞

1

N

N−1
∑

k=1−N

(

1− |k|
N

)

Kxx(k) = 0. (4.348)

Roughly speaking what ergodicity in the mean requires is that x [n] decorrelate fast
enough as n → ∞, so that the sum on the right-hand side of (4.348) converges (or
at worst diverges slower than O(N)).

Note that we can perform exactly analogous analysis for continuous-time
stochastic processes. In particular the T -second centered average of a stochastic
process x(t) is defined as

m̂x(t; T ) =
1

T

∫ t+T/2

t−T/2

x(s) ds, (4.349)

and in this case, if x(s) has mean mx(s)

E [m̂x(t; T )] =
1

T

∫ t+T/2

t−T/2

mx(s) ds (4.350)

11There are N2 terms in the double sum in (4.334), and each term equals σ2.
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so that m̂x(t; T ) is an unbiased estimate if mx is constant and otherwise has a bias
b(t) = mx(t) − E [m̂x(t; T )] due to the low-pass nature of the averaging operation
in (4.349) which prevents m̂x(t; T ) from following high frequency fluctuations in
mx(t).

If x(t) has stationary covariance function Kxx(t), then

var m̂x(t; T ) =
1

T 2

∫ t+T/2

t−T/2

∫ t+T/2

t−T/2

Kxx(τ − σ) dτ dσ

=
1

T

∫ T

−T

(

1− |τ |
T

)

Kxx(τ) dτ (4.351)

so that the mean-squared error is given by

E
[

[mx(t)− m̂x(t; T )]2
]

= b2(t) + var m̂x(t; T ) (4.352)

which exhibits the same fundamental noise/resolution tradeoff as described pre-
viously.

If x(t) is WSS so that m̂(t; T ) is an unbiased estimate, we can again ask the
question of consistency, or ergodicity in the mean: does var m̂x(t; T ) → 0 as T →
∞? In analogy to the three examples given previously in discrete time, we have
the following in continuous time:

Example 4.31

Suppose first that x̃(t) = x(t)−mx is white noise, i.e., Kxx(t) = σ2δ(t). In this case

var m̂x(t;T ) =
σ2

T
(4.353)

which clearly goes to 0 as T →∞. Next, suppose that Kxx(t) = σ2e−λ|t|. In this case

var m̂x(t;T ) =
2σ2

λT

[

1− 1− e−λT

λT

]

≈ 2σ2

λT
(4.354)

where the approximation is valid as long as λT ≫ 1. Note that once again var m̂x(t;T )→
0 as T → ∞. In addition note that 2/λ is the width of Kxx(t) between the points at
which it falls off by a factor of e from its peak value. Thus λT/2 = T/(λ/2) has the
interpretation as the effective number of degrees of freedom (i.e., the effective num-
ber of uncorrelated samples) in the measurement of x(t) over an interval of length
T .

Finally, once again if x(t) is a process with constant sample paths, so that
Kxx(t) = Kxx(0) = σ2, then

var m̂x(t;T ) = σ2 (4.355)

so that x(t) is not ergodic in the mean.

4.A LINEAR SYSTEMS

In this appendix we briefly summarize some of the basic results and concepts we
will use. We begin with the continuous-time case.
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4.A.1 Continuous-Time Systems

A general linear system with input x(t) and output y(t) has the form

y(t) =

∫ +∞

−∞

h(t, τ) x(τ) dτ (4.356)

where h(t, τ) is referred to as the impulse response or kernel of the system, i.e., if
x(t) = δ(t − t0) (where δ(τ) denotes the unit impulse), then y(t) = h(t, t0). The
system is causal if

h(t, τ) = 0 for t < τ (4.357)

so that

y(t) =

∫ t

−∞

h(t, τ) x(τ) dτ. (4.358)

The system is time-invariant if

h(t, τ) = h(t− τ, 0) , h(t− τ) (4.359)

where the last equality is an abuse of notation that we introduce for convenience.
If (4.356) is time-invariant, then y(t) is the convolution of h(t) and x(t):

y(t) =

∫ +∞

−∞

h(t− τ) x(τ) dτ =

∫ +∞

−∞

h(τ) x(t− τ) dτ. (4.360)

Such a system is referred to as a linear time-invariant (LTI) system. Note that an LTI
system is causal if and only if h(t) = 0 for all t < 0.

Let X(s) denote the bilateral Laplace transform of the function x(t):

X(s) = L{x(t)} ,

∫ +∞

−∞

x(t) e−st dt. (4.361)

For a time-invariant system, with y(t), h(t) and x(t) related by (4.360) we have that

Y (s) = H(s)X(s). (4.362)

The Fourier transform of x(t) is simply X(jω)

X(jω) =

∫ +∞

−∞

x(t) e−jωt dt (4.363)

so that for an LTI system
Y (jω) = H(jω) X(jω). (4.364)

The inverse Fourier transform is given by

x(t) =
1

2π

∫ +∞

−∞

X(jω) ejωt dω. (4.365)

Note that

X(0) =

∫ +∞

−∞

x(t) dt. (4.366)
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x(0) =
1

2π

∫ +∞

−∞

X(jω) dω. (4.367)

Several properties of Fourier and Laplace transforms are as follows:

• If x(t) is real then X(−jω) = X∗(jω) where ∗ denotes complex conjugate.

• If x(t) is even, i.e., if x(−t) = x(t), then X(−s) = X(s).

• If x(t) is real and even, then so is X(jω).

• If x(t) = ejω0t, then X(jω) = 2πδ(ω − ω0).

• If x(t) = A cos ω0t, then

y(t) = A|H(jω0)| cos(ω0t + ∡H(jω0))

where the notation | · | and ∡· denote magnitude and phase, respectively, of
a complex quantity.

• If x(t) has Laplace transform X(s), then sX(s) is the Laplace transform of

dx(t)

dt
.

• If x(t) = δ(t− t0), then X(s) = e−st0 .

• If x(t) = δ(n)(t)—where δ(n)(t) is the nth derivative of δ(t)—then X(s) = sn.

Consider the signal
x1(t) = eatu(t) (4.368)

where u(t) is the unit step, i.e.,

u(t) =

{

1 t ≥ 0

0 otherwise
(4.369)

(here a could be complex). Its Laplace transform is given by

X1(s) =
1

s− a
. (4.370)

Note that X1(s) has a pole at s = a (i.e., its denominator is zero at s = a). If we
substitute (4.368) into (4.361), we find that the transform (4.361) converges and
equals (4.370) as long as Re(s) > Re(a). That is, the complete specifications of the
Laplace transform of (4.368) requires the additional specification of the domain of
convergence (DOC) for the transform.

To emphasize this point, consider a second signal

x2(t) = −eat u(−t). (4.371)
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The Laplace transform of x2(t) has the same form as (4.370), i.e.,

X2(s) =
1

s− a
(4.372)

although in this case the DOC is Re(s) < Re(a). In general, then, the Laplace
transform together with the specification of the DOC are required to uniquely char-
acterize a signal. However, in the context of interest to us here, we will always
be dealing with signals and functions that decay (or at least do not diverge) as
t→ ±∞. Because of this fact, we will not explicitly specify the DOC, as there will
be a unique choice of the DOC consistent with decaying functions. In particular
consider the system function

X(s) =
1

s− a
(4.373)

which has a pole at s = Re(a) and which has two possible DOC’s: Re(s) > Re(a)
(corresponding to x1(t) in (4.368)) or Re(s) < Re(a) (corresponding to x2(t) in
(4.371)). If Re(a) < 0, so that the pole is in the left-half plane, x1(t) decays as
t→ +∞, but x2(t) diverges as t→ −∞. Similarly if Re(a) > 0, diverges as t→ +∞
but x2(t) decays as t→ −∞. Thus, consistent with our convention here of focusing
exclusively on signals that do not diverge, we have the inverse transform pair

X(s) =
1

s− a

L←→ x(t) =

{

eatu(t) if Re(a) < 0

−eatu(−t) if Re(a) > 0
. (4.374)

More generally for rational system functions with several poles, our convention
will be that poles in the left-half plane correspond to signals, such as x1(t) in
(4.368), that decay as t → +∞, while poles in the right-half plane correspond
to signals like x2(t) in (4.371) that decay as t→ −∞.

Continuing, let
x3(t) = teat u(t). (4.375)

Then
X3(s) =

1

(s− a)2
. (4.376)

More generally, if

x4(t) =
tn−1

(n− 1)!
eatu(t), (4.377)

then
X4(s) =

1

(s− a)n
. (4.378)

Also, if

x5(t) = − tn−1

(n− 1)!
eatu(−t), (4.379)

then X5(s) is exactly of the same form as in (4.378), the difference being that the
DOC for X4(s) is Re(s) > Re(a) while that for X5(s) is Re(s) < Re(a). Once again
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we will always be focusing on nondiverging signals so that by convention the
transform

X(s) =
1

(s− a)n
(4.380)

will correspond to x4(t) in (4.377) if Re(a) < 0 and to x5(t) in (4.379) if Re(a) > 0.

These examples provide us with the basis of inverting rational transforms,
i.e., transforms of the form

X(s) =
cmsm + cm−1s

m−1 + · · ·+ c1s + c0

sn + dn−1sn−1 + · · ·+ d1s + d0
. (4.381)

If m ≥ n, we can reduce X(s) to the form

X(s) = βm−nsm−n + βm−n−1s
m−n−1 + · · ·+ β1s + β0 + X1(s) (4.382)

where X1(s) is a proper rational fraction

X1(s) =
αn−1s

n−1 + · · ·+ α1s + α0

sn + dn−1sn−1 + · · ·+ d1s + d0

. (4.383)

Thus
x(t) = βm−nδ(m−n)(t) + · · ·+ β1δ

′(t) + β0δ(t) + x1(t) (4.384)

where x1(t) is the inverse transform X1(s). To find this, suppose that the denomi-
nator is factored as

sn + dn−1s
n−1 + · · ·+ d1s + d0 = (s− λ1)

k1(s− λ2)
k2 · · · (s− λr)

kr . (4.385)

Then X1(s) can be rewritten as

X1(s) =
A11

(s− λ1)
+

A12

(s− λ1)2
+ · · ·+ A1k1

(s− λ1)k1
+

A21

(s− λ2)
+ · · ·+ Arkr

(s− λr)kr
(4.386)

where the Aij can be obtained, for example by equating the two expressions in
(4.383), (4.386), clearing denominators, and matching coefficients of each power of
s. An alternative, closed-form solution is

Aij =
1

(ki − j)!

{

d(ki−j)

dski−j

[

(s− λi)
kiX1(s)

]

}

∣

∣

∣

∣

∣

s=λi

. (4.387)

The inverse transform of (4.386) can then be obtained term-by-term by inspection
using our convention. For example, if

X1(s) =
2

s + 1
+

1

s− 1
− 3

(s− 1)2
(4.388)

then
x1(t) = 2e−tu(t) +

(

3tet − et
)

u(−t). (4.389)

Next consider a causal LTI system whose input x(t) and output y(t) are re-
lated by the following linear constant coefficient differential equation:

dny(t)

dtn
+an−1

dn−1y(t)

dtn−1
+· · ·+a0y(t) = bm

dmx(t)

dtm
+bm−1

dm−1x(t)

dtm−1
+· · · b0x(t). (4.390)
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Applying the differentiation property repeatedly and solving we find that the sys-
tem function for this system is given by

H(s) =
Y (s)

X(s)
=

bmsm + bm−1s
m−1 + · · ·+ b0

sn + an−1sn−1 + · · ·+ a0
. (4.391)

Note that H(s) is rational so that h(t) consists of terms as in (4.368), (4.371), (4.377),
etc., where the ai’s determine the poles of H(s), i.e., the zeros of the denominator
polynomial sn + an−1s

n−1 + · · ·+ a0.

Consider an LTI system described in (4.360). We can call such a system
bounded-input/bounded-output (BIBO) stable if whenever x(t) is bounded (i.e., |x(t)| ≤
K < ∞ for some K and for all t), then so is y(t) (i.e., |y(t)| ≤ M < ∞ for some M
and for all t). The system (4.360) is BIBO stable if and only if

∫ +∞

−∞

|h(t)| dt <∞. (4.392)

Note that this condition requires that h(t) decay as t → ±∞, which is consistent
with our convention in inverting Laplace transforms, i.e., in identifying left-half
plane poles with causal functions that decay as t→ +∞ and right-half plane poles
with anticausal functions that decay as t → −∞. As our use of this convention
suggests we will be focusing attention on stable systems.

4.A.2 Discrete-Time Systems

We now turn our attention to discrete-time linear systems. We use the time index
n which now takes on integer values only. A general linear system with input x[n]
and output y[n] has the form

y[n] =

+∞
∑

m=−∞

h[n, m] x[m] (4.393)

where h[n, m] is referred to as the impulse response or weighting function of the sys-
tem, i.e., if x[n] = δ[n− n0], then y[n] = h[n, n0] where δ[n] is the discrete-time unit
impulse12

δ[n] =

{

1 n = 0

0 otherwise
. (4.394)

The system (4.393) is causal if

h[n, m] = 0 for n < m (4.395)

12Sometimes the Kronecker delta

δij =

{

1 i = j

0 otherwise

is used as an alternative to the discrete-time impulse. Hence, δij = δ[i− j] and δ[n] = δn0.
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so that

y[n] =
n
∑

m=−∞

h[n, m] x[m]. (4.396)

The system is time-invariant if

h[n, m] = h[n−m, 0] , h[n−m]. (4.397)

If (4.393) is time-invariant, then y[n] is the convolution of h[n] and x[n]:

y[n] =
+∞
∑

m=−∞

h[n−m] x[m] =
+∞
∑

m=−∞

h[m] x[n −m]. (4.398)

Such a system is referred to as a linear time-invariant (LTI) system. Note that an LTI
system is causal if and only if h[n] = 0 for all n < 0.

Let X(z) denote the (bilateral) z-transform of the function x[n]:

X(z) = Z{x[n]} =
+∞
∑

n=−∞

x[n]z−n. (4.399)

For a time-invariant system, with y[n], h[n] and x[n] related by (4.398), we have
that

Y (z) = H(z)X(z). (4.400)

The Fourier transform of x[n] is simply X(ejω):

X(ejω) =

+∞
∑

n=−∞

x[n]e−jωn, (4.401)

so that for an LTI system

Y (ejω) = H(ejω) X(ejω). (4.402)

The inverse Fourier transform is given by

x[n] =
1

2π

∫ π

−π

X(ejω) ejωn dω. (4.403)

Note that

X(1) =

+∞
∑

n=−∞

x[n] (4.404)

x[0] =
1

2π

∫ π

−π

X(ejω) dω. (4.405)

Note also that since X(ejω) is periodic in ω, with period 2π, the integrals in (4.403)
and (4.405) could actually be computed over any interval of length 2π.

Several properties of Fourier and z-transforms are as follows:
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• If x[n] is real, then X(e−jω) = X∗(ejω).

• If x[n] is even, then X(z−1) = X(z) and consequently X(e−jω) = X(ejω).

• If x[n] is real and even, so is X(ejω), viewed as a function of ω.

• If x[n] = ejω0n, then X(jω) = 2π
∑+∞

k=−∞ δ(ω − ω0 − 2πk).

• If x[n] = A cos ω0n, then

y[n] = A|H(ejω0)| cos(ω0n + ∡H(ejω0))

.

• If x[n] has z-transform X(z), then zX(z) is the z-transform of x[n + 1].

• If x[n] = δ[n− n0], then X(z) = z−n0 .

Consider the signal
x1[n] = αnu[n] (4.406)

where α could be complex and where u[n] is the discrete-time unit step

u[n] =

{

1 n ≥ 0

0 otherwise
. (4.407)

The z-transform of (4.406) is given by

X1(z) =
1

1− αz−1
=

z

z − α
. (4.408)

Note that X(z) has a pole at z = α. Furthermore, substituting (4.406) into (4.399)
we see that for the z-transform to converge, we must have |z| > |α|, so that the
full specification of the z-transform of x1[n] is the formula (4.408) together with
the DOC |z| > |α|. Note also that the signal

x2[n] = −αnu[−n− 1] (4.409)

also has the z-transform given by the formula (4.408) although in this case with
the DOC |z| < |α|. As in continuous time our convention in discrete time will be
to associate z-transforms with signals that do not diverge. Thus poles inside the
unit circle |z| < 1 will correspond to signals that decay as n → +∞, while poles
outside the unit circle correspond to signals that decay as n→ −∞. For example,

X(z) =
1

1− αz−1

Z←→ x[n] =

{

αnu[n] if |α| < 1

−αnu[−n− 1] if |α| > 1
. (4.410)

Furthermore, using the shifting property

X(z) =
1

z − α
Z←→ x[n] =

{

αn−1u[n− 1] if |α| < 1

−αn−1u[−n] if |α| > 1
.
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Continuing, let
x3[n] = nαnu[n]. (4.411)

Then

X3(z) =
αz−1

(1− αz−1)2
=

αz

(z − α)2
(4.412)

with DOC |z| > |α|. Furthermore, the signal

x4[n] = −nαnu[−n− 1] (4.413)

has the same z-transform as in (4.412) although, in this case DOC is |z| < |α|.
Applying our convention we then have

X(z) =
αz−1

(1− αz−1)2

Z←→ x[n] =

{

nαnu[n] if |α| < 1

−nαnu[−n− 1] if |α| > 1
. (4.414)

More generally, the z-transforms of nk−1αnu[n] and−nk−1αnu[−n−1] have denom-
inators equal to (z − α)k (although the algebra in deriving the exact expression is
somewhat tedious).

The preceding analysis provides us with the basis for inverting rational z-
transforms. Specifically, suppose

X(z) =
cmzm + cm−1z

m−1 + · · ·+ c1z + c0

zk + dk−1zk−1 + · · ·+ d1z + d0

. (4.415)

In this case we can proceed exactly as in continuous-time, writing

X(z) = βm−kz
m−k + · · ·+ β1z + β0 + X1(z)

where

X1(z) =
αk−1z

k−1 + · · ·+ α1z + α0

zk + dk−1zk−1 + · · ·+ d1z + d0

(4.416)

Thus
x[n] = βm−kδ[n + m− k] + · · ·+ β1δ[n + 1] + β0δ[n] + x1[n]

where x1[n] is the inverse transform of X1(z). To find this, suppose that the de-
nominator of (4.415) is factored as

zk + dk−1z
k−1 + · · ·+ d1z + d0 = (z − λ1)

k1(z − λ2)
k2 · · · (z − λr)

kr (4.417)

Thus X1(z) can be written as

X1(z) =
A11

(z − λ1)
+ · · ·+ A1k1

(z − λ1)k1
+ · · ·+ Arkr

(z − λr)kr

(4.418)

where the Aij can be obtained by equating (4.416) and (4.418) and clearing denom-
inators or by the same formula as in the Laplace transform case

Aij =
1

(ki − j)!

{

dki−j

dz(ki−j)

[

(z − λi)
kiX(z)

]

}

∣

∣

∣

∣

∣

z=λi

. (4.419)
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The inverse transform of (4.417) can then be obtain term-by-term using our con-
vention. For example, if

X(z) =
2z−1

1− (1/2)z−1
− (1/2)z−1

(1− (1/2)z−1)2 −
6z−1

(1− 2z−1)2 ,

then

x[n] = 2

(

1

2

)n−1

u[n− 1]− n

(

1

2

)n

u[n] + 3(2)nu[−n− 1].

Next, consider a causal LTI system whose input x[n] and output y[n] are related by
the following linear constant coefficient difference equation

y[n] + a1y[n− 1] + · · ·+ aky[n− k] = b0x[n] + b1x[n− 1] + · · ·+ bmx[n−m]. (4.420)

Applying the time shift property repeatedly and solving, we find that the system
function for this system is given by

H(z) =
Y (z)

X(z)
=

b0 + b1z
−1 + · · ·+ bmz−m

1 + a1z−1 + · · ·+ akz−k
. (4.421)

Note that H(z) is rational so that h[n] consists of terms of the form αnu[n], nαnu[−n],
etc., where the values of α are the poles of H(z).

Consider the general LTI system described by (4.398). Such a system is BIBO
stable if and only if

+∞
∑

n=−∞

|h[n]| <∞. (4.422)

Once again this condition, which requires that h[n] decay, is consistent with our
convention in inverting z-transforms, i.e., in identifying poles inside the unit cir-
cle with functions that decay as n → +∞ and poles outside the unit circle with
functions that decay as n→ −∞.

4.B POWER CALCULATIONS FOR RATIONAL SPECTRA

In this appendix, we develop a useful algebraic procedure for calculating the vari-
ance of a WSS x(t) from its power spectral density Sxx(s) when Sxx(s) is rational.

Since varx(t) = Kxx(0), it suffices to calculate the inverse Laplace transform
of Sxx(s) at t = 0. Before proceeding, however, we note that for x(t) to have finite
variance we require the degree of the numerator of Sxx(s) be strictly smaller than
the degree of its denominator—otherwise x(t) would have an infinite variance
white noise component. Assuming that Sxx(s) is strictly proper, we can perform
a partial fraction expansion which takes on a particularly simple form. Specifi-
cally, if −p1,−p2, . . . ,−pm denote the distinct left-hand plane poles of Sxx(s) with
multiplicities k1, k2, . . . , kn, then using Sxx(−s) = Sxx(s), we have that

Sxx(s) =
m
∑

i=1

ki
∑

j=1

[

Aij

(pi + s)j
+

Aij

(pi − s)j

]

(4.423)
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Then, since Kxx(−t) = Kxx(t), we need only look at the positive time part of Sxx(s),
i.e., the terms in (4.423) with poles in the left-half plane. That is the Laplace trans-
form of the positive time portion of Kxx(t) is given by

m
∑

i=1

ki
∑

j=1

Aij

(pi + s)j
. (4.424)

Since
a

(s + p)j

L←→ atj−1

(j − 1)!
e−pt (4.425)

we then see that

varx(t) = Kxx(0) =

m
∑

i=1

Ai1. (4.426)

Example 4.32

Consider the process x(t) resulting from applying a white noise process with spec-
tral height 2 to the system with system function

H(s) =
(4− s)

(s + 1)(s + 2)
. (4.427)

Thus the power spectral density of x(t) is

Sxx(s) = 2H(s)H(−s) =
2(4− s)(4 + s)

(1 + s)(2 + s)(1− s)(2− s)

=
5

s + 1
− 2

s + 2
+

5

1− s
− 2

2− s
. (4.428)

Thus
var x(t) = 5− 2 = 3. (4.429)




